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Abstract

We introduce higher order (polynomial) extensions of the unique
(up to isomorphisms) non trivial central extension of the Heisenberg
algebra. Using the boson representation of the latter, we construct
the corresponding polynomial analogue of the Weyl C*-algebra and
use this result to deduce the explicit form of the composition law of
the associated generalization of the 1-dimensional Heisenberg group.
These results are used to calculate the vacuum characteristic func-
tions as well as the moments of the observables in the Galilei algebra.
The continuous extensions of these objects gives a new type of second
quantization which even in the quadratic case is quite different from
the quadratic Fock functor studied in [f.

1 Introduction

The program to develop a theory of renormalized higher (> 2) powers of
white noise [f] has led to investigate the connections between central ex-
tensions and renormalization. This has, in its turn, led to the discovery
of the unique (up to isomorphisms) non trivial central extension of the 1-
dimensional Heisenberg algebra heis(1) and of its identification with the
Galilei algebra (cf [0, [H]). In the present paper we will work in the 1-
dimensional Schroedinger representation where heis(1) can be realized as
the real linear span of {1,p,q} (central element is the identity 1) and the
operators

@0)x) =zolai  pole) = o) i p€ IR)



are defined on suitable domains in L?*(R) and satisfy the Heisenberg commu-
tation relations

lg,p] =1

and all other commutators are zero. In the same representation Ceheis(1)
can be realized as the real linear span of

{1,p,q,¢*}

It has been recently proved that the current algebra over R of this algebra
admits a non—trivial (suitably defined) Fock representation: this is equivalent
to prove the infinite divisibility of the vacuum distributions of the operators
of the form

ag® +Bg+p 5 a,fyER
For each N € N, the real Lie algebra with generators
{Lp.g,....q"}

in the following denoted heis(1, 1, N) is a natural generalization of the Galilei
algebra. The analogy with the usual Heisenberg algebra, i.e heis(1,1,1,)
naturally suggests the following problems:

1) To describe the Lie group generated in the Schroedinger representation
by heis(1,1, N).

2) To find an analogue of the Weyl commutation relations for the group in
item 1). This is equivalent to describe the (1, N)—polynomial extensions
of the Heisenberg group.

3) To determine the vacuum distribution of the nontrivial elements of
heis(1,1, N) and their moments. These elements have the form

N
up + Z ajqj
j=0

with u # 0 and some a; # 0 whith j > 2.

4) To extend the constructions of items 1),2) above to the continuous
case, i.e. to describe the current x—Lie algebra of heis(1,1, N) over R.



The solutions of these problems are discussed in the following. In particular
we show that the group structure emerging from problem 2) is non trivial
and yet controllable (see Theorem [[) thus allowing a solution of problem
3) (see Proposition B). Problem 4) was solved in [ for the Galilei algebra
(N = 2) but the technique used there cannot be applied to the polynomial
case. In section f] we introduce the g-projection-method in order to overcome
this difficulty. This reduces the problem to the calculation of the expectation
value of functionals of the form exp(P(X) + icX) where P is a polynomial
with real coefficients, ¢ is a real number, and X is a standard Gaussian
random variable. If P has degree 2, this gives a different proof of result
obtained in []. The calculation of the moment in subsection f.J and the
continuous second quantization versions of the polynomial extensions of the
Weyl C*-algebra are new even in the quadratic case.

2 Polynomial extensions of the Heisenberg
algebra: Discrete case

The one-mode Hesienberg algebra is the x-Lie algebra generated by b,b", 1
with commutation relations

b6 =1, [b1] = [b",1] =0

and involution

(b)* — b+

The associated position and momentum operators are defined respectively
by
bt +b b—b"
9= —F@="H P= "=
V2 iv?2
We will use the known fact that, if £ is a Lie algebra and a,b € L are such
that
[a, [a,b]] =0

then, for all w,z € C

o7 b, —za _ jw(btzlab) (1)



Proposition 1 For all u,w € C (w # 0) and a polynomial P in one deter-

minate, we have

: Y . Pgtw)—P(q)
elprer (9) — v - etwp (2)

Proof. Let P a polynomial in one determinate and w,z € C such that
w # 0. Then from the identity

[P(q),p] =iP'(q)

It follows that
[P(q),[P(q),pll =0
Hence ([) implies that

e1#P(a) piwp ,—izP(q) _ iw(p—zP'(q)) (3)
But, one has also
elWPe=iP(D) — (iwpe=izP(@) g=iwpgivp — o=izPlatw)givp (4)
The identities (B) and (f) imply
elw(p=2P(q)) — izP(q) ,—izP(g+w) giwp (5)

With the change of variable u := —wz, (J) becomes (f)). O
Since the real vector space of polynomials of degree < N with coefficients
in R, denoted in the following

Ry[z] :={P" € R[z]: degree (P') < N}

has dimension N + 1, in the following we will use the identification
N
P'(z) = Zaka:k = (ag,ay,---,ay) € RV
k=0

Now, for all w € R, we define the linear map T, by T := id if w = 0 and
ifw+#0

1 w
T,: P Ryla] — E/ P/(+ y)dy € Ryla] (6)
0
so that P P
rp = Perw =P (7)
w

where P is any primitive of P’.



