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Abstract
Given a positive real Hermitian holomorphic line bundle L over a smooth real
projective manifold X, the space of real holomorphic sections of the bundle L? inher-
its for every d € N* a L? scalar product which induces a Gaussian measure. When
X is a curve or a surface, we estimate the volume of the cone of real sections whose
vanishing locus contains many real components. In particular, the volume of the cone
of maximal real sections decreases exponentially as d grows to infinity.

MATHEMATICS SUBJECT CLASSIFICATION 2010: 14P25, 32U40, 60F10

Introduction

Let (X, cx) be a smooth real projective manifold of dimension n and (L, cz) = (X, cx)
be a real ample holomorphic line bundle. In particular, cx and cj, are antiholomorphic
involutions on X and L respectively, such that cx om = moc¢y. Let h be a real
Hermitian metric on (L, ¢z) with positive curvature w. It induces a Kéhler structure
on (X, cx). For every nonnegative integer d, this metric induces a Hermitian metric
h? on L? and then a L2-Hermitian product on the complex vector space H°(X, L%)
of holomorphic sections of L¢. This product is defined by (o,7) € H°(X,L%) x
HY(X,L%) — (o,7) = [ h¥(o,7)dx € C, where dz = w"/ [, w" is the normalized
volume induced by the Kihler form. Let RH®(X, L%) be the space of real sections
{0 € HY(X,LY) | cpoo =cocx} and A, C HY(X, L) (resp. RA, C RH(X, LY))
be the discriminant locus (resp. its real part), that is the set of sections which do
not vanish transversally. For every o € H°(X, L¢) \ {0}, denote by C, = o71(0)
the vanishing locus of ¢ and when o is real, by RC, its real part. The divisor C, is
smooth whenever 0 € RH?(X, L)\ RA,. In this case, we denote by by(c) = by(RC,)
the number of connected components of RC,.

0.1 Real projective surfaces

When X is two-dimensional, we know from Harnack-Klein inequality [{], that
bo(RC,) < g(C,) + 1, where equality holds for the so-called maximal curves. Here,
the genus g(C,) of these smooth curves C,, gets computed by the adjunction formula
and equals ¢(C,) = $(d?L* —dc; (X).L+2), where ¢;(X) denotes the first Chern class



of the surface X. For every d € N* and a € Q7 , denote by
¢ ={o e RH(X, L)\ RAy, | bo(RC,) > g(Cy) + 1 — ad};

it is an open cone in RH?(X, LY). The main purpose of this article is to prove the
following

Theorem 1 Let (X,cx) be a smooth real projective surface and (L,cp) be a real
Hermitian holomorphic line bundle on X with positive curvature. Then for every
sequence d € N* — a(d) > 1 of rationals, there exist constants C', D > 0, such that

vd € N*, p(M2A?D) < Cdbe Pt

where u(./\/lg(d)) denotes the Gaussian measure of Mg(d).

The Gaussian measure p on the Euclidian space (RH?(X, L%), (, )) is defined by the
formula

1 2
VA CRH(X,LY), u(A) = /e—x dz,
N
where dz denotes the Lebesgue measure associated to ( , ). This Gaussian measure
is a probability measure on RH%(X, L%) invariant under its isometry group.

Remark 1 Likewise, the scalar product ( , ) induces a Fubini-Study form on the
linear system P(RH°(X, L%)). The volume of the projection P(M?2) for the associated

volume form just coincides with the measure (M) computed in Theorem [1.

In particular, when the sequence a(d) is bounded, Theorem [ implies that the

measure of the set Mg(d) decreases exponentially with the degree d. This exponential
rarefaction holds in particular for the set of maximal curves.

0.2 Real curves

When X is one-dimensional, we get the following result:

Theorem 2 Let X be a closed smooth real curve and L be a real Hermitian holo-
morphic line bundle on X with positive curvature. Then for every positive sequence
(e(d))aen of rationals numbers, there exist constants C, D > 0 such that

vd € N, p{o € RH(X, L) \RA,, | #(c7(0) NRX) > Vde(d)} < Cd*2e P,
where p denotes the Gaussian measure of the space RH(X, LY).

0.3 Roots of polynomials

When (X, cx) is the projective space of dimension n > 1, and (L, h,cr) is the de-
gree one holomorphic line bundle equipped with its standard Fubini-Study metric,
the vector space RH(X, L9) gets isomorphic to the space Ry[X1,- -, X,] of poly-
nomials with n variables, real coefficients and degree at most d. The scalar prod-
uct induced on Ry[Xy,---,X,] by this isomorphism is the one turning the basis
d+n (d+n)!

( () - xﬁf) into an orthonormal one, where (‘") =
J 0<j1+-+jn<d J
Thus, the induced measure p on Ry[X7y, -+, X,] is the Gaussian measure associated

to this basis. As a special case of our Theorems [[] and [}, we get the following
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Corollary 1 1. For every positive sequence (€(d))gen+ of rational numbers, there
exist positive constants C', D such that the measure of the space of polynomials

P € Ry[X] which have at least e(d)/d real roots is bounded by Cd®/? exp(—De*(d)).

2. For every sequence d € N* — a(d) > 1 of rationals, there exist positive constants
C, D such that the measure of the space of polynomials P € Ry[X,Y] whose
vanishing locus in R? has at least %dQ — da(d) connected components is bounded

from above by Cd° exp(—Dﬁ‘g)).

