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D. Tlalolini, C. Chevallereau, and Y. Aoustin

Abstract— Fast human walking includes a phase where the non-trivial feet. In reference [10], solving an optimizati
stance heel rises from the ground and the stance foot rotates problem considering under-actuated, fully-actuated avet-o
about the stance toe. This phase where the biped becomes,.iaied phases for planar motion, is shown that for fast

underactuated is not present during the walk of humanoid robots. ti th f a foot rotati b-oh d ctuat
The objective of this study is to determine if the introduction of motions the use of a foot rotation sub-phase (under-aciuate

this phase for a 3D biped robot is useful to reduce the energy Phase) is significant to reduce the energy consumed during
consumed in the walking. In order to study the efficiency of this the walking. Then, it is extremely important and interegtin
new gait, two cyclic gaits are presented. The first cyclic motion to study the walking gait of an anthropomorphic biped with
is composed of successive single support phases with flat stanceyiation feet. In this paper, the mai iective is to extend
foot on the ground, the stance foot does not rotate. The secdn . . ’ . ’t% .
cyclic motion is composed of single support phases that includesour a”a',ys's of optlmal reference with rqtat'on to FI[HI
a sub-phase of rotation of the supporting foot about the toe. trajectories generation for an anthropomorphic robot toeve
The single support phases are separated by a double supportan optimal fast motion. Therefore, the efforts are focused o
phase. For simplicity this double support phase is considered the design of reference trajectories for a dynamically Istab
as instantaneous (passive impact). For these two gaits, Opt'malwalking three-dimensional biped robot including foot tia.
motions are designed by minimizing a functional torques cost. | cular. i d Ive th d . obknd
The given performances of actuators are taken into account.tl n particular, in or ?r,t_o solve the un er'actuat'on pr
is shown that for fast motion a foot rotation sub-phase is useful t0 ensure the feasibility of the robot’s motion during thetfo
to reduce the functional cost. These gaits are illustrated with rotation sub-phase, we chosen the geometric evolutioneof th
simulation results. robot [11], [12]. It corresponds to a motion compatible with
Index Terms—Biped robot, robot dynamics, Fully actuated the dynamic model so that the center of pressi@eP) is
robot, Newton-Euler algorithm, Cyclic walking gait, parametric ~ forced to remain strictly of the front limit of the stance fpo
optimization. allowing the foot to rotate. The gait under study consists of
successive single support phases separated by instansaneo
I. INTRODUCTION double support phases. Single support phase is separ&ted in

The design and development of anthropomorphic robdo sub-phases, a flat foot sub-phase and a foot rotation
with capability of walking naturally like human is one of thesub-phase, in function of the biped velocity and the energy
current greatest Cha”enges of science. Research effagted cost. Motions mlnllelng an integral criterion based on the
in recent times to the development of remarkable anthropéctor of the square of the torques are defined for a gait.
morphic robots as the Honda Humanoid Robot introduced firthermore, some constraints such as actuator perfoesanc
1997 [1] ich could go up/down stairs. ASIMO appeared iand limits on the ground reaction force are taken into actoun
2000 [2] h walks continuously while changing directo Section Il presents the geometric description and dynamic
JOHNNIE at the Technical University of Munich [3], whichmodel of the three-dimensional biped robot using Newton-
overall We|ght is about 40 kg and the he|ght is 1.80 m. HRF@J'ET formulation. Section Il is devoted to the developm
is another humanoid robot showing abilities to work wittihe impact model for the instantaneous double support phase
human [4]. Despite that each of these robots are notewoothy fidding Newton variables to define the velocity of the refeeen
their autonomy and interaction with their environment sincframe attached to the sole of the foot. The formulation of the
these combine many desirable features needed to satisfy @séimization problem for optimal cyclic gait with and witab
dynamic b|peda| locomotion close to human |ocomoti0n’ thé90t rotation are defined in section IV. In the section V the
only execute flat-footed (fully-actuated phase) walkingpri various constraints and the cost function taking into antou
studies of human walking gait authors proved the fundarhenfi#/fing the optimal processes are defined. The simulation
role of the feet during the walking gait in double suppori€sults are presented. The COE%ions are given in se¢tion
phases and in single support phases. Thus, for human walking
gait in single support, a rotation of the foot is observechwit [I. M ODELING OF THREEDIMENSIONAL BIPED ROBOT
a partial contact of the sol with the ground, located betwe%n The biped
the heel and the toe, [5]. Furthermore it is shown that the
feet, with joint torques at the ankle which are significant, Since a precise modeling of three-dimensional biped robot
play a role more important to insure an equilibrium of thés particularly crucial for the development of dynamically
biped than to help the locomotion, [6], [7] and [8]. Exterglin stable trajectories to achieve an anthropomorphic motian,
the analysis of walking with point feet, [9] has outlined &onsidered an anthropomorphic biped robot which geonatric
solution to the problem of walking with both fully-actuateddimensions of the bodies) and inertial (masses, positans

