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SHORT TIME UNIQUENESS RESULTS FOR SOLUTIONS OF
NONLOCAL AND NON-MONOTONE GEOMETRIC EQUATIONS

GUY BARLES, OLIVIER LEY AND HIROYOSHI MITAKE

ABSTRACT. We describe a method to show short time uniqueness results for
viscosity solutions of general nonlocal and non-monotone second-order geomet-
ric equations arising in front propagation problems. Our method is based on some
lower gradient bounds for the solution. These estimates are crucial to obtain reg-
ularity properties of the front, which allow to deal with nonlocal terms in the
equations. Applications to short time uniqueness results for the initial value prob-
lems for dislocation type equations, asymptotic equations of a FitzHugh-Nagumo
type system and equations depending on the Lebesgue measure of the fronts are
presented.

1. INTRODUCTION

We are concerned with the evolution of compact hypersurfaces {T';};>0 C RY
moving according to the general non-local law of propagation

V = h(z,t,Q,n(z), Dn(x)) on I}, (1)

where V' is the normal velocity of I'; which depends, through the evolution law A,
on time, on the position of x € I';, on the set ; enclosed by I';, on the unit normal
n(x) to I'y at x pointing outward to €2; and on its gradient Dn(x) which carries the
curvature dependence of the velocity.

When such motion is local, i.e., when h does not depend on §2;, and satisfies the
incluston principle or geometrical monotonicity, i.e., when, at least formally, the
inclusion Q) C Q2 at time ¢t = 0 implies } C Q? for any ¢ > 0, it is proved by
Souganidis and the first author [[J] that the motion can be defined and studied
by the level set approach, which was introduced by Osher and Sethian [A(] for nu-
merical calculations and then developed, from a theoretical point of view, by Evans
and Spruck [B9] for the mean curvature motion and by Chen, Giga and Goto [I9]
for general velocities. This approach replaces the geometrical problem ([l) with a
degenerate parabolic partial differential equation called the geometric or level set

Date: May 26, 2010.

2010 Mathematics Subject Classification. 35K15, 34A12, 35A02, 49L.25 45K05, 53C44 .

Key words and phrases. Nonlocal Hamilton-Jacobi Equations, Nonlocal Front Propagation,
Short Time Uniqueness, Non-Fattening Condition, Lower Gradient Estimate, Dislocation Dynam-
ics, Fitzhugh-Nagumo System, Viscosity Solution.

This work was partially supported by the ANR (Agence Nationale de la Recherche) through
MICA project (ANR-06-BLAN-0082) and by the Research Fellowship (20-5332, 22-1725) for Young
Researcher from JSPS and Excellent Young Researchers Overseas Visit Program of JSPS.

1



2 G. BARLES, O. LEY AND H. MITAKE

equation. This equation is designed to describe the desired evolution via the 0-level
set, of its solution. More precisely, the existence and uniqueness of the level set solu-
tion u : RN x [0, +00) — R allows to define T; as being the set {z € RY | u(-,t) = 0}.

In recent years, there has been much interest on the study of front propagations
problems in cases when the normal velocity of the front depends on a non-local
way of the enclosed region like ([l). This interest was motivated by several types of
applications like dislocations’ theory or FitzHugh-Nagumo type systems or volume
dependent velocities that we describe below. It is worth pointing out that the level
set approach still applies for motions with nonlocal velocities provided that the
inclusion principle holds, following the ideas of Slepcev [Z]. But, in many of the
above mentioned applications, one faces non-monotone surface evolution equations.
For such class of problems, the level set approach cannot be used directly since the
classical comparison arguments of viscosity solutions’ theory fail and therefore, the
existence and uniqueness of viscosity solutions to these equations become an issue.

Though the existence properties for such motions seem now to be well understood
(see B0, E3, B]), this is not the case for uniqueness. In particular, there are not many
uniqueness results for curvature dependent velocities. As far as the authors know,
there are only two works by Forcadel 27 and Forcadel and Monteillet which
investigate the motion arising in a model for dislocation dynamics which is included
by our general equations. The aim of this article is to consider cases where we have,
at the same time, a non-local velocity which induces a non-monotone evolution
together with a curvature dependence (we explain later on the state of the art
for such problems and why the curvature dependence creates a specific difficulty).
More specifically, we describe a method to show short time uniqueness results for
the general motion ([l]).

We now describe some typical applications we have in mind. We first consider a
model for dislocation dynamics

h=M(n(z))(co(- 1) * 1, () + es(@, t) — divr,£(n())), (2)

where 14 denotes the indicator function of a subset A of R and M, ¢ : SV + R,
co,c1 : RY x [0, 7] — R are given functions and we write

olt) #1g, (@) = [ ol =910, ()
Here, S¥~! denotes the (N — 1)-dimensional unit sphere. The term div r,&(n(z)) :=
tr ((I—n(z)@n(z))D&(n(x))) is called the anisotropic (or weighted) mean curvature
of I'; at z (in the direction of n(x)). See for instance Giga [29]. Typically, the rea-
sonable assumptions in this context are the following: M is a positive and bounded
function, c¢g, ¢; are bounded, continuous functions which are Lipschitz continuous
in x variable (uniformly with respect to t variable), co, Dyco € L>([0,T]; L*(RY))
and £ is a positively homogeneous function with degree 0. The surface evolution
equation (B]) without the last term in the right hand side is well-known as typical
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models of the dislocation dynamics (see [, B] for a derivation and the physical
background).

We next consider asymptotic equations of a FitzHugh-Nagumo type system as an
example of interface dynamics coupled with a diffusion equations,

h = a(v(z,t)) — divr,(n(z))
and (3)
v = Av = g (0)1g, + g~ (0)(1 - 1),
where o, g* : R — R are bounded and Lipschitz continuous with g~ < g*. This
system has been investigated by Giga, Goto and Ishii [B0] and Soravia and Souganidis

B3

Finally, we consider equations depending on the measure of the fronts like
h = B(LY () — divr, (n()), (4)

where the function §: R — R is Lipschitz continuous. A typical example is f(r) =
a + br for some a,b € R which has been investigated by Chen, Hilhorst and Logak
in (see also [[1, [§).

As we already mentioned it above, these examples are not only nonlocal but also
non-monotone surface evolution equations. Indeed, in (B), the kernel ¢y may change
sign and, in (f) and in (f), the functions «, S may be non-monotone. We also refer
to [14, B2, B3, E4] for some monotone non-local geometric equations. By using the
framework which we present in this paper, we give short time uniqueness results for
@), @ and @).

There are many results of existence and uniqueness for the simplest case of motions
of (B), i.e., M(p) = 1 and &(p) = p/|p| without a curvature term. A short time
existence and uniqueness result was first obtained in [f]. But then most of the results
were obtained for curvature-independent velocities (£ = 0): long time existence and
uniqueness results were obtained when the velocity is positive, i.e.,

h>0 onlYy (5)

by Alvarez, Cardaliaguet and Monneau in [[] and by the first two authors in [1{]
by different methods. The first two authors with Cardaliaguet and Monneau in [fj]
presented a new notion of weak solutions (see Definition [l]) of the level set equation
for (B) without a curvature term, gave the global existence of these weak solutions
and analysed the uniqueness of them when () holds. A similar concept of solutions
already appeared in [B0, [(J]. In the companion paper [, the first two authors with
Cardaliaguet and Monteillet proposed a new perimeter estimate for the evolving
fronts with uniform interior cone property and by using this, they extended the
uniqueness result for dislocation dynamics equations and provided the uniqueness
result for asymptotic equations of a FitzHugh-Nagumo type system, still under the
positiveness assumption ([f).

In this paper, we do not use the perimeter estimate in an essential way but either
elementary measure estimates or, in the most sophisticated cases, the interior cone



4 G. BARLES, O. LEY AND H. MITAKE

property (see Lemma [[1). Since the studies by [fll, [0, B, [, it is now well-known that
estimates on lower gradient bound and perimeter of O-level sets of viscosity solutions
of associated local equations are key properties to obtain existence and uniqueness
results for nonlocal equations derived from (B), (B) and ({). Let us describe the main
difficulty of our problem and, to do so, we consider the level set equations of the
simplest case of (B) or (B) here. Considering the non-local part as a given function,
we are led to the study the (local) initial value problem

wy = (c(az,t) +div (%))\Du\ in RY x (0,7),

u(+,0) = ug in RY,

(6)

where 1y € WH*(RY) and ¢ € C(RY x [0, T]) are bounded and Lipschitz continuous
with respect to the = variable. One of our main results is a short time lower gradient
bound estimate for the viscosity solution of ([, i.e.,

|Du(z,t)| > n(t) >0 in a neighborhood of {u(-,t) = 0}. (7)

For first-order eikonal equations, lower gradient bound comes naturally from the
Barron-Jensen’s approach (see [B7]). For second-order equations like (f), it is af-
fected by the “diffusion” term and the non-empty interior difficulty and therefore
we cannot expect that the property ([]) holds generally and for long-time. Indeed,
in [[[3, see also [BG, BI], they consider the simple example of (d) with ¢ = 1 and
smooth wuy such that Dug # 0 on the initial front {ug = 0}. They prove that, up
to choose suitable ug, fattening may occur for arbitrary ¢ > 0, i.e., the front may
develop an interior. It is precisely this reason which implies that there are not many
results on the nonlocal second-order equations like the level sets equations of (),
(B) and (@) and a short-time result is optimal.

Existence results were obtained by [B0, 3, ] but they concern merely existence
of weak solutions defined by Definition [Il. As stated above, there are two works
1, which give uniqueness results for the motion (f]). The difference between
our results and theirs is that, in [27], only the evolution of hypersurfaces which can
be expressed by graphs of functions is considered while, in [P§], the arguments are
based on minimizing movement for (B) and they are completely different from our
arguments which are based on the theory of viscosity solutions. Moreover, for the
existence of minimizing movement for the simplest case of (f]), the assumptions that
co(+,t) is symmetry and ¢y, c; are smooth enough are essentially used. Therefore,
uniqueness results for the examples () and () are not covered by [2F.

Another difference with existing results in the literature is that h is allowed to
change sign in ([l), contrary to [I, [T, [, [ where (F) is one of the main assumption
to get uniqueness. It may give rise of fattening, see [[L1], Proposition 4.4], and it is
another explanation of the short time result.