0.4 Strategy of the proof of Theorems [I] and

Every curve C, C X, 0 € RH°(X, L)\ {0}, defines a current of integration which we
renormalize by d, for its mass not to depend on d € N*. In order to prove Theorems
[ and B, we first obtain large deviation estimates for the random variable defined
by this current. When d grows to infinity, the expectation of this variable converges
outside of RX to the curvature form w of L. These results thus go along the same
lines as the one of Shiffman and Zelditch [[4]. They make use in particular of the
asymptotic isometry theorem of Tian [I§] (see also [[] and [I9]), as well as smoothness
results [[0] and behaviour close to the diagonal for the Bergman kernel [I3],[I]. In
order to deduce from these results informations on the random variable by, we use the
theory of laminar currents introduced by Bedford, Lyubich and Smillie [[]. Indeed,
we show as a corollary of a theorem of de Thélin [[] that every current in the closure
of the ones arising from M9 (in particular every limit current of a sequence of real
maximal curves) is weakly laminar outside of the real locus RX, see Theorem []. As
a consequence, these currents remain in a compact set away from w. At this point,
our large deviation estimates provide the exponential decay.

0.5 Description of the paper

In the first paragraph, we bound the Markov moments needed for our large deviation
estimates. In the second paragraph, we recall some elements of the theory of laminar
currents in order to establish Theorem [, that is laminarity outside of the real locus
of currents in the closure of the union of the sets M. We then get our estimates
and their corollaries. We prove Theorems [ and B in the third paragraph, dealing
separately with the cases of bounded and unbounded sequences a. The last paragraph
is devoted to some final discussion on the existence of real maximal curves on general
real projective surfaces as well as on the expectation of the current of integration on
real divisors.

Acknowledgements. We are grateful to Cédric Bernardin for fruitful discussions
on Markov moments and large deviations. This work was supported by the French
Agence nationale de la recherche, ANR-08-BLAN-0291-02.

1 Markov-like functions on real linear systems of divisors

1.1 Case of projective spaces

Let O¢pr (1) be the degree one line bundle over CP* and ||.|| be its standard Hermitian
metric with curvature the Fubini-Study Kéahler form wgg. For every integer m > 1,



set

ot CPP - R

= [log o ()I12|"™ da(o),
RHO(CP*,0p i (1))

where du denotes the Gaussian measure of the Euclidian space RH(CP* O¢pr(1)).

Proposition 1 For every m > 1, the function Mg}, satisfies

am!l(k+1)
Vz € CPP\RP*, M™,(2) < ————",
©r 1 — |7 (z)]]

where T denotes the section of Ocpr(2) defined by (2o, ,21) = 22 + -+ + 22

Remark 2 The holomorphic section T in Proposition [} is invariant under the action
of the group POy 1(R) of real isometries of CP*. A slice of CP* for this action is
given by the interval I = {z. =[1 :ir: 0:---:0],0 <r < 1}, where the end r =0
(resp. v = 1) corresponds to the orbit RP* (resp. 77(0)) of this action.

Proof of Proposition [I. Both members of the inequality are invariants under
the action of POy1(R), so that it is enough to prove it for z in the fundamental
domain I. Let 0y, -, 0} be the orthonormal basis of RH?(CP* O¢pr(1)) given by
oi([z0 : -+ : z1]) = Vk + 1z;. This basis induces the isometry

a=(ag, - ,ay) € R"' = 0, = agog + - - - + apoy, € RHY(CP*, Ocpi(1)).
By definition, for every a € R¥*! and z € CP¥,

|a020 + -t CLka‘Q

lloa(2)[[* = (k+1)

|2[?
We deduce that for every 0 < r <1 and m > 1,
M) = [ fogllaa(zlP|" duto)
RE+1
/ 1 (k+1)\a0+i7’a1|2 me_\a|2d ]
= O Q, a
R s 14 r? o

m 6,p2

pdpdf
T

| cos 0 + ir sin 0|?
1+72

)

log((k + 1)p*) + log

2

co 2w
y
<2

0

since for every 0 < r < 1 and every 6 € [0,27], r? < cos?0 + r?sin®0 = |cosf +
irsin 0|2 < 1. Hence,

1+ 72

r2

[log((k + 1)p%)| + log( e~ pdp,

1 e’}
Bon(n) <2 [ (= log(2P)me P pdp+ 2 [ (loglap)?)"e o,
0 1
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where
(1+1?) 5 (k+1)

o = D S T

We now compute these two integrals.
1 p ) 1/a
2/ (—log(=))"e ™ pdp = 2a2/ (—log p*)"e ™" pdp
0 @ 0
1
< 207 / (—1log p*)™pdp
0

= a2/ tme tdt with t = —log p?
0

(k+1)m!
1—{|7(z)II

As for the second integral, we deduce from the estimate pe? < e~/ pg/ p> valid for
every p > 1, that

= 2

_ 2
e 1/p

2/ (log(ap)?)™e ™" pdp < 2 / (log(ap)*)"—5—dp.
1 1 P

(k+1)m

1
t 2

With ¢ = 1/p, the right hand side becomes 2/ (—log(—)*)™e " tdt < 2————Frr

0 a 1—|l7(= )||

O

1.2 Asymptotic results in the general case

Let X be a closed real Kahler manifold of dimension n and L be a real Hermitian
line bundle over X with positive curvature w. We denote by d;, the smallest integer
such that L¢ is very ample for every d > dj, and by ®;: X — P(H°(X, L%)*) the as-
sociated embedding, where x € X is mapped to the set of linear forms that vanish on
the hyperplane {o € H°(X, L%) | o(z) = 0}. The L*-Hermitian product of H°(X, L?)
induces a Fubini-Study metric on the complex projective space P(H°(X, L%)*) to-
gether with a Hermitian metric [|.|| on the bundle Op(go(x,ra)«)(1). We denote by hg,
the pullback of ||.|| on L* under the canonical isomorphism L% — ®5Opgo(x, 14y (1).
Recall that the latter is induced by the isomorphism

(r,a) € L4 (Pa(7), ar) € Opmocx,ray(1),

where a, : 0 € HY(X, L) = (0,a), € C. In particular, the curvature form of hg,
is ®*wprg, where wpg denotes the Fubini-Study form of P(H°(X, L4)*). The quotient
h?/he, of these metrics of L? is given by the function 2 € X — SN hé(o;(x), 04(x)),
where (a4, ,0on,) stands for any orthonormal basis of H°(X, L?). Let ||.||s, be the
norm induced by hg,. For every m € N*, we set

