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Abstract We consider the model: Y = X +¢, where X and € are independent
random variables. The density of € is known whereas the one of X is a finite
mixture with unknown components. Considering the ”ordinary smooth case”
on the density of €, we want to estimate a component of this mixture. To
reach this goal, we develop two wavelet estimators: a nonadaptive based on
a projection and an adaptive based on a hard thresholding rule. We evaluate
their performances by taking the minimax approach under the mean integrated
squared error over Besov balls. We prove that the adaptive one attains a sharp
rate of convergence.

Keywords Density deconvolution - Mixture - Minimax approach - Wavelets -
Hard thresholding.

1 Motivations

We consider the following model:

Y, =X, + €, vedl,...,n}, neN (1)
where X1,...,X,, are independent random variables and €q,...,¢€, are i.i.d.
random variables. The density of €; is denoted g and, for any v € {1,...,n},

the density of X, is the finite mixture:
hv(x) :de(v)fd(x)v (EGR,
d=1

where m € N*,

Laboratoire de Mathématiques Nicolas Oresme, Université de Caen Basse-Normandie, Cam-
pus II, Science 3, 14032 Caen, France. E-mail: chesneau@math.unicaen.fr



2 Christophe Chesneau

— (wa(v))(v,dyef1,....n} x{1,...,m} are known positive weights such that, for any

ve{l,...,n},
m
de(’U) = 17
d=1

— (fa)deq1,...,m) are unknown densities.
For a fixed d, € {1,...,m}, we aim to estimate f;, when only Y1,...,Y,, are
observed.

In the literature, the model (1) has been recently described for a particular
mixture in Lee et al. (2010). In the simplest case where m =1, w1 (1) = ... =
wi(n) =1 and fg, = f1 = f, (1) becomes the standard convolution density
model. See e.g. Hall and Carol (1988), Devroye (1989), Fan (1991), Pensky and
Vidakovic (1999), Fan and Koo (2002), Butucea and Matias (2005), Comte et
al. (2006) and Lacour (2006). The estimation of fg, when only Xi,...,X,
are observed has been investigated in some papers. See e.g. Maiboroda (1996),
Hall and Zhou (2003), Pokhyl’ko (2005) and Prakasa Rao (2010). However,
to the best of our knowledge, the estimation of fy, from Yi,...,Y, is a new
challenge.

Considering the ordinary smooth case on g (see (3)), we estimate fy, by
two wavelet estimators: a linear nonadaptive and a nonlinear adaptive based
on the hard thresholding rule. The construction of our adaptive estimator is
”similar” to the one of Pensky and Vidakovic (1999) and Fan and Koo (2002).
It has the originality to include some technical tools on mixture and a new
version of the ”observations thresholding” introduced in wavelet estimation
theory by Delyon and Juditsky (1996) in the context of the nonparametric
regression. The performances of our estimators are evaluated via the minimax
approach under the mean integrated squared error (MISE) over a wide class of
functions: the Besov balls By, (M) (to be defined in Section 3). In particular,
under mild assumptions on the weights of the mixture, we prove that our
adaptive estimator attains the rate of convergence:

. (Zn ln(n/Zn) ) 25/(25+25+1)
n — T

i

where z, depends on these weights and ¢ is a factor related to the ordinary
smooth case. This rate of convergence is sharp in the sense that it is the one
attains by the best nonrealistic linear wavelet estimator up to a logarithmic
term.

The paper is organized as follows. Assumptions on the model and some
notations are introduced in Section 2. Section 3 briefly describes the wavelet
basis and the Besov balls. The estimators are presented in Section 4. The
minimax results are set in Section 5. Technical proofs are given in Section 6.

2 Assumptions and notations

Assumption on f;, . Without loss of generality, we assume that the support
of fq, is [0,1].
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Assumptions on g. We suppose that there exists a constant C, > 0 such
that

supg(z) < Cy < 0. (2)
z€R

We define the Fourier transform of a function h by

F@ = [ hyevdy,  aer
— 00

whenever this integral exists. The notation - will be used for the complex

conjugate.