2.1 Properties of the maps T,

Lemma 1 For each w € R\ {0} the linear map T, is invertible. Moreover,
we have

N
T, =) (~DXT(w))"
k=0
where T(w) is a lower triangular nilpotent matriz whose coefficients, with
respect to the mononial real basis {1,z,..., 2} of Ry[z], are given by
n! e
where for all set I
0, ifm>n
X{m<n} = 1, ifm<n
Proof. Let k € {0,1,---, N}. If we take
P'(z) == aF
then, in ([]) we can choose
s
P =
@) =551
so that P ) P(a) )
r+w)—r(xr) k+1 _ k41
" —w(k+1)[(:c+w) e
Since

k1
(r+w) = 3 (k‘i‘l Lk t1=h

it follows that



Hence

T,1=1 (9)
and, for all £k > 1
1 O~ (k+1
T, * = k+1-h,_h
' w<k+1>z< h )“’ '
h=0
k
=S k! wh—hgh
— h'Ah!
 (k+1—h)n!
= ¥ k—!wk_h:ph + z” (10)
(k+1—nh)h!
h=0
Therefore the matrix of T, in the basis {1,...,2V} of Ry[z], we continue to
denote it by T, has the form I+7T'(w) where T'(w) is a lower triangular nilpo-
tent matrix whose coefficients, with respect to the basis {1,z, 22, ..., 2"} of
Ry[z], are given by
n!

tmn (W) = Xim<n}{ Mo 0<mn<N (11)

n+1— m)!m!w
Hence T, is invertible because det(T,,) = 1. Moreover, one has
N
T, = (I +T(w)™ =) ()T (w))* (12)
k=0
Let S denote the action of R on Ry[z] by translations
(SuP)(z) =Pz 4u), z,ue R

Then .
T.P'==(S, —id)P
U

where P is a primitive of P'.
The shift S, is a linear homogeneous map of Ry[z] into itself. Moreover

ﬁ:ak(fcﬂLu)k = ?:Zk:ak(fL)xhukh

k=0 0 h=0
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= (Supl)hl‘h
h=0
where
=~ [k
/ - k—h
k=h
Thus, in the monomial basis {1,...,2V} of Ry[x], the matrix associated
to S, is
kY ken
(Su)hk = X{n<k} <h) u (13)
Note that S, is invertible with inverse S_, and
S’LLSU = Su—f—v
Now denote 0 the action of derivation operator on Ry[z], i.e
N N
0: Zak:pk — Z kapa ™! (14)
k=0 k=1
Then clearly
05, = 5,0, Yu e R (15)

Let Ry[x]o the subalgebra of Ry[z] of all polynomials vanishing in zero
RN[ZL’]O = {P/ € RN[ZL’] : P/(O) = 0}

It is clear that
RN[I‘] = RN[I‘]Q D R1

so that, thanks to (f]), T, is uniquely determined by its restriction to Ry/[z]o.
Denote

T’l?} = Tw‘RN [:B}o
80 = 8|RN[$]O
Then ([4) implies that dy is invertible and ([[F]) implies that
otS, = S,y Vu eR (16)



Lemma 2 The following identities hold:
1) TSy = SuTy, Yu,w € R
2) T,T, =T, Ty, Yu,w € R
8) TSy = (1 4+ 2)Tyyy — 2T, Yu,v € R such that u # 0
4) T,S_w=T_u, YVu € R
5 T.T, =L+ T — 1T, — 1T, Vu,v e R\ {0}
Proof. In the above notations

T = %(Su —id)oy !

and ([[@) implies that
T°S, = S, T°, Yu,w € R

Since the constant function 1 is fixed both for S, and for T,,, it follows that
TSy = STy, Yu,w € R

and therefore also
T,T, = T,T,, Yu,w € R
which implies that assertions 1) and 2) are satisfied.
Now notice that translations commute with the operation of taking prim-
itives, i.e. if P is a primitive of P’, then Vv € R, S, P is a primitive of S, P,
that is

1
T.S,P" = —(S, —id)S,P
u
1
- E(SUJFU - SU)P
L (Surw —id)P + ~(id — S,)P
= —(WPutv — —14 — Oy
w u
_ (u +vTu+v B ETU)P'
U
This proves 3). In particular, choosing v = —u, one finds T,,S_, = T, and
4) holds. Finally, from the identity
1 1
T.T,=-T,S,—-T,
v v
and from 3), the assertion 5) follows. O



2.2 Polynomial extensions of the Heisenberg algebra

Recall that the 1-dimensional Heisenberg group, denoted Heis(1), is the
nilpotent Lie group whose underlying manifold is R x R? and whose group
law is given by

(t,2)o(t, ) = (t+t'—20(2,2), 2+72); t,t' €R; z:= (o, B),2 = (, B) € R?
where o( -, - ) the symplectic form on R? given by
o(z,7)=af —d'B; z:=(a,p),7:=(,3)cR?

In the Schroedinger representation of the real Lie algebra Heis(1) one can
define the centrally extended Weyl operators through the map

(t,2) e R x R? = W(t, 2) := oi(V2(Bg—ap)+t1) _ W(2)et (17)

where the Weyl operators are defined by

W(e) = V20D 2= (0, ) €R?
From the Weyl relations
W(uw)W (2) = e @AW (2 + u) (18)
one then deduces that
W(t,2)W (', 2') =W((t, z)o(t,2)) (19)

i.e. that the map ([[9) gives a unitary representation of the group Heis(1).
The generators of the centrally extended Weyl operators have the form

up + a1q + a1l =:up + P'(q) (20)

where u € R and P is a polynomial in one indeterminate with real coeffi-
cients of degree at most 1. Thus they are exactly the elements of the one
dimensional Heisenberg algebra heis(1).

