N

N

Malliavin calculus for stochastic differential equations
driven by a fractional Brownian motion

David Nualart, Bruno Saussereau

» To cite this version:

David Nualart, Bruno Saussereau. Malliavin calculus for stochastic differential equations driven by a
fractional Brownian motion. Stochastic Processes and their Applications, 2009, 119 (2), pp.391-409.
10.1016/j.spa.2008.02.016 . hal-00485648

HAL Id: hal-00485648
https://hal.science/hal-00485648

Submitted on 21 May 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00485648
https://hal.archives-ouvertes.fr

Malliavin calculus for stochastic differential
equations driven by a fractional Brownian
motion.

David Nualart *
Department of Mathematics

University of Kansas
Lawrence, Kansas, 66045, USA

Bruno Saussereau
Département de Mathématiques
Université de Franche-Comté
16, Route de Gray 25030 Besangon, France

October 26, 2006

1 Introduction
Let B = {B;, t > 0} be an m—dimensional fractional Brownian motion (fBm

in short) of Hurst parameter H € (0,1). That is, B is a centered Gaussian
process with the covariance function E(B.B;) = Ry (s,t)d;;, where

(7 |t — s . (1)

|~

RH(S, t) =

If H= 1, B is a Brownian motion. From (1), it follows that E (|B; — B,|?) =
m|t — s|* so the process B has a-Hélder continuous paths for all o € (0, H).
We refer to [11] and references therein for further information about fBm and
stochastic integration with respect to this process.

In this article we fix § < H < 1 and we consider the solution {X,t € [0,T]}
of the following stochastic differential equation on R?

m t t
Xi=ap+ / o"(X,)dB] + / b'(Xy)ds , t € (0,17, (2)
=170 0
i=1,...,d, where zo € R? is the initial value of the process X.
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The stochastic integral in (2) is a path-wise Riemann-Stieltjes integral (see
Young [15]). Suppose that o has bounded partial derivatives which are Hélder
continuous of order A > % —1, and b is Lipschitz, then there is a unique solution
to Equation (2) which has Holder continuous trajectories of order H — ¢, for
any € > 0. This result has been proved by Lyons in [6] in the case b = 0, using
the p-variation norm. The theory of rough paths analysis introduced by Lyons
in [7] was used by Coutin and Qian to prove an existence and uniqueness result
for Equation (2) in the case H € (1, 3) (see [2]).

The Riemann-Stieltjes integral appearing in Equation (2) can be expressed
as a Lebesgue integral using a fractional integration by parts formula (see
Zahle [16]). Using this formula for the Riemann-Stieltjes integral, Nualart and
Ré&gcanu have established in [12] the existence of a unique solution for a class of
general differential equations that includes (2).

The main purpose of our work is to study the regularity of the solution
to Equation (2) in the sense of Malliavin calculus, and to show the absolute
continuity for the law of X; for ¢t > 0, assuming an ellipticitity condition on the
coefficient o. First we establish a general result on the regularity with respect
to the driven function for the solution of deterministic equations, using the
techniques of fractional calculus developed in [12]. This allows us to deduce the
differentiability of the solution to Equation (2) in the direction of the Cameron-
Martin space. These results are related to those proved by Lyons and Dong Li in
[8] on the smoothness of Ité maps for such equations in term of Fréchet-Géateaux
differentiability.

The regularity results obtained here have been used in a recent paper by Bau-
doin and Hairer [1] to show the smoothness of the density under a hypoellipticity
Hormander’s condition. This result requires also the existence of moments for
the iterated derivatives, which has been established in [4]. In [9], the existence
of a density for the solution of a one-dimensional equation is shown.

The paper is organized as follows. In Section 2 we establish the Fréchet
differentiability with respect to the input function for deterministic differential
equations driven by Holder continuous functons. Section 3 is devoted to analyze
stochastic differential equations driven by a fBm with Hurst parameter H €
(%, 1), the main result being the differentiability of the solution in the directions
of the Cameron-Martin space. In Section 4 we prove the absolute continuity of
the solution under ellipticity assumptions. The proofs of some technical results
are given in the Appendix.

2 Deterministic differential equations driven by
rough functions

We first introduce some preliminaries. Given a measurable function f : [0,7] —
R? and o € (0, 1), we will make use of the notation

sz =lrol+ [ O

0



We denote by W (0, T;R?) the space of measurable functions f : [0,7] — R?
such that

[ flla1:= sup AZ(f) < oo .
t€[0,T]

For any 0 < A < 1, denote by C*(0,T;R%) the space of A-Holder continuous
functions f :[0,7] — R?, equipped with the norm

1l o= e+ sup LD SO
0<s

<s<i<r  (t—s)

where | flloo := supco,71[f(t)]. We denote by W3 ~*(0,T;R™) the space of
measurable functions g : [0,7] — R™ such that

l9(t) — g(s)| /t l9(y) — 9(s)] )
a2 = su L4 [ 2y <.
Igh-e.2 0<acrar ( t—se ), yosre ¥
Clearly for any £ > 0 such that 1 — a+ € <1 we have
Core(0,T;RY) ¢ W (0, T; RY)

and
C'otE(0, T;R™) € Wy~ (0, T;R™) € C*=2(0, T;R™) .
For d = m = 1 we simply write W(0,T), C*(0,T), and W, (0, T).