We consider the ordinary smooth case on g: there exist two constants,

¢« >0 and § > 1, such that, for any = € R, F(g)(x) satisfies

| F(9)(= )I_W 3)

This assumption controls the decay of the Fourier coefficients of g, and
thus the smoothness of g.
Ezample: for any v € {1,...,n}, suppose that €, = > "_, &,., where
p € N* and (€u,0) (u,0)e{1,....p} x{1,...,n} are i.i.d. random variables having the
Laplace density: f(z) = (1/2)e”!*l, 2 € R. Then | F(g)(x)| = 1/(1 + x2)P.
Therefore (3) is satisfied with ¢, = 1 and 6 = 2p.

Assumptions on the weights. We suppose that the matrix

1 n
— (n Z wk(v)wg(v)>
v=1 (k,0)€{1,...,m}?

is nonsingular i.e. det(I,) > 0. For the considered d, and any v € {1,...,n},
we set

zmj Yt (o), (1)

k:l

aa. (v) det

where v ; denotes the determinant of the minor (d., k) of the matrix I5,.
Then, for any k € {1,...,m},

n 1 itk =d,,

0 otherwise,

and

(aq,(1),...,aq4,(n)) = argmin Z b2

(b1,....bn)ERN TV

Technical details can be found in Maiboroda (1996).
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We set

and, for technical reasons, we suppose that z, < n/e.

3 Wavelets and Besov balls

Wavelet basis. Let N € N* ¢ be a father wavelet of a multiresolution
analysis on R and % be the associated mother wavelet. Assume that

— supp(¢) = supp(y) = [1 — N, N],

— [y ola)de =1,

— for any v € {0,..., N — 1}, fljiN ¥ (z)dxr = 0,

— ¢ and v are of class CV, v > 146, where ¢ is the one in (3).
(For instance, the Daubechies wavelets). Set

$in(r) =270(Fx—k),  Pixle) =272 - k).
Then there exists an integer 7 satisfying 2™ > 2N such that the collection

B={¢:x(), k€{0,...,27—=1}; ¥; x(.); j € N={0,..., 71}, k € {0,...,2/—1}},

(with an appropriate treatments at the boundaries) is an orthonormal basis
of L2([0,1)) = {h: [0,1] = R; [, h*(z)da < oo}. We refer to Cohen et al.
(1993).

For any integer ¢ > 7, any h € L?([0, 1]) can be expanded on B as

2¢-1 oo 201
h(z) = Z ke k(T) + Z Z Bj ki (),
k=0 =t k=0

where «; ;, and ;1 are the wavelet coefficients of h defined by

1

1
Q= /0 h(z)d;n(x)de, Bk = /O h(x); x(z)d. (7)

Besov balls. Let M > 0, s > 0, p > 1 and » > 1. A function h belongs
to the Besov balls Bj ,.(M) if and only if there exists a constant M* > 0
(depending on M) such that the associated wavelet coefficients (7) satisfy

oo 2/ _1 e\ "\ V"
Z 9i(s+1/2—=1/p) Z 18,1 < M*.
j=r—1 k=0

(We set B;_1% = ar). In this expression, s is a smoothness parameter
and p and r are norm parameters. For a particular choice of s, p and r,
B; (M) contain the Holder and Sobolev balls. See Meyer (1992).
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4 Estimators

Wavelet coefficients estimators. The first step to estimate fy, consists
in expanding fy, on B and estimating its unknown wavelet coefficients.
For any integer j > 7 and any k € {0,...,27 — 1}, we estimate a; ) =

Jo fa. (@)@, 4 (w)dz by

1 n
2mn =

~

Qjk =

* -7:(¢j,k)($)e—myv "
1‘”*(”)/_00 Fo)w) ¢ ®)

and B, = [ fa. (x); x(x)dz by

~ 1 &
ijk = EZGU]'{‘GHSUJ}’ (9)
v=1
where
1 T F Wik)(@) iy,
= — s 1T 1,d ; 1
Go= a0 [ SR 10

for any random event A, 1 4 is the indicator function on A, a4, (v) is defined
by (4),

NZy

. — 9207
11 In(n/z,)’

zp, is defined by (6) and 6 = \/(C’*/Qﬂci) 7 A+ a2)0 |F () ()] dz (C.,
¢« and § are those in (2) and (3)).