Replacing P’; in (RQ), by a generic polynomual of degree at most N (in one
indeterminate with real coefficients ), one still obtains a real Lie algebra
because of the identity

[up + P'(q),vp + Q'(q)] = ulp, Q'(¢)] — v[p, P'(q)] = —in@Q"(q) +ivP"(q)

and, since Ry|[x] has dimension N + 1, this real Lie algebra has dimension
N + 2 on R.



Definition 1 For N € N, the real Lie algebra
heis(1,1,N) :={up+ P'(q) : wu€eR, P €Rylz]}

is called the (1, N)—polynomial extensions of the 1-dimensional Heisenberg
algebra.

The notation (1, N) emphasizes that the polynomials involved have degree 1
in the momentum operator and degree < N in the position operator. With
these notations the (1, N)—polynomial extensions of the centrally extended
Weyl operators are the operators of the form

W(u, P') =@t @ -y e R : P’ e Ryla] (21)

By analogy with the 1-dimensional Heisenberg group, we expect that the
pairs (u, P') € R x Ry[z] form a group for an appropriately defined compo-
sition law. The following theorem shows that this is indeed the case.

Theorem 1 For any (u, P'), (v,Q’) € R x Ryx] one has
W (u, PYW (v, Q) = W((u, P') o (v, Q")) (22)

where

(u, P')o (v,Q) == (u+v, T, (TP +T,5,Q")) (23)
Proof. From Proposition [, one has

W(u, Pl) _ eiup—l—iP/(q) _ 6iTuP/(q) 6iu]o
Therefore
W(u, Pl) W(U, Q/) _ 6iu;o-i—iP’(q) 6ivp—l—iQ’(q)
_ ez’TuP’(q) eiupeiTvQ’(q) eivp
—  TuP'(9) (iToQ' (g+u) gi(utv)p
— (TP (9)+TuQ (g+u)] pi(utv)p

—  ilur)p T (TuP () +T05uQ' (0))

= W(utv, T (TP +T,5.Q)

This proves (22) and (R3). O
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Remark 1 The associativity of the group law ([23) can be directly verified
using Lemma [3.

Our next goal is to determine the (1, N)-polynomial extensions of the
Weyl commutation relations. To this goal define the ideal

RN[I‘]Q = {PQ € RN[ZL‘] : PQ(O) = O} (24)
Thus the projection map from Ry [z] onto Ry[x]y is given by
P'(z) € Ry[z] = (P")o(z) := P'(z) — P'(0) € Ry[z]o (25)

and, in the notation (B5), the (1, N)-polynomial extensions of the centrally
extended Weyl operators (1)) take the form

W(u, P') = et P(@) — ilup+(Po(@) i) . e R . P e Ry [z] (26)

The analogy between (R6) and ([J) naturally suggests the following defini-
tion.

Definition 2 The unitary operators

W (u, P) = @@+ 4 e R ; P eRylzlo (27)
will be called (1, N)—polynomially extended Weyl operators.
From (B2) and (B3) we see that, if P;, Q) € Ry[z]o, then in the notation (P7)

one has
W (u, B)W (v, Q) = W (u+ v, T} (TP + T,5.Qp) = (28)

=W (u+ v, (T2 (Tu Py + T Su@p) o) € Torve TeFE+T25.Q0)(0)

By analogy with the usual Weyl relations we introduce the notation

o((u, Fy), (v, Q0)) =T, (TP + T,5.Q))(0) (29)

ie. o((u, P, (v,Qy)) is the degree zero coefficient of the polynomial
T, (T P, +T,S.P;) € Ry[z]. Notice that the map

((u, Fp), (v,@0)) = ((u,v), (Qu, Fp)) = o ((u, Fp), (v, &)

11



is linear in the pair (@, ;) but polynomial in the pair (u,v). This is an
effect of the duality between p, which appears at the first power, and ¢, which
appears in polynomial expressions.

In order to prove the (1, N)—polynomial analogue of the classical Weyl rela-
tions ([L8) one has to compute the scalar factor (B4). We will compute more
generally all the coefficients of T,,)!,(T,P{ + T,S,Ps). In view of ([J) this
leads to compute the powers of the matrices T'(w) given by (B).

Lemma 3 Letk € {2,...,N} andw € R\{0}. Then, the matriz of (T'(w))¥,
in the monomial basis {1,z,..., 2N} of Ry[z], is given by
(Tz‘[f](w))ogi,jgzv; where
k k
T (w) =t (w) (30)

/[:7.7

the coefficients t;;(w) are given by (§) and the C’Z[IE] are inductively defined by

N
k h) ~lk—1
Cz[]} = ZC'(,j)Cz‘[,h ! (31)
h=0
where _ .
(j+1—1)!

o™ = o
w (h+1—i)!(j+1_h)!X{ <n<jy(h)

and 02[1} = X{i<j} for alli,j =0,...,N.

Proof. We prove the lemma by induction. For £ = 2, one has

L (41 s 1 (G+1Y
tih(w)thj(w) = X{i<h}X{h<j}h+1 ( 1 )w ( h w

J+1
S PO L [ )
- (M G (h+1—49)!(j+1—h)
h
=ty ()Y 32)
where , .
(G +1-9)!