(xry:X — R

z log||o(2)|[3,]" du(o),
RHO(X,Ld)

so that M™ oDy

(X,L4)

=M™

P(HO(X,Ld)*)



Proposition 2 Let X be a closed real Kdahler manifold of dimension n and L be a
positive real Hermitian line bundle over X . For every sequence (Kg)aqen+ of compact
subsets of X \ RX such that the sequence (d dist( Kz, RX)?)gen= grows to infinity,
the sequence || ||T|[ © @al|cor,, converges to zero as d grows to infinity, where T €
RH(Opmo(x,z4y+)(2)) is the section defined in Proposition[1. If K is a fized compact,
the same holds for any norm C(K), q € N.

The L2-Hermitian product on H°(X, L?) induces a scalar product on RH°(X, L¢) and
its dual RH®(X, L%)*. Let (, )¢ be the extension of this scalar product to a complex
bilinear product on H°(X, L%)*. The section 7 of O(2) p(mo(x, )+ that appears in
Propositions [l and (] is the one induced by o* € H(X, L4)* s (0*,0*)¢c € C.

Proof of Proposition B. Let D* € L* be the open unit disc bundle for
the metric & and dazdv the product measure on D*, where do = w"/ [, w™ is the
measure on the base X of D* and dv is the Lebesgue measure on the fibres. Let
L?*(D*,C) be the space of complex functions of class L? on D* for the measure dzdv
and H? C L*(D*,C) be the closed subspace of L? holomorphic functions on the
interior of D*. Every function f € H? has a unique expansion

f:(z,v) € D" — iad(az)vd eC,

d=0

where for every d > 0, aq € H°(X, L?). The series Z aq(z)v? converges uniformly
d=0

on every compact subset of D* as well as in L?-norm. Let B be the Bergman kernel

of D*, defined by the relation:

V(y,w) € D*,Vf € H2, fly,w) = /D () B, 0), (7, w))dnd,

where this function B : D* x D* — C is holomorphic in the first variable and
antiholomorphic in the second one. Kerzman proved that the Bergman kernel
can be extended smoothly up to the boundary outside of the diagonal of D* x D*.
Now, denote by D\gx = {(z,v) € D* [ € X \ RX}. The function

b:(z,v) € Dx\rx > B((z,v),cr<(z,0)) € C

is holomorphic on D}\R + and can be extended smoothly on D}\R - Forevery d >0
let (0;4)1<i<n, be an orthonormal basis of RH?(X, L?) and

€id = \/ Oid € HQ,
T




where ;4 : (z,v) € D* = 0; 4(x)v? € C. The family (e; 4); 4 forms a Hilbertian basis
of H%. Then,

V(z,v) € Di\rx b(x,v) = B((z,v),cp(x,v))

— ZZei,d(x,v)m
_ Zd“zam o)V a(l@)) ez (o)
d=0

d
=z“zm

since 0, 4 is real, that is satisfies 0; yoc = cra00; 4. Note that To®y = ZZ | o2d(:p) and

from Tian’s asymptotic isometry theorem [[§] (see also [B] and [I9] ) [[.[ls, < —||-II-

For a fixed compact K, the result thus just follows from Cauchy formula applied to
b. In general, we may substitute L with L? K with K; and deduce the result from
Proposition 2.1 of [[g] (see also []) since the sequence (dsup,ecg, dist(z,cx(x))?)aen
grows to infinity as d grows to infinity. O

Proposition B and Proposition [l imply the following

Corollary 2 Let X be a real Kahler manifold and L be a real positive Hermitian line
bundle over X. For every sequence (Kg)aen of compact subsets of X \ RX such that
the sequence (d dist(Kq, RX)?)gen+ grows to infinity, there exists a positive constant
ck such that as soon as L is very ample,

Vm € N* sup M pay < cxkm! Ny,
Ky ’

where Ny = dim H°(X, LY).

Remark 3 Actually, in Corollary[3, limg ;e 1/Ngsupg, M&,Ld) < 4m!. Also, Propo-

sition [} and even the exponential decay of the quantity sup||7||o®4 are easy to establish
K
i some cases, including the following ones.

Projective spaces. When X = CP", ®&; : CP" — CPM ¢! is equivariant with
respect to the groups of real isometries PO,,11(R) and POy, (R ) Since 7 is invariant
under these actlons 7 0 ®4 has to be a multiple of the section 7¢. Now ||7||gpn = 1,
so that 70 ®; = 7¢ and sup||7 o ®y|| = sup||7||?. This was observed by Macdonald

K K

[ in the case X = C".

Ellipsoid quadrics. Assume now that X = {[zg : -+ : z,1] € CP"™ | 23 =
xi 4 -+ a2, } is the ellipsoid quadric and L the restriction of Ogpnti1(1) to X.
Then, 7 o ®4 is a multiple of the hyperplane section z2¢, since it is invariant under
the group of isometries O,41(R) acting on the coordinates (z1,--- ,Z,41). At a real

point = (2o, ,ZTnt1), ||T]| 0 Pqg =1 and

21 _ |75 1 3 af 4ty 1
x5l = 3 2 = 2 5 1t 2 2 —
|Zol? + - + [2p41] 2N T R N G R T MR e 2
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hence 7 o &y = 2922¢ and sg{pHJH oDy = 51I1(p(2||x%||)d.