Finally, we explain the key idea to obtain ([]) for viscosity solutions of (f). In
order to get it, we make the following assumption on wug. There exist constants
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Mo € (0,1), o > 0 and v € C(RY,RY) such that
uo(z + Av(x)) > up(z) + Anp in a neighborhood of {uy(-) = 0}

for all A € [0, \g]. Then we prove that such a property is preserved for the solution
of (B), at least for short time, i.e.,

u(z 4+ Av(z),t) > u(x,t) + An(t) in a neighborhood of {u(-,t) = 0} (8)
&

forall A € [0, ], € [0,ZAT] and some £ > 0, X € (0, \o], where 1 : [0,ZAT] — [0, 00)
is a non-increasing continuous function such that

n(t) >0 forallte[0,tAT). 9)

The assumption on wg is inspired by [[1], Theorem 4.3], where it is formulated only
for the sign-distance function. A similar result to (§) may be found in [[4] where it
is used to prove uniqueness results for the mean curvature motion for entire graphs.

If ug is a smooth function with Dugy # 0 on the compact hypersurface I'y = {x :
uo(z) = 0}, then the assumption is satisfied with v(z) = Dug(z) and if there exists a
smooth solution of the level set equation, then (§) holds for short time. But, on one
hand, the general degenerate parabolic and nonlinear equations we consider do not
have classical solutions in general, and on the other hand, the above assumption on
ug is valid in cases when I’y is not a smooth hypersurface, which is also an important
point here.

The proof of () uses in a crucial way the geometric property of () and a contin-
uous dependence result for parabolic problems (which is, by the way, of independent
interest). We refer to [B4, B, f] and references therein for the detail of the continuous
dependence result for elliptic and parabolic problems.

We derive lower gradient estimate ([]) from (§) formally here. We have

An(to) < u(zo + Av(zo), to) — u(xo, to)
= MDu(wo, o), v(x)) + o(Al|v[)
< A Du(xg, to)||V]|oo + 0(A|V]l) in a neighborhood of {u(-,t) = 0}

for all ¢t € [0,¢ A T] with o(r)/r — 0 as r — 0. Dividing A in the above and taking
a sufficiently small A € (0, ], we get the lower estimate ([]). We also obtain the
interior cone property of fronts by (J).

The paper is organized as follows: in Section 2, we state a continuous dependence
result for a class of equations which encompasses level set equations associated to ([l]).
In Section 3, we obtain the key estimate (§) and derive the lower-bound gradient and
perimeter estimates of O-level sets of viscosity solutions of local equations. In Section
4, we consider the level set equation of () and give the proof for the short time
uniqueness result (Theorem [[0). Section 5 is devoted to existence and uniqueness
results for the level set equations of (B), (f) and ({]) as applications of Theorem [[{.

Notations. For some k& € N, we denote by R¥ the k-dimensional Euclidean space
equipped with the usual Euclidean inner product (-, -), and by S* the space of k x k
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symmetric matrices. We write B(x,7) = {y € R* | |z —y| < r} for z € R, r > 0,
and A+rB(0,1) :={z+y |z € A,y € B(0,7)} for A C R*. The symbols £¥(A) and
H%(A) denote the k-dimensional Lebesgue and Hausdorff measures, respectively. We
write X7 for the transpose of the matrix X and |X| = sup{|X¢| | £ € R¥,|¢] = 1}.
Finally, for a,b € R, we write a A b = min{a, b} and a V b = max{a, b}.

Acknowledgements. We are grateful to A. Chambolle, E. Jakobsen and L. Rif-
ford for their comments and advice. This work was done while H. Mitake was visiting
the Laboratoire de Mathématiques et Physique Théorique, Université de Tours. His
grateful thanks go to the faculty and staffs.

2. CONTINUOUS DEPENDENCE OF SOLUTIONS

In this section, we are concerned with the equation
w, + H(z,t, Du, D*>u) =0 in RY x (0,7), (10)

T >0, u:RY x(0,7) = R is the unknown function, u;, Du and D?u stand
respectively for its time and space derivatives, and Hessian matrix with respect to
x variable. We use the following assumptions.

(A1) H e C(RYN x [0,T] x (RN \ {0}) x 8N).
(A2) The equation is degenerate parabolic, i.e.,
H(‘/'E7 t7p7 X) Z H('Z‘7 t?p? Y)’

for any (z,t,p) € RY x [0,7] x (RV \ {0}) and X,Y € SV with X <Y,
where < stands for the usual partial ordering for symmetric matrices.

(A3) For any (z,t) € RN x [0,T], H*(z,t,0,0) = H,(z,t,0,0), where H* (resp.,
H.,) is the upper-semicontinuous envelope (resp., lower semicontinuous enve-
lope) of H.

(A4) There exist k1, k2 > 0, M > 0 such that

H2<y7t7p7 Y) - H1<.T,t,p,X)

|z —y[* Kalz — y[®
SCR(?+/€1+T+PHA2H) (11)

for any p,e € (0,1), R > 0,2,y € B(0, R), p = 4e *|lo—y|*(z—y), X, Y € SV
and some Cg > 0 satisfying

Ip| < M,
X 0 ) (12)
<
<0 _Y)_A+pA,
where
-yl (I -1 lze—yl> ([ p®p -PRDP
A= R , 13
g4 71 )" g4 —pPRP PXP (13)
with p := p/|p].

We note that, in this section, we do not assume that H is geometric.
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Theorem 1. Let Hy, Hy be functions on RY x [0, T] x (RN \ {0}) x SV satisfying
assumptions (A1)—(A4). Let uj,us € C(RY x [0,T]) be, respectively, a bounded
viscosity subsolution and viscosity supersolution of ([Q) with H = H; for i = 1,2.
Assume that there exists L = L,, > 0 such that

|ul(x,t) - uz(yat)| < L|l‘ - y| for all T,y € RN? te [OaT] (14)
for either i =1 or 2, and that there exists R > 0 such that
ui(z,t) = —1 forallz € RV \ B(0,R), t € [0,T] (15)

for both i =1 and 2. Then there exists My > 0 which depends only on C, L, ||u1||e
and ||usl|s such that
sup (w1 — u2)(,t) < sup (w1 — uo)(z,0) + My (ki + (/@275)1/2) (16)
z€RN z€RN

for all t € 10,T).

Remark 1. An assumption like (A4) is natural in viscosity theory to obtain contin-
uous dependence results of the type ([[d) and the regularity of the solution (cf. ([4))
is a key ingredient too, see [{, B4, BY]. In Example [] below, we show that (A4) holds
in the cases we are interested in. Note that ([[J) are not restrictive assumptions
when dealing with front propagation problems, see [29, [0 i, §.

Proof. Let € € (0,1) and K > 0. We shall later fix ¢, K. Consider

lz—yl!
sup {ul('rat) _u2<y7t)_74_Kt}
z,y€RN te[0,T) €
Noting ([[), it is clear that the supremum is attained at (z,7,7) € B(0, R+1)?x[0,T]
for small £ > 0.

We consider the case where ¢ € (0,7]. In view of Ishii’s Lemma, for any p >
0, there exist (a,p, X) € 72’+u1(f, t) and (b,p,Y) € 72’_u2@, t) (see [BF for the
notation) such that

Az—gP?_ _ (X 0 2
—b> = ——(7 — <

a—b>K, p - @=7). { ( _y |sA+eA, (17)
where A is the matrix defined by ([[J). The definition of viscosity solutions imme-
diately implies the following inequalities:

a+ (H1).(T,t,p,X) <0, b+ (Hy)"(¥,t,p,Y)>0.
Hence we have
Using that u; or us is Lipschitz continuous with respect to x variable, we get, by
standard estimates,
T -y < MeY?, |p| < M,

where M is a positive constant which depends only on ||uy || oo @y x 0,77y [|t2]| oo @Y x[0,77)
and L.
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We now distinguish two cases: (i) for any € € (0,1), p # 0; (ii) there exist {¢;}jen
such that ¢; =+ 0 as j — oo, p =0 for any 7 € N.
We first consider case (i). In view of (A4), we have

K E;}ié(yag p’}/)——ff1Cf % pv)()

[z-g* ol
(T

<Cp +m+57y|+pHAQH)

Sending p — 0, we get

7 — gl ko| T — 7P
K <Cp(——+m+=——)
(?( 4/3—%/€ +‘—Z7§) = (7

In case (i), we have T = 7. Due to ([4), we have A =0, X <0 and Y > 0. By
(A2), we have

(Hy)«(7, 1,0, X) > (Hy)«(T,¢,0,0) and (Hs)*(7,t,0,Y) < (H2)*(7,t,0,0).

Therefore, we get

Set K = C. + C=%? and then the two above cases cannot hold; this means that
necessarily we have ¢ = 0. Therefore, for any (z,t) € B(0, R) x [0, T],

(ug — ug)(x,t)
<uy(Z,0) — us(yg,0) + Kt

< sup (ug — ug)(x,0) + MLeY + C(26*% + ky + 4—/3)t
zeRN

An optimization with respect to € > 0 yields

(wy — ua)(x, 1) < sup (ug — up)(-,0) + M (kat + (kat)"/?)

zeRN
for some My = My (Cr, L, ||u1]| oo, ||t2]|c) > O. O
Example 1. We consider the functions H; : RY x [0, 7] x (R \ {0}) x S defined
by
Hi(x,t,p, X) = inf Sup{ & w,t,p)p| — tr (07 (w8, p)(07") (w, £,p) X) } (19)

acA BeB

for i« = 1,2, where A, B are compact metric space and c‘;"ﬁ , oF o are, respectively,

real-valued functions and m x N matrix valued functions for some m € N on RY x
[0, 7] x (R¥\ {0}) with a possible singularity at p = 0. We assume that the functions

P 5P satisfy the following conditions by replacing h by 7, 0™ for any a € A,

(3
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B € B,i=1,2, respectively: h are continuous on RY x [0, T] and for some L, M >0
(independent of «, ),

|h(z,t,p)] < M

for all z,y € RN, ¢ € [0, 7], p € RV \ {0}.