R [T A TR
It follows that



Now, let 2 < k < N — 1 and suppose that (B{) holds true. Then, one has

Ty (w Z T ()t (w

Using induction assumption, one gets

[k‘+1 Z ch th] [k] (33)

Therefore the identities (B1), (B2) and (B3) imply that

/[/7]

O
As a consequence of Theorem [ and Lemma [, we are able to explicitly
compute the scalar factor in the (1, N)-polynomial extensions of the Weyl

relations (B§).

Proposition 2 In the notation ([3]), for any u,v € R and for any P{, Py €
Ry|[x]o given by

Pl(z) =z + ... +ayz™, Py(x) = Bz + ...+ By

one has
o((u, P), (v i K —(u+ ) zji:(—nmcgj’;]) (34)
(X {tmwan+ta) X (Smbi})]
J<h<N h<k<N

where the coefficients (S, )k are given by (I3) and with the convention

C([]O; di0, o =Po =0, tj;(w)=1, forallj=0,...,N.

13



Proof. Let u,v € R and P/, Pj € Ry[z]o be as in the statement. Then,
using together Lemmas [I, § and identity ([[J), we show that

T TP + T8, P3) () = (T, (TP + T,5.P;))o(x)

5=0 J+ m=0
(2 {t@an+ta) Y Sowsi})]
J<h<N h<k<N
O
Definition 3 For N € N, the real Lie group with manifold
R xR x Ry[z]o = R x Ry[z] (35)

and with composition law given by

(u, P"Yo (v,Q") :== (u+wv, T;EU(TUP' +71,5.Q")

is called the (1, N)—polynomial extensions of the 1-dimensional Heisenberg
group and denoted Heis(1,1, N).

Remark 2 The left hand side of (B4) emphasiyes that the coordinates

(t,u,aq,...,ay) € RN*2 of an element of Heis(1,1,N) are intuitively in-
terpreted as time t, momentum wu and coordinates of the first N powers
of position (a1, ...,ay). Putling t = ag is equivalent to the identification

R x Rylz]o = Ry|[z].

2.3 The discrete Heisenberg algebra {1, p, ¢}

From Definition [[], it follows that {1, p, ¢} is a set of generators of heis(1,1,1)
so that
heis(1,1,1) = heis(1)

Moreover the composition law associated to Heis(1) is given by the following.

Proposition 3 Let P{(z) = ag + aqz, Py(x) = Py + frx and let u,v € R.
Then, we have
(u, P) o (v, Py) = (u+v,Q)

14



where

Q') = (a0 + Bo + %uﬁl _ %val) +(on + B)a

Proof. Let u, w € R. Then, one has

1 Lw 1 —Lfw 1 u
_ 2 -1 _ 2 _
n=(o %) m=(5 1) s (5 1)

Let P/(x) = ag + ayz, Py(x) = By + Biz. Then, from Thereom [, the
composition law is given by
(u, Py)o (v, ) = (u+0,Q)
where
Q@) = T (TP +T.8.P) ()

= (a0 + o+ guby — o) + (a + A)a

]
In particular recall that for all z = « + i3, the Weyl operator W (z) is
defined by
W(2) = W(a, §) i= e/ o60-on
Put
Pl(x) = BV3z, Py(x) = V31

Then from the above proposition, one has
(—V2a, P)) o (—V2/, P)) = (—V2(a + o), Q')
where
Q)= (B —af)+ (B +5)V2
Therefore, for all complex numbers z = a + i3, 2/ = o' + i/, it follows that
W(W () = W(a, W (d,5) = eleB-aB)i(VEE+6)p—vEata'p
= e BENW(2+2)

Remark 3 The above proposition proves that the composition law given in
Definition [ is indeed a generalization of the composition law of the Heisen-
berg group.

15



2.4 The discrete Galilei algebra {1,p,q,¢*}

In the case of N = 2, the composition law is given by the following.
Proposition 4 Let P|, Pj € Ry[x], such that P|(z) = g + 17 + azx® and
Py(x) = By + Bix + Box®. Then, for all u,v € R, we have

(u, P{) o (v, ) = (u+v,Q)
where Q'(x) = v + fx + ax? with

1 1 1 1
v = g+ P — Fvon + §uﬁl + 6(1} — u)vag + g(u — v)ufs

B = o1+ B —vas +ubs
a = ay+

Proof. From Lemma [ll, the matrices of T,, and T, !, in the monomial basis
{1, 2,2} of Ry[x], are given by

1 1 1 1
]_ Ew ng 1 —EUJ sz
T,=(0 1 w |, T,'=(0 1 —w
0 0 1 0 0 1

Moreover, identity ([[3) implies that

Let P/(x) = ag + a1x + aoz?, Py(x) = P + fiz + B22? and u,v € R. Then,
using the explicit form of T}, T, and S,, it is straightforward to show that

Tz:+1v<TuP1/ + TvSuPé)(x) =7+ Bx + oz’

where «, 3,7 are given in the above proposition. Finally, from Theorem [l
we can conclude. O

3 Polynomial extensions of the Heisenberg
algebra: Continuous case

Let b and b, satisfy the Boson commutation and duality relations

[btab:] = 5<t - S) ; [bJr bJr] = [btabs] =0; (bs)* = b:

t Vs

16



where t,s € R and ¢ is the Dirac delta function. Define

by + bzr by — bzr
gy = y Pt = —
V2 iv/2
Then
[qrops) = i0(t —s) 5 [af . ps) = ikqi'(t—s), k>1
[Qtaqs] - [ptaps] - [Qfaqf] = [Qfac.Is] =0
and