The hyperboloid surface. Finally, if X = (CP} x CPy;Conj x Conj) is the hy-
perboloid quadric surface and L = O(a)cpr @ O(b)cpy with a,b > 0, then 70 g is
POy(R) x POy(R)-invariant, hence a multiple of (7{ ® 72)¢ where 7; = Tcpr € O(2)
for i = 1,2. Computed at a real point, this multiple is one, so that 7o ®y = (78 @ 75)?
and sup||o|| o 4 = (sup[|r @ 71"

2 Weakly laminar currents and large deviation estimates

2.1 Weakly laminar currents

Let (X,w) be a smooth Kéahler manifold and TL(Ql D be its space of closed positive
currents of type (1,1) and mass L? = [ +w Aw. Recall that by definition such a
current is a continuous linear form on the space of smooth two-forms that vanishes on
forms of type (2,0) and (0, 2) as well as on the exact forms. Moreover, the mass (7', w)
equals L? and T is positive once evaluated on a positive (1, 1)-form. In particular, T is
of measure type, that is continuous for the sup norm on two-forms. The space TL(; ’1),
equipped with the weak topology, is a compact and convex space. For every d € N*
and every o € H°(X, L¢) \ {0}, denote by Z, € ’TL(QM) the current of integration

ZU:¢€QQ(X)»—>$/ ¢ € R,
Co

where C, = 07!(0). The following definition of weakly laminar currents was intro-
duced in [g].

Definition 1 A current T € TL(;’U 15 called weakly laminar in the open set U C X
iff there exist a family of embedded discs (Dg)aca in U together with a measure da on
A, such that for every a and a’ in A, Dy N\ Dy is open in D, and Dy, and such that
for every smooth two-form ¢ with support in U,

o (L)

For every open subset U of X, denote by Lam(U) C TL(Ql ) the subspace of closed

positive currents of mass L? which are weakly laminar on U. For all a € Q7 , denote

by Z¢ the closure of the union Ugen+ 2] in TL(; D where Z§ denotes the image of the
set
= {o e RHY(X, L)\ RA,; | bo(RC,) > g(Cy) + 1 — ad}

under the map o — Z, € 72(21’1).

Theorem 3 Let X be a closed real projective surface and L be a positive real Her-
mitian line bundle on X. Then, for every a € Q*, the inclusion Z* C Lam(X \RX)
holds.

In particular, every limit of a sequence of real maximal curves is weakly laminar
outside of the real locus of the manifold.



Proof. This result is actually a direct consequence of Theorem 1 of [[]. Indeed,
let T € Z* and (Z,,)4en+ be a sequence of currents of integration which converges
to T' (we can indeed assume that T ¢ J,cn. Z23). For every d € N*, the genus
of the complement C,, \ RC,, satisfies g(C,, \ RC,,) < ad, while its area equals
d [, w?. Let B be a ball with compact closure in X \ RX and A(C,, N B) be the
area of the restriction of C,, to B . Without loss of generality, we can assume that
LA(C,, N B) converges to mp € [0, [, w?]. If mp = 0, the restriction of T to B
vanishes. Otherwise, ¢(C,, N B) = O(A(C,, N B)), where the area A(C,, N B) can
be computed for the flat metric on the ball. From Theorem 1 of [f] we know that
1/ mpT|p is weakly laminar. Hence the result. O

Lemma 1 Let w be a Kahler form on a complex surface X. Then w is nowhere
weakly laminar.

Proof. Assume that there exists an open subset U of X and a measured family
(Do) aea of embedded discs in U given by Definition [[] such that for every two-form ¢

with compact support in U,
/w/\¢:/ (/ gb)da.
U A D,

For every two-form v defined and continuous on (. 4 D,, we denote by T, the current

seniv) 1o = [ ([ “50)

2
a W

Then T, = w, since for every ¢ € Q2(U),

Tw<¢>=[4(/a<“of2¢>w) da= [ 250 = [ wno.

Let 1) be the (1,1)-form defined along U,c 4D, in such a way that for every a € A
and x € D,, T,.D, lies in the kernel of ¢, and 1, A w = w?. Then T}, = w, since

Vo € 02U, Ty(0) :/A(/ﬂﬁ)w) da=/4</a¢) da.

But ¢ is integrable for both currents T}, and T, and T, (¢)) = 0 while T,,(¢) = w?.
This contradicts the equality Ty, = T,,. O

2.2 Large deviation estimates

Proposition 3 Let X be a real projective manifold of dimension n and L an ample
real Hermitian line bundle over X. For every smooth (2n — 2)—form ¢ with compact
support in X \ RX, every d > dj, and every e > 0, the measure of the set

{cr c RH(X, LY) \ RA, | é

/ 1og||a<x>||édaé¢] > }
X



s bounded from above by the quantity

2ck, Ny o ( —ed )
Vol(Ky) P\ 2[|00¢| 1= Vol (Ky) )

where K, can denote both the support of ¢ or the support of 00¢, while Cr, and df,
are given in §1.3.

Recall that X is equipped with the volume form dz = w™/ [ w™. The norm ||004)||
and the volume Vol(K) are computed with respect to this volume form. Recall also
that Ny denotes the dimension of RH®(X, L¢) and finally that from the Poincaré-
Lelong formula, the current 1/(2iwd)90 log |lo(x)|[3, coincides with 1®%wps — Z,.

Proof. We use Markov’s trick. For every A > 0,

/ log ||a||<21>d88¢' > ed <= exp ()\
X

log ||a||édaa¢') > o
X

where

_ > \m
log ||o]|2 -
oxw (3] [ toelloli 009 ) = S

n=0

log ||o]3,00
X

From Holder’s inequality we get

m—1
’/ log||aprd ) < / ’logHaHfbd}mdx </ }ag(b’m d;z:)
X % .

1
m(umummm) /‘logHaH(b‘ dz.