Note that, since 1 € CV, there exists a constant C' > 0 such that | F (¢) (z)| <
C(1+ |z])7", z € R (see Meyer (1992)). Therefore, since v > 1 + 4,
7 A+ a2) |F(v) ()] dz < C? 7 A+ 2?)°(1+ |z])~?de < oo and 6

exists.
The idea of the thresholding in (9) is to do a selection on the observations:
when, for v € {1,...,n}, G, is too large, the observation Y, is neglected.

From a technical point of view, this allows us to estimate 3; ; in an optimal
way under mild assumptions on (a4, (v))ve{1,....n} (and, a fortiori, on the
weights of the mixture). Such a thresholding method has been introduced
by Delyon and Juditsky (1996) for regression wavelet estimation.
Statistical properties of @ 5, and Bj,k are investigated in Propositions 1, 2,
3 and 4.

We consider two wavelets estimators for fy,: a linear estimator and a hard
thresholding estimator.
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Linear estimator. Assuming that fq, € B; (M) with p > 2, we define the

linear estimator fL by

290 1

FE@) =Y Gjondion(@), (11)
k=0

where @ i, is defined by (8), jo is the integer satisfying

1 ( n )1/(28+25+1) ) < n >1/(25+25+1)
— | — < 27Jo S _ ,
2\ z, Zn

zp, is defined by (6) and § is the one in (3).
Note that f” is not adaptive since it depends on s, the smoothness param-
eter of fg,.

Hard thresholding estimator. We define the hard thresholding estimator
by

27 -1 j1 29-1

F(z) = > rptrrla) Y)Y B\j,kl{@,k‘kaj}ibj,k(l“)a (12)
k=0

Jj=7 k=0

where @, and B\j,k are defined by (8) and (9), j; is the integer satisfying

1 ( n )1/(26-{-1) ] ( n )1/(26-‘,—1)
— | — < 2J1 S _ ,
2 \ 2z, Zn,

Kk >8/3+4+2+2,/16/9+4, \; is the threshold

N = 9953, | #n ln(n/zn)’

n
zp, is defined by (6) and § is the one in (3).
Contrary to fL, fH is adaptive. The feature of the hard thresholding esti-
mator is to only estimate the ”large” unknown wavelets coefficients of fg,
(those which contain the main characteristics of fg4,). Hard thresholding
estimators for other deconvolution problems than (1) can be found in Fan
and Koo (2002), Johnstone et al. (2004), Willer (2005) and Cavalier and
Raimondo (2007).

5 Minimax results

Upper bounds for fL and fH are given in Theorems 1 and 2 below. Further
details on the minimax approach (and rates of convergence for various models)
can be found in Tsybakov (2004).
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Theorem 1 Consider (1) under the assumptions of Section 2. Suppose that
fa. € By (M) with s >0, p>2andr > 1. Let 7L be (11). Then there exists
a constant C > 0 such that

. (/01 (fL(g;) f (a:))2 da:) <c (%)25/(25+25+1) .

The proof of Theorem 1 uses a moment inequality on (8) and a suitable de-
composition of the MISE. Note that f is constructed to minimize the MISE
as much as possible. For this reason, our benchmark will be the rate of con-

vergence: (z, /n)>/ (25T20+D)

Theorem 2 Consider (1) under the assumptions of Section 2. Let f be (12).
Suppose that fq, € By (M) withr > 1, {p > 2 and s > 0} or {p € [1,2) and
s> (20 4+ 1)/p}. Then there exists a constant C' > 0 such that

E (/01 (fH(x) —fd*(z))QdI> <C <znln(nn/zn)

The proof of Theorem 2 is based on several probability results (moment in-
equalities, concentration inequality,...) and a suitable decomposition of the
MISE.