Suppose that g € W, ~*(0,T) and f € W{(0,T). In [16], Zéhle introduced
the generalized Stieltjes integral

T T
/ fdg: = (—1)a/ (D§.f) (t) (Dy_*gr-) (t)dt, (3)
0 0
defined in terms of the fractional derivative operators

1 x T flx) —
6u16) = gy (e | et

and

-1)® z) — T o(x) —

We refer to [13] for further details on fractional operators. Zéhle proved that if
f € C*t<(0,T), then this integral coincides with the Riemann-Stieltjes integral,
which exists by the results of Young (see [15]). Using formula (3), Nualart and
Régcanu have derived the following estimates (see [12], Propositions 4.1 and
4.3).

Proposition 1 Fiz 0 < a < % Given two functions g € Wy~ *(0,T) and

feW0,T), we denote G¢(f) = fot fsdgs and Fy(f) = fg fsds.



1 e function elongs to C*—%(0, and we have
i) The f ion G(f) bel cl=2(0,T d h

AXG() < carllglias / [(E= )2 4 4-°] AS(f)dr,  (4)

IGNI—a < carllgli-azllfllaq (5)

with a constant c,, v which depends only on o and T'.

(ii) The function F(f) belongs to C*(0,T) and moreover

AHF() < corr [ s (©
IFIs < erllfll @

with a constant c,, v which depends only on o and T'.

We first study deterministic differential equations driven by Holder con-

tinuous functions of order stricktly larger that % Fix 0 < a < % Let

g € W0, T;R™) and consider the deterministic differential equation on
Rd

t mo ot
rl = xh +/ b (x)ds + Z/ o (xs)dg? , te[0,T], (8)
0 = o

i=1,...,d, where zo € R%.

For any integer k > 1 we denote by C’f the class of real-valued functions on
R? which are k times continuously differentiable with bounded partial deriva-
tives up to the kth order. We also denote by C;° the class of infinitely differen-
tiable functions on R? with bounded partial derivatives of all orders.

In [12], the authors prove that Equation (8) has a unique solution z €
W (0,T; R?) which is moreover (1 — a)-Hélder continuous, if b%, 0% € C} and
the partial derivatives of o/ are Hélder contiuous of order A > % —1.

In this section we will show the differentiability of the mapping g — z(g).
For a function ¢ from RP to R, we set Oxp = 57";.

The first setp is to establish the existence and uniqueness of a solution for
linear equations that are generalizations of (8). The iterated derivatives of the
solution of Equation (8) satisfy these kind of equations.

Proposition 2 Fizg € V[/21_a(07 T;R™) and consider the following linear equa-
tion:

t t
Yy = Wy + / Bsysds + / Ssysdgs 5 (9)
0 0

where w € C1=(0,T;R?), S € C1=%(0, T; R¥*¥>™) and B € C1=(0, T; RI*9).
There exists a unique solutiony € C*=%(0,T;R?) of Equation (9) which satisfies

1
1Yl < er flwlla,n exp (62 lglh=as (I1Blloo + ISlll—a)> ; (10)

where ¢1 and co depend only on o and T.



Proof. The existence and uniqueness of a solution can be established fol-
lowing the same lines as in the proof of Theorem 5.1 of [12]. Let us prove the

estimate (10). Set FZ = fo Byysds and GY = f(f Ssysdgs. Using (4) we have
¢
AF(G%) < o lgllan [ [t =)+ 57T A2(Sy)ds
0
! 2
< Ca,T Hg‘llfa,Q </0 [(t —8) "+ S_Q] |ys]
s _ 11—«
([ Bhete =)
0 (s —r)ot
¢
+ ||S|\1,a/ [(t =) +577] A?(y)d5>
0

t
< car gl oz 1511 a / [(t — 5)72 4+ 7] A% (y)ds,

where the constant ¢, may vary from line to line but depends only on « and
T. On the other hand, using (6) we get

t
AaFB < o Boo ‘ys| d
PP < o Bl [ s

Then the above inequalities yield that

A (Y) < wllae + car (Aalg) [Sl1-a + 1Bl )/0 [(t— )72+ 57 hads .

Applying a Gronwall-type Lemma (see Lemma 7.6 in [12]) we derive the estimate
(10). m

The following technical lemma is a basic ingredient in the proof of the Fréchet
differentiability of the mapping z — x(g), where z is the solution of Equation

(8).
Lemma 3 Let z be the solution of (8). Assume b',0% € C3. Then the mapping
F Wm0, T;R™) x W(0,T; R?) — W(0, T; RY)

defined by

(h,2) > F(h,a) = 7 — 20 — / bzy)ds — / o(z)d(gs + hy) (1)

0 0

is Fréchet differentiable and we have for any (h,z) € W3~ (0, T; R™)x W (0, T; R?),



ke Wy *0,T;R™), ve W0, T;RY), and i =1,...,d

DyF(h,z)(k)i = fz/o o (z5)dk! | (12)

d ¢ d m t
Do ()0l = v = 3 [ lanyetds = Y03 [ orotiten)okata + 1),
k=170 k=1 j=1"0

(13)

Proof. For (h,z) and (h, &) in Wi~%(0,T; R™) x W (0, T;R?) we have

F(h,z); — F(h,&); = :z:t—:itJr/O (b(zs) — b(is)) ds

t t
- [ ol —o@ o+ b = [ o@)h T,
Using Proposition 1 one easily deduce that

HF(h,x) — F(h,7)