and under-actuated phases for a planar biped robot wifl¢ centers of mass, moments and products of inertia of each
body) distribution close to those of the human body. The
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further composed of two identical sub-chains called the,leg
connected at the hip, and a body identified as a torso, which
is not directly actuated as is depicted in figure 1. Each leg
is composed of two massive links connected by a joint called
knee. The link at the extremity of each leg is called foot whic

is connected at the leg by a joint called ankle. The general
specifications of the biped robot in terms of size and DoF
(degrees of freedom) are defined to imitate the human walk.
Therefore, each ankle of the biped robot consists of théapitc
and the yaw axes (flexion/extension and abduction/addhctio
and one additional roll axis to take into account the foostwi
rotation. The knees consist of the pitch axis (flexion/esitmm)

and the hips consist of the roll, pitch and yaw axes (rota-
tion, flexion/extension and abduction/adduction) to cituntst

a biped walking system of two 3-DoF ankles, two 1-DoF
knees and two 3-DoF hips, table I. Each revolute joint is
assumed to be independently actuated and ideal (friceshle ‘
The action of the walking motion associates single support  ___..__.._..__..__.._..__..__......_..__.....__..

Right leg

phases separated by impacts with full contact between tee %99. 1: The studied 3D biped, the Cartesian coordinates are indicated

of the feet and the walking surface (ground). at the middle of the hips and the toe of the feet with respect to the
reference frameRs(xs, Ys, Zs), attached to the sole of the foot.

Joint Motion specifications ﬂgu"@

Rotation Roll
Hip Flexion/Extension Pitch
Abduction/Adduction Yaw
Knee Flexion/Extension Pitch
Rotation Roll q
Ankle Flexion/Extension Pitch 4, 9
Abduction/Adduction Yaw %;:
2 x 7 DoF = 14DoF 6
TABLE I: Activated Degrees of Freedom. stance
table leg

The model which describes the dynamic during the single 9 q,
support phase and the model which describes the dynamic %
when the swing foot impacts the ground are derived using the
Newton-Euler method. The vector= [qo, ...,q14]" (figure 2, @
left-hand side) describes the shape and the orientatioheof t “J&x

bipe ring a single support phase where the amyges . . . . .
Lp % dg t t% F:p ft?] tati fth tm]lj f Fig. 2: Model of the studied biped with coordinate convention. In
(% » denote the angie of the rotation of the stance 10Q5y oation sub-phaseyy, denotes a relative angle, while in flat-

about its toe. During the flat-foot sub-phase the stance fagbt sub-phasey, = 0 is an absolute angle.

remains flat on the groundyp = 0, is now an absolut glefigure

referenced to the framBs(xs ). Thus, the vector nt

configuration is reduced tq%)l,...,qmﬂ, (figure 2, right-

hand side). The torques are grouped into & 14orque vector seven (swing foot) is considered the terminal link. Therefo