Theorem 2 shows that, besides being adaptive, fH attains the same rate of
convergence than the one of f¥ up to the logarithmic term (In(n/z,))?%/(2s+20+1),
Naturally, in the simplest case where m = 1, w1(1) = ... =wi(n) =1, 2z, =1

> 2s/(2s+26+1)

and fy, = fi1 = f, the rate of convergence attained by fH becomes the stan-
dard one for the classical convolution density model: (Inn/n)?s/(25+20+1) GQee
(Fan and Koo 2002, Theorem 2).

Main conclusion and perspectives. We have developed a new adaptive
estimator f¥ for f;, under mild assumption on the weights of the mixture. It is
based on wavelet and thresholding. It has "near-optimal” minimax properties
for a wide class of functions fy, . Possible perspectives of this work are

- to investigate the case where the weights of the mixture are unknown,

- to potentially improve the estimation of f;, by considering other kinds of
thresholding rules as the block thresholding one (BlockJS, ...). See e.g.
Cai (1999), Cai (2002), Pensky and Sapatinas (2009), Petsa and Sapatinas
(2009) and Chesneau et al. (2010).

6 Proofs

In this section, C represents a positive constant which may differ from one
term to another.
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6.1 Auxiliary results

Proposition 1 For any integer j > 7 and any k € {0,...,27 — 1}, let a;
and B; 1 be the wavelet coefficients (7) of fa. . Then

— ;i defined by (8) is an unbiased estimator of a; i,
— for (Gu)vequ,....n}y defined by (10), we have

1
E <nU2_:1Gv> :ﬁj,lv

Proof of Proposition 1. Since X,, and ¢, are independent, for any = € R,
we have

E (e—ixYU) - (e_ixX“) E (e_i;“”) = F(hy)(z)F(9)(x)

= Y wa(v)F(fa) (@) F(9) (@). (13)
d=1
It follows from (13), (5) and the Plancherel-Parseval theorem that
E(aj,k) _ % / ]: ¢J lc ( —szv) dx
- %Z / Z0m) d)] k wa(v)F(fa) (@) F(g)(x)dx
v=1 d=
- ;::1 (277 /_OOJW(x)]:(fd)(x)dff) rlzvz_:lad* (v)waq(v)

~or /_oo F(95.0)@)F (fa.)(@)de :/0 @ 1 (@) fa. (x)dz = o .

Similarly, taking v instead of ¢, we prove that

(150) - 2 Sy [ TRl ety

This complete the proof of Proposition 1.
O

Proposition 2 For any integer j > 7 and any k € {0,...,29 — 1}, let aj ), be
the wavelet coefficient (7) of fq. and @; i be (8). Then there exists a constant
C > 0 such that

E ((aj,k - O‘j,k)Q) < 0225]'%
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Proof of Proposition 2. By Proposition 1, &; ;, is an unbiased estimator of
o 1. Therefore, using the independence of Yi,...,Y,, we obtain

E ((aj,k - %‘,k)Q) =V (aj,k)

1 F d) k 7sz,,
B (27r)2n2 3 </ Flo)w) dx) .

(14)

2
) e

For any v € {1,...,n}, we have

= L0k @) iy, g, = F 0k @) iy, g,
v (/oo Fow ¢ ¢ ) =P <|/m Fow ¢ ¢

Since X, and €, are independent, the density of Y, is

wo(x) = (hy * )(z) = /_Oo ho(tg(@ — t)dt, R
Therefore
2
‘F ¢J k)( ) 77,1Yv ]: (bjk 71'1:y | w
(| Tl erad ) - |7 TR e v
2

oA (TN L

(16)

Since, by (2), sup,egr 9(z) < C, and h, is a density, we have

sup supw,(z) < C, sup / hy (t)dt = C.
ve{l,...,n} z€R ve{l,...,n} J—oco

The Plancherel-Parseval theorem and (3) imply that
2
= T ($5.6) () w (95.6) ()
/. f( 7)) )“’) iy <. [ ( 90 >(y)
=27C, / ¢J k

<2ﬁ7/ (142 \]-"(d)]k)(x)|2dx.
(17)
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Since |F (¢;x) (z)] = 279/2 |]:(¢) (z/27)

, by a change of variables, we have

oo

/ T+ |F (¢55) () da = 277 / (1+2%) |F () (2/2)] do

— 00 — 00

- / T (1422922 | F (9) (@) da

— 00

< 2% /Oo (L+2°)|F (¢) ()" da.  (18)

It follows from (16), (17) and (18) that

= FO@) v, |
E(‘/m Fow ¢ ¢

wti)th 0. = 2m(C./c2) [22 (1 +a?)? |F (¢) (x)|* da. By (14), (15) and (19), we
obtain

R ) 1 1 n »
B (@0 —a0)") < 0.2 5o (n > . (v)) < ot
v=1

The proof of Proposition 2 is complete.