< (14 car[|0b]loc) |7 = Zla,00

a,l

+earllg +hlli_qzllo(z) —o(7)]

«,00

(0% o, 00 h*iLH .
tearlo@la [h-h]_

Since o is a Lipschitz function we have ||o(z)|o,1 < |0(0)]+ |00 || oo || ]
the fact that for any x1, zo, x3 and x4:

a,1- Using

lo(z1) — o(x2) — o(x3) + o(24)| < 000 |21 — 22 — 3 + 24

+ |0%0 |0 |21 — 23] (|1 — @2| + |23 — 24]) |
it follows that
|o(x) —a(2)]

Consequently, there exists a constant C' depending on «, T and the coefficients
b and o such that

a1 < (100l + 10%0]loo (2llat + |1Zlla,1)) [z = Za -

|Fr2) = F,a)| < (1+C (lallaa + 13an) g+ Ali-a2) 7= Flas
+C+ ollan) I = hlli-az;

which implies that F' is continuous.
We now prove that it is differentiable with respect to . Thanks to Propo-

sition 1, it holds that Dy F' defined in (13) satisfies
[D2F(h, ) (V)| o, < c]lv]]

a,l



and, therefore, it is continuous. Let us now check that for any h € W217°‘(07 T;R™),
Dy F is the Fréchet derivative (with respect to z) of (h,z) — F(h,z). We have

F(h,x4+v); — F(h,x)s — DoF(h,z)(v),

_ /0(b(xs)—b(xs-i-vs)-i-ab(ffs)vs)ds

+/O (o(xs) — o(xs + vs) + Do (x5)vs) d(gs + hs). (14)

By the mean value theorem we can write
|b(IS) - b(fcs + US) + 81)@8)”8‘ < ||82bHOO|US|2

and thanks to (7) one easily remarks that

Similar computations for the second term of the right hand side of (14) yield

‘ a,l
< car (100l + 100l llzlla) Nlg+hll_g o ll0l5y -

< ca,rl|0%bloc [0]l31 -
1

/0' (b(xs) — b(xs + vs) + Ob(xs)vs) ds

/' (0(2s) — (s + vs) + Do ()0s) dgs + hs)

0

Thus it follows that
|F(h,z +v) = F(h,2) = DaF(h,z)(0)[ oy <C llg+hlly_qo 02

where C depends on a, T, [|0%b]| s, [|0%0 |0, [|0%0||0o and ||z||a.1. Then (h,z) —
F(h, ) is Fréchet differentiable with respect to  and (13) holds. Similar argu-
ments give the differentiability with respect to A and Formula (12). =

Proposition 4 Let x be the solution of Equation (8). Assume b 0" € C3.

The mapping g — x(g) from Wy~ (0, T;R™) into W(0,T;R?) is Fréchet
differentiable and for any h € W2170‘(0, T;R™) its derivative in the direction h

1s given by
Dyxl = Z / s)dh? (15)
0

where fori=1,...,d, j=1,...,m, s<t<T,s— ®(s) satisfies:

7 (s) = 0 (x4 —l—Z/ b’ ()R ( du—l—ZZ/ o' ()M (s)dg!,

k=11=1
(16)

IA

and ® (s) =0 if s > t.



Proof. We apply the implicit function theorem to the functional F' defined
by (11) in Lemma 3. For any (h, x), F(h, z) belongs to C*=%(0, T; R¢) thanks to
Proposition 1. Since z is a solution of (8), one remarks that F(0,z) = 0. Thanks
to Lemma 3, the mapping F' is Fréchet differentiable with first partial derivatives
with respect to h given by (12) and the first partial derivative with respect to x is
given by (13). We have to check that Dy F'(0, z) is a linear homeomorphism from
W (0, T;RY) to C1=2(0,T;R?%). By the open map theorem it suffices to show
that it is bijective and continuous. We apply Proposition 2 with ¢ +— By = 0b(xy)
and t — Sy = 9o (x;) which are (1 — a)- Holder continuous. Thus

DyF(0,z)(v Z/ b ( xsvdS—ZZ/ O™ ( xsvdgs

k=1 j=1

is a one-to-one mapping thanks to the existence and uniqueness result of Equa-
tion (8).

Now we fix w € C'=%(0,7;R%). Thanks to Proposition 2, there exists
v € W(0,T;R?) such that w = DyF(0,z)(v), hence DoF(0,x) is onto and
then it is a bijection. We already know that it is continuous. By the implicit
function theorem ¢ +— x(g) is continuously Fréchet differentiable and

Dx = —DyF(0,2z) ' o D1F(0,z) . (17)

So for any k € W, ~*(0, T; R™), —Dz(k) is the unique solution of the differential
equation

wi = —Dx(k —|—Z/ Okb(zs)Dx(k kds—|—22/ O (4 Dx()dgs

k=1j=1

with wj = D1 F(0,2)(k); = —>7", fo I(wy)dKI.
On the other hand, from Equation (16) we get

Using Fubini’s theorem we can invert the order of integration in the second
integral of the right hand side of (18). The treatment of the third integral is
more involved. Thanks to Proposition 9 in the Appendix, Oxo®(z,)®k7(s) is
Holder continuous of order 1 — « in both variables (u, s). As a consequence, we



can apply Fubini’s theorem for the Riemann-Stieltjes integrals and we obtain

i/ )/ (s)dh] = Z/ msdhj—i—Z/ Oib’ () Z/ OhI (5)ds | du

Hence t +— >."" =1 fo @ (s)dhi is a solution of Equation (16) and by uniqueness
we get the result. m

If the coefficients b and o are infinitely differentiable, the mapping g —
x(g) is actually infinitely Fréchet differentiable. The proof of this result uses
essentially the same arguments as in the case of first order derivatives, but the
notation is more involved. We state here the result and present the proof in the
Appendix.