[ =[l1,..,M14". The torquer; is applied at jointg; for 1< we have a simple open loop robot which geometric structure
i <14. can be described using the notation of Khalil and Kleinfinger
[13]. The definition of the link frames is presented in figure
3 and the corresponding geometric parameters are given in
) . ] _ Table Il. The frameRs is fixed to the tip of the piaht foot to
To define the geometric structure of the biped walkingyym a right-handed coordinate frame. The fra;t% fixed

system we used the parametrization proposed for the maniyithe tip of the left foot in the same way &. Each foot is
lator robots. We considered o metric cyclic walkinggh getermined by the width, and the length_.

the definition of the complete motion can be reduced to the

definition of the motion for one half step. Since the toe of the ] )

right foot (stance foot) is in support during all the studredf C- Dynamic modelling

step, the reference link is the ground and the supportingifoo The gait is composed of stance phases. This stance phase
connected to the reference link by a rotating jajpt The link can be composed of a flat-foot phase only or two sub-phases:

B. Geometric description of the biped
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i [a() | aj 9j rj dj
o -11-7% T 0 0
1 0 2 01+ % I1 dy
21 1 | 2| gth 0 0
3| 2 f s 0 0
4| 3 0 o 0 da
5 4 0 U5 0 d5
61 5 | 7| a7 0 0
706 | -8 o 0 0
8 7 0 Js 0 dg
9| 8 5| -3 0 0
10 9 -3 Ji0 0 0
11 10 0 O11 0 di1=ds
12 11 0 Q12 0 d12 = d4
13| 12 gﬂ Q3+ 5 0 0
14| 13 | =% | qu+3 0 0
15 14 0 T lis=—l1 | dis=d1

TABLE II: Geometric parameters of the biped.

tablEJ

R = 0. Note that this sub-phase exists under the assumption
that the zero moment point remains inside the convex hull of
the foot support region.

2) Newton-Euler algorithm: The Newton-Euler method
permits to calculate the dynamic model as defined in equation
(1). This method proposed by Luh, Walker et Paul [15] is based
ont cursive calculations. Associated with our choite o
parav%jzation the following algorithm is obtained e
forward calculation, from the base (stance toe) to the teaini
link (swing toe) determines the velocity, the acceleratiand
total forces and moments on each link. Then the backward
calculations, from swing toe to stance toe, gives the joint
torques and reaction forces using equation of equilibridfm o

each link successively.
Fig. 3: The multi-body model and link frames of the biped robot. Forward recursive equations

figure

For each linkj with its associated framig;, and considering

a flat-foot sub-phase and a foot rotation sub-phase. A masdij€ ink j —1 as its antecedent, its angular velocity;, and
impact exists at the end of the half step, the impacting feot 1€ linear velocity'Vj of the originO; of R; are

assumed to be flat on the ground. The biped dynamic models

of the phase where the stance foot is flat on the ground, where

the stance foot rotates about the stance toe, and the impact {WJ = J_(*)jfl +0j g J5‘1’_ _ (2)
model are derived. Wi = JA; (Va4 e xRy
1) The single support phase model: flat-foot sub-phase: +0j g g (3)

During this sub-phase, the stance foot is assumed to remain i

flat contact on the horizontal grourick., no sliding motion, no \yith JA;_1, the orientation matrix of the framg;_; in the
take-off, no rotation. Therefore the configuration of thead frame R, 6; =0 when thej joint is a revolute jointg; = 1
is described by only fourteen coordinates. bet R'* be the \yhen thej joint is prismatic joint andsj = 1— 0, Ja; is an
generalized coordinates, whegg,...,q14 denote the relative it vector along the; axis, I71P; is the vector expressing
angles of the jointsg € R'* and ¢'c R'* are the velocity the origin of frameR; in frameR;_1. The angular acceleration

vector and the acceleration vector respectively. The dyoanys jink j and the linear acceleration of the origh) of R; are
model is easily obtained with the method of Newton-Euler