As a consequence, for every d > dr, the measure u?(¢) of our set satisfies

/ exp ()\
RHO(X,L)

1 A
00¢||TVol(Ky) M adx,
i Z 110061 Vol )™ [ M
where M (X.L4) is defined in §1.2. Thanks to Corollary [, the latter right hand side is

bounded from above by VKd(’Nd) S o (A|00¢] | =V ol (K 4))™, that is

e ul()

IN

og 013,00 | )

CK¢Nd
Vol(Ky)(1 — A|00¢]| Vol (Ky))

The result follows by choosing A = (2||006|| 1=V ol (K4))

Corollary 3 Under the hypotheses of Proposition [, let [O( be a relatively compact
open subset of X \ RX. Then, there exist constants Cx, Dg, A\ > 0 and, for every
d > dy, a subset A% C RH(X, L) of measure bounded from above by Cyge Pxd
such that for every o € RH(X, L)\ A%, the volume A(C, N K) of C, N K satisfies
A(C,NK) > Agd.

10



Proof. Let K; be a relatively compact open subset of [o( and x : X — [0,1] be a
smooth cutoff function with support in K such that x|x, = 1. Applied to ¢ = yw" !
ande=r | KW Proposition f provides us with constants C and Dy such that the

set
Zﬂ/ w"}
K1

is of measure bounded from above by Cre P4, since N; grows polynomially with d.
From Poincaré-Lelong formula follows that for every o € RHO(X, LY) \ A%,

1 1 1 1
- n=1_ [ Zp* Ay < = n
'd/CUXW /xd dWFS I\ XW _2/1(1w

Now, from Tian’s asymptotic isometry theorem [[§ (see also [B] and [[d)), 2®}wrs
converges to w as d grows to oo, so that for d large enough, fX é@jles A xwnt >
Il K, W' As a consequence,

—1)! 1 1 1
(n—1) AC, NK) > —/ xw > / —Phwopg A xw" T — —/ w".
dJe, xd 2 Jk,

The left hand side being bounded from below by a constant (n — 1)!Ak, the result
follows. O

A% = {0} U {a e RH(X, LY\ {0} | é

/ log [|o][2, 00 (xe"")
X

d

For every n € N* and p > 0, denote by B?*(p) C C" the closed ball of radius p
and volume 7"p*" /n!. The standard Kahler form of C" is denoted by wy.

Definition 2 Let (X,w) be a Kdihler manifold of dimension n. By abuse, we define
a ball of radius p of X to be the image of a holomorphic embedding 1, : B*(p) —
X whose differential at the origin is isometric and which everywhere satisfies the
inequalities 1/2wy < ¥rw < 2wp.

Corollary 4 Under the hypotheses of Proposition [, let [O( be a relatively compact
open subset of X \ RX. Then, there exist constants Dy, A\, A2 > 0 such that for
every ball B of radius p > 0 included in K and every d > dy, there exists a set
AL C RHO(X, L) of measure

n
QCKNd fXW eiDdeQ
p2n

such that for every o € RH(X, L)\ A%, the volume of Cy N B satisfies A\kdp™ <
A(C, N B) < \é.dp™.

1(A%) <

Recall that the constant ck is given by Corollary P}, while dj, is defined in §[.2.

Proof. Let x : C* — [0,1] be a smooth cutoff function with support in the
unit ball and such that x (1) contains the ball of radius /2/7. For any p > 0, let
Xp @ ¢ € C" — x(x/p) be the associated cutoff function with support in the ball of
radius p. Let ¢ : B — B*'(p) C C" be a biholomorphism given by Definition ], and
By = (x,0¢)7(1). Let ¢ = (x, 0 )", Ky = supp(¢), and for every d > dp,

/log||a||?pd88¢‘ 27?/ wn}.
X By

AL = {0} U {a e RH(X, LY\ {0} | é
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From Proposition f follows that

20[{ Nd —7Tdf "
d < 4 = b
n(Ap) < Vol(K,) oXp (2||88¢||L°°VOZ(K¢)> 7

where .
([ oot = [ oz g [ wpz e
X K, 2" Syt

The metric on B is bounded from above and below by the flat metric, see Definition
B. The quotient fBl w"/Vol(Ky) is thus bounded from below by a positive constant,
since fxE ) W/ fsupp(xp) wy does not d?pend on p. Likewise, ||00¢||r~ is bounded
from above by a multiple of sup g, ‘83)(,) Awp™t/ w(’f‘. The latter being of the order
of 1/p%, we deduce the existence of a positive constant Dy such that

cx N,
p(AD) < 2( [ oI enp(~Dicpa).
X P
But for every o € RH°(X, L?) \ A%, we have

<

/ w™.
B1

DO | —

1 1
5 [ ot = [ St n (0w

The term % [\ ®iwps A (x, © )w™ ! is greater than
_ L, -
/ w”+/ (xp 0 )" — ||(E<I>dng—w)/\w Y= Vol(B).
B B\Bi

From Tian’s asymptotic isometry theorem [[g], éq):leS converges to w as d grows to
infinity. Together with Definition fl, this implies that for d large enough,

1
E/ CIDZMFS/\(Xpow)w”’I 2/ w"
X

B

and
(n—1)!

1 1
714 Co N B Z / o} w”fl Z / w”.
dpgn ( ) dpgn o (XP w> 2p2n B

The right hand side being bounded from below by a positive constant, we deduce the
lower bound for A(C, N B). Likewise, we deduce that (n — 1)!/(dp*")A(C, N B) <
3/(2p*") [, w™. The right hand side being bounded from above by a positive constant,
we deduce the upper bound for A(C, N B) replacing B; by B in the proof. O

Lemma 2 For every compact subset K of a n-dimensional Kdahler manifold, there
exist constants rx and nxg > 0 such that for every p > 0 small enough, K can be
covered by ri/p*" balls of radius p, in such a way that every point of K belongs to at
most ny balls.