Proposition 5 Assume b',0" € Cg°. Then the solution x to Equation (8) is
infinitely continuously Fréchet differentiable. Moreover, for any (hi, ..., h,) €
(W0, T;R™))", it holds that

Diyopai = Z / / itein (e AR (1) dRE (1) . B ()

81 4eenyin =1
. (19)

where the functions <I>2 byt "(r1y...,1rn) fort >ry V...V, are defined recur-
sively by

n

Byityennyin ) . )

L (T o E forits.. 710_1)i0+1,m7in(r10,7“1,...,,7“10_1,1"10_,_1,...,rn)

t

i .
—|—/ Bl i (1, 8)ds
r1V...Vry,

mo ot
+ Z/ Alir i (Fiy.eey T s)dgé , (20)

1=1 1V...Vry,

and 0 ift <ry V...Vr,. We have denoted

Aé',il,m,in(rlw"77°n§3): Z Z Ok, - - 8ka( s)

LU..UL, ki,....k,=1
x QFII (1)) .. @k (n(1,))),

Bj i (r,.oreis) =Y Z a,ﬁ O, b ()

I1U..UIl, ki,...
% (bglvl(Il)(r(Il)) o (I)I;m(fu)(r(ju)) ,
where the first sums are extended to the set of all partitions I U ... U I, of

{1,...,n}.



3 Stochastic Differential Equations driven by a
fractional Brownian motion

Let ©Q = Cy([0, T]; R™) be the Banach space of continuous functions, null at time
0, equipped with the supremum norm. Fix H € (%, 1). Let P be the unique
probability measure on € such that the canonical process {By,t € [0,T]} is an
m-~dimensional fractional Brownian motion with Hurst parameter H.

We denote by & the set of step functions on [0, 7] with values in R™. Let
‘H be the Hilbert space defined as the closure of £ with respect to the scalar
product

m

{(Ljo,475 > L0,6m)) » (Lpo,sa]s- - -5 1[(),sm])>H = Z Ry (ts,s).

=1
We recall that s
Ru(t,s) = / Kt r) K (s, 7)dr,
0

where Ky (t,s) is the square integrable kernel defined by

t
KH(t,s):cHs%_H/(u—s)H_%uH_%du
s

for t > s, where cy = 4/ % and (3 denotes the Beta function. We put
> 2
Ky(t,s)=0if t <s.

The mapping (1[0’“], e 1[07%]) -y Bfican be extended to an isometry
between H and the Gaussian space H;(B) spanned by B. We denote this
isometry by ¢ — B(p).

We introduce the operator Kj; : £ — L2(0, T; R™) defined by:

K;I ((1[0,151]7 sy 1[O,tm])) = (KH(tlﬂ ')a aKH(t’r‘ru )) .

For any o, € &, (¢, ¥)n = (Ko, Ki¥) r2(0,mrm) = E (B(¢)B(¢)) and then
K7, provides an isometry between the Hilbert space H and a closed subspace of
L2(0,T;R™).

We denote K : L*(0,T;R™) — Hpy = Ky (L*(0,T;R™)) the operator
defined by

(Kuh)(t) = /O K (t, s)h(s)ds -

The space Hpy is the fractional version of the Cameron-Martin space. In the
case of a classical Brownian motion, K (t,s) = 1jg4(s), K is the identity map
on L2(0,T;R™), and Hy is the space of continuous functions, vanishing at zero,
with a square integrable derivative.

We finally denote by Ry = Ky o K} : ' H — Hp the operator

Rup = Kn(-s) (Kirg) (s)ds

10



We remark that for any ¢ € H, Ry is Holder continuous of order H. Indeed,

. T . . . )
(Rirg) (1) = / (Kirlpn)' (5) (i)' (s)ds = E (BB (p)) |
and consequently
(Rug) (1) = (Ruw)' (s)| < (1B = BI) " llplloe < il [t — 51 .

Notice also that Ry 1joy = Ru(t,), and, as a consequence, Hy is the Repro-
ducing Kernel Hilbert Space associated with the Gaussian process B.
The injection Ry : H — Q embeds H densely into 2 and for any ¢ € Q* C

‘H we have )
i(B, _ 2
E (%) = oxp (5 el )

As a consequence, (Q2,H,P) is an abstract Wiener space in the sense of Gross.
Notice that the choices of the Hilbert space and its embedding into §2 are not
unique and in [3] the authors have made another (but equivalent) choice for the
underlying Hilbert space.

Let {X},t € [0,T]} be the solution of the stochastic differential equation (2),
and assume that the coefficients are infinitely differentiable which are bounded
together with all their derivatives. Fix 1 — H < a < % Then the trajectories
of the fractional Brownian motion belong almost surely to C*=*+(0, T; R™) C
Wy~ (0, T;R™) ife < H+a—1. Therefore, by Proposition 5, the mapping w +
X (w) is infinitely Fréchet differentiable from W, ~*(0, T; R™) into W (0, T; R?).

