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Abstract

The paper studies long time asymptotic properties of the Maxi-
mum Likelihood Estimator (MLE) of the signal drift parameter in a
partially observed controlled fractional diffusion system. The optimal
estimation input is deduced. The consistency, asymptotic normality
and convergence of the moments of the MLE are established.

1 Introduction

1.1 Historical survey

The paper is devoted to the large sample asymptotic properties of the Max-
imum Likelihood Estimator (MLE) for the signal drift parameter ¢ in a
partially observed and controlled fractional diffusion system. We discuss the
asymptotic (for large observation time) design problem of the input signal
which gives an efficient estimator of the drift parameter. This kind of op-
timization problem has been treated by many authors, see e.g. [11, 7, 6]
and references therein. Following the paper [11], we can separate the initial
problem in two subproblems, when the first is equivalent to maximization
of the first eigenvalue of a certain self-adjoint operator and the second one
is devoted to the analysis of the asymptotic properties of the MLE. In con-
trast with the previous works, we propose to use (for the both subproblems)
Laplace transform computations, in particular, the Cameron-Martin formula



and the link between the Laplace transform and the eigenvalues of a covari-
ance operator. This method has been proposed previously in [1, 2].

1.2 The setting and the main result

We consider real-valued functions x = (24, t > 0), u = (u(t), ¢ > 0) and a
process Y = (Y;, t > 0), representing the signal and the observation respec-
tively, governed by the following homogeneous linear system of ordinary and
stochastic differential equations interpreted as integral equations :

{ dry = —Oxdt +u(t)dt, zo=0,

1
dy, = prydt +dV;H | Yo =0. 1)

Here, V¥ = (V/#, t > 0) is normalized fBm with Hurst parameter H € [3,1)
and the coefficients ¥ and p # 0 are real constants. System (1) has a uniquely
defined solution process (x,Y) where Y is Gaussian but neither Markovian
nor a semimartingale for H # %

Suppose that parameter ¥y > 0 is unknown and is to be estimated given
the observed trajectory Y7 = (V;, 0 < ¢ < T) for a control u in the proper
class.

For a fixed value of the parameter 9, let PZ denote the probability mea-
sure, induced by Y7 on the function space Co,r) and let FY be the natural
filtration of Y, FY =0 (Y,,0 < s <t).

Let £(9,YT) be the likelihood, i.e. the Radon-Nikodym derivative of
P, restricted to FJ with respect to some reference measure on Corj. The
explicit representation of the likelihood function can be written thanks to the
transformation of observation model (1) proposed in [4]. Therefore, Fisher

information stands for :
0? T
IT (’&, ’LL) = —Eﬁw In ,CT('ﬁ, Y ) .
Let us denoted Ur some functional space of controls, that will be defined
later. Let us therefore note

Jr(0) = sup Iy (Y, u) .

uEUT

Our main goal is to find estimator U7 of the parameter ¢ which are asymp-
totically efficient in the sense that, for any compact K C R™,

sup Jr (V) (07 —0)° = 1+40(1), (2)
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as ' — oo.

As the optimal input does not depend on ¥ (see Proposition 1.1), a pos-
sible candidate is the Maximum Likelihood Estimator (MLE) O, defined as
the maximizer of the likelihood:

O = argmax L£(0,Y7). (3)
9>0

In this paper, we claim that:

Proposition 1.1. The asymptotical optimal input in the class of controls Ur

i Uopt(t) = %tH_%, where the constants X and kg are defined in Section 2.1.

As in the classical case H = 5 (see [11]), as T tends to infinity,

2
I
Moreover, MLE reaches efficiency and we deduce its large samples asymp-
totic properties:

Proposition 1.2. The MLFE is uniformly consistent on compacts K C O,
uniformly on compacts asymptotically normal

\/T<19T—z9> :N(O,%)

as T tends to 400 and we have the uniform on ¥ € K convergence of the
moments: for any p > 0,

V7 () =] "

where ¢ ~ N(0,1). Finally, the MLE is efficient in the sense of (2).