) < 6,229, (19)

O

Proposition 38 For any integer j > 7 and any k € {0,...,27 — 1}, let B3, 1 be
the wavelet coefficient (7) of fa, and B;r be (9). Then there exists a constant
C > 0 such that

~ 4 (zn1In(n/z,))?
E <<B_],k _ ﬁ],k) ) S C245](€n#.
Proof of Proposition 3. Thanks to Proposition 1, we have

n

1 & 1 & 1
Bin=E (n ZGv> =~ D _E(Guli,zn)) + - D E(Gulic, >n,))(20)
v=1 v=1

= v=1

Hence

. 4
E ((ﬁj,k - ﬁj,k) )
4
1< N
_E ((n > (Glyeuizny —E(Gulqe.izay)) — - ZE(le{GvI>W})> )

v=1 v=1

< 8(4+ B), (21)

where

4
1 n
A=E ((n > (Gulyeuzny = E(le{cv|<n]~}))> )

v=1
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and

4
1 n
B= (nZE(leﬂcvm})) .
v=1

Let us bound A and B, in turn. To bound A, we need the Rosenthal inequality
presented in lemma below (see Rosenthal (1970)).

Lemma 1 (Rosenthal’s inequality) Let p > 2, n € N* and (Uy)yeq1,...n}
be n zero mean independent random variables such that, for anyv € {1,...,n},
E(|Uy|P) < co. Then there exists a constant C > 0 such that

n p n n p/2
IE(ZUU ) < C'max ZE(lUﬁ),(ZE(ﬁ))
v=1 v=1 v=1

Applying the Rosenthal inequality with p = 4 and, for any v € {1,...,n},
Uy = Gulqic,1<ny — B (Gulqie,i<n}) »
we obtain
1 n 4 1 n n 2
4 2
1= te((S0) ) e tmn (e (Sren)
v=1 v=1 v=1

Using (19) with ¢ instead of ¢, we have, for any a € {2,4} and any v €

{1,...,n},
E(U;) <2°E (Ggl{\legm}) < 2‘17)?_21[3 (Gi) < 2“9277;-1_222‘“@21* (v).
Hence, since z, < n/e,
1 - - ?
A< CF max 2492n]2225j vz_:l ag_ (v), (22922253 ; ag. (v))

1 - n?22 , 22
< C— max (287 — " _ 940ip2,2 ) — 040 (22)
- nt In(n/z,) " n?

Let us now bound B. Using the inequality: 1{q,|>y,3 < (1/7;)|G.|, and again
(19) with v instead of ¢, we obtain

IN

! (1ZE (Gﬁ))

< 1' ln(n/zn)02225j2n
0247 NZn

1 n
g;EUGvﬂﬂcvbm})

— 2% M (23)
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Hence
2
B< CQ“J’M_ (24)
n
It follows from (21), (22), (24) and z, < n/e that
. 4 52 ) 2
E (<5j,k - 5j,k) > <C (245]2’; + 240 {n In ln(TLQ/Zn)) >
n n
455 (zn In(n/ 20))?
This complete the proof of Proposition 3.
O

Proposition 4 For any integer j > 7 and any k € {0,...,27 — 1}, let B3, 1 be
the wavelet coefficient (7) of fa, and Bji be (9). Then, for any k > 8/3+2+
2,/16/9 + 4,
~ Zn 2
P (|5j7k — Bjxl > f-c)\j/2) <2 (;)

Proof of Proposition 4. Using (20), we have

1B — Bjinl
1 — 1 —
==Y (Gulga,i<ny —E (Golga,i<ny) — = D E(Gulye,sn,)
nv:l nv:l
1 — 1 —
< |22 (Golyeuizny —E(Golgauicn))| + — D E(IGollycuisn))
v=1 v=1

By (23) we obtain

znIn(n/zy)

S

1 < ,
Y E(|Goll(ic,(n,y) < 627
=1

n
v
Hence

S=P (‘Bj,k —Bikl 2 m\j/Q)

1 n
<P (’n > (Golguisny —E(Golauizny))| = (/2 - 1)%') :
v=1

Let us now present the Bernstein inequality (see Petrov (1995)).