On the other hand, we have seen that Hy C CH (0, T;R™) C W2170‘(0, T;R™).
As a consequence, the following iterated derivatives exists

d

DRH@l,---,'RHs@lXti = diEl te EXZ(W +e1Rupr + -+ EnRH<Pn)|51:m:en:07
n

for all p; € H. In this way we have proved the following result.

Theorem 6 Let H > 1/2 and assume that b',0" € C}. Then the stochastic
process X solution of the stochastic differential equation (2) is almost surely
differentiable in the directions of the Cameron-Martin space. If b*,0" € Cg°,
then X is almost surely infinitely differentiable in the directions of the Cameron-
Martin space.

The iterated derivative Dg ;... R 1o X coincides with (D" X}, o1 ® -+ @ ¢y, )
where D" is the iterated derivative in the Malliavin calculus sense. In fact, if F’
is a smooth cylindrical random variable of the form

F = f(B(#r), .-, Blom))

11



with f € Cp°(R™), ¢; € H, then the Malliavin derivative DF is the H-valued
random variable defined by

(DF,h)yye = Y 0:f(B(1), -, Blem)) (i )
=1

= d%f(B(SDl) +elpr, R oo, Blom) + e{om, ) 7
e=0

and one can easily see that

B(p1)(w +eRuh) = B(p1)(w) + e(er, h)n.

We recall here that D is the closure of the space of smooth and cylindrical
random variable with respect to the norm

k P
IFl,, = |E(FP)+ > E(|DF|}.)]|

j=1
and Dfo’f is the set of random variables F' such that there exist a sequence
{(Q,, F,),n > 1} such that Q, T Q a.s, F,, € D¥? and F = F,, a.s. on §,,.

By the results of Kusuoka (see [5], Theorem 5.2 or [10], Proposition 4.1.3),
Theorem 6 implies that X} belongs to the space ]D)fo’f for all p > 1 and any
integer k.

Now we give the equations satisfied by the derivatives of the process X.
Proposition 7 If we denote (iy,...,i,) € {1,...,m}"™ a multi-indez, the n-

th derivative in the sense of Malliavin calculus satisfies the following linear
equation a.s.:

n
B yeeyin Vi Z i ] ] ]
Drl’,...:rT:LXt - aio,il,...,'Lg—l,i0+1,...,in (Tlov Ty o5 Tig—15Tig+1s - - - 77"7?')
io=1
t
1 .
Jr/ ﬂi17_“7in(rl,...,rn,s)ds
r1V...Vr,

m t

+ Z/ af,il,_“’in (P, ey T s)dB‘ls , (21)
=1 r1V...Vr,

ift>7r1 V...V 1y, and Diin X[ = 0 otherwise. In the above equation, we

have denoted

7

r(I1) (1)

IU..UL, kq,..k,=1

d
i i i(l ) i(l, .
B sy = > ST Oy 0,V (X) Df(;l))xf ...Df(ly))xf
LU..UL, ky,...k,=1

12

d
by reis) =y S OOk, (X,) DI XE D) ke

)



where the first sums are extended to the set of all partitions I U ... U I, of
{1,...,n} and for any subset K = {i1,... iy} of {1,...,n}, we put D (II?) the

deriwative operator qui';ff_z,"%

For the first order derivative, Equation (21) reads as follows: fori =1,...,d,
j=1...,m,
DiX! = g" +Z/ b (X DJXkdquZ Z/ e (X, )DIX*dB.

k=11=1

if s<tandOif s >t.
Proof. We use the representation result on the deterministic equation given
by (19) in Proposition 5. For any h = (hy, ... hn) with h; € H, we have

i z 11,...,1'7,
DRth,-ufRthXt = § / Tla .- Tn)

Tl geney ip=1

xd(Reghy) (r1) - - d(Raghn) ™ (). (22)

We denote K}, ®" the map from H®" into (L?(0, T} Rm))®n defined for p € H®™
by

* @n 5‘K 0K
(ICH® cp) S1y...,8 / / o(ry,...,r (‘3 lH(rl,sl)~~ 8TH(rn,sn)dr1...drn.

It holds that
(o t)pen = 3 / () (51, 5m) (&) (s, su)dst . dsn
56{17'“7'”1}” [0 T]n
Thanks to Step 3 in the proof Proposition 5, for any 1 < k < n,
Sk — . @i’“ """ i"(sl,...,sk_l,sk,sk+1,...,sn)dhlf(sl) dh T (sk=1)
[0,¢]F=1

belongs to C1=%(0,7) and we can apply n times Lemma 11 from Appendix.
This yields that almost surely

i 211 7 TlaK * 11
DR X = Z [ [t ([ 58 ) 065" (i)

ip=1

.....

X (/ 68[(711(’1"”, w) (Kiht )™ (u)du> dry - dry,

Z / / IC* ®n(1)1 ..... in (317.,,,5n)

Sin=1

X

xH (Kt hy)" (s)dsy . . . dsy,

= <<I>§, h® .. @hn)g,

and the result is proved. m
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4 Absolute continuity of the law of the solution

The fact that for H > %, the solution of Equation (8) belongs to the localized
domain of the Malliavin derivative operator D will imply the absolute continuity
of the law of X; for all 7" > 0 under suitable nondegeneracy conditions.