Let p,e € (0,1), 7,y € B(O,R), p = e |z —y|?(x —y), X,Y € SV satisfy ([J)
for some R > 0 and let A be the matrix given by ([[J). We omit the dependence of
a, (B for simplicity of notation. We calculate that

(cr(z,t,p) — ca(y, L, p))Ip|
= (ci(z, t,p) — ar(y, t,p)Ipl + (a1(y, t, p) — caly, t, p))Ip
< Ipl(Llz — y| + [[e1 — ealloo)

yl

< L| +MHCI_C2”007

where || - [|oo = || - || oo (B(0,R)x (0,1) x N\ {0})) and

tr (07 (o) X) — tr (03(03)"Y)

N
= 2 {(Xofenofe) = (Vofes. ofe)}

< St ) (e oo (2 ) (e )

oie; oie; .
<t ) (99 )  coleertz 1ol
i=1

for some C' > 0, where {e;}; is the canonical basis of RN, 0% := ¢%7(z,t,p) and
oy == 05" (y,t,p). Due to ([d), we have

ole; ole; .
() (G0 ) < Bl —viiof - ot
2%

4

S g|x - y‘2{|01(1’7 t7p) - 01(y7t7p>|2 + Ho-l - 0-2”30}
4

< gl =yl (Ll =yl + llon - 2%

From the above computations, it follows that the inequality (A4) holds by replac-
ing k1 and Ky by sup 4.5 [|c1 — ¢2lloo and sup 4,5 |01 — 02|, respectively. Therefore,
if the wu;’s are solutions of ([0) with H = H; given by ([d), i« = 1,2, then the
conclusion of Theorem [ holds and reads

sup (ul - UQ><.T, t) < sup (ul - u2)<.§L’, 0)
TERN xRN

o+ My sup (#” = lloe + VAo — 057c)
X
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for all ¢ € [0,7]. Finally, note that, applying Theorem [ with H, = H,, gives
comparison and uniqueness for ([[0).

Remark 2. For the applications we have in mind, a continuous dependence result for
equations with a measurable dependence in time will be needed. We do not state a
precise result here but we mention that it can be obtained by an easy approximation
argument.

3. ESTIMATES ON LOWER-BOUND GRADIENT AND PROPERTIES OF FRONTS

We consider the initial value problem in this section
w, + H(x,t, Du, D*u) =0 in RY x (0,7), (1)
u(-,0) = ug in RY.

We make the following assumption on uy throughout this section.
(I1) ug € WH=(RY) and |ug(x)| < 1 for all z € RY and there exists Ry > 0 such
that ug(x) = —1 for all z € RV \ B(0, Ry).
(I2) There exist constants Ao, d € (0,1), 9 > 0 and v € C(RY,R") such that
uo(x + A\v(z)) > ug(x) + Ang  for all x € Uy, A € [0, \], (22)
where Uy := {z € RY | |ug(z)| < do}.
Remark 3. Without loss of generality, we may assume that v is a smooth bounded

Lipschitz continuous function and henceforth we will assume it from now on. Indeed,
let v, € C®°(RN,RY) for ¢ € (0,1) be an approximate function of v, then we have

uo(z + Ave(z)) = uo(x + Mv(z) + AM(ve(z) — v(x)))
> ug(z + Av(x)) — M| Duol| oo o) [[Ve — V| oo ) -
If € is enough small, then we have

up(z + A\ve()) > ug(x) + )\% for all z € Uy, A € [0, Aol

Let ug € C'(RY) such that
Duy#0 on Ty:={uy=0}. (23)

Then, for 5 > 0 and A\ enough small, Duy # 0 in Uy + B(0, A\¢||V||«) and, setting
v(z) = Dug(x), we have

uo(z + A (2)) = up(x) + A Dug(2)]? + Awy, (MN),

where wy, is a modulus of continuity of Dug in Uy + B(0, Ao||V||ec) and M =
MAXE7, | 3020 v]l0) |PU0]- Therefore (12) holds for n = ming, | o r|w(.) [PUol/2 and
A € [0, \g] for A\g enough small. Moreover, the Implicit Function Theorem implies
that [y is a C! hypersurface. Conversely, assume that Iy is a C! hypersurface with
the unique nearest point property (that is, there exists a neighborhood Uy of I'y such
that, for all © € Uj, there exists a unique T € I'y such that dist(z,I'g) = |z — 7).
Then the signed distance function df to I'g is C' (see [R]). It follows that (I1),
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(I12) hold with wuy such that ug = dp, in a neighborhood of T’y and ug is a suitable
regularization of df, elsewhere. More generally, when considering front propagation
problems, it may be convenient to have a characterization of (12) in geometrical
terms. Such a result does not seem obvious. However, we have partial results in
the following lemma, the proof of which is given in the appendix with additional
comments.

A subset A C R¥ is star-shaped with respect to x if, for every x € A, the segment
[z, ) == {Ax + (1 — N)axg, A € [0,1)} belongs to A. It is star-shaped with respect to
a ball B(xg,10) if A is star-shaped with respect to every y € B(x, 7).

Lemma 2. Let Qy C RY be an open bounded set with boundary 0y =: T'y.

(i) (Star-shaped with respect to a ball domains) The set € is star-shaped with
respect to a ball, i.e., there exists a compact subset K C RY and ry > 0 such
that

Q0 =J | Blaz, (1-a)r), (24)

zeK ael0,1]

if and only if there ewists ug : RV — R such that
Iy = {UO = O}, QQ = {UQ > 0} (25)

and (11), (I12) hold in Uy with v(x) = —x. In this case, Iy is locally the graph
of a Lipschitz continuous function.

(ii) If there exists K > 0 such that Iy is locally the graph of a Lipschitz contin-
uous function with constant K, then there exists ug such that (R3), (I11) and
(12) hold.

Hereinafter, we set
a(x) =2+ Mv(z) = (I + Iv)(x). (26)

From Remark [J, we may assume that v is a smooth bounded Lipschitz continuous
function and, replacing Ay by a smaller constant in order that

M|V <1 and Nl Dv|leo < 1, (27)

we obtain that v (x) is a C'-diffeomorphism in RY with
o=ty = (1 A) " Do) =T+ 35 (ADua). (29
k=1

We assume (Al)-(A3) and make the following additional assumptions on H
throughout this section.

(A5) The function H is geometric, i.e.,
H(x,t, ap,aX + fp®p) = aH(z,t,p, X)
forall @ >0, B €R, (x,t,p, X) € RY x [0,T] x (RV\ {0}) x SV.
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(A6) There exists Ly > 0 such that

for any (z,t,p) € RY x [0,T] x (RY\ {0}) and X,Y € SV.
(A7) For any R > 0, there exists C'y > 0 such that

H(Q/JA(ZU)’ tv D§>\<w)\<y>>Tp7 D§A<wk<y))TYD£A<wA<y>>) - H(SL’, t7p7 X)

Nx —yl?
Ml 2oy pay) (29)

A
<Cy (u + A+
€
for any A € [0, )] and for any p,e € (0,1), z,y € B(0,R), t € [0,T],
p = 47tz — y*(xz — y), X,Y € S satisfying ([F) and A € SV given
by ([3).
(A8) There exists at least one viscosity solutions of (RI]) which satisfies

u(z,t) = —1 for all (z,t) € (RY \ B(0, Ry)) x [0,7] (30)

for some Ry > 0.

Let us make some comments about these new assumptions: (A5) is needed to
use the level set approach to describe front propagation (see [L1], 9] for instance).
Assumption (AG6) is satisfied for a wide class of quasilinear equations under interest
in this paper, see Example f]. A consequence of (A5) and (A6) is: For any R > 0,
there exists Mz > 0 such that

|H(x,t,p, X)| < Mg(1+|X]) on B(0,R) x [0,T] x (B(0,R)\ {0}) x SN, (31)

which is a crucial property to obtain Hoélder continuity in time for the solutions
of (B1), see Proposition B Assumption (A7) is a natural condition to obtain a
preservation of the initial property (I2) during the evolution. This condition is
related to (A4); it is worthwhile to notice, as it was done at the end of Example
[, that such a condition gives uniqueness for the solutions of ([(). Existence of
solutions to (RI]) is assumed in (A8) because it is not the point in this paper, see
Bd, 3, B for some conditions which guarantee existence. More precisely, we have
the following result about solutions of (BI]) and the proof is given in Appendix:

Proposition 3 (Regularity of Solutions). There exists a unique viscosity solution

ue C(RY x [0,T]) of 1) and we have
|U(.I‘,t> - u<y7t)| S ”DUOHLO‘J(RN)eKt|x - y‘a (32>

lu(x,t) — u(z, s)| < L|t — s|*/? (33)

for all z,y € RN, t,5 € [0,T], where K, L are positive constants which depend only
on Cy and Cy, Ry, || Dug || respectively.

Now, we state the main result of this section.
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Theorem 4 (Key Estimate). There exist t > 0, 0 < X < Ao (Ao is given by (12)
and satisfies (R7)) and a non-increasing continuous function n : [0,t A T] — [0, 00)
which depend only on Cyg, Ly, 6o, no, Rr, || Duolloc, ||V]|eos || DV||eo such that

n(t) >0 for allt € [0, NT),
and u satisfies
u(z + Mv(x),t) > u(x,t) + (t) for allz € Uy, X €0, )], (34)
where Uy := {z € RN | |u(z,t)] < §o/4}.
Proof. From (I12) and Lemma [[7] in the Appendix, we can extend (BZ) in RY,
uo(ha(x)) > W(ug(x) + Agg)  for any z € RY, X € [0, ],

where A and ¥ are introduced in Lemma [[7.

We first prove

u(Wa(x),t) = U(u(z,t) + Aip) — MoAV/t (35)

for all (x,t) € RN x [0,T], A € [0, \], some constant M, > 0, which is depends only
on Cy, Ly, 80, M0, Rr, || Duo||ee and ||v]|s (Note that My does not depend on || Dv||
contrary to A which depends on ||Dv| through ¢ because of (£7)).

Fix A € [0,)]. Set v(x,t) := u(r(x),t) and w(z,t) := V(u(x,t) + M) for all
(z,t) € RY x [0,7T]. Since H is geometric and ¥ is a nondecreasing function, the
functions v, w satisfy

v + H(@Z),\(x), t, DE(a(2))T Du(z, 1),

DE(a () D?v(x, t) DE (WA (2)) + D*Ex(¥a(x)) Du(x,t)) =0 in RN x (0,7),

v(@,0) = uo(¢a()) in R,

w; + H(x,t, Dw,D*w) =0 in RN x (0,T),
{ w(x,0) = V(ug(x) + Ano) in RY

in the viscosity sense (see [B9, Theorem 4.2.1] for instance).

Let Rr be the constant in (A8) and recall that Any < 6y/4 in Lemma [[7. For any
(z,t) € (RN \ B(0, Ry + A||v]loo) x [0,T], u(z,t) + Ang < —1 + do/4 < —(300)/4,
which implies that —1 = U(u(z,t) + A\ng) < u(a(x),t). Therefore, we only need

to show that for any (x,t) € B(0, Ry + A||v||se) x [0, 7] inequality (BJ) holds. Note
that

| D% (Wa(@)p| < CAlpl.
By Assumptions (A6), (A7) and Theorem [[ with r; = A and ky = A\ we get, for
any (z,t) € B(0, R + A|[v]|) x [0, 77,
(w—v)(z,1) < C(t+ VA < OWVT + DVEN = MyVEA
for all ¢ € [0, T], which implies (B3).