[14], which must be adapted to determine the ground wrench. iy — Al T +6<"- o o ia-> @
Thus, the model is written in the form N = A ‘,,1- qJ- i+ j-1% G)a
Re f(0.0.4 1 Vio= A (]_1Vj71+1_1Uj71]_1Pj)
|: I :| - (q’qq’F’t) ( ) +0j (ql Jaj+21wj—1xqjjaj) (5)

wherel" € R is the joint torque vectoRe = [fr,mg|" is the N - N .
ground reaction wrench on the stance foot &depresents where JUj = J@j + @) Joj. Matrices /@, € R®3 and o,

the external wrenches (forces and torques), exerted orOlinks R3*3 designate the skew matrices associated with the vectors
to the terminal link. In single support phase we assume tHa'.bj andjwj respectively.
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is equivalent to th&CoP (Center of Pressure) (see [16], [17],

A 0 —w oy [18]).
W= 0 0 _8”‘ 4) Foot rotation sub-phase, angular momentum about the
0y O toe: In this sub-phase the stance heel of the robot rises from
The total inertial forces and moments for ligkare the ground and the robot begins to roll over the stance toe.
iF = MV, 4iU; M, ©6) Thus the variablego = Z(Xs,X0)z,, iS added.

. AR o . . Let g = [go; q] € R® be the generalized coordinatep,c
M= 1360+ 0o x (13 Tay) +IMS; IV (7)) pas and g [GRE’] are the velocity vector and the acceleration

with 13; inertia tensor of linkj with respect tdR; frame,/MS; ~ vector respectively. The dynamic model is obtained from

is the first moments vector of link around the oriain oR;

frame andM; the mass of the link. =) to { Re } =f(or, 0, 6, R) (14)

the—mlee—és%anee—fee{a—rs—net—deﬂned For the iteration @ th r

stance foot, only the equatiori4) — (7) are used.

The initial conditions are

where ' € R is the joint torque vector. Since only 14
torques are applied and 15 variables describe the biped
®) configuration, the dynamic model is under-actuated.
The fact that the stance foot rotates about its toe and there i
with g the acceleration due to gravity to take into account the actuation between the stance toe and the ground;afe
gravity effect, andVo = 0 is the real acceleration of the frameis forced to remain strictly of the front limit of the stance

(.A)o:O, (:A)OZO and \-/0:\./079

Ro. foot. In order to satisfy this condition, the position ©6P is
Note that if the stance foot rotates about its toe the Inltlﬂhposed Therefore the ground reaction wren@h, on the
conditions arepy = Go¥s andVo = stance foot is rewritten as

Backward recursive equatlons
The backward recursive equations are given as, jfer

-
14,....0 Re = [ frys® fror Me Mgy S, (15)
I = IFj+f with the ground reaction moment aboyy expr@ in the
g = 71ap (9) frameRs, my, =0.
jmj _ ij JrjAHl j+1mj+l+jpj+l Xjfj+l (10) From the fact thatyy defines only the orientation of the

biped as a rigid body rotating about its toe, the angular

These recursive equations will be initialized by the foraed momentumoys about axisys is denoted by:

moments exerced on the swing toe by the environmgng

and 'mj,1. In single support'fj, 1 =0, 'mj,1 = 0. When 0,5 = M (XemZem — XemZem) (16)

j=0, % and®mg are the force exerted on the stance foot,

i.e, the ground reaction force and moment rewrittenas where m is the mass of the bipedicm and zm are the

and®m,, expressed in the fram@s. horizontal and vertical positions of the center of mass ef th
If we neglect the friction and the motor inertia effects, thbiped andkm andZ.n, are the velocities respectively, measured

torque (or the forceJ j, is obtained by projectingn; (or f;) with respect to framdzs. Now, using the angular momentum

along the joint axis ;) theorem, and from the rotational dynamic equilibrium of the
R biped as a rigid body, the rate of change of the angular
Fj=(o; 'fj+o0; 'mj)" a (11)  momentum of the biped about its toe is:
o is not defined, since there is no actuator. ) s
3) Flat-foot sub-phase, the ZMP conditiorEhe ground Oys = Mgy +MG%em, A7)

reaction wrench is known in the reference fraiRg This
reference frame is associated with the stance foot. Théi@osi
of the ZMP (Zero Moment Point) defined as the point of the