Proof. The lattice Z*" acts by translations on C". The orbit of the ball B*"(y/n)
under this action covers C” in such a way that every point belongs to a finite number
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of balls. The images of this covering under homothetic transformations provides for
every p > 0 a covering of C" by balls of radius p such that every point belongs to a
number of balls bounded independently of p. Let (X,w) be a Ké&hler manifold. For
every point z € K, choose a holomorphic embedding ¢, : B' — X, where B’ is a ball
in C" independent of z, ¢,(0) = = and ¢, is everywhere contracting. Let B C B’
be the ball of half radius. We extract a finite subcovering ¢1(B), - - - , ¢x(B) from the
covering (¢, (B))zex of K. For every j € {1,--- ,k} and every p € B, there exists an
affine expanding map Dg; : C" — C" that fixes p and such that ¢; o DI{ is an isometry
at p. Then, there exists py > 0 such that for every 0 < p < pg and 1 < j < k,
the restriction to B of the covering of C™ by balls of radius p satisfies the following:
for every ball By(p) of this covering centered at p € B, we have D(B,(p)) C B,
and ¢; o DI(B,(p)) is a ball of radius p of (X,w). Since D} is expanding, D’ (B,(p))
contains B, (p), so that the union of these balls of radius p covers K. Moreover, the
norm of Dg is uniformly bounded on B. Thus, there exists a constant h > 1 such
that DJ(By(p)) C By(hp) for every p and j. From this and the construction of our
coverings of C", we deduce the existence of a constant nx > 0 independent of p such
that for every point x € K and every covering of K by balls of radius p obtained in
this way, x belongs to at most ng balls of the covering. Finally, the existence of 7
follows from the construction of the covering of C" we used. O

3 Proof of the theorems

3.1 Proof of Theorem

Lemma 3 Let X be a closed real one-dimensional Kdhler manifold. There exist
nonnegative constants ny, E1, Es, E3, E,; and a family of smooth cutoff functions
Xy : X — [0, 1] with support in X \ RX, 0 <n < ny, such that for every 0 < n < nq,

1. Eyn < Vol(supp(9dx,))

2. Vol(X \ x; (1)) < Exn

3. |00xy| |1 < Es/n?

4. dist(supp(xy,), RX) > Eqn.

Proof. A neighborhood V' of the real locus RX is the union of a finite number of
annuli isomorphic to A = {z € C |1 —€ < |2| < 1+ €}. For every nn > 0, choose Y,
such that x,(X \ V) = 1 and the restriction of x, to A only depends on the modulus
of 2 € A. That is, for every z € A, x,(2) = py(|2] — 1), where p, is a function
] —€,¢[— [0,1]. Let p: R — [0,1] be an even function such that p(x) = 1 if |z| > 1

and p(z) = 0 if |x| < 1/2. For every n > 0, we set p,(x) = p(z/n). The family x,,
0 < n < e =), satisfies the required conditions. O

Proof of Theorem B. For every d € N*, denote by

MY = {o € RHY(X, L)\ RA, | #(c(0) NRX) > Vde(d)}.

13



For every o € ./\/l:l(d), denote by Z, : ¢ € C*(X) — = Jc. ¢ € R the associated discrete
measure, where C, = 0~ 1(0). Let (x,)o<n<n, be a family of real cutoff functions given
by Lemma [. By definition, for every 0 < n <1y and every o € Mz(d)

oan /XW—/w_—

where w denotes the curvature of L. Without loss of generality, we can assume that

when d is large enough, €(d)/vd < 1. We then set 1y = e(d)/(2E,Vd d [y w), where
E, is given by Lemma J. From Lemma B, we deduce that for every o € Me(d,
(W= Zs, Xng) > ;E;% and then from Poincaré-Lelong formula that

me(d) 1
— —27||=D" — .
Nz 7T||d wrs — wl|

We know from Tian’s asymptotic isometry theorem [[§] that d||2®*wps — w||p~ is
bounded, so that for d large enough, the right hand side is greater than €(d)/+v/d. For
every d large enough, denote by K, the support of 9dx,,. Without loss of generality,
we can assume that €(d) grows to infinity when d grows to infinity. By Lemma [, so
does d dist(K4, RX)?. Proposition ] and Lemma [ then provide the result. O

1 _
o[ togllot@l 20,1 >

3.2 Proof of Theorem [l when « is a bounded function

Let a € QF. We have to prove the existence of two positive constants C' and D
such that u(M9) < Ce P4 From Theorem | we know that the compact Z* =
Ugen 2§ introduced in §P.1] is included in Lam(X \ RX'), whereas from Lemma [,
w ¢ Lam(X \ RX). As a consequence, there exists a finite set (¢;);es of two-forms
with compact support in X \ RX such that VI' € 2%, 3j € J, |[(w — T, ¢;)| > 1.
Moreover, Poincaré-Lelong formula writes

Vd > dp, Yo € RHY(X, L)\ {0} 3010gHa||¢d ¢dwF5 Zg,

where wpg denotes the Fubini-Study form of P(H O(X, LY))* defined in §.1, and Z,
the current of integration defined in §2.1. From Tian’s asymptotic isometry theorem
(L8] (see also [A] and [[9]), +P;wrs converges to w as d grows to co. Thus, there exists
dy > dj such that

1
~o0log llol3,. &, >

p] > 27,

Vd > dy,Yo e My, 3j € T, '<

From this relation and Proposition [} we deduce
a 0 d 1 3
ump) < o cRECGIN (0} | | [ oeliolle 000,

je7
2ex Ng#T o <_ wd )
inf Vol (supp(¢;)) max;e 7 ||006;]|L~Vol(K)

where K C X \ RX is a compact containing all supports of the ¢,’s, j € J, and cx
is given by Corollary P Hence the result. [J

> 27?}

14



3.3 Proof of Theorem [l], general case

Lemma 4 Under the hypotheses of Theorem [1, let I(;' be a relatively compact open
subset of X \ RX equipped with a covering by balls given by Lemma [3. Let ng be
given by Lemma B and A\ > 0, A% C RHO(X, L) be given by Corollary B. Then
for every d > dy, and o € Mg(d) \ A%, there is a ball B of the covering such that the
genus g(Co N B) of Co N B satisfies g(Co N B) < $£a(d)A(C, N B), where A(C, N B)
denotes the area of C, N B.