Setting 7 := (10/M3)? and 1(t) := ny — Myy/t for all t € [0,Z A T], we obtain the
conclusion. ]

The first important consequence is a lower-gradient bound estimate on the front.
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Corollary 5 (Estimate on Lower-Bound Gradient). We have

| Du(z, )| < —% in {|u(-,1)| < %} < (0,IAT),

where t and n are given in Theorem .

Remark 4. Theorem 3.1 in [[J] implies that we cannot expect global in time lower
gradient estimates for solutions of (B9) with general initial data like (I1), (12), even
if we assume some positiveness assumptions on the velocity like in ([, [0, B, .

Before giving the proof of this result, we continue by stating another consequences
of Theorem []. We need to introduce some notations.
For any t € [0,T], r € [—1, 1], we set

Q= {z e RY |u(z,t) >r}, T} :=0Q
and define the cone with vertex z € RY, axis e € SV~ and parameters (p,0) €
]R+ X R+ by
yel P
crd = B =
o U (z+ae,a 0)
a€[0,0]
= {z+ac+alelae0,6,¢€BO, 1)}

The following result means that the evoluting fronts have the interior cone prop-
erty.

Corollary 6 (Interior Cone Properties of Fronts). For any r € [—d¢/4,d0/4] and
tel0,tAT],

CHN T, for all T,
lv(2)]’

where B
n(t)A

[ Dug[sce™"”

p(t) = 0(z) == Mv(2)).

When A is a subset of R*, we will write, by abuse of notation, Per(A) = H*"1(0A)
for the perimeter of A. Notice that it does not always correspond to the usual
definition of perimeter. The two definitions coincide for instance when the boundary
is locally the graph of a Lipschitz function, which is often the case in our applications.
For further details, see [P4), Section 5 and Remark p.183] or [B7].

Corollary 7 (Estimate on Perimeter of Fronts). There exists a constant Mz > 0
which depends only on the constants appearing in Theorem W such that

Per (Q)) < M;
for allr € [—00/4,60/4] and t € [0,(tANT)/2].

We turn to the proofs.
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Proof of Corollary f. Take any function ¢ € C*(RY x (0, 7)) satisfying (u—a)(xq, to) =
0 and (u — ¢)(z,t) < 0 for all (x,t) € RY x (0,T) for some (zg,t0) € {|u(-,t)| <
d0/4} x (0,t AT, where t is given by Theorem []. By Theorem [] and mean-value
theorem, we have

An(to) < u(¥ha(wo), to) — u(wo, to)
< d(Ua(w0), to) — (0, to)
=MD, to), () + 0(A)
<MDz, to)l[W]1 + oA

Dividing by A||v||c > 0 in the above and letting A € (0, A] go to 0, we obtain the
conclusion. 0

Proof of Corollary . Fix r € [—d0/4,00/4], t € [0, AT] and z € TY. By Theorem
A, we have
w(z 4+ Av(2),t) >r+(t) forall A €0, N].
Set (1) := (A(t)) /(|| Duol|se®?). For any & € B(0,1), we have
u(z + Av(2) +ra)Et) > u(z + Av(2),t) — || Dug||sce™ra(t)
>r+ Mn(t) — ||Du0||ooeKtr)\(t) >,
which implies that

T

B(z + Av(z),m(t) € Q
for any A € [0, A]. Therefore, we have

B " _ t —r
Y G(Z = | Bz+ )\V(Z))‘%) = |J B(z+a /) ,a&) C Q.
Tv(z)] ( )‘ )\G[O,X] GE[O,G(Z)] v

Before doing the proof of Corollary [], we recall the following lemma.

Lemma 8 ([, Theorem 5.8]). Let K be a compact subset of RN having the interior
cone property of parameters p and 0. Then there exists a positive constant A =
A(N, p,0/p) such that for all R > 0,

HY Y OK NB(0,R)) < ALY(KNB(0,R+ p/4)).
Proof of Corollary[]. Set t* := (t AT)/2. Let p(t),0(z) be the functions in Corol-

z
lary ] and set p := p(t*) and 6 := min,epq, 1ef0,+ 0(z). By Theorem [l and Corol-
lary i, we see that p, # > 0 and we have,

- dg O
Cpu’f\z) c Cﬁ(t ):0(2) — Q forall z eI}, r € [— - 0]
ZelkE W’Z EE

Due to Lemma [, there exists A = A(N,p,0/)) > 0 such that
HYHTY) < ALN(Q;) < ALN(B(0, Ry)) =: Ms
for all ¢ € [0,t*], r € [—00/4, do/4]. O
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We end this section with an application.

Example 2. We consider the function

H(x,t,p, X) = inf sup{—c" B, t,p)lp| — tr (0P (2, ,p)(0™") (2,1, p)X) }, (36)
acA BeB

where the functions ¢*? and o satisfy (R0) for all a € A, 3 € B, respectively. We
add the following assumptions on ¢*#, g®#:
C($7 t :up) = C(:Ea tap)a |C(ZL‘, tap) - C(‘T7 t, q)| < Cc|p - Q|

Colp —q|

< Ip| +
(37)

0<x7t7,up) = U(l’,t,p), O'T<.§U,t,p)p = 07 |O'<.§U,t,p) - O'(.T,t,Q)

for all > 0, (x,t) € RY x [0,7T], p,q € (RN \ {0}) and some C.,C, > 0. These
assumptions are related to (A5). A typical example is 0%?(x,t,p) = I — p @ p/|p|*
and then the second-order term is the so-called mean curvature term. We claim that
the function H satisfies (A1)—(A8).

It is easy to check that the function H satisfies (A1)-(Ab). We check that the
function H satisfies (A7). Note that, by (B7), (BY), we have

1 1
D < =
|DEA(Ya(2))] < 1= MNDv(z)| = 1= X||Dvs
2
L= Xo||Dvloo’

< 400,

|1 — Déx(Ya(2))] <

for A\g € (0,1) small enough and any x € RY. By abuse of notations, we write ¢, o
instead of ¢, *? for any a € A, B € B. We compute

e, t,p) — c(¥a(x), t, DE(Ya(2)) )]
<le(x,t,p) = c(¥a(@), 1, p)| + |c(a(2), t,p) — c(¥a(@), T, DE(Wa(2)) p)|
< Llz — a(x)] + Cel(I = D& ()T )pl
<C\
and

|o(, t,p) = DE(Ya(x))o (Pr (), £, DEA(Ya())Tp)|

<lo(z,t,p) — D&(¥a(2))o(z, L, p)| + [DE(Ua(2)) (0 (., p) — o(¥a(2), ¢, p))]
+ |DE(a(2)) (o (a(2), £, p) — o(a(x), t, DEX(Ya(z )) p))|

< M[I — DE(¥a(2))] + LIDE(n(@)) ||z — tha()]

| DE(a (2))[I(T = DEA(Wa(2))")p]
Ip| + | DEX(Wa () p)

+CO'
<O\
for some C' = C(L, M, C,,C,) > 0 and any = € RN, p € RV \ {0} and X € [0, \g).
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By using the same computations as Example [, we have

H (¥a(y), t, DEX(x(y))p, DE(WA(Y)TY DEN(WA(Y))) — H(z,t,p, X)

4 2
e Ly WA | YL
€ gl

for some C' = CO(L, M, C.,C,) > 0 and any p,c € (0,1), 7,y € B(0,R), t € [0,T],
p=c Yo —yPP(r—y) with z £y, X,Y € SV satisfying ([J) and A € SV given by
([3), which implies that H satisfies (AT7).

We finally check that H satisfies (A8). At first, the constant function —1 is
obviously a subsolution of (21)). We set R(t) := Mt + Ry + /2, with M, > ||c||e
and define the function f: RY x [0,7] — R by

fla,t) = o((R(t) — |2])* = 1),

where ¢(r) := r V (—1). We prove that f is a viscosity supersolution of (). It
is easily seen that f(x,0) > up(z) on RY. Indeed, for all x € B(0, Ry), we have
f(z,0) > (Ry + V2 — |z[)? =1 > 1 > ug(z) and, for all z € RN \ B(0, Ry),
up(z) = =1 < f(2,0) (see (I1)). We have fi(z,t) = 2M.(R(t) — |z|), Df(x,t) =
2(|z| — R(t)) 7 and D*f(x,t) = 2(I — %( — %)) for any ¢t € (0,7) and = €

B(0,R(t)) \ {0}. Note that D=f(0,t) = @ for all t € [0,T]. Set b*P(z,t,p) =
oz, t,p) (eI (x,t,p). We calculate that

fi+ 1nfsup{ c® (x,t,Df)|Df|—tr(ba’ﬁ(x,t,Df)DQf)}

acA BeB
— inf sup{Q(Mc — @Bz, t, D) (R(¢) — |z])
acA BeB
R(t) TR
ot (baﬂ@,t,Df) - - ) )}
U=y )

Set e; := x/|z| and take e; € RN for i = 2,..., N so that {e;};=1__n is an orthonor-
mal basis. Then we have (I — $27)e; = 0 and (I — {3F)e; = e; for i = 2,..., N.
Therefore,

b8 (2,1, DF) (I — R(t) (1-= ®x)))

tr ERSNE
= > (et DA - %( - x‘jf))ei,e»)

(2

Z (b*P(x,t,Df)e;, e;) — %@“’B(Lt, Df)(I— %)el,ei»
= (1= ") b D e, () a1, D)

IN
S o
[UD



18 G. BARLES, O. LEY AND H. MITAKE

since |z| < R(t) and (0%?)T (z,t, Df)e; = (6%#)T (z,t, —x)x = 0 by (B7). Moreover,
D7u(0,t) = @ and —1 is obviously a supersolution on R™ \ B(0, R(t)). Setting
Ry = R(T), we see that (A8) is satisfied in view of the comparison theorem for
viscosity solutions of (R1]).