since®m,, = 0, this equation is rewritten as

sole such that the moment exerted by the ground is zero along Oy, = MO%m, (18)
the axisxs andys is such that:
—Sm, Smy, which describes the external applied torque, where the
XzMmp = 5T, and yzwp = ST, (12) acceleration due to gravity. For a motiap, ¢, G, satisfy
(18), the condition describing the under-actuation ot
The flat foot phase eX|sts only if the foot does not rotatgze torquel” and reaction force can be calculat (14).
then for a rectangular foot theMP must satisfy: When the supporting foot is in rotation about the toe, in order

to maintain the balance in dynamic walking @eP must be

e S | _ : : .
—p o Mk < and - Lp < mRy <o, (13) remain on the lateral axis bounded by then:
2 Sty 2 fry
S
where I, is the width andLp is the length of the feet. o M < lp (19)

Because of the stance foot is flat on the ground, Zih&P 2 T osfy, T 2
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I1l. 1 MPACT MODEL Solving (24) yields

An impact occurs at the end of the single supp ase
when the swing foot contacts the ground. This int%-‘s is [V+ } - { A, }V‘ (25)
assumed to be instantaneous and inelastic, the velocity lwt | | Dy
of the swing foot touching the ground is zero after its impact where,

We assume that the ground reaction at the instant of the impac

is de_scribed by a Dirgc deIt_a—function with inte_nsim. The A, = (D]D*lDJ)fl D] (26)
previous stance foot is motionless before the impact and not

remains on the ground after the impact. and

Under these hypothesis, the solution of the impact consists
to determine the velocity after the impact and the impulsive A, =-D7'DyA,, +§]
forces, by considering known the velocity before the im-
pact. Let us introduce the generalized coordinatesXas;
[Xo,00,0]7 € R?°, where Xy and ap are the position and
the orientation variables of fram&,. The robot velocity
Is V = [NO’Sgb’q]T < R.ZO' ..V¥Ith S‘zk())oy = Go and the robot .. o4 of the foot rotation sub-phase.
acceleration i/ = [Vp,wp, (" € R, with Stx, = do. Using

. - . : In order to validate the impact model, it be verified that
these generalized coordinates the dynamic model in dOU'H#% impulsive force must be directed upward and be inside
support, under the Lagrange form, can be written as:

the friction cone. To ensure a take-off of stance foot, the
Re vertical velocity component of foot tip must be positive.€eTh
r (20) equilibrium of the foot at the impact allows to determine the

) position of the ZMP. This constraint is developed in [20].
whereRy s represents the vector of ground reaction forces and

moments on the swing foo) € R?%%20 js the symmetric
definite positive inertia matrix¢ € R2° represents the Coriolis e i
and centrifugal forcesi € R is the vector of gravity, A. Gait without foot rotation
R20%6 js the Jacobian matrix of the robot. These are 1) The optimization parameterd:he biped is driven by 14
computed using the Newton-Euler algorithm (see appendixjorques, and its configuration is given in single supportspha
The mo impact can be obtained by integrating (2@y 14 coordinates. To transform the optimization problem
over the d n of the impact. The torques provided bwto a finite dimension problem, the joint motion is descdibe
the actuators at the joints, Corilois and gravity forcesehawas a parametric function. We choose a polynomial function of
finite value, thus they do not influence the impact. Thergforéme. q(0),q(Ts) are the initial and final configurations of the
because of the fact that the stance foot take-off the grofiad asingle support phase, respectively, is the duration of this
the impact, the impulsive ground reaction on this foot mughase.
be null. Consequently the impact equations can be written asTo insure continuity between two successive half steps, the
position and velocity of the biped at the beginning and end of
D (X(T))AV = —Dyly¢ (21) each phase must be taken into account by the parameters of
the polynomial functions. So, third-order polynomial ftinas

where Iyt is the intensity of Dirac delta-@n for the zre needed. Thus each of the fourteen joint variables isestéfin
impulsive contact force [19JAV is the variation of velocity py 3 third-order polynomial,

at the impactAV =V* —V~, whereV~ is the velocity of 3
. g : : .
the robot before impact and ™ its velocity after impact. G(t) = EOaki(t)J’ k=1,...,14 Yte[0,T¢] (28)
J:

(27)

From the hypotesis that the previous supporting foot takes
off, the contact conditions on this foot do not directly affe

the impact equation, the model is independent on the fatt tha
the impact occurs at the end of the flat-foot sub-phase or at

D(X)V +C(V,q) + G(X) 4+ DyFys = [

IV. GAIT OPTIMIZATION FOR THE CYCLIC WALKING

X(T) denotes the configuration of the robot at instant of the
impact, which does not present instantaneous change. Theh K is the ioint ber. Th | ial functi
swing foot after the impact becomes the stance foot. Thexefo vtv iri 1 1S 12 joint hum Ier.d fi © dp‘t’)¥”°m'f'f‘ .un_lc_:hlons
its velocity becomes zero after the impact, which may (). k=1,...,14 are uniquely defined bg;qr, g, ds. The
written as- indicesi and f correspond to the initial (at=0) and final (at
t = T¢) configuratiort of the robot, respectively.

In fact, the initial and final configurations for the stance

D]V* = 0 (22) phase are double support configurations with the two feet
S\~ O31 flat on the ground. Thus only 8 independent variables are
[ sv\% } = [ G VJ (23) necessary to define the initial and final configurations of

_ _ the biped legs. We use the twist motion of the swing foot
The combined set of equations (21[,7;—}(1 (22) form thgenoted by and its positionxs,ys) in the horizontal plane
systems of equations as well as the situation of the middle of the hips defined

_ 1To avoid any collision of the swing foot with the ground, o
[ D(X(T)) Dy } { v ] _ [ D(X(T)>V ] . (29) intermediate configuration &t= T; /2. In such case, the joint motion will be

D:]r Osx6 lwt Ogx1 described by a cubic spline function.
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by (%n, Yh,Zn, 6h, @n) Where By and @, are the inclination in  2) The foot-rotation sub-phaseDuring the foot rotation
the sagittal plane and rotation about axs of the torso. sub-phase, the biped is driven by 14 torques, and its coafigur
The desired trajectory has the particularity to be cycheo t tion is given in single support phase by 15 coordinated hus
following half steps must be identical and, more precisiilyg, the biped is under-actuated and its motion cannot be freely
legs will swap their roles from one half step to the next. Thehosen. Studies of control of such an under-actuated robot
condition of periodicity is used to define the trajectoryyooh [11], [12] have shown that a geometric evolution of the robot
one half step to reduce the number of optimization pararsetey; (s) can be chosen. For a given functign(s) within some
In this way, we avoid to use two single support models. limits, function s(t) corresponding to a motion compatible
Since the position of the robot is constant during the passiwith the dynamic model can be deduced using (17). In
impact (touch down configuration) and since the legs swélpe optimization process, the joint evolution is descrilbgd
their roles from one half step to the next, the generalizédnction g:(s). This way solves the under-actuation problem

coordinates must be relabeled as a malix and avoids the use of equality constraints as in [21], thiatpo
is detailed in IV-B.3.
0 = Eq; (29) We choose to define the evolution of the joint variables as

a polynomial ofs, wheres is a monotonic function from 0
where,Ej4.14 describes an anti-diagonal identity matrix to 1.q,(0),qr(1) are the initial and final configurations of the
foot rotation support phase, respectively. Then,

0 0 0 o &
0 0 o -1, o 3 A
E— 0 0 (/)|4 0 0 (30) ak(s) = %akj(S)J, k=0,...,.14 Vs€[0,]] (32)
o Y-, o 0o o0 o
)] 0 0 0 0 where k is the joint number. The polynomial fur;ctions
2 ak(s),k=0,...,14 are uniquely defined bg,qsr, dd%f, g;r.

The indicesir, fr correspond to the initial (a¢=0), final (at
s=1) state of the robot for this sub-phase, respectively. The
glocity of the robot isg = ‘L%S. Sinces’is not given, only

e direction of the joint velocity is given, not its amptite.