Recall that the integer d;, was defined in §.2.

Proof. By definition, the genus ¢(C, N B) is such that the Euler characteristic
X(C, N B) of this curve be given by the formula

xX(Cy N B) = 2by(C, N B) —29(C, N B) —r(C, N B)

where by(C, N B) (resp. 7(CyN B)) denotes the number of the connected components
of C, N B (resp. of 9(C, N B)). In particular, for every o € Mg(d), 9(C,NB) <
g(C,\RC,) < a(d)d. Denote by (B;)cz the covering of K. Since o ¢ A%, Corollary [§
implies that ), ; A(Co N B;) > A(C,NK) > Agd. Now, from Lemma ] we conclude
that

> 9(Co N Bi) < ngg(Cy \ RC,) < nia(d)d.

i€Z
Hence the result. O

Proof of Theorem [Il. From §B-3, we can assume that the sequence a(d) grows

to infinity. For every d € N*, we set pg = a(d)™"/2. Let K be a relatively compact

open subset of X \ RX. For every d large enough, we cover K by balls of radius py
as given by Lemma . This cover contains at most rx/p} = rxa(d)? balls. From
Corollary fl, there is a subset B¢ of RH(X, L?) satisfying

n(s) <2

d
wiegri Naa(d)* exp (—DK—) ,
X

a(d)

and such that for every o € RH®(X, L) \ B¢ and every ball B of the cover,

d
< < \2
a(d)? <A(C,NB) <X\

N

a(d)?’

Let A% C RHY(X, L% be the set given by Corollary . By Lemma [, for every
o€ RH(X, L)\ A%, there is a ball B, of our cover such that

9(Cy N B,) < “a(d)A(C, N B).
Ak
Without loss of generality, we can assume that B, = B*(pg) C C? and that the area

of C, is computed with respect to the standard metric wy of C2. Denote by C, the
image of C, N B under the homothetic transformation with coefficient 1/p,, so that

C, C BY(1) and g(C,) < 3= A(C,).
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Let 7;(21’1)(8(1)) be the space of positive closed currents of bidegree (1,1) on the
unit ball B4(1) with mass 7%, and Z, € 7;(21’1)(3(1)) the current of integration

Zy ¢ € QED(BY1)) = Z,(¢) =

We set

2= | J {Zo,0 e RHO(X, L7) \ AL} € TV (B(1)).
d>d;,
By Theorem 1 of ], Z¢ is contained in the space of weakly laminar currents of the
unit ball B4(1). In particular, from Lemma [ we know that wy ¢ Z%. Since B%(1) is

compact, Z* is compact and there exists a finite number of two-forms (¢;),c7 with
compact support in B4(1) such that

)\1 )\2 -
YA€ [, SLVT € 2°.3) € T, (0T — wo, 65)| > 1.

Applying this inequality to T = Z, and A = a(d)*A(C, N B)/x2d, we get

(QAC’ mB/% /B(lwo/\(bj

Denote by ¢; the pullback of gbj under the homothetic tranformation of coefficient
1/pa, so that the support of ¢; lies in B*(p,). We get

'%/Gﬁba‘— /B4(pd)woA¢j

as long as o ¢ B?. Finally, since by Definition B a(d) [, (w — wo) A ¢; converges to
zero, we deduce for d large enough the relation

> 1.

> 1/a(d),

Vo € RHY(X, LY\ (A% UBY), 3j € J, ’1/ gzsj—/wmsj > 1/a(d).
dJe, X

Likewise, from Tian’s asymptotic isometry theorem [[§], a(d) [y (w — 3®iwrs) A ¢;
converges to zero as d grows to oo. Applying Proposition J to every ball of our cover
and every ¢;, j € J, with support in this ball, we finally obtain the existence of

positive constants C, D, such that u(M%?) < CNya(d)* exp (—Dﬁ) .0

4 Final remarks

4.1 Average current of integration
For every k > 1, denote by
Ecpr :CP* — R

z e log [|o(2)]|*dp(o)
RHO(CP*,0ppi (1))

the expectation of the random variable o — log ||o]|?.
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Proposition 4 For every k > 1 and z € CP*\ RP¥,

k41 &
Beps(z) =log(*5) + [ e logpdp + log(1 + V1= [[7[P(2))
0

where T 1s the section introduced in Proposition [].

This result is very close to Lemma 2.5 of [[7].

Proof. As in the proof of Proposition [l] and using the notations of Remark [}, we
get for every 0 < r < 1:

ag + ira |2\ el
Ecpe(z) = /R2log ((k+1)| 01+r21‘) —dagday

]{Z—l-l o0 1 27
= log( 2) —|—/ e”logpdp—i——/ log | cos @ + ir sin §|*d6
147 0 2m Jo

= log LR + /OO e"log pdp + L /27r log |€*®(1 4+ r) 4+ 1 — r|*d6.
41 +1r2) 0 27 Jo

From Jensen formula, as soon as r > 0,

2

L[ 2i0 2 2 L4 2
Py logle*”(1+7)+1—r|“dd =log|l —r|* +log |——| =log(1l+ ).
T Jo

1—17r

From this we deduce

E+1

< 147)?
Ecpr(z) = log(TH/ e plogpdeog((H,,,z )
0

k41 &
— log(* )+ [ e logpdp-+log (14 VI-[IPE))

0

since ||7|(2) = |7(2:)|/]2-]* = (1—7%)/(1+7?). The result follows from the invariance
of Ecpr and ||7]| under the action of POy, 1(R), see Remark . O

Corollary 5 Forevery k > 1 and every real line D in CP*, the restriction of the cur-
rent %86/3?@ pr to D\ RD coincides with the Fubini-Study form, while its restriction
to the quadric {T = 0} vanishes.