(6:)" =a.; (@) =55 (0)" =ps
Now for all real function f € L*(R N L*(R), we define

Mﬁzégwqu%ﬂzéfmkaeN

Proposition 5 For all real functions g, f1,. .., fn € L2(R)NL>*(R), we have

G (P@+a" (fa) 4 ta(f)) — i Shes Sheo gertmm @ (65" k) ip(9)

Proof. Consider real functions g, f1,..., fn € L*(R) N L>®(R). Put

U, = it (p(9)+a" (fu)+.Fa(1) ,=itp(9)

Then one has
QU = idt PO Bt (p(g) 4+ g (fu) + ... + g(f1))e O
i@ (Fu)cta(10) () e—it0(9)

- ieit(p(g)+q"(fn)+---+q(f1)) (" (fn) + ...+ q(fr))e )
Z'eit(p(g)ﬂ"(fn)+---+Q(f1))e—itp(g) [e”p(g)(q"(fn) 4o+ q(fl))e_”p(g)]
U™ (q"(fo) + -+ q(f1)e” 9] (36)

Note that
(10 (e = [ 00 )
R

17



Put
Vie = eiztp(g)qic‘,filtp(g)

Then, one has
OWVis = eI [p(g), gJe

- ieitp(g)/Rg(u)[pu,qs]e_itp(g)
_ / 9(u)8(s — u)du = g(s)

This gives
%,s =qs + tg(S)

It follows that A '
eI qre ) = (g, +tg(s))"

Therefore, one gets
O ()0 = [ g ()

(gs + tg(s))" f(s)ds

(1) [ o= s
= 3 ()t

Using identities (BG) and (B7), one gets

o0U; = Ut( i (z) tk_hqh(gk_hfk)>

This implies that

I Il

I
>
?THM
(e}

kitk—h+1 h

U ZZk 12}1 0 (k+ti—h)th1 4 (g k_hfk)

Finally, one gets

gitk—h+1 4

cit(P(9)+a" (F) - Fa(f1) — oi Xims Xhimo (itimymrd” (9" " F) itp(g)

18



As a consequence of the above proposition, we prove the following.

Lemma 4 For all real functions g, f1, ..., fn € L*(R) N L>®(R), we have

i (P@)+a(F) ot a™ (£2)) — Ty (a(f1) " (f) pinlo)

where

k
T h:=;;k+1 T @ = [ T 69

with Tyy = 1 +T(g(s)), where, for all s € R, T'(g(s)) is given by Lemma [1.
Proof. From Proposition ], one has

ei(P(g)JrQ(fl)+...+qn(fn)) _ eizﬁzli'ﬁzom(;h(gk‘%)ez‘p(g)
= eizzzquqk(fk)eip(g)

Moreover, one has

T, (fo) = /R<hzzok+1 ) o

Now using identity ([[(J), it follows that

k
Z k;+1 ,h,q?g’“ "(5) = Ty (d)
0

This ends the proof. O

Lemma 5 For all real functions g, fr € L*(R) N L>(R), we have

T (fy) = Agmmm>

Proof. Let g, fi. € L*(R) N L=(R) be real functions. Define F, as follows
R () = [ T ) sil)ds
R
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Then one has

k : k:' k—h
Fy(Tyq"(fr) = hz%m 0" (9" fr)
- k! B
= h_om/Tg(s)( q.)g" () f(s)ds
L 3
- /R%(; mfl? s ))fk( )ds
= [ @ T @D
= ¢"(fi) = T,(Fyq"(fx))
which proves the required result. 0]

Theorem 2 Let g, f1,..., fn, G, Fi,...,F, € L*(R) N L®(R) be real func-
tions. Then, the composition law associated to the continuous polynomial
extensions of the Heisenberg algebra is given as follows

(9, 4(f) + -+ ¢"(fa)) o (G, q(FY) + ... + ¢"(Fp))
=(9+G, g+o(T (@(f) + 40" (fa) + TeSe(a(Fr) + -+ " (Fy)))

where for all real function f € L*(R) N L>®(R), we have

S0 = [ @ o) $6)ds = [ Sya)fds (9
R R
with Sg(s) is the translation operator.

Proof. Consider real functions g, fi, ..., fu, G, Fi,..., F, € L*(R) N L>=(R).
Then, from Lemma [, one has

i(p(9)+a(f) A" (f)) i (P(G) +a(FL)+.tq™ (Fr))
_ oilatr)+tan (1)) pin(9) i(a(Fr)+ g™ (F)) in(G)
— ilaf)++an(f)) (emg)ez’(q(F1>+...+qn<Fn>)e%p(g)) £iP(9+G)

9]

_ ei(q(f1)+...+q"(fn))ei(eip(g)CI(Fl)eﬂp(g)+...+eip(g)qn(Fn)e’ip(g))eip(ngG)
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But, from identity (B7), one has

200 gk (Fy)e™9) = / (g + 9(5))* Fy(s)ds = Syq*(F)
R
This gives

i (P@)+a(f)+ 40" () i (P(G)+a(F)+. 44" (Fn))
— (T @)+ (J)HT6Sg (@(F) ™ (F)) ip(9+G)
_ oilpla+ O+ T (T () +T6 o (a(F)+ ™ (Fn))))

which ends the proof of the above theorem.