4. UNIQUENESS OF SOLUTIONS OF NONLOCAL EQUATIONS

In this section, we consider the initial value problem of the nonlocal and non-
monotone geometric equations which is derived from (fl), through the level set ap-

proach (see [, B3, BY)),
uy + H[1p>0(2,t, Du, D*u) =0 in RY x (0,7), (39)
u(+,0) = uy in RV,

For any function y € L®(RY x [0,77,]0,1]), H[x] denotes a real-valued function of
(z,t,p, X) € RY x [0,T] x (RV\ {0}) x 8. For almost any ¢ € [0,7T], (z,p, X) —
H(x](x,t,p, X) are continuous functions on RY x (RY \ {0}) x SV with a possible
singularity at p = 0. For all (z,p, X) € RY x (RV\ {0}) x 8V, t — H[x](x,t,p, X)
are measurable functions. For any y € L>®(RY x [0,71],[0,1]), H[x] = H satisfies
(A2), (A3), (A5).

Furthermore, we make the following assumptions (H1)-(H5-(i)) or (H5-(ii)) and
(I1), (I12) on ug throughout this section.

(H1) For any x € L®(R"™ x [0,7],[0,1]), equation (BY) has a bounded uni-
formly continuous L'-viscosity solution u[y]. Moreover, there exist constants
C, Ry > 0 independent of y € L*(R"Y x [0, 77, [0,1]) such that |u(z,t)| < C
for all (z,t) € RY x[0,T] and u(x,t) = —1 for all x € (RN \ B(0, Ry)) % [0, T.

(H2) For any 7 € [0, T] and x € C([0,7]; L}(RY)) such that supp x(, ) is compact
for any ¢t € [0, 7], H[x] € C(RY x [0, 7] x (RV\ {0}) x V).

(H3) The functions H|[x] satisfy (A6) with H = H][x] uniformly for any x €
L*(RYN x (0,77, 10,1]).

(H4) The functions H|[x] satisfy (A7) with H = H][x] uniformly for any y €
L*(RYN x (0,77, 0,1]).

(H5-(i)) For any R > 0, there exists Cy > 0 such that

‘H[Xlevtvva) - H[Xz](:%t,p, Y)‘

jz —yl* Ko (@ D)l =yl
_'_K‘XLXQ(xut)—i_ 2 54

<Ch( +pll A7) (40)

for any xi,x2 € L®(RY x [0,77],[0,1]) and for any p,e € (0,1), x,y €

B(0,R),t€[0,T],p=c Yz —y[*(x—y) and X,Y € SV satisfying ([J) and
A € 8N given by ([3), where

Panalest) = [Pt = (o)l dy
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(H5-(ii)) Ome has inequality (0) by replacing k., y, by

Rans(ot) = [ [ 6wt = 9)halo:9) ~ o) duds,
R

where G(x,t) is the Green function defined by

1 _le?
G([L‘,t) = W@
(H6) For any y € L>®(RN x [0,77,(0,1]), if xn(x,t) := nfttﬂ/n X(x, s)ds, then the

nonlinearity
H,(x,t,p, X) = H[xu|(z,t,p, X)
satisfies (A1)-(A4) and u[y,] — u[x] uniformly in RY x [0, 7] as n — +oo0.
Assumptions (H1)—(H4) are modifications of (A1)—(A7) in order to be able to deal
with the nonlocal equation (BY). While (H5-(i)) and (H5-(ii)) are specially designed
to encompass dislocation type equations or FitzHugh-Nagumo type systems. Finally
(H6) is the assumption which allows to use Theorem [[ through an approximation
argument (cf. Remark f]). Further detailed examples are given in Section fj.
We use the following definition of weak solutions introduced in [ which is inspired

by (B4, BY, I3, [d].

Definition 1 (Definition of Weak Solutions). Let u : x [0, 7] — R be a
continuous function. We say that u is a weak solution of () if there exists
x € L*(RN x [0,77,0,1]) such that

(1) w is an L'-viscosity solution of
ug + H[x](z,t, Du, D*u) =0 in RY x (0,7),
{u(~,0) = ug in RY,
(2) for almost every t € (0,7T),
Liuens01 (@) < x(@,t) < Loy () for ae. x € RY.
Moreover, we say that u is a classical solution of (B9) if in addition, for almost all
te[0,7],
Liu( >0 (7) = Lpue >0y (x) for a.e. x € RY.
Proposition 9 (Weak Solutions are Classical in a Short Time). If there ezists a

weak solution uw € C(RYN x [0,T]) of (BY), then u is classical in RN x (0,t AT) for
some t > 0 which depends on Cy, L, 6o, o, Br, | Duollscs [[V][ce [ DV||oo-

Proof. Let (x,u) € L*(RY x[0,T],[0,1]) x C(RY x [0, T]) be an L'-viscosity solution
of (A1)). We prove that
1w n>o0) (a:) = L{u(,0>0} (a:) for a.e. (:L’,t) e RN x (0,%/\ T) (42)

for some t > 0.
We use (H6) and set u,, := u[y,]. We recall that u, is the viscosity solutions of
(BT) with H = H,, for all n € N.
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By the comparison theorem for local equations, Proposition [] we have
lun(z,1)] < C on RY x [0,7],
|Un(33‘, t) - Un(y,t)‘ < C|I‘ - y‘a ‘un<x7t) - un<x7 S)| < C|t - S|1/2

for all z,y € RN, t,s € [0,7] and some C > 0, which is independent of n. In

view of Ascoli-Arzeld theorem, the stability (see [[3, [d]) and the uniqueness (see

B9, [13, [Id]) of L'-viscosity solutions of ({]), we have u,, — u locally uniformly on

RN x [0,T] for u € C(RY x [0,T]) which is the L'-viscosity solution of ([)).
Moreover, in view of Corollary [, we have

—|Dun(a,t)| < —% in {|un(-t)] < %} x (0,EAT)

for some ¢ > 0. By the usual stability result of viscosity solution, we get
()
[l

which implies that £V ({u(-,t) = 0}) = 0 for a.e. t € (0, AT) in view of 4,
Corollary 1 in p. 84]. Therefore, we get ({2). O

| Du(z,t)] < in {|u(-,t)] < %} < (0,EAT),

Remark 5. By Proposition P, we have 1,01 € C([0,¢ A T]; L'(RY)) for any
weak solution u of (BY). In view of (H2), we see that ¢t — H[1>0](z,t,p, X) is
continuous on [0, A T for any (z,p, X) € RY x (RV\ {0}) x SV.

We state our main result.

Theorem 10 (Uniqueness Result of Solutions in a Short Time). If there exist weak
solutions of the initial-value problem (B9), they are classical and unique in RY x [0, ],
where t is given by Theorem B.

We formulate the main ingredient of the proof of the above theorem as a lemma.

Lemma 11. Lett > 0 andn be a continuous function on [0,1] such thatn(t) >n >0
for any t € [0,¢] and u: RY x [0,¢] — R be a bounded Lipschitz continuous function
with respect to x variable which satisfies ([4), (3) and (B4) on [0,t]. Then we have

Mo
/ 1 s<u(-py<0} (y) dy < —, (43)
RN n
t Mo
/ G(x —y,t — 5)1{_s<u(.s)<0y (y) dyds < i (44)
0 JRN n
for any
. 0o ﬂ50
0 € (O,mm{z, m,ﬂ 3,

where My is a constant depending on N, R, L, | Dv|| and Ms is a constant depending
on N7 R; )\07 507 L? HVHOCH ”DUHOO



SHORT TIME UNIQUENESS 21

Proof. We first prove the estimate (). We have

[ icsaem@dy = (-5 <ut.on-£Y@) @)

for § > 0, since Q; := {u(-,t) > 0} C {—d < u(-,1)}.
We claim that

(s <u(,yc(l+ %v)l(ﬂ» (46)

for t € [0,1] and ¢ small enough. We recall that ¢, = (I+\v) is a C'-diffeomorphism
when A satisfies (B7). To prove the claim, let (z,t) € RY x [0,¢] such that u(z,t) >
—o0 and set

A=

I | >

We distinguish two cases. If u(z,t) > 50/4,_then, by (L[4),
u(z + Av(x),t) > u(x,t) — AL||V||oo > % — AL||V]|oe =0
for A < 80/ (4L||v| o). If =0 < u(x,t) < dp/4, then, by (B4),
u(x + Av(x), t) > u(x, t) + An(t) > u(z,t) + A > =6+ =0
for § < 8o/4, A < X and t € [0,1]. Finally, (f) holds if § is such that

b
o M0 5y

§ < mi —
= i

By a change of variable, we have

LY+ )" H ) = / det(D(I + Av) ™ Hdx < (1 + 2NN Dv||o) LY (),
Q
for small 0 and therefore small A, since

det(D(I 4+ Av)~Y(z)) = (det(I + ADv(z))) " =1 — M tr(Dv) + o(\).
From (f3) and (fg), it follows

[ Acssom@is < £+ 2@ - £4@)

< 2NA| DV £()
< 2NIDY|oLN(BO.R)  _ Mid

by ([3).

We next prove the estimate ([[4). Note that (B4) implies the lower gradient esti-
mate

Dule )] <~ {u( 0] < 2 x (0.0)
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From the increase principle of [I0, Lemma 2.3], we get

_ N
{=0 <u(-,t) <0} C (4 + ||V|7|7 B)\ €,
where B := B(0,1) C RY. Therefore, noting that (B4) implies that €, has a interior

cone property as we can see in the proof of Corollary [, by [[, Lemma 4.4] for some
M5 depending on N, R, Ay, 6o, 0, L, ||V||sc, || DV||o, We have

t
| [ 6t —vt= 91 s dyds
0 JrN
t
S// Gz =y, t = 8)L @, 1 w|wsn/ma () dyds
0 JrN -

— (., Mz
n

[0

) - ¢(l‘,t,0)| S

9

oz, t,r) = /0 /RN G(r—y,t—s)lg,,5y)dyds.

Proof of Theorem [[(]. Suppose that there exist viscosity solutions u; and us of (BY).
Let 7 € (0, 7] which will be fixed later and set

where

0

0y := — t
R}VH;%]\(M uz)(,t)].