Proof. Proposition [l implies that the restriction of Ecpr to the quadric {r = 0}
is constant, so that the current 90FE¢pr vanishes on this quadric. In the same way,
Proposition [l implies that the restriction of ﬁ@gECpk to D does not depend on k.
Thus, we may assume k¥ = 1 and D = CP!'. Now, every 0 € RH*(CP!, Ocpi(1))
does not vanish on CP* \ RP!, so that by definition

1 .= 1 -
Vz € CP'\ RP!, 2—,88E<cpk(z) = —00log||o(2)||*du(o)
i 2T

/RHO((CPl,(’)Cpl(l))
/ wrs(z)dp(o)
RHO(CPY,0pp1 (1))

= wrs(2).
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Now, let L be a real Hermitian line bundle with positive curvature on a smooth
real Kéhler manifold X of dimension n > 1. For every d € N* and every (2n—2)-form
¢ € Q" 2(X), we denote by

1
Z¢:aeRH°(X,Ld)\{0}HZf=3/ R
Co

the associated random variable, where the space RH(X, L9) is equiped with the L2
Gaussian probability measure u. We write

B2~ [ Z%duo)
RHO(X,L4)

for the expectation of this random variable, and E4(Z) : ¢ € Q*(X) — E4(Z%) € R
for the associated closed positive (1,1)-current.

Proposition 5 Let L be a real Hermitian line bundle with positive curvature on a
smooth closed real Kdhler manifold X. Then, for every d > d,,

1 1 -
E 7)==} — —®L00F ..
a(Z) S Pawrs — 5 Pa00Ep(ro(x, Ly
Moreover, the restriction of this current to the complement of the real locus converges
to w as d grows to infinity.

Recall that the embedding ®4 : X — P(H°(X,L%)*), d > dy,, and the Fubini-Study
form wrg of the projective space P(H°(X, L?)*) were introduced in §[.2.

Proof. Poincaré-Lelong formula provides for every o € RH?(X, L%) \ {0} the
relation

1 - 1
——001 3, = - Phwrs — Z,.
Sind 0g||<7||<1>d d dWFS
The first part of Proposition [ is obtained by integration of this relation on RH?(X, L).
Tian’s asymptotic isometry theorem [[§] implies that é(I)leFS converges to the curva-
ture w of L. Proposition P combined with Proposition [ imply that ﬁ@z}@@E PHO(X,L4)*)
converges to zero faster than every polynomial function in d, and even exponentially
fast in the cases covered by Remark [ (compare with [[J]). Hence the result. O

Note that when the chosen probability space is the whole complex space H°(X, L9),
the expectation fHO(X Laylog llo(2)]|2du(o) is a function of 2 € CP* invariant under

the whole PU,(C), thus is constant. Hence, F(Z2) = L®wpg, see [[4). Moreover,

Shiffman and Zelditch proved in [[@] that the law of Z& converges to a normal law
as d grows to infinity, a result that was already obtained in dimension one in [[7]. It

would be here of interest to understand in more details the convergence of the law of
A

4.2 Existence of real maximal curves

An algebraic curve C of genus g(C) is said to be maximal when the number of compo-
nents of its real locus coincides with ¢(C)+1, the maximum allowed by Harnack-Klein
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inequality [[], [[T]. Our Theorem [] proves, in particular, that if L is a real ample
Hermitian line bundle over a real projective surface X, the measure of the set of
real maximal curves linearly equivalent to L? exponentially decreases as d increases.
When X = CP?, Harnack [[] proved that such maximal curves exist in any degree.
The study of these curves plays a central role in real algebraic geometry, at least
since Hilbert included it in his 16th problem. Nevertheless, such curves do not always
exist. For instance, if X is the product of two non maximal real curves, then for every
ample real line bundle L over X and every d € N*, the linear system RH?(X, L9)
contains no maximal curve.

However, every real closed symplectic manifold (X,w, cx) of dimension four with
rational form w supports, when d is large enough, symplectic real surfaces Poincaré
dual to dw and whose real locus contains at least ed components, where ¢ depends
on the manifold (X, w,cx), see [[]]. Applying Harnack’s method to these curves, we
see that there always exist even symplectic real surfaces whose real locus contains at
least €'d? connected components.

The following questions then arise. For every ample real line bundle L on a
projective real surface X and every d € N*, denote by

m(L?) = sup bo(RC,)
c€RHO(X,L)\RA,

the maximal number of connected components that a smooth real divisor linearly
equivalent to L? may contain. Then, denote by (X, L) = limsup,_,., zm(L?), so
that 0 < e(X,L) < %L.L by Harnack-Klein inequality and the adjunction formula. Is
this quantity €(X, L) bounded from below by a non negative constant independant
of (X, L)? Does there exist a pair (X, L) with RX # () such that e(X, L) < $L*? If
not, what about the quantity limsup,_,., 5(m(L%) — $d*L?)?

The same questions hold within the realm of four-dimensional real symplectic
manifolds. Recall that the real symplectic surfaces built in [[j] are obtained via Don-
aldson’s method [[], so that their current of integration converges to w as d grows
to infinity. Theorem B provides an obstruction to get real maximal curves using this
method (Donaldson’s quantitative transversality gives another one, as observed in
[@). This phenomenon was in fact the starting point of our work.

This work raises several questions. It is known [[j] that the expectation of the
number of real roots of a real polynomial in one variable is \/n. What is the expected
value of by(RC,) in dimension two? How to improve Theorem [[] to get decays till
this expectation, as in Theorem [7 What happens for values below this expectation?
Note that for spherical harmonics on the two-dimensional sphere, such kinds of results
have been obtained in [[J]. More generally, what is the asymptotic law of the random
variable by? What happens in higher dimensions?
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