Theorem 8 Let H > 1/2 and assume that b',0% € CP. Suppose that the
following nondegeneracy condition on the coefficient o holds:
(H) The vector space spanned by { (o (xo),...,0%(x0)), 1 < j < m} isR%
Then for any t > 0, the law of the random vector X, is absolutely continuous
with respect to the Lebesque measure on RZ.

Proof. We already know by Theorem 6 that X/ belongs to ]D)llcf for all
t € [0,7] and for ¢ = 1, ...,d. Then, thanks to [10], Theorem 2.1.2, it suffices to
show that the Malliavin covariance matrix of X; defined by

- <DX§,DX§'>H

is invertible almost surely. We first deduce another expression for the matrix Q;.
We stress the fact that K3, is an isometry between H and a closed subspace of
L2(0,T;R™). Let {e,,n > 1} be a complete orthonormal system in this closed
subspace. The elements f,, = (K%) " (e,) for a complete orthonormal system
of H. Then it holds almost surely that

DX] =Y (DX} fn)y In

n>1

and consequently

¥ = D ADXE Sy (DX S )

” .
n>1

Suppose now that the Malliavin covariance matrix is not almost surely invertible,
that is P(det Q; = 0) > 0. Then there exists a vector v € R%, v # 0, such that
vT'Quv = 0. Our aim is to prove that condition (H) cannot be satisfied. One

may write
UTQtU = Z |<<DXt7 fn>H 7U>Rd|2

n>1

From (22) it follows that
<DXZafn>rH = DRanth y

and thanks to the representation (17), the directional derivative Dg,, 1, X} sat-
isfies _ _
Dry 1, Xi = (D2F(0,X)™" 0 D1F(0, X)) (Rufu); -

It follows that

0= ((D2F(0,X)"" o D1F(0,X)) (R fa)t » v)ga -

14



Since Do F(0, X)~! is a linear homeomorphism, there exists vy € R?, vy # 0,
such that

d

0= (DyF(0, X)(Rit fu)e » vo)ga = 3 Z / AR fa)l | v

=1
<ZU0 X)), fn >
H

holds true for any n > 1 (where o denotes the ith row of the matrix o). Then

ZUO 1[Ot

and this yields that for all j = 1,...,m and s € [0,¢]

d
> wh 0¥(X,) =0.
i=1

Taking s = 0 we get Zf:l vy 0% (xg) = 0 for all j = 1,...,m and this contradicts
(H). Then the law of the solution of the stochastic differential equation (2) at
any time ¢ > 0 is absolutely continuous with respect to the Lebesgue measure
on R%, ]

H

5 Appendix

The next proposition provides the joint continuity property of the solution of
the equations similar to Equation (16) satisfied by the kernel of the derivative.

Proposition 9 Fizvy, B,S € C'=*(0,T) and g € W, ~%(0,T) and consider the
equation

+/: Bupu(s)du-l-/st Supu(8)dgu (23)

if s <t and p(s) = 0 if s > t. Then the solution is a Hoélder continuous
function of order 1 — «v in both variables.

Proof. First notice that ||p.(s)[, ; is uniformly bounded in s, by the esti-
mate (10). Hence, the function p:(s) is Hélder continuous in ¢, uniformly in s
by (5) and (7). On the other hand, for s’ < s <t we have

() = pels) = l(s,5) 4 [ Bupuls) = puls)) d
+ [ 80 (pu(s) = puls) dou (24)
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where .

wls,) =2(9) = 1(5) + |

s/

Bupu(s)du—i—/ Supu(8)dgy. (25)

Proposition 2 yields the estimate

1

ot < 1 [l exp ( 191 (1Bl + ||S|1_a>) (20)

sup_||p.(s)]
s€[0,T)

Substituting (26) into (25) yields

(s )] < [7lials — ) + [ Bl (mslp ||p.<s>|a,1> (s — &)

Sl gl o (sup Io.(s)| ) (s — &)1
S

<ec (s—s)7e. (27)

Then Proposition 2 applied to Equation (24) and the Estimate (27) imply that

1
1.(5) — p.()lax <1 (5 — )" exp ( 9l ( B||oo+|sn1_a>).

Therefore, p:(s) is Holder continuous in the variable s, uniformly in t. This
completes the proof of the proposition. m
For the proof of Proposition 5 we need the following technical lemma.

Lemma 10 Suppose that we are given a mapping g — v9 from W, ~*(0,T; R™)
to W0, T;RM) which is continuously Fréchet differentiable.  Consider five
bounded differentiable functions ag, . .., as from R to RI*mxM RdxM Rdxd
RIXmXM g d REXMXd - respectively. We moreover assume that these functions
have bounded derivatives up to order two. Lety € W(0,T;R?) be the solution
of the following equation

t t t
w= [ ao(ot)otdint [ {aa(eDet + o@Dy bt [ {as(ot)of + aa(aD o
0 0 0

(28)
where k € Wy (0, T;R™) and 29 is the unique solution of (8) which is already
continuously Fréchet differentiable.