0

3.1 The continuous Heisenberg algebra {1,p(f),q¢(f)}

For all f € L*(R), define

B(f) = / b f(s)ds, B*(f) = / bt f(s)ds

Let f = fi+ify, g = g1 +ig2 € L*(R) such that f;, g;,7 = 1,2, are real

functions. Then, a straightforward computation shows that

B(f)+ B*(f) = V2(a(f) +p(f2)) = a(f)) +p(f3)

where for all i = 1,2, f/ = v/2f;. Recall that the Weyl operator, associated

to an element f = f; +ifs € L*(R), is defined by

W(f) = dBOTBYE) — Vel tp(i2) — gl +p(iy)
Note that from Theorem [}, one has

e a(fD)+p(f3)) gialgh)+p(92)) — ei(p(féJrgé) Tishal (Tryat 4T, Spaah)

But, one has
Tf2 f1 /f1 f2 dS"“](fl)

and

TySpsa(al) = [ 66)15)ds + 5 [ di(s)aalshds + ala)
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Moreover, recall that the matrix of 7! .. , . in the canonical basis {1, z}
f3(8)+g5(s)

1 —5(fa(s) + g3(s))
0 1
This proves that

Tkl = =5 [ fi6)fds =5 [ feaeasar @)

Tihgale) = =5 [ A s =5 [ doeds+ae) (@)

Therefore, using identities (f(])—(E4), one gets

of Ry[z] is given by

Finally, by taking f/ = v2fi, ¢/ = V2g;, i = 1,2, in (E), one obtains the

well known Weyl commutation relation

W(f)W(g) = e SU9W(f + g)

GaUD+p(F9) ila(9)+p(9) — o5 ({91550 =(F195)) pila(fi+90)+(fh+ah)) (45)

3.2 The continuous Galilei algebra {1,p(f),q(f),*(f)}

The composition law associated to the continuous Galilei algebra
{L,p(f).a(f),@(f), f=f€L*(R)NL¥(R)} is giving by the following.
Proposition 6 For all real functions g,G, f1, f2, F1, Fy € L*(R) N L>®(R),
we have

(g q(fr) + q2(fz)> o (G q(F1) + q2(Fz)>
= (9+ G500, F) = 5(G. 1) + 540 (9= GV + (G (G~ 9)f)

Ha(f1) + a(F) + a(gFs) — a(GF) + ¢*(f2) + ¢*(F))

Proof. Recall that the matrices of T}, Sy(s) and Tg_(sl)JrG(S) in the monomial
basis {1, z, 2%} of Ry[z] are given by

1 g(s) g(s) 1 39(s) 39(s)?
Sey =1 0 L 29(s) | , Typ=| 0 1 g(s) |,
0 O 1 0 0 1
1 1 —1(g(s) +G(s) (g(s) +G(s))?
Tos+a(s) = 8 1 —(g 3)1+G s))
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Using all togethers the explicit form of the above matrices, identities (Bg),
(B9) and Lemma [, one gets

Se(a(F) + ¢ (F)) = (g, ) + (9%, Fo) + q(F) + 2q(gF») + ¢°(Fa)
ToSy(a(F) + (F) = (g, Fi) + (6 Fs) + 5(G, Fi) + (G, gF3) + 5 (G o)
+q(F) + 29(gF2) + ¢(GF) + ¢*(F)

Ty(q(f1) + ¢*(f2) = 59, f) + %<927 f2) +alfr) +algfo) + @ (f2)

T, o(Tyla(fr) + ¢ (f2) + TaSy(a(Fr) + ¢*(F))) = %<g, ) — %<G, fi)

(G, (G = 9)f2) +q(fr) +a(F1) + q(gF2) — q(G fa)

~—

M| = 2R

+é<g, (9— G)Fy) +

+¢*(f2) + ¢ (Fy)

Finally from Theorem P we can conclude.

=

O
4 The g-projection method
Because of the relation (see Proposition [I)
eia(V2p) (iB(V24q) _ ,i208 iB(v2q) yia(V2p) (46)

the Weyl algebra coincides with the complex linear span of the products
¢i8(V20)¢ia(V20) - Therefore a state on the Weyl algebra is completely deter-
mined by the expectation values of these products. In particular the Fock
state ® is characterized by the property that the vacuum distribution of the
position operator is the standard Gaussian

V2q ~ N(0,1)
together with the identity
V) — g0? V204 (47)

which follows from iv2ap = —v/2aq + 2ab.

The g-projection method consists in using (f[7]) and (@) to reduce the problem
to compute vacuum expectation values of products of the form e~**F(@)e—wwp
to the calculation of a single Gaussian integral.

In the following sub-sections we illustrate this method starting from the
simplest examples.
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4.1 Vacuum characteristic functions of observables in
Heis(1,1,1)

In this section we show that the g-projection method, applied to Heis(1),
gives the standard result for the spectral measure of the Weyl operators.
From ([I7]) and the CCR it follows that

e (e(V20)+B(V20) § — piaB—0? (iB—a)(V29) g

from which one obtains

(®, ei(a(\/ﬁp)JrB(\/iq))q)) — laBg—a® (®, e(iﬁfa)(\/iq)qw

5 .
e ¢l R

_ > ezﬁm AT == Ir

V 4T R
67762046

2T R

QQ[ 1 ” x2d ]

T2 |— [ e 2dx
\/27r/R

_a? 82

= [ 2 6_7

a —(zta)?
ezﬁxe 5

dx

= €

In particular, for all z = o + i3, 2’ = o’ + i3, one has

(W(2)®,W(®) = (&, W(—2)W()D)
e—ig(zg’)<q)’ eiﬂ((ﬁ’—ﬁ)q—(a’—a)p)@>

2
_ ===

_iC¢( >l
— ¢ iS(zz )6

4.2 Vacuum characteristic functions of observables in
Heis(1,1,2)

In this section we use the g-projection method to give a derivation of the
expression of the vacuum characteristic functions of observables in {1, p, ¢, ¢*}
different from the one discussed in [| [x.].