In fact, the initial state for this sub-phase are the finalesta
for the flat-foot sub-phasey = [(qro = 0);qs], thus there are
known by the 29 optimization parameters for the flat-foot-sub
phase. The initial velocity of the robot is knoway, = [(40 =
0); g¢]. The initial vectordd%r can be deduced #O0) is known,
this term will be an optimization variable.

. . . The final configuration is a double support configuration
be defined as function dii, g, Xr, Y, Wr, Xn, Yh: Z0, On, @h- The o) only one foot flat on the ground, thus 9 coordinates are
optimal trajectory is defined by 23 parameters only. . ; X :
: . used to define this configuration, ys, W+, Xn, Yh, Zh, On, ¢h, dfo-
2) Torque and forcesWhen functiong(t) is chosen, the The joint pathg, (s) during the foot rotation sub-phase can be

joint velocity and the joint acceleration can be deduced t@élculated with 25 optimization variables : 9 fqy;, 15 for
the derivation of the polynomial function. The dynamic modeyg ands(0)

1) gives the torques required to produce the motion and thes, 2 . . . . .
§e?’;u?tion force q q P 3) From joint trajectories to joint motionsThe joint evo-

lution is given asg, (s), but since the robot is under-actuated,
functions(t) must be such that the robot motion satisfies (17).
Becausey (s) is proportional tos, the angular momentum

The final configuratior, is determined from the inverse
kinematics solution of each leg.

The velocity of the robot after the impact can be defined
function of the velocity before the impact. Then, from (25),
th t fourteen rows of/ ~ should be used to obtain the
in%elocity g by:

G =EV, (31)

7:20°

Using (29) and (31), the polynomial functiorgt), can

B. Walk with foot rotation

1) The flat-foot sub-phaseWhen a sub-phase with foot Oys = Mt (XemZem — XemZem) s (33)
rotation is added, the optimization process is modified. The .
two sub-phases a@scribed separately and the conditiofi@n Pe rewritten as:
of continuity in configuration and velocity between the sub- o=1(s)s(s)
phases are added. For each sub-phase, the final state of the 0 = mg@%m(gr(s))
biped is chosen to be defined from the optimization varigbles
the initial state is deduced from the continuity conditions

(34)

These two equations can be combined to have fers< 1

) ) : 12]:
The flat-foot sub-phase is described as previously. T}[le 11(0)25(0)2 = 11(5)24(s)2 +V
difference is only that the final configuration for this phése 2! (0°%0) Zs(s) (97+VE) (35)
not a double support configuration but a single support with V(s) = —mggl(E)Xg(E)dE

flat stance foot configuration, thus 14 variables are used to
describe this configuratiorf), a optimization variables  Since functior (s) andV(s) can be calculated for any given
describe this sub-phas&;, g anga function g, (s), it follows that the initial values(0) permits to
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define the functiors completely and thus(t).

5 = ¢ 1(0)%8(0)2—2V(s) 36)

I(s)2

§=_25 (45)
u5

The indix 5 correspond to the fifth row af and u. Then

Polynomialsg; (s) is defined with the assumption thatis a the torques required to produce the motion are computed as:

well defined increasing function, thus the following coiatis
must be satisfied:

2 mSg)(V(s))

$(0) > —27| (O) (37)
I[(s) A0 for 0<s<1

These constraints are taken into account in the optimizatio

process.

The value ofs‘at the end of the foot rotation sub-phase can

v,
M= Uz:20 (7u*5) Jr\/(7:20)7 (46)
5
and the ground reaction forces as:
VS
Re = Uy (_LTS) Vg (47)

V. OPTIMAL WALK

be deduced from (36), thus the velocity of the robot at the epd Constraints and limitations

of the foot rotation sub-phase is :

- 102802 —2v (1) dgis
ql‘f - \/ |(1)2 dS (38)

The objective of this study is to define a feasible optimal
trajectory for a given robot with given actuators. Then, idey
to insure that such trajectory is possible, many conssaint
given by physical or others limitations present during the

Since the impact occurs in the configuratiqn with the evolution of the gait cycle have to be considered.

velocity drs, the initial state of the robot for the flat-foot
sub-phase can be deduced from equations (29) and (31). The

duration of the foot-rotation phase is not a direct optiniaa
variable, it is the result of the integration of the functig(s)
than defines at which time=1, i.e,

11
0o S

4) Torque and forcesFor the foot rotation sub-phase, when
the functiong,(s) is chosengs(s) can be calculated by (36).