2 The proof

2.1 Preliminaries

In what follows, all random variables and processes are defined on a given
stochastic basis (£, F, (F;)i>0, P) satisfying the usual conditions and pro-
cesses are (JF;)-adapted. Moreover the natural filtration of a process is un-
derstood as the P-completion of the filtration generated by this process.
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Even if fBm are not martingales, there are simple integral transformations
which change the fBm to martingales (see [8, 9]). In particular, defining for
0<s<t,

1 1 1
_ HT(3—2H)I'(H + 1) 1 o

2(1— H)T(2 — H)2 el = 3G o

t
Nt = / ka(t, S)d‘/;H 5
0

then the process N = (N, t > 0) is a Gaussian martingale, called in [8] the
fundamental martingale whose variance function is nothing but the function
wpg. Moreover, the natural filtration of the martingale N coincides with the
natural filtration of the fBm V.

Following [4], let us introduce Z = (Z;,t > 0) the fundamental semi-
martingale associated to Y, namely

Z, = /0 bt 5)dY,s. (5)

Note that Y can be represented as Y; = fot Ky(t,s)dZs where Ky(t,s) =

HQ2H —1) [Tri=3(r — s)H=2dr for 0 < s < t and therefore that natural
filtrations of Y and Z coincide. It can be proved that the following represen-
tation holds:

dZ; = uQd(N), + dN,, Zy=0, (6)
where
d /tk‘ (t,s)zsd (7)
= ,S)reds .
Q: awy, ), ke

Moreover, the following equation holds (see e.g. [4]):
dZ; = uN(t)*Gd(N )y + dNy, Zy =0, (8)
where ¢ = ((;,t > 0) is the solution of the ordinary differential equation

dg
d(N);

= —INA)G + b)), =0, (9)



where v(t) = ﬁ fot kg (t, s)u(s)ds and with

oty = ( e ) LA = ( Lo i ) and  b(t) = ( . ) |

Let us note, finally, Vr the class of admissible controls

Vp = {v | %/OT|v(t)|2d<N>t < 1} |

For the correspondence between controls v = (u(t),0 <t < T) and v =
(v(t), 0 <t <T), see Remark 1.

2.2 Likelihood function and the Fischer information

In this section, we are interested in the explicit representation of the likeli-
hood function L (19, ZT). Indeed the classical Girsanov theorem gives the
following equality

£r0,27) = exp {yn [ st qaz =2 [ Guoaycamn. o)

where ¢ = ((;,t > 0) is the solution of the ordinary differential equation (9).
the Fischer information stands for

IT<19,1)) = —Eﬁaa—l;lnﬁT(ﬁ,ZT)
T 8 2
_ 22 [ 2 *
= B [ (g0 dw)
/T o2 (0 0\ . o
= A (%f(t) Ct> d(N); (¢ is deterministic) (11)
0

_ /0 ! <%)* LX) (L) %d(N)t.

2.3 Optimal input and Efficiency
From (9), we get



where ¢(t) is the fundamental matrix, i.e.

TV = MA@ 6l0) =14,

where Id is the 2 x 2 identity matrix. Therefore
T *
e oG
Ir (9,0) = pu*N° — ) L)) =d(N
rie) = 2 () oo Gaan,

://KTSJ\/_()\/__H()dsdJ,

where
T
Kr(s,0) = / G(t, )G(t, o), (13)
max(s,0)
and
_ 9 (Bl H o« -1 1 H
G(t,0) = 5 (5700 o) (@)blo)o? 1)
Then
Jr(9) = sup Zr (9,0)
vEVT
= sup //KTSO' Yu(o)dsdo
’UELQOT]
=T sup (Krv,v) .

veL2[0,T], |jv]|=1
Because of the stability, we have

TLHEOO Kr(s,0) = Ky(s,0)

uniformly in any finite interval of s and o. Contrary to the classical case

H = 1, the limit kernel K(s, o) is no more of the form

p 9
C(s—o)= 4193*“’ S'(ﬁ|a—8\+ 1)

(see [11]). But we have the following result:
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Lemma 2.1. In this case,

.. Jr(v) %
e
Proof. The proof is postponed in Section 3. n

In the classical case, the reminder K (s,0) — Kr(s, o) corresponds to a
positive quadratic form and

sup (Kpv,v) < sup (Kew,w)= sup (Cw,w).
veL2[0,T) weL?(R) weL2(R)

In the fractional case, we only have that:

sup  (Kpv,v) < sup (Koow,w).
veL?[0,T) weL?(R)

Nevertheless, we claim the following result:

Proposition 2.1.