Then g — y is continuously Fréchet differentiable and the directional deriva-
tive in the direction h € W3 ~*(0,T;R™) is the unique solution of

t t
Doy = / {Bag(a,) Dy vy + ao(a) Doy } dky + / {as(wr)vr + as(we)yr } dhy
0 0
t
+ / {c’)al(xr)thT U + a1 (lL’T)DhUT + 8a2(:cr)thr Yr + ag(:vr)Dhyr} dr
0

t
+ / {aa?:(mr)thr (N a3($T)th’l‘ + 8a4(-rr)thr Yr + a4(xr)Dhy7‘} dgr .
0
(29)
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Proof. We introduce the map
W50, T3R™) x Wi(0, T3 R) — C'=*(0, T;RY) € Wi (0, T5 RY)

t
(hyy) = Flhyy)(t) =y — / ao (2o,
0

t
- / Lay (2909 4 ag(a)y, ) dr
0

t
_ / {as(@fth)osth 4 ay(28+)y, } d(g, + hy) -
0

One has F(0,y) = 0 since y is the solution of (28). As in Lemma 3 we can show
that F' is Fréchet differentiable and

PO =~ | {0as(w) De(h), v, + as(w) Du(h), } dk,
-/ {asl@en + anlen )y dhy
-/ * {9ar (o) D)y e+ a1 () D), + Das(er) DR, 32} dr
~ [ 10050 1+ as(a ) DO, + (o) D), v},

t t
D2F(an>(z)t = Zt */ a4(xr)zrdgr 7/ QQ(IT)ZrdT »
0 0

for any z € W{(0,T;R?). Then, using Proposition 2 and the same arguments
as in the proof of Proposition 4 we conclude that g — ¥y is continuously Fréchet
differentiable and it has a directional derivative in the direction h satisfying
(29). m

Proof of Proposition 5. The proof of Proposition 5 is divided into several
steps. We begin by proving that x is infinitely Fréchet differentiable. Then we
show that Equation (20) has a unique solution and derive some of its properties.
Finally we prove that (19) holds.

Step 1 We begin by proving by induction that z is infinitely Fréchet continu-
ously differentiable. We introduce some notation in order to write the equations
satisfied by the higher order directional derivatives.

Let n > 1 and for i = 1,...,n, h; = (h},...,hI") € W53~ *(0,T;R™). For
any subset K = {e1,...,6,} of {1,...,n}, we denote by D) the iterated
directional derivative

Djxyr = Dn.,,...h.,® = D"x(he,, ..., he,),

17



where D" denotes the iterated Fréchet derivative of order 7. Define for ¢ =
sdand j=1,....m

Oéij(hl,... ny S Z Z 8/,31 8;,3 O' ( ) Dj([l)l‘lsl ...Dj([y)xlsc" N

IU..UL, ki,...k,=1

d
Bihayshnis) = > Y Ok Ok b () Dy Dy ke

IU...UL, ki, ky=1

where the first sums are extended to the set of all partitions Iy U...U I, of

{1,...,n}. The n-th iterated derivative satisfies the following linear equation:
Dhl,...,h Z Z/ hl,...7hj0,1,hj0+1,...,hn;s)dhgo(s)
Jo=1j=1
/5 Biy.o hnss ds+Z/ I(ha,... hn;s)dg? . (30)
for i = 1,...,n. Now we prove by induction that x is infinitely Fréchet dif-

ferentiable and (30) holds. The result is true for n = 1 thanks to Proposi-
tion 4. Suppose that these properties hold up to the index n. Observe that
a™ (hy, ..., hy;s) is equal to the term corresponding to v = 1, namely

d

ok
E oo (xs) Dy, px
k=1

plus a polynomial function on the derivatives O, .. .0, 0% (x,) with v > 2, and
the functions Djpyxs, with card(l) < n — 1. Therefore, we can apply Lemma
10 with y = Dy, .. h x, v the vector function whose entries are the products
Dj(jl)xfl Dy, )x for all the partitions I; U...U I, with v > 2 and with
appropriate functions a;, i =0, ...,4. This lemma yields that g — Dy, .. p,x is
continuously Fréchet differentiable and the directional derivative of order n + 1
is solution of (30) at the rank n + 1.

Let us now prove by induction that the map (hi,...,hy) = D, . pyT is
multi-linear and continuous. By Proposition 4 this is true for n = 1. Suppose it
holds up to n—1, that is, for any subset {e1,...,ep,} of {1,...,n} with ng <mn,
the maps (hgl,...7h5n0) — Dhal,m,h , T are multi-linear and continuous. We

€n,
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denote

n m t

wi(hla"'vhn;g)t = Z Z/ aij(hla"'7h]'0*17hj0+1a"'7hn;8)dh§0(3)
0

Jjo=1j=1

t d
+/ Z Z Oky - - Ok, b (z5) Dj(h)x’;l ...Dj(jy)x];“ ds
0

u..ul, ki,...k,=1
v>1

m t d
+Z/ Z Z 8k1 ...8kya’(:cs) Dj([l).%'];l ...Dj([y).%‘];” dgg 5
j=1""

Iju...ul, ki,...k,=1
v>1

and using (10) we have the following estimate

[ Dhy,..ohp @l < C flwlla

where the constant C' do not depend on (hy,..., h,). Using the induction hy-
pothesis, we easily deduce that for any i € {1,...,n}

[wlla,1 < Chy,ohig —1hig +1,0h [P ll1-a2 -

So the map hi, — Dp, .. hi,,....h,T. 18 continuous for any ig € {1,...,n}. This
map is clearly linear thanks to the induction hypothesis and the existence and
uniqueness result of Proposition 2.