Lemma 2 (Bernstein’s inequality) Let n € N* and (U,)yeq1,... .n} ben zero
mean independent random variables such that there exists a constant M > 0
satisfying, for any v € {1,...,n}, |Uy| < M < co. Then, for any X > 0, we

have
P ( ZU” > /\> < 2exp (‘2(22_1E(U3)+A§M)> .

v=1
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Let us set, for any v € {1,...,n},
U, = le{IGUISm} —E (le{lelénj}) .
Then E(U,) =0,
U] < 1Gul 16, 12053 + E (1Gollqia, 1<n,3) < 20

and, using again (19) with v instead of ¢,

n

Y EUD) = V(Gilga,izny) < D E(G) <6°2°7 ) ag (v)
v=1 v=1 v=1 v=1

< 922%ipz,.

It follows from the Bernstein inequality that

n*(k/2 —1)2\3

S < Zexp 72 (922263'“% + %)
Since
— ann(g/zﬂegéj\/m = 022200,
and

2 _ 92 955 #n In(0/2y)
)\j—92 L

n
for any k > 8/3 + 2+ 2,/16/9 + 4, we have

(r/2-1)2

2 -1)21 Tl 2(k/2=1) 2
SSQGXP _(”i/ )2( ;12(711/)271) :2<n) 2(1+43 )SQ(ZJ) )
K/2— Zn n

2 (14 2e2=1)

This complete the proof of Proposition 4.

6.2 Proofs of the main results

Proof of Theorem 1. We expand the function f;, on B as

2J0 1 co 27-1
fa (@) = D jordion(@) + Y Y Bistix(),
k=0 j=jo k=0

where

1 1
ik = / fu (28, p(@)da, Byn = / fu (25, p(@)da.
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We have
N 290 —1 oo 291
Fi@) = fa (@) = D @jo = Qo) o (x) = D > Binthyn(e
k=0 Jj=jo0 k=0

Since B is an orthonormal basis of 1.2([0, 1]), we have

E (/01 GEE fd*(x))2dx) —A+B,

where _ _
290 1 o 291
— ~ 2 _ 2
A= Z E ((ajmk - O‘jmk) ) ) B = Z Z Bj,k'
k=0 j=jo k=0

Using Proposition 2, we obtain

A< (9do(1426) Zn <

C (Zl) 25/(28+25+1)
n .

n
Since p > 2, we have B, (M) C B; ,,(M). Hence
>23/(23+25+1)

B<(C2 2JOS<C(
n

Therefore

E ( / (@) - fu@) a ) <o (GmyE,

The proof of Theorem 1 is complete.

Proof of Theorem 2. We expand the function f;, on B as

27—1

Z A, k¢-rk Z Z _],]i),(/J],

where
1 1
ar,k:/o fa.(2)¢, (2)dz, 5j,k:/0 fa. (@) (w)da
We have
(@) = fa. ()
271 1 29-1
= Z(a.,.k Or kg ¢7—k +Z Z (ﬁ],k {|5 k\>n)\} 6]7 )'(/)J, ( )
k=0 Jj=7 k=0
oo 291

Z Z Bj ks k()

j=j1+1 k=0
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Since B is an orthonormal basis of I.?([0, 1]), we have

1 2
H(g) — = S
B[ (7@ - s@) @) =Reser, (25)

where

271 J1 29-1 R 9
R= Z E ((a"'vk o aT’k)z) ’ S = Z Z E <<6j’k1{gj,k2'€>\.7‘} - ﬁj’k> )

k=0 j=7 k=0
and

co 291
T= > 2 B
j=j1+1 k=0
Let us bound R, T and S, in turn.