lim sup (Krv,v) = sup (Cw,w) =—.
T—+00 ye12(0,7Y, |Jv||=1 weL2(R), ||w||=1 U4

Proof. Lemma 2.1 gives the lower bound. Therefore, we have to show the
upper bound:
12
lim sup (Kpv,v) < sup (Cw,w) = —.
T—+00 e 12(0,7], ||o||=1 weL2(R), Jw||=1 v

Let us introduce the pair process & = ((¢},¢2),0 < ¢ < T) with

1 ’ l-H * -1 2 9 4
&= ([ ot orpto eam.) o) and ¢= (o

where *dW, denotes the Ito6 backward integral (see e.g [12]). It is worth
emphasizing that

Kr(s,0) = MZQE (fgb(s)s%_Hfgb(U)aé_H> :



This process also satisfies the following dynamic

1
1l n

—dg = &AW, + L(1)

*x dWy,
NG '

or
_dgt = gtA(t)d<M>t + ‘C<t) * th7 £T = 07
with M, a martingale of the same variance function as Ny,

A(t) = ( :i} _079 > ® AA(t) and L(t) = \/ﬁ( (e 0).

Obviously, we should estimate the spectral gap (the first eigenvalue v (7))
of the operator associated to the kernel Kr. The estimation of the spectral
gap is based on the Laplace transform computation.

Let us compute, for sufficiently small negative a < 0 the Laplace transform:

Lr(a) = Eﬁexp{—a /0 ' {g <(%§3> b(t)téHrdt}

2\ T
- Boeo {2 [ amwgam.)

where
0 0
M) = ( 0 b(E)b(t) ) '
On the one hand, for a > —ﬁ, Lr(a) can be represented as:
Lr(a) = [J(1 + 2av,(T)) 7, (15)
i>1

where v;(T'), i > 1 is the sequence of positive eigenvalues of the covariance
operator. On the other hand,

brlo) = e {3 [ wacelrr e}

where H(t) is the solution of Ricatti differential equation:

dH(t)
d(N )

=HOAR)" + ARH(E) +HEOLE) LEH(E) — ap* IM(t), (16)



with initial condition H(0) = 0, provided that the solution of equation (16)
exists for any 0 <t <T.

It is well known that if detW,(¢) > 0, for any ¢ € [0, T, then the solution
H(t) of equation (16) can be written as H(t) = U, (¢)¥y(t), where the pair
of 4 x 4 matrices (¥, Uy) satisfies the system of linear differential equations:

4T, (1) * )
iy, = THOAN - BOLELE, W) =Id,  (17)
le\sz\f(;t) —apP AU (M) + Ua(t) A(t)*, Ua(0) =0,  (18)

and Zd is the 4 x 4 identity matrix.
Moreover, under the condition detW;(¢) > 0, for any ¢ € [0,7], the
following equality holds:

[V

Li(a) — exp{—% /0 traceA(t)d<N>t}(dem(T))—
= exp {IT} (detT,(T)) "7, (19)
or, equivalently,

[+ 2a0i(T)) = exp {207} (det ¥ (T)). (20)

i>1

Let us note here that the solution of linear system (17) exists for any ¢ > 0 and
for any a € C. For a = 0, det¥,(t) = exp {20t} > 0. Due to the continuity
property of the solutions of linear differential equations with respect to a
parameter, for all 7 > 0, there exists a(7T") < 0 such that
inf det\lll(t) > 0.
t€[0,T
Therefore, equality (20) holds in an open set in C, containing 0. Compactness
of the covariance operator, namely, fDT Kr(s,s)ds < oo, implies, due to the

Weierstrass theorem, the analytic property of H(l + 2av,;(T')) with respect
i>1
to a. Hence, equality (20) holds for any a € C.
4
Now let us show that for T' sufficiently large and for —2’97 <a <0
detWy(T) > 0. Indeed, linear system (17) can be rewritten as

d(V1(t), ¥5(t) © J)
d(N ),

= (V1(1), ¥a(t) ® J) - (AR AA(2)) (21)



where

9 1 0 0
B 0 9 0 —ap? (01
=l 20 w9 o ‘]_(1 0>'
0O 0 -1 —v
Clearly, system (21) has an explicit solution:
(W0, () © ) = (Zd,0)- (Pl g (Pl old)  (22)
where G = diag (G1, G, G3, G4) and
dG;(t) ,
T ) (23)

with (z;),_; , the eigenvalues of matrix J and P the matrix of its eigenvec-
tors. For
194
—— < a <0,
2142
eigenvalues of matrix 3 are of the form x; = ++/9? £+ pu\/—2a.
It can be checked that there exists a constant C' > 0 such that

det¥y(T) = exp ((z1 +23)7T) (C +0 (%)) :

where 1 = /% + puv—2a > x3 = V9> — pv/—2a.