Proposition 7 For all, a, B, v € R, one has

2 2

<(I)’ eia(ﬂQ)2+i5(\/EQ)+“/(\/EQ)(I>> — (1 _ 22'(1)_% 62(1121'(1) e 2(1§2ia) ei 1f;ia
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Proof. Put

Uy (0) = (P, eia(ﬁq)2+iﬁ(\/5q)+'y(\/§q)q)> _ E(eiax2+i5X+WX)

where X is a normal gaussian random variable. Then, one has

V(B) = dE(X XTI (48)

1
= —— | ze
\/27r/R

Taking the changes of variables

2
i 4 _z=
ox -Hﬁx-‘,—’ya:e > dr

u(x) — eiax2+iﬁx+’yl” UI(ZL‘) — l‘eié

Then, one gets

Sk

W () = (2iax +iff 4+ )T Ty (r) = —¢”
This gives
E(XeiaXQ‘LiﬁXHX) _ QiQE(XeiaXQJriﬁXqL'yX) + (iﬁ + 7)E<eiaX2+iﬁX+’yX) (49)

Therefore, identities (f§) and ([i9) imply that

/ o Z’Y _ 6
N(B) = 75, 11 (P)
which yields
Wi(8) = Ola,y)e e 7T (50)

where o
Cla,7) = ¥1(0) := Uy(y) = E(emx MX)

Now, one has
Wh(y) = B(XeHY)

1 — a2
= —— [z M2y
V21 Jr

Taking the changes of variables

T2 22
h(z) =% ['(z) = xe 2
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It follows that

N

x

W (x) = (2iaz + 7)™ I(z) = —e~ 7
Then, one obtains

Uy () = 2iaWy(y) +y¥a(y)

This implies that

2

Wy(7) = C(a)em™7m (51)
where
C(a) = U5(0) = E(*¥) = (1 — 2ia) "> (52)

Finally, using identities (BQ), (B1]) and (£2), one obtains

2 2

<(I)’ eia(\/iQ)2+i5(\/§Q)+“/(\/EQ)(1>> — (1 _ 22'&)_%62(1122'04) e 2(1§2ia) eilf;ia

Theorem 3 For all A, B, C € R, one has

1 402 (A2t 2iAt3)—3 M |22

<(I)’ eit(A(\/EQ)QJFB(\/i(I)JFC(\/ip))(I)) — (1 _ QitA)iﬁe 6(1—2iAt)

where M = B +1C.
Proof. We have
it(Aq® + Bq + Cp) = itCp + it P'(q)
where P(X) = $AX® + 1BX?. Then, Proposition [ implies that
oit(A®+Ba+Cp) _ eitw (itCp (53)
But, one has

P(g+tC) — P(q)

1 1
= A¢*> + (tAC + B)q + SIBC + gA(tC)2 (54)

tC
Using (p3) and (p4)) for getting
(i(AG+Ba+Cp) _ eit(%A(tC)QqL%tBC) eit(Aq2+(tAC+B)q) LitCp
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It follows that

HA(V29)?+B(v/24)+C(v/2p)) 6it<%A(tC)2+tB(J) 6it<A(\/§q)2+(2tAC+B)(\/§q))

eitC(V2p) (55)

Therefore from (b3), (1) and ({7), one has

¢HAWVZ* +BV20)+C(WID) § — (iH(FACPPH(BHIO)C) yit( A0+ 2ACH (B+iC)(V20)) ¢
(it(3AC2EHMO) it (A2 RACHM (VD) (56)

where M = B 4 1C'. Now, by taking
a=At, f=2ACt* + Bt, y=—Ct

and using Proposition [f], one gets

(@, AV HRACHM(VID) gy — (] — QiAt)—éeg(ﬁiﬁt) e
e S (57)
Finally, identities (bf) and (57) imply that
(B, ANV BV CWVINGY = (1 — 2t A) b’ b

This ends the proof. O
Using together Proposition [l and Theorem [J, we prove the following theorem.

Theorem 4 For all o, B;,7; € R, i = 1,2, we have
(1 (V2*+H1 (V24 (V) itz (V20)* +52(v20) +72(V2P)) )

1 Ltz 6842542
= (1 — 2i<a2 — al)t)fﬁeﬁ(l—%(%—%)t)

where

L = —A(aayz — aem)Blarye — aem) 4 2(az — a1) (71 + 72)]
+4(v2 — ) (0 — an)?
Zy = 12[(ag — 1) (Bry2 — mB2) — (B2 — Br) (a2 — aom)]
+4i[2(ap — a1)(y2 — 1)? + (11 + 72) (0271 — a1y2)]
Zy = =3(v2a—m)*+6i(B172 — 115)
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Proof. We have
<6it(a1(ﬂq)2+61(\/5q)+71(\/5p))q>’ eit(tm(\/5Q)2+B2(\/5q)+72(\/5p))q)>
— (D, e—it(al(\/5q)2+51(\/5Q)+71(\/5p))eit(az(\/5Q)2+B2(\/5q)+72(\/5p))q>> (58)