It only remains to prove that g +— D"z(g), from W5 ~*(0, T;R%) to the space
of multi-linear continuous applications on WQI_O‘(O,T ;R™), is continuous. We
proceed again by induction. We write the difference between the two equations
satisfied respectively by Dp, . p,2(g) and Dy, . p,2(g) (with b = 0 for reading
facilities)

Dy, nn®(9)e — Dy onn®(9)e = w(hay ooy b @) — w(hay oo b §)1

d m t
+ Z Z/ (8]“0—”(1'(9)5) - 8]60—”(%(9)5)) Dh1 ..... hnx(g)sdgs
k=1j=170
d m t
"l‘ZZ/ akaw(x<g)s)Dh1,...,hnm(g)sd(gs _gs)
k=1j=1"0
d m t N
#3300 al0).) (D, (0)e = i, (@) d
k=1j=1

with w(hy, ..., hy; g) defined above. Using (10) and the induction hypothesis, we
deduce easily that the map g — D"x is continuous, and the map g — z is n
times Fréchet differentiable.
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Step 2 Equation (20) can be written in the following way

¢i7i17..'7in (7’1, e 7’l"n) = ’yz’il"""iﬂ' (T’l, ey Tn)
d t
+ Z / O, 0" ()DL " (g, .o 1y )ds
k=1 r1V...Vr,
d
+ Z / Ok, 0" (xs)q)l A ’Z"('rl, ..,rn)dgi ,
ki=11=17/7m1V-Vrn
(31)
where
,YZ,M,...Jn(rl’ Z AZU i, 71‘0—171'04-17...71;”(Tiovrh'"77Ti0—17ri0+17"'7r”)
7.0 1

d

+ Z Z Z/rl\/ - ...Bkyo-ij(gjs) ‘I)Iglai(Il)(’["(Il))..-‘bgyyi(Iu)(T‘(Iy))dggy

I1U...UI, kq,..., k,=17=1
v>2

P Yy / B0 ) @OV ((0)) @R (1) s

I uU.. UIV ki,....k,=1
Notice that the function ®" " (ry, ..., ry,) is symmetric in (i1, 71), . . ., (in, )
for any t,i. As we did it for Equation (23) (see Proposition 9), we can show by
induction that there exists a unique solution of (31) which is Holder continuous
of order 1 — « in all its variables.

Step 3 Let us show Equation (19).We again proceed by induction. (19) is
true for n = 1 by (15). Assume that it is true up to the rank n — 1. For
any subset K = {iy,...,4,} of {1,...,n}, we denote |K| its cardinal and
dh® (r(K)) = dh® (r;,)---dh™(r;,). Using Fubini’s theorem (by the previous
step, the integrals are Riemann-Stieltjes ones) and the induction hypothesis we
have

/ {/ / i T17...,rn;s)dh§1(r1)...dhiln(rn)}ds

d
— / > > Ok Ok () (/ <1>’;w‘<11>(r(Il))dhiUl)(r(Il))) e
T1V...V7y [OaT]‘Il‘

Lu..Ul, Eki,..k,=1

X (/ <1>§wi<1v>(r(ly))dhi<fv>(r(Ju))> } ds
[0,T] v

t d
= / Z Z Ok, ...3kybi(xs)Di(11)x§1 "'Di(l").r];" ds .

Ve VT | LU UL, k.. ky=1
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Similar computations for the other terms of (20) yield that

S / / St (g e )dhE () dhE () - A ()

Tl geeey in=1

is a solution of (30) and then it is equal to Dy, ., i by the existence and

uniqueness result for such equations.

~~~~

An integration by parts formula

Lemma 11 Let A such that \+H > 1, f € C*(0,T) and h € H. Then it holds

that
/OT f(r)d(Rup)r = /OT f(r) (/OT %(T’ t) (K%0) (t)dt) dr . (32)

Proof. Assume m = 1. Since Ry is H-Holder continuous, the left-hand
side of (32) is well defined as a Riemann-Stieltjes integral. Let {0 := 2o < zf <
1 <...<x, <z} <x,41:= T} afinite partition such that max;(z;11 — ;) <
A. We write

/ FARE): = Jim 37 1) [(Rag) risr) = (Rive) o)
= lim 3" f7) / K (@i t) — Kz )] (Kie) ()t

Tit1 §
= iiino Z f(z) /o %ﬁt) (Tit1 — z:) (Kpp) (t)dt

(Zit1,t)

One also have

r " OK .
[0 ([ 52 e (0at) ar
. . *OKp(r,t
=£Elo§f<wi></o Tt

= Aiino Z A2

We subtract A} to A? and we get that

1 A2 _ * ] 0Ky (rt)
4] Ai|—‘f<aci></%z Rty

< Flloe WCh@lloe (isn — ) /

N
i

(7 1) (Kize) (t)dt> (Tis1 — ;)

B 0Ky (r,t)
or

(=} )} Kae) (t)dt> (Ti1 — @)

_ 0Ky (’I“7 t)
or

(@7,0)
Tit1

0Ky (T, t)

o dt .

@71) (7:1)

(33)
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Since
one has

Tit1

i

8KH (r, t) . 8KH (’I’, t)

or

Tiy1
dt<0/ (zip1 —t)F 3 dt

i+l 3
+C’/ (t — ;) H=5q¢

< C(.’L’Z+1 ) 2 .

(x7,t)

We report the above estimate in (33)
A7 = A} < C (w1 — )T

and then

/OTf(T) (/O 8§H(r t) (Kje) (t )dt) dr_/ F)d(h)s

o (32) is proved. m

. 1
s¢ fm, Z(Im — ;)
K3

<CT lim A2 =90,
A—0
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