Therefore, due to equality (20), we have that H(l + 2av;(T")) > 0 for any

i>1
4 4
a > —Z—MZ. It means that o ) < —E, or equivalently, that
12
() < 5 (24
which achieves the proof. O

Combining the proof of Lemma 2.1 and the upper bound (24), we obtain
that )
Vopt (1) = V2XT 72, 0 <t < T

10



is optimal in the class Vr. As in [11],

o RO

Using Remark 1, we have

d (! KH 1
=— | K N)y = —tf"2,
Uopt (1) dt/o 1 (t, 8)Vopt(5)d(N)s /—2)\t

2.4 MLE large sample asymptotic properties

As the optimal input does not depend on 9, it is possible to compute directly
the MLE on the following system:

(25)

dr, = —0xdt + upp(t)dt, zo =0,
dy, = pxidt +dViH Yy = 0.

where 1y, (t) is the optimal input found in previous Section 2.3. After trans-
formation,

dZ; = pN(t)*Gd(N), + dNy, Zy =0, (26)
where dc
Ay, = —UANA(t)G + b(t)vope(t) -

Actually, to compute large sample asymptotic properties of the implicit
MLE, we need the explicit representation of the likelihood ratio

,CT(’L%, ZO’T)

Zp(91,099, 297 = W ;

(27)

which is also the Radon-Nikodym derivative of Pj, with respect to P,
restricted to FY, i.e.

L (9, COT dP7

From Equation (9), this ratio can be written in the following form:

M2 /\2

T T
ZT(1917 7927 ZO,T) = exp {M)‘/ l*5191ﬂ92dyfl - / 5;;1,19266*6191,192d<N>t}
0 0

11



where g, 9, (t) is the difference /> — ¢ and (1/129 1, >0) is defined by:
dvt = dzP — pM() ¢ d(N),, vt =0.
We will denote by Zr(x, Z9T) the perturbation of Z7 (1,9, Z9T), when

79% = U+ 7. Namely, Zr(z, 79T = Zp(09,9 + 7= Z9T). For this case, we
will denote 579,30,T = 5197794_%.

2.4.1 Ibragimov-Khasminskii program

It follows from [3, Theorem 1.10.1] that in order to prove Theorem 1.2, it is
sufficient to check the three following conditions:

(A.1)

2
Zp(x, 297 1% exp {x.n - %I‘)pt(ﬁ)} with 7~ N (0,Z%()) ,

(A.2) for some x > 0:
Ey\/ Zr(z, Z97) < exp (—x2?)

(A.3) there exists C' > 0 such that

2
By (VZr(21,207) = (22, 207)) < Clay — waf.
We present here the proof of Theorem 1.2 by checking the three condi-
tions.
Proof. As the deterministic quantity (see Lemma 2.1 and Proposition 2.1)

M2 )\2
2

T 2
* * T—o l’_ : _ [L’_ opt
/0 09,270l 09 2 7d(N); — 5 Tlglgo —F =3 (),

with Z' () = g—i and then

T
i [ o 5 N0, T(0)
0

12



and (A.1) is checked. The condition (A.2) holds thanks to the following chain
of inequalities:

%) T M2A2 T
Esv/Zr(z) = Egexp (7/ %69 prdvy — T/ 5§,m,TW*5ﬂ,x,Td<N>t>
0 0
>\ T 2/\2 T
— Eyexp (’“‘7 / 06 g0rdi? — ’“‘T / 5;,$7T££*5ﬂ,x,Td<N>t>
0 0
2)\2 T
X exp (_,u / 5§7x,T££*519,m,Td<N>t)
0

8

2)\2 T
exp (_MS / 5§71’T€€*5197%Td<N>t)
0

exp (—)@2) ,

—
S
N

IN

INS

where (a) is Girsanov Theorem since

\ (T 2\2 [T
Ey exp <%/ 069 4 rdvy — %/ 5$,x,T£€*519,m,Td<N>t> <1,
0 0

and (b) comes from the proof of (A.1). To prove (A.3), let us note that

Zr(xq)
— 2 (1 _E,, ZT(191,192)> .