Put
P{(z) = —tV2piz — 2taa?
Py(x) = tvV/2Bx + 2taa’
Then, Proposition f| implies that
(=tV2m, P)(tV2y2, Py) = (8V2(72 — 1), @) (59)
where Q'(z) = C'+ Bz + Ax? with

2
C = (Biv2—mba)t’ + 3

B = \/5(52 — Bt + 2\/5(04172 — apm )t
A = 2(0(2 — Ozl)t
Therefore, from identities (p§) and (pY), one obtains
(eit(al(\/iq)2+51(\/5q)+71(\/§p))q)’ eit(az(\/iq)2+62(\/5q)+72(\/5p))q>>

(71 + V2) (aay1 — arye)t?

— ei((51’72*’7152)t2+§(71+72)(a2717a172)t3)

it((ozz—oz1)(\/5q)2+<(52—51)4—2(04172—&271)15)(ﬁq)+(v2—71)(\/5p))
(D, e o)

Now, from Theorem [, one gets
(e it(a1(v29)? +51(\ff1)+’71(\fp))q> it(02(v20)*+B2(v20) +72(V2p)) q>>
— 62((51’72*“/152)t2+§(’71+72)(042’71*aw2) )(1 iy — o )t) ™ 3

410 —1)% ((an—ay)?t4 1 2i(ag —a1)t3) —3|M|2¢2

e 6(1—2i(ag—aq)t) (60)

where
M = (B2 = B1) + 2(1ye — aem)t +i(72 — 1)
Finally, using the identity (BQ), it is easy to show that
<€i15(0fl(\/5(1)2+51(\/§q)+“/1(\/517))(1)7 eit(a2(\/5f1)2+52(\/54)+“/2(\/§p))q)>

1 Ltr4 216842542
= (1 — 2/@'(@2 — al)t)_ieﬁ(l—%(%—%)t)

where L, Zy, Z5 are given above. O]
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4.3 Vacuum moments of observables in {1,p, ¢, ¢*}

In this subsection we use the results of the preceeding section to deduce the
expression of the vacuum moments of observables in {1, p, ¢, ¢°}. The form
of these moments was not known and may be used to throw some light on
the still open problem of finding the explicit expression of the probability
distributions of these observables.

Theorem 5 Define, for A, B,C € R
X = A(V29)* + B(vV29) + C(V2p)

Then |
nFR\ "nl i
i1+2i2+...+kik=n
where
Ak Ak—Q Ak—3 Ak—4
Wy = ok T’VX{kz2} T3 BX{k>3) + 16 QX {k>4}
with

2 4 1 1
:_AQQ :_AQ :__MQZ__BQ 2
a=ACY, B =ACY v=—5|M]| 5B+ %)
Proof. Recall that
E(eitX) _ ego(t)
where
att 4+ ift* + yt?
1 —2iAt
with «, f and v are given above. Hence, one has
1 /d\n
E(X") = —(—)
(X7) i \dt
Now we introduce the following formula (cf [§])
dn 22npl W (t)\ i AN
D ept) r -\ (t)
0=y !< ) ( ) e?®  (62)

dtm o R PR 7 1! k!
i14+2i2+4...+kig=n

1
o(t) = —3 In(1 — 2iAt) +

t:0 e?(t) (61)

Put
©1(t) = at* +iBt3 + %, po(t) = (1 — 2iAt) ™",

pslt) = —3 In(1 = 20A), 9(t) = r(1)ea(1)

29



Note that
oP (1) = (2iA)RI(1 — 2iA8) Y, o (1) = %(ZiA)’“(k ~ )1 — 2iA) 7 (63)

Then, one gets

990 =Y ()

Because cpgh)(t) =0 for all h > 5 and ¢1(0) = ¢}(0) = 0, one gets

Ko ey k!

990 = ol 0 4 i B0+ a0 6

where by convention gog_j )(0) = 0 if ¢ < j. Therefore, identities (£3) and
(4) imply that
g™ (0) = KN(2iA) P yxqzay + k1 (20A) 7 Bx sy + KN(20iA)  ax s

Then, for all £ > 1, one obtains

PO i)+ g0

k!
. Ak Ak—2 Ak—3 Ak—4
9 (—_ _ )
(Z) 9% 1 TYX{k>2} 3 5X{k23}+ 16 QX {k>4}
= (20)Fwy
where
Ak Ak72 Akf?; Ak74
We = o T T X2 T g BXx{r>3y + TR
Thus, from identity (), one has
d\" 22nn| , o '
— et) Ni14...+ki i1 ik
(dt) 0" - Z , i1!...ik!<22)1 LWy
i1+2i2+...+kip=n
= 1 Z ﬁwll U}kk

. . . gt
i14+2i2+...+kip=n

Finally, by using identity (B1]) the result of the above theorem holds true. [J
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4.4 Vacuum characteristic functions of observables in

Heis(1,1,N)

From (B) and (1) we deduce that

iy Platw) =P (q)

<(I), eiwp—l—iuP/(q)(I)) _ <(I), P eiwpq)>

iy Platw) =P (a)

= (P, T )

-y Platw) —P(q)

— 6—11}2/2((1)’62 — e—wqq)>

because

V) p — o o=V2a4g

The g-projection method reduces the problem to an integral of the form

(D, eiQ(q)@

where () is a polynomial.
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