Using Proposition 2 and the inequalities: z, < n/e, z,1n(n/z,) < n and
2s/(2s 4+ 26 + 1) < 1, we obtain

25/(254+26+1)
R<Cym%wn<o%<c<%mmﬁw> , (26)
n n n
For 7 > 1 and p > 2, we have B, (M) C B (M). Since z,In(n/z,) < n
and 2s/(2s + 20 + 1) < 2s/(25 + 1), we have

oo 2s5/(26+1
T <O Z 0=2s < (92015 < (0 (zn ln(n/zn)> /(26+1)
=i+l K

) 2s/(2s4+26+1)

<C (zn In(n/z,

For r > 1 and p € [1,2), we have By (M) C B;J;/Q*l/p(M). Since s >

(20 +1)/p, we have (s+1/2—1/p)/(26+1) > s/(2s + 25 +1). So, using again
znIn(n/z,) < n,

T<C Y 27ER2Un) < oAl
Jj=751+1
2(s+1/2—1/p)/(26+1) 2s/(2s+26+1)
SC(%mWﬂU) SC(%MWNM> _
n n

Hence, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > (26 + 1)/p}, we
have

znIn(n/z,)

n

2s/(25+25+1)
) . (27)

<o

The term S can be decomposed as

S =51+ 85+ 53+ 54, (28)
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where

j1 291

~ 2
Si=Y>E ((@yk - Bj,k) 1{|a,,k>mj}1{aj,k|<mj/2}> 7

j=1 k=0

j1 29-1

~ 2
S=Y > E ((ﬁm - ﬁm) 1{|a],k>W}1{aj,k|>mj/2}> 7

j=1 k=0
j1 29-1

SS = Z Z D (B?!kl{lé\j,k‘<K)\j}1{‘ﬁj>k|22n)‘j})

j=7 k=0

and ‘
j1 27-1

Sa = Z Z E ( Jzakl{lﬁ,gk\<n>\j}1{\5j,k\<2ﬂ>\j}> :

j=7 k=0

Let us analyze each term Sy, So, S3 and Sy in turn.
Upper bounds for S1 and S3. We have

{lBj,k| < KA}, Bkl > 2f€)\j} - {|Bj,k — Bk

> /i)\j/Q},

{|gj,k\ > KAj, Bkl < ff)\j/Q} - {|Bj,k — Bikl > “)\j/2}

and
{|Bj,k| < KAjs Bkl = 2H>\j} c {lﬂj,kl < 2|Bjk — Bik }
So
1 29-1 9
maX(Sth) < CZ Z E ((gj’k - Bj’k) 1{Bj,k,3.7,k|>HAj/2}> ’
j=r k=0

It follows from the Cauchy-Schwarz inequality and Propositions 3 and 4 that
—~ 2
E ((5j,k - 5j,k) 1{§jyk—ﬁj,k>m1/2}>

< <IE ((Ej,k - ﬁj,k)4>)1/2 (]P’ (|Byk - Bj,k:| > l{)\j/2))1/2

221n(n/z,)

267
< (09299 e

n

Since z, In(n/z,) < n and 2s/(2s + 25 + 1) < 1, we have

2] J1 ' 2] '
max(S1, S3) < ng/zn) ZQJ(1+25) < sz/zn)Qh(H—%)

n ; n
j=r

(29)

- n n

2s/(2s+26+1)
< Cznln(n/zn) <C (znln(n/zn)>
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Upper bound for Ss. Using Proposition 3 and the Cauchy-Schwarz inequality,
we obtain

. <<Bj’k - 6j”“)2> = <]E <(Bj,k - 5j,k)4)>1/2 < 022‘”%.