In view of Theorem [[ and (H5-(i)) or (H5-(ii)), we have

0, < Myk (T + 71/2) or 0, < MiR.(T+ 7'1/2)7 (47)
where
Ky = sup / L (0203 (1) = Lgua(p03 ()| dy (48)
te[0,7] JRN
and
R,i=  sup / [ G =0t = 201 0) = Lagosoy )] dyds. (49
xRN te[0,7] RN
Note that

Lt (0203 (%) = Lua(0203 (W) < Lisr <o (<03 (1) + Li—s, <ua(-t)<03 (4)-
We fix
€ (0,tAT),
where ? is given by Theorem f|. Take 7 < ¢* small enough in order that 4, < dy/4,

the lower-bound gradient estimate (Corollary [J) holds on [0, 7] and, for all ¢ € [0, 7],
n(t) > n(t*) =:7 > 0. Moreover, take 7 < t* such that

MY,

50 ﬁéoe_KT

5, € (0,min{%, 1%
47 4f[v| oo || Dol
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where K is the constant give by Proposition B By continuity of u;, us which achieve
the same initial condition wug, it is always possible to find 7 > 0 small enough in
order that the above condition holds.
By Lemma [L1], we have
0157
Ke < —
]
for some C) depending on N, Ry, Cy, || Dug|| oo, || DV|| and
C50,

n
for some C'y depending on C', Ao, o, 10, | D[ ol [¥]] o [ DV o

Ry <

Therefore, we get

b < Sor V)
for some constant C(Cy, Ao, do, M0, R, || Duol|cos N, ||V]|0cs [[DV||so) > 0 which is in-
dependent of 7. For 7 small enough, we have 6, = 0. It follows u; = us on
RN x [0, 7].
We consider 7 = sup{7 > 0 | u; = uy on R x[0, 7]}. If 7 < t*, then we can repeat
the above proof from time 7 instead of 0. Finally, we have u; = uy on RY x [0, ¢*]
for all t* < ¢, which gives the conclusion. O

5. APPLICATIONS

In the companion paper [J], the framework to show existence of weak solutions
of (B9) is given and as applications, existence results for weak solutions of level set
equations appearing in dislocations’ theory and in the study of FitzHugh-Nagumo
systems are presented (see [H, Sections 3.2, 4.2]). In this section, we give uniqueness
results for viscosity solutions of such equations.

5.1. Dislocation Type Equations. We consider the level set equation of the evo-
lution of hypersurfaces:

V= M(n(:z:))(co(-, t) x 1g,(z) + c1(x, t) — divp, (f(n)(az))) on I', (50)

where we use the notations in Introduction. Here M : SV~ — R*, ¢y, ¢; : RY x
0, 7] — R, &£ : RY — RY are given functions which satisfy the following assumption
(A):
(i) M € C(SMY), 0 < M(p) < M for all p € RN\ {0}, where p = p/|p| and
p— +/M(p) is Lipschitz continuous;
(i) co € C([0,T); LX(R™)), ¢; € C(RYN x [0,T]), Dyco € L=([0,T]; LYRY));
(iii) there exist constants L., M. > 0 such that, for any z,y € RY and t € [0, 7]
[Dacol(, D)@y < Le,  |er(@,t) — ey, )| < Lefz —yl,
lco( )l 1@y + leo(, t)] + |er(, £)] < M;
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(iv) &(p) = (£'(p), -, €Y (p)) = D¥(p) = (97(p)/Op1, ..., 07(p)/Dpx) for some
positively homogeneous function y € C?(RY \ {0}) of degree 1, i.e., y(ap) =

ay(p) for a > 0, p € RV \ {0}, which satisfies

Py . 9*y(p)
Op10p1 Op19pN
D*y(p) = : : > 0 for all p € RM\ {0},
) .. ()
OpNOp1 OpNODPN

sup  |D*y(p)| < oo and p (Dzv(ﬁ)l/Z) is Lipschitz continuous.
PERN\{0}

The function € is called the Cahn-Hoffman vector and the last term in the right
hand side of (B0) is the anisotropic curvature of T'; at = given by divr,(£(n)(z)) =
tr (I —n(z) @ n(x))Dy(£(n))(x)). We refer the reader to the monograph by Giga
Y] and the references therein for more details.

For reader’s convenience, we derive the level set equation of (f), see B, B9]. We
have

divr, (§(n)(x)) = tr (Do (£(n))(2)) — tr (n(z) © n(z)Da(§(n))(x)).  (51)

Since 7 is positively homogeneous of degree 1, ' is positively homogeneous of degree
Oforalli € {1,..., N}, ie., &(ap) = & (p) foralla > 0, p € RV\{0}. Differentiating
in «, setting @ = 1 and noting that D,&(p) = D?*v(p) € SV, yields

N

N
D &= & (pp;=0 forallie{l, .. N}, (52)
j=1

j=1
where & (p) = 9¢'(p)/dp;. Equality (B2) yields

tr (n(z) ® n(2) Da(E(n) (@) = Y n(2)n ()&, (n(x))n, (x) = 0,

ijk
where nl, (x) = On’(z)/0xy, and

R,D*y(p) = D*v(p) = D*v(p)R,,

where R, = I —p ® p. Introducing an auxiliary function u : RY x [0,7] — R
such that u(-,¢) = 0 on I'; and u(-,t) > 0 in €, for all ¢ € [0,T], we note n(x) =
—Du(x)/|Du(z)| and it follows

divr,(§(n)(z)) = div.£(=Du(r)) = —tr (D*y(~Du(x)) D*u(x))
= —tr (RDU(:,;)DZV(—DU(:E))RDu(m)DQu(x))
-1 Du(z)

= Dut@) " e D 1o

) Rpu() D*u(z)).
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In the above equalities, we used the homogeneity of degree 0 of £ and of degree —1
of D%y. Set

cxl(a, t,p) == M(=p)(col(-, 1) * x(-, 0) (@) + 1 (x, 1)),
o(p) = /M(=p) (D*(~p)) R,
HalX](z, t,p, X) :== —c[x](z, t,p)|p| — tr (c(p)o” (p)X),

for any y € L>*(RY x [0,7],[0,1]), (z,t,p, X) € RY x [0,T] x (RV\ {0}) x S¥. The
level set equation of (p() is the equation

u + Ha[lgue n>o0y) (2, t, Du, D*u) =0 in RY x (0,7),
which is a particular case of (B9).

Theorem 12. Under assumptions (A), (I1) and (12), the initial value problem (BY)
with H = Hy has at least a weak solution in RN x [0,T]. Moreover, weak solutions

are classical and unique in RY x [0,t*] for some t* € (0, T] which depends only on
Le, M., M, 69,10, Ro, || Dugllee and ||| 0o

We refer to [27, for the short time existence and uniqueness of the solution
of a dislocation dynamics equation with a mean curvature term under different
assumptions.

Proof. The existence of weak solutions is proved in [§, Theorem 3.3]. By using
Theorem [[(], we prove a short time uniqueness. It is easy to check that (H2), (H3)
are satisfied. Due to the arguments in Example P and assumptions (A) (i), (iv), we
see that (H4) is satisfied. We prove that H, satisfies (H1) and (H5-(i)). We first
check (H5-(i)). Set ¢;(z,t,p) := c[xi](x,t,p) for (z,t,p) € RN x [0,T] x (RV\ {0}),
xi € L®(RY x [0,77,]0,1]) and ¢ = 1,2. Note that

‘51(x7t7p) - 52(.T,t,p)‘

M=) [ leoer =) calot) = a0y

<TIM [ halt) = (0] dy
R

We finally check (H1). Let (u,x) € C(RY x [0,7]) x L=(RY x [0,77,[0,1]) be
a L'-viscosity solution of ({I). We extend the functions c[x|(z, -, p) to be equal 0
when t < 0 and T' < t. We set

Cn(xa tap) = C[X](ZL‘, '7p) * Cn(t)a

for all (z,t,p) € RY x [0,T] x (RY\ {0}), where (,(r) := n{(nr) for r € R and ( is
a standard mollification kernel. Then we have ¢” € C(RY x [0, T] x (RY \ {0})),

t
| / (2, 5,p) — clx](x, 5, p) ds| = 0,
0
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locally uniformly in (0,7") as n — oo. Moreover, the ¢"’s are Lipschitz continuous
with respect to x variable with the constant L. and bounded (independently of n).
Let u,, be the viscosity solutions of

uy — c"(x,t, Du)|Du| — tr (o(Du)o” (Du)D?*u) =0 in RY x (0,7),
{u(-,()) = g in RY x (0,7),

for all n € N. By Example | and Proposition [§, we have
[un(z,t)] < 1Ton RY x [0,T), wun(z,t) =—1on (RY\ B(0,R(t))) x [0,T],

53
Jun (2, 1) — un(y, )| < Clz —y|,  |un(z,t) — up(x, s)| < Clt — |2, (53)

for all z,y € RN, ¢, s € [0,T] and some C > 0, where R(t) is the function introduced
in Example [ By Ascoli-Arzeld theorem, the uniqueness of L'-viscosity solutions
of (|)) with H[x| = Hy[x]| and [[], Theorem 1.1], we have w,, — u locally uniformly
on RY x [0,7] and wu still satisfies properties (53).

The above mollification argument can be an alternative way of getting the approx-
imation property we need (cf. (H6)) by a regularization of H[x] by H|[x|(x, -, p, X) *
Ca(t) instead of H[x x (,(¢)](x, t, p, X). O

5.2. A FitzHugh-Nagumo Type System. We consider the following system:

D
uy = (a(v) + div (|D—Z|)) | Dl in RY x (0,7),
vy — Av = g+(v)1{u20} +9 (v)(1 = Ly>0y) in RY x (0,7, (54)
u(+,0) = ug, v(-,0) = vy in RY,

which is obtained as the asymptotic as ¢ — 0 of the following Fitzhugh-Nagumo
system arising in neural wave propagation or chemical kinetics (see [, Theorem
4.1]):

1
ui — Auf = = f(uf,v°) in RN x (0,7),
v; — Av® = g(uf,v%) in RY x (0,7),

where
flu,v) =u(l —u)(u—a)—v (0<a<l),
g(u,v) =u—~v (v >0).

The functions «, g™ and ¢~ : R — R appearing in (4) are associated with f and g.
We make the following assumptions (B):

(i) the function vy is bounded and of class C! with || Dvg||s < +00;
(ii) the functions ¢~, g™ are Lipschitz continuous on R with a Lipschitz constant
L, > 0 and there exist g,g € R such that

g<g (r) <g'(r)<g forallreR;

(iil) |a(r) — a(s)| < La|r —s], |a(r)| < M, for all r, s € R and some L, M, > 0.
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For y € L>®(RY x [0,7],[0,1]), we write v for the solution of

v — Av=g"(v “(v)(1— in RY x (0,7,
{ Av=yg"(v)x +g ()1 —X) | RN (0,7) (56)
v(-,0) =y in RY,
and set c[x](z,t) := a(v(z,t)). Then Problem (p4) reduces to
. Du . N
up — (c[l{uzo}](:ﬂ,t) + div (m)) |Du(z,t)| =0 in R x (0,7, (57)
u(-,0) = ug in RY,

which is a particular case of (B9).