Ey (\/ZT(xl) — \/ZT(@))Q — 9 (1 By Zr(z) ZT($2))

The same chain of inequalities (with Reverse Holder Inequality and Girsanov
Theorem) gives:

E; (\/ZT(m)—\/ZT(:cz))Q < 2(1—exp (—x, (22 —2:1)%))

Clzy — xof*.

A

Remark 1. We have denoted by

VT:{U | %/OT|v(t)]2d<N>t§1}

13



the class of admissible transformed controls. Remark that the following rela-
tion between u(t) and transformation v(t) = d<+\l,>t fot kg (t, s)u(s)ds holds:

d t
u(t) = —/ Ky (t,s)v(s)d(N)s.
dt J,
At the first glance, we can set the admissible controls as:
Ur = {U | v € VT} .

Note that these sets are non empty.

3 Proof of Lemma 2.1

From (12), we have

WG = el / o ($)b(s)u()d(N),

1
sz H

e /0 t (t%_HE(t)*gp(t)cp_l(s)b(s)s%_H> 2 uds

2\
e S%—H
= = t 5ds
2/(; g( 78) 2A v S

where ) )
g(t,s) = 2 H0(t) ()" (s)b(s)s2 7.
From [5], explicit expression can be deduced, namely
_o (0 faplt) —fi2(D) ) ot
t) = 2 ! ' det p(t) =
o=t (S ) et =

and functions defined by

o) = (5) ra-meny ()
fialt) = (Z)HM—H)#HAH (%
o - (e (2)



where I, is the modified Bessel function of the first kind and order v. Direct
computation leads to

t ) o(t) = e 2V (cH (Ip—1 — Iny) (%) g (I — Ih_py) (%))

where Cy = (%)I_H

Let us remark that,

T(H).

and

1/1 1 11
Id:§(1—1)<1—1>‘

Therefore, we can compute

(@) = t%‘Hw)*s@(ﬂ(CloH cgﬂ)(i —11)

= e 7 (qi(t), ga(1))
with

at) = CyCrgVt(Ig—Ig+Ig—Iipg) (_)

Wt
w(t) = CuCryVEt(Iy 1 — Iy — Ty + 1) (3)

With same computation,
o 1 1 1 CH 0 -1 %—H
0 = oo (1 5 ) (T el )i

s(00)

Us
Iga+1Ig+1-g+1Li_g) (7

with

o[ ol

Us
(—Ig1r—Ip+1-g+Li—g) <7) -

15



Hence

g(t,s) = (a)(b) =e ze= (g

g Iy —Iy) (%) ~ 2sinmH o~ that gives

Moreover CxgCi_g = Nz

(
sinmH "’
It

ezgi(t) — Vmo.
t—

With property (see [10])
It e 42 — 1 1
L(Z) ~ -2 == -,
<2> t=voo /it < 40t +O(t2)>

Is 2
S—00 4 /’/T19 ’

ot ) 2H -1 T
c e tooo  2tsin(rH) \ 9’

we have that

s _ 2H — 1)sin(mH

From (11)

o) = [ et (%at)*ct)z AN,




and

T 2
IT (797 Uopt) = Tu

%/OT (/Ot %g(t,s)ds)th :TT“Q {%/OT (@(t»?dt} |

It follows from the previous asymptotic estimates that for s > 0 and M > 0
we have

.0 M9
lim %g(t, 5)=0= ; %g(t,s)l(w)(s)ds — 0.

t—+o00 t—o0
Moreover for s and ¢ large enough we obtain

(2H — 1)*

t,s) ~ 2eV(t=5)
9(t,5) © + 20%ts

The recurrence relation for the derivatives of Bessel functions I}, = 1,11 + 21,
implies that

9t 2(2H — 1)*
= ~ _9(t — dt—s) _ 2\ 7))
gl s) = =2t —s)e 2P3ts
Therefore

Lo ¢ 202H —1)*Int —In M

_ ~ _2 — _19(t_s) —
/M 8199(t’ s)ds /M(t s)e ds E ;
-2 (M 22H — 1)*Int —In M

Finally we obtain

-2 T
Ve Do 92 = Ir (U, vopt) TS0 0%

To conclude recall that

Jr(0) = sup Zr (9,v) > Iy (U, Vopt) -

vEV

which implies

19 2
lim inf Jr(0) 'LL—4
T—+oo T v weL2(R)
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