Hence
znIn(n/z,) & 5»2'7;1
Sp < C—— == D2 Ly, s 2}
Jj=T k=0

Let jo be the integer defined by

1 1/(2s+26+1) 1/(25426+1)

n , n
el (N <ol (M . (30)
2 \ zpIn(n/z,) znIn(n/zy,)

We have

Sy < 821 + 52,9,

where
Znln(n/zy) < 2!
So1 = C%ZQW Z 118, xl>r2, /2}
J=T k=0
and
oF In( n/z 2l
Spa = O Z 2% Z L1815 /2)-
Jj=j2+1
We have

Sy < CM JZQQJ‘(H%) < CMW‘Q(H%)
1= " <

. n
j=t

2s/(2s+25+1)
<C <znln(n/zn)> '

n

For r > 1 and p > 2, since B, (M) C B3 (M),

291 oo 29-1
zn In(n/z,) —9is
SR =r ) 3 T Sl Sy e
j=jo+1 J k=0 Jj=j2+1 k=0
2s/(2s+26+1)
<C (znln(n/zn)> .
n



18 Christophe Chesneau

For r > 1, p € [1,2) and s > (26 + 1)/p, since By (M) C B;E/%l/p(M) and
(2s+20+1)2—-p)/2+(s+1/2—-1/p+ 0 —20/p)p = 2s, we have

J1 201

znIn(n/z, |
Spo < ¢ ZnInm/zn) > 22‘”F > 1Bl

n .=
j=ja+1 J k=0

IN

(2-p)/2 >
C(%JHW/%J> S 20Cpgi(st/2- )

n .=
Jj=j2+1

IN

(2-p)/2
o <Zn ln(n/zn)> P o—da(s+1/2—1/p+6-26/p)p
n

IN

n

oz 1n<n/zn>>23/<25+”+” |

So, forr > 1, {p > 2 and s > 0} or {p € [1,2) and s > (2§ + 1)/p}, we have

1 2s/(2s+26+1)
&§C<%nmﬂw> _ (31)
n
Upper bound for Sy. We have
j1 29-1
Sy < Z Z B‘?vkl{lﬁj,k‘<2’€)‘j}'
j=7 k=0
Let jo be the integer (30). We have
S4 <841+ Sa2,
where
jo 291 j1 29-1
Sy1= Z Z B3k 1{18,0l<2k0, 15 Si2 = Z Z B 1 1{18, 4| <2m0,}-
j=T k=0 Jj=j2+1 k=0
We have

= znIn(n/zy) Loy zoln(n/zn) .
Siq < CE VN = 0 — 2:21<1+26) <o n) 552 (1+426)
T4 n . - n
j= j=

2s/(25+26+1)
<C (zn ln(n/zn)) .
n

For r > 1 and p > 2, since B, (M) C B3 (M), we have

co  29-1

Sa2 < Z Z ﬂik < 02722 < O <Z"ln(n/2”)

2s/(2s+26+1)
j=ja-+1 k=0
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For r > 1, p € [1,2) and s > (26 + 1)/p, since By (M) C B;E/%l/p(M) and
(2s+20+1)2—-p)/2+(s+1/2—-1/p+ 0 —20/p)p = 2s, we have

291

J1
9
Sia<C D AT Bl
j=j2+1 k=0

| Copp a2
_c <Znn(”/zn)> S 9 S g p
k=0

n .=
Jj=j2+1

IN

(2-p)/2 oo
o <Zn ln(n/Zn)> ! Z 0i6(2=p)9—i(s+1/2—1/p)p
n ~

Jj=j2+1

IN

(2—p)/2
o (Zn ln(n/Zn)> P o—j2(s+1/2=1/p+6—25/p)p
n

IN

o <Zn In(n/zy) > 2o/ Ze201) _

n

So, forr > 1, {p > 2 and s > 0} or {p € [1,2) and s > (2§ + 1)/p}, we have

S < C Zn ln(n/zn) 23/(2S+25+1) (32)
4 < - .
It follows from (28), (29), (31) and (32) that
s<C <Zn ln(n/zn)>25/(25+25+1) | (38)
- n

Combining (25), (26), (27) and (33), we have, for r > 1, {p > 2 and s > 0}
or {pel,2)and s > (20 + 1)/p},

E (/01 (fH(:Jc) - fd*(m))de> <c (znln(nn/zn)

The proof of Theorem 2 is complete.

) 2s/(25+25+1)

O
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