Theorem 13. Under assumptions (B), (I1) and (12), the initial value problem (B7)
has at least a weak solution in RN x [0,T]. Moreover, it is classical and unique in
RN x [0, t*] for some t* which depends only on L, My, 5o, Mo, Ro, ||Duol|se and ||| s

Proof. The existence of weak solutions is proved in [§, Theorem 3.4]. See also [BJ, {5
It is easy to check that (H2) and (H3) are satisfied. Due to similar arguments as
those in the proof of Theorem [[2, we see that (H1) and (H4) are satisfied. We prove
that (H5-(ii)) is satisfied. For x1, x2 € L¥(RY x [0,7],[0,1]), the solutions of (F@)
are given by

vila,t) = [ Glo—y.toly) dy+

[ [ 6=t =96 o) + 9001 = o)) s

for i = 1,2. By the proof of [[], Theorem 4.1], we have

t
D, —chal(e. )] < La(-9)" [ | Glo—pt=9)hat.s)—xaly,o)] dyds
0 JR
for all (z,t) € RN x [0, T]. This completes the proof. O

5.3. Nonlocal equations with volume-dependent terms. We consider the fol-
lowing evolution of hypersurfaces:

V = B(LY (%)) - divr,(n(x)) on Ty, (58)

where the function §: R — R is Lipschitz continuous. A typical example is f(r) =
a+ br for some a,b € R which has been studied by Chen, Hilhorst and Logak in [27]
(see 7, also). The authors prove that the limiting behaviour of the following
reaction-diffusion equation

ut:Aqugizf(u,s/u) in  x (0, 00),

Q
g—z:() on §2 x (0, 00),
u(-,0) = g° in



28 G. BARLES, O. LEY AND H. MITAKE

is characterized by the motion of hypersurface (B§) with 8(r) = a + br. The level
set equation of (B§) is the nonlocal equation:

Uy — (/3(£N({u(.,t) > 0})) + v div (‘Z—LL‘)) |Du| =0 in RY x (0,7),

u(-,0) = uo in RY,

(59)

for some positive constant ~.

It is worthwhile to mention that we cannot expect the global existence of weak
solutions without any restriction of the growth of 3, because the front can blow
up at a finite time. A growth condition to ensure a global existence result is given
below in (C-(ii)), see also [B, Section 4.2].

We can easily check that the equation (B9) satisfies assumptions (H1)-(H4) and
(H5-(i)). So, the following result holds.

Theorem 14. Under assumptions (I1) and (12), for any v, R > 0, there exists a
constant tr € (0,T| and at least a weak solution (u,x) € C(RN x [0,T]) x L>=(RY x
0,77, [0,1]) of the initial value problem for (B9) such that {x € RY |u(z,t) > 0} C
B(0, R) for any t € [0,tr]. Moreover, the weak solution is classical and unique in
RY x [0,t*] for some t* € (0,tg] which depends only on the Lipschitz constant of (3,
R, N, 69,10, Ro, ||Duol|cc and ||V]|so-

Now, adding the assumption (C):

(i) the assumption (I2) holds with v(z) = —x in U,
(ii) there exist Ly, Ly > 0 such that

0 < B(r) < Ly 4 LyrY™  for all r € [0, 00),

we can show a global existence and uniqueness result of solutions of (F9) for small
7. More precisely, we get

Theorem 15. Under assumptions (11), (12) and (C), there exists a positive constant
¥ =7(N,T,n0/||Duo||oo) such that, for any 0 <~ <7, there exists a unique viscosity
solution of (B9) in RY x [0, 7.

Lemma 16. Let u be the viscosity solution of
Du® Du
| Dul?

u(+,0) = ug in RY,

up = c(t)|Du| +ytr (I — )D*u)  inRY x (0,7),

where 7y is a positive constant and ¢ € C([0,T]) is a nonnegative given function.
Then we have, for any (x,t) € {|u(-,t)| < do/4} x 0,77,

u((1 =N, t) > u(z,t) + (no — C||DuollavV/yt)X  for all X € [0, ],

where C'is a positive constant which depends only on N and H and X is the constant
given by Lemma [ (We may assume that X < 1/2).
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The proof of Lemma, [ is very similar to that of Theorem [, but since we would
like to explain how to use the positiveness of ¢(t) and note the dependence of C' in
Lemma [[@, we give it here.

Proof. Let W be the function given by Lemma [T and fix A € [0, \]. Setting v(z,t) :=
u((1—N)a,t) and w(x,t) := V(u(x,t) +no)) for all (x,t) € RY x [0, T], we consider

e -yl -

sup  {w(z,t) —v(y,t) — —— — Kt}.
x,yeRN t€[0,T]

fore, K > 0. By similar arguments as those used in Theorem [, there exist (7, 7,t) €
B(0, Ry + 1)? x [0,T] for some Ry > 0 and small enough ¢ > 0 such that the
supremum attains at (z,7,7) and (a,p, X) € 7" 0(z,7) and (b,p,Y) € T w(y,D)
satisfy ([7). Note that the Lipschitz constant of u is || Dugl||« in this case. We have

[T — 9| < [1Duol| L, |p| < 4| Duo] .

We only consider the case where T # y. The definition of viscosity solutions
immediately implies that we have

a < eB)lp| +ytr (1 — pﬁf)x),

c(t) g peP
b> 1_)\|p|+ (1_)\)2tr((l— e )Y).

It follows

Y
pRp X

a—b:f(gc(f)(l—ﬁ)m+7tr (7 - FE ) _m))

We note that I —p® p/|p|? is a positive definite bounded matrix and

Y A\’ |z - 72 al e e
X - < I AP '
(1—/\)2_<1—)\) et +p;< <6i)’(6i)>
by ([J). In view of the positiveness of ¢(t), we get, for some constant C'= C(H, N) >
0 which may change line to line,

K< CW)f 7 -7
RCERVEE
_ C||Dug|[ %P
= cA/3

+Cpl A7

+ Cpl| A%
Sending p — 0 and taking K = (C+ 1)|| Duo||2*vA\2e=*/3, we necessarily have T = 0.
Thus we have for any (z,t) € RY x [0, 7]
w(z,t) —v(z,t) < w(@, 0) —v(7,0) + Kt < v(Z,0) —v(7,0) + Kt
< TP Dug |3 + (C + 1) || Duo |2y A*te =,
Setting

54/3—( (C+ 1)y\%t )1/2
- NRTBDug[ L
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we get
w(z,t) — v(z,t) < C|| Dugl|[vAEN,
where C' depends only on N, H. This implies a conclusion. O

Proof of Theorem [[§. In [§, Section 4], the global existence result for weak solutions
of (B9) is given. Due to Lemma [, we see that if

< 1( 7o )2
7= T7\2C [ Dug|| )
then
1m0 — C|| Dugl|o v/t > % for all ¢ € [0, 7.

Therefore, we get

u((1 =N, t) > u(x,t) + %)\ for all (z,t) € {|u(-,t)| < d/4} x [0,T], X € [0, A].
(60)

A careful review of the proof of Theorems [[(J gives the conclusion. O

Remark 6. Inequality (B0) implies that the r-level set of u, for r close to 0, are star-
shaped domains with respect to a ball with center 0, see Lemma B In particular,
they are locally Lipschitz continuous graphs. Then we can get perimeter estimates
without using Lemma . Indeed, noting that, from the lower gradient estimate
(Corollary f]) and the increase principle [[[(}, Lemma 2.3], for small ¢ > 0, {—¢ <
u(-,t) <0} C =0 \ Q, we have, for any ¢ € [0, A T,

n

0
1/ HNfl({u(yt) =r})dr= 1/ |Du(x,t)| dx
€ J ¢ € {—e<u(-t)<0}
Kt
< %M({—a <u(t) < 0})
Kt —
S ”Duo”ooe LN(_T] Qt\Qt>
€ n—e¢
| Duglloce™ /\, T\~ N
= —1 Q
L (T e

in view of the co-area formula and Proposition . Since the {u(-,t) = r}’s are
locally Lipschitz continuous, the (N — 1)-Hausdorff measure and the perimeter in
Geometric Measure Theory coincide (see [B4]). Since this latter perimeter is lower-
semicontinuous with respect to the Hausdorff convergence, sending ¢ — 0, we get

N]| Dol
7l

HY 7 ({u(, 1) = 0}) < L ()

for all t € [0,T.
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6. APPENDIX
We give the proof of Lemma ], Proposition f and Lemma [[7.
Proof of Lemma . Let €y be defined by (B4) and consider the function

f dist(x,Tg) A 1 z € Qy,
W) = { ity (1) 5 BV 0,

It is not difficult to see that (R3), (I1) and (I2) hold with v(x) = —z. Conversely,
suppose that (I1) and (I2) with v(z) = —z hold for some uy. We claim that €y =
{up > 0} is star-shaped with respect to the ball B(0,ry) with

To
ro << —.
7 IDuolls

Let y € B(0,79) and 2 € 98 and define g(\) = uo((1 — Nz + \y). It suffices to
show that g > 0 on (0, 1]. From (I1), (I2), we have

g(A\) =ug((1 = Nz + Ay) > up((1 — N)z) — A||Dugl|soro = moA — || Dug||soro > 0
for A € (0, Ao]. Let
A" =max{\ € [\, 1] : g > 0 on [0, \]}.

If \* =1, then the proof is complete. Otherwise, let € > 0 small enough such that
/(1 =N +¢) < Ag. From (I1), (12), we have
0=g(\") = uo((l=A)z+Xy)
€ €
= l— ——)(1 =\ A — —_—
uo((1 = T (= X 4 ) (N = e)y) + T

> g\ =)+ (0 — [ Duollero)

Y)

>0,

€

11—+«
which is a contradiction. It completes the proof of the claim. The proof of the fact
that a star-shaped with respect to a ball domain has a locally Lipschitz continuous
boundary may be found in [B3, Prop. 2.4.4 and Theorem 2.4.7] or B, Lemma p.20].

We turn to the proof of (ii). We need to recall some notations and definitions and
we refer the reader to [B]] for further details. The Clarke generalized directional
derivative at z in the direction h of f : RY — R is

fO(ZL' h) _ limsup f(y + )\h) — f(y)
’ y—z,Al0 A '

The Clarke generalized derivative at z is the closed convex set

9f(z) = {peRY : for all h € RV, limsup LU T = W) = (0. 1)
y—a,AL0 A

Z 0}7

which is nonempty when f is locally Lipschitz continuous at z. The Clarke tangent
cone to () at z € I' is the convex cone

To(z) = {h € RY : d(x,h) =0}
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and the Clarke normal cone is the polar of the latter, i.e.,
Na(z) = {£ € RN : (¢,h) <0 for all h € To(z)}.

The proof is divided in several steps.
1. We claim that, for any x € T’ and & € No(x) NSV, there exists v, € SN71 such
that
1

K2+1
We fix z € I, 2 = (2/,2y) € RV™! x R and consider neighborhoods V' = B(2’,r) of
a2’ and Viy = B(xy,r) of zy such that there exists a K-Lipschitz continuous function
f: V"= R with graph(f) =T'n (V' x Vi) and epi f N (V' x V) =20 (V' x Vy).
Let & = (¢,&n) € Na(z) N SN = Ny, p(/, f(2')) N SN~1. By definition, for all
v = (v',on) € Tepif(2, f()),

<(U/7UN>7 (£I7£N>> = <UI7@N> + UN&N <0. (62)

By [BI], Theorem 2.5.7], since f is Lipschitz continuous, Tey r(2/, f(2')) = epi f°(z; ).
It follows that, for any r > vy, (¢v/,r) still belongs to Tepi ¢(2/, f(2')). From (B3), we
get

1> (& v, >

(61)

(Wion)y +ré&y <0 for all r > vy. (63)
A first consequence is that &y < 0 necessarily. Moreover

En < 0.

Indeed, if 5 = 0 then (B3) holds for all € R and therefore (v', 1) € Ty (2, f(2')) =
epi f°(x;-) for all r € R. Therefore, using that f is K-Lipschitz continuous, we get

r> fo(x;0") > —K||

which leads to a contradiction for 7 — —oo. Using again [R1], Theorem 2.5.7], we
have

(€ &) = _£N<_§€_N’ —1) € Nopip(«, f(2)) = “ey €7@

Since f is K-Lipschitz continuous, it follows

€l
En| —

Using that £ € SV~!, we obtain
1
Vs <2
Taking v, = (0, —1) we obtain easily (B1]).
We denote by dq the distance to {2 and by df the signed distance to I" which is
negative in €. For any set A C RY, ¢o A is the closure of the convex hull of A.

2. We claim 9d;(z) C co[Nq(x) N SN=1] for all z € T. (Notice it means that the
generalized derivative of the signed distance does not contain 0.) Let = € I" and z; a

En| >
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sequence of points which converges to I' such that df. is differentiable at x;. Assume
that p; := Vdj.(z;) converges to p. Suppose first that, up to extract a subsequence,
7; € Q. Then, since dj. = dg in RV \ Q, and dq, is differentiable at z;, it means that
x; has a unique closest point 7; € I'" and

€T, —T;

pi = Vdo(r;)) = ——, |pi| = 1.

|z — T
But Nq(z) is the convex hull of the cone generated by such limits ([RT], Exercise 8.5,
p.96]). Thus p € Ng(2) NSY~L. From [T, Theorem 2.8.1], dd;.(z) is the convex hull

of such p which completes the proof of the claim.

3. There exists an open bounded neighborhood O of I' and n > 0 such that, for all
yeO,
V(y)={v e B(0,1): 1> (p,v) > 7 for all p € dd}.(y)}

is a nonempty compact conver subset of RY. The subsets V(y) are clearly convex,
closed and bounded for any 1 > 77 > 0 and open subset O. It remains to prove
that there are nonempty for some 7. It is true for V(z) with 7 = v/1+ K2 by
Claims 1 and 2. To extend this property in a neighborhood B(x,r) of x, we notice
the following facts: since Odj(-) is upper-semicontinuous ([, Proposition 2.1.5])
and 0 ¢ Odj(x), there exists » > 0 such that 0 ¢ 9dj.(y) for all y € B(x,r). By
Clarke’s implicit function theorem [R1], Proposition 3.3.6], the di(y)-level sets of
df. are Lipschitz continuous in B(x,r). The Lipschitz constant is controlled by the
distance from 0 to ddj.(y). Up to take r small, it depends only on K. Then, we can
repeat the previous arguments and obtain the result in B(x,r) (up to take 0 < 7

smaller than 1/4/1 4 K?2). We then find O by compactness of IT'.

4. The multi-valued map V : O = RY is lower-semicontinuous. Let y € O. Let
v € V(y) and € > 0. Since 9d;.(+) is upper-semicontinuous, by definition, there exists
d > 0 such that, if |y — ¢'| < § then 0d}.(y') C 0di(y) + eB (where B = B(0,1)).
Any p' € 9di.(y') can be written p’ = p + ew where p € 9d§(y) and |w| < 1. Using

that v € V(y), it follows
L+e>(wp)=(,p)+(v,w) =n—e
This proves that V(y) C V(y')+€B which is the definition of the lower-semicontinuity
of a multi-valued function.
5. Michael’s continuous selection theorem and end of the proof. From steps 3 and 4,

we can apply Michael’s continuous selection theorem ([B]): there exists a continuous
map ® : O — RY such that ®(y) € V(y), i.e., for all y € O and p € ddi.(y), we have

di(y + A®(y)) > di(y) + (p, A(y)) + 0,(A) > di(y) + nA +0,(A).  (64)

According to Remark [J, up to decrease 7, we may choose ® which is smooth, bounded
and Lipschitz continuous. Using the Lipschitz continuity of df and ®, we may earn
some uniformity in (f4) up to reduce n. More precisely, for every x € O, there exists
r, and A, such that

di(y + AD(y)) 2 di(y) + 5
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forally € B(z,r,) C O and A € [0, \,]. We conclude by compactness of I" (Note that
we can modify the signed distance function far from I' in order to have a bounded
function). O

FIGURE 1. A set which is star-shaped with respect to 0 but does not
satisfy (12) and a set whose boundary is not locally Lipschitz continu-
ous and which satisfies (12).

Remark 7. Star-shaped property is not sufficient to ensure (12), see the counterex-
ample of Figure [Il. There exist some sets which satisfy (I2) but they do not have a
locally Lipschitz boundary, see Figure [I.

Proof of Proposition . Existence of a solution to (RI]) is given by Assumption (AS).
We prove the uniqueness and the Lipschitz continuity regularity in x of the solutions.
Let u € C(RY x [0,T]) be a solution of (2I]) which satisfy (B0). Let K,e,n > 0 and
set ,
M = sup  {u(x,t) —u(y,t) — eKt@ — nt}.
z,yeRN te[0,T] €

Let M be attained at (2, 7,%) € RN x[0, T]. By (A8), we may assume that (7, 7,7) €
B(0,R)? x [0, 7).

We first consider the case where ¢ € (0,7]. In view of Ishii’s lemma, for any p > 0,
there exist (a,p, X) € 72’+u(f, t) and (b,p,Y) € 72’7u@, t) such that

KeXlz —g|! defT -y _ _
X 0 )
<
(0 _Y)_A—l—pA, (65)

where

A (1 I 8N @y e@E-y) —F-ye@-)
a=temat (L 3 )R (G0 Wy )
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The definition of viscosity solutions immediately implies the following inequalities:
a+ H. (T, t,p,X) <0, b+ H'(y,t,p,Y)>0.

We have
Ke!z — 7|t

i +n+ H(Z,t,p, X) - H (7, t,p,Y) <0. (66)

We shall distinguish two cases: (i) for any ¢ € (0,1), p # 0; (ii) there exist {¢;},en
such that ; —+ 0 as j — oo, p = 0 for any j € N.
We first consider case (i). By (A7) with A = 0, we have

Kerf_—4 _ _
%JFUS H(yatapvy)_H(Evtaan)

_ deflz — y)?

:H(yvta (ZL‘—y),Y)—H(T,%,

et

K= _ 7|4
< 0w (T 4 plare).
In case (ii), we have T = 3. Therefore we have A = 0, X < 0, Y > 0 and
n < H.(y,t,0,Y) — H*(Z,t,0,X) < H.(y,¢,0,0) — H*(T,¢,0,0) = 0, which is a
contradiction.
Therefore, sending p — 0 and setting K = Cp, necessarily we have ¢t = 0. We get
for all z,y € RN, ¢t € [0, T]

u(z,t) —u(y,t) —nt

_ o E=glt | e =yl
< UO('I) - uO(y) - 4 + 4
I | T I
< Dol — 71 - EZIE 4 I
3 eftr — y|?
< MHDUOH%%M’ e

We have used the Young inequality in the third inequality. Setting

. 44/36Kt|$—y|4 3/4
€ = 3/4
Cl| Dol
we get
u(z,t) —uy,t) =t < || Duglloce” |z —y].
Sending n — 0, we have

u(w,t) = u(y,t) < || Duoflsce™ |z — y.

On the one hand, by taking x = y in the above inequality, we get u < v and
obtain the uniqueness of the solution. On the other hand, by choosing v = v, we

obtain (BZ).
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We now prove (B3). Set R := 2Ry V || Dug||pr)e™”, where K is the constant
given by Proposition . Recalling (B])), in view of Lemma 9.1 in [f], there exists a
constant L > 0 such that

|U(l‘,t) - U(l‘, S)| < z/|t - $|1/2

for all x € B(0, Ry), s € [t,T]. Noting that u(x,t) = —1 on (R¥\ B(0, Ry)) x [0, T,
we get

|U(l‘,t) - U(l‘, S)| < f/|t - $|1/2
for all z € RN, ¢,5 € [0, 7). O

Lemma 17. Assume (12). Define the nondecreasing function ¥ € C(R) by

—1 if r< -3
2(2—40) 8 S . 36 8
U(r) = mo(r+3) =% if - <r<-3,

Zf _%}STS%y
if %OST.

NYsd =

There exists a constant A € (0, \o] which depends only on &, no, || Duol|se and ||V||s
and satisfies

uo(a(w)) = Ulug(x) +Amg)  for any x € RY, X € [0, A]. (67)

Proof. Tt is easy to see inequality (B7) if |ug(x)| < dp in view of (I2). In the case
where ug(x) > 0, we have

uo(z + Av(x)) = () = Al Duol[oo ()] = 00 = Al Duolloo V][ oo,
which implies inequality (E7) if A € [0,A] with A||Dug|lsc||¥]|ec < 00/2. Finally,

we consider the case where ug(z) < —dy. By replacing A by a smaller constant
if necessary, we may assume that Any < 8o/4 for all A € [0,\]. Then we have
U(ug(x) + Ano) = —1, which yields a conclusion. O
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