Thus the joint velocity is:

. d
G = 4

and the joint acceleration can be written as:

§(s), (40)

2
ais=Tog s Sy (1)

In order to deduces, ‘we use the linearity of the torque

with respect to the accelerati@aid the fact that the torque

about the toe is zero. Therefore,
=us+vVv (42)
where, from (14) withk = 0,
R ECCRICR TN
Using the Newton-Euler algorithnh:,ls calculated fos=0
ands= 1, these vectors are denotedyandr! respectively.

For anys'we have:

M= —r%s+r°=us+v (44)

Thus,v=T? andu= (" -0 are obtained.

Then, s’is easily obtained from fifth row of (44), because

*my, =0, as:

1) Magnitude constraints on position, velocities and taxu

« Each actuator has physical limits such that

M| —Mimax<0, for i=1,..14 (48)

wherel’j max denotes the maximum value for each actu-
ator.

|G| — Gmax< 0, for i=1,..,14 (49)

where ¢ max denotes the maximum velocity for each
actuator.

The upper and lower bounds of joints for the configura-
tions during the motion are:

Gimin < Qi < Qimax, fori=1,..,14 (50)

0, min anddi max respectively stands for the minimum and
maximum joint limits.

2) Geometric constraints in double support phase:
« Position and orientation limitations to define the left foot

and the middle of the hips situations described in (IV).

Pr) <Pf <Py and P <P, <Py (51)
where Py = [x¢,yr,Ws]" and Py = [Xn, Y, Zn, On, N
denotes the coordinates to define such confi 0s,

Pn) and P, Phy are lower limit and upper limit oPs
andh,.

In order to avoid the internal collision of both feet through
the lateral axis the heel and the toe of the left foot must
satisfy

Yheel< —a and Yie < —a (52)

with a > '7" andlp is the width of right foot.
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3) Walking constraints: C. Optimization problem

« During the single support phase, the reaction force exertedrhe objective of this optimization procedure will be to stle
by the ground on the stance foot as well as impulsivgfeasible solution by minimizing the criterion (61), for imen
force acting on the swing foot impacting the ground mushotion velocity of the robot, satisfying constraints (48p).
be directed upward to avoid take-off, and must be insidest P= [Py, P,,...,Ps4]T be the optimization parametets,(P)
the friction cone defined by the friction coefficieptto the criterion and(p) = [91(p),g2(p),...,a(p)] the inequality
avoid the sliding of the biped. This is equivalent to writgonstraints to satisfy, the optimization problem can benfaly

\/ﬁ < R, (53) stated as:

56 15, < M, (54)

The conditions of no take-off are deduced by

Minimize J-(P)
! j=1..] } (62)

subject to gj(P) <0

This constrained nonlinear optimization problem is solved
R, = 0 (55) using thefminconfunction from the package Matlab. Thus, this
i > O. (56) optimization problem, under constraints, is solved nuosiy.
Wl = The main parameters, used in the presented study, for this
« The swing foot must not touch the ground before theumanoid robot are given in table V-E. The parameters are
prescribed end of the single support phase, therzihe defined with respect to reference frame fixed at each body,
position coordinate of the swing foot tip t be greatayee Figure 3.
than a smooth curve of pre-specified a d

D. Walk without foot rotation

zip < f(k,Az), with f(—d)=f(d)=0 V k €[-d,d]  The chosen motion velocity for the three-dimensional
_ _ ~ (57)  pipedal robot is 2 m/s (432 km/h), which corresponds to an
whereA; denotes maximum height of the swing foot an@yerage walking speed. For this motion, the flat-foot prissen
d =xt is the step lenght. _ _ _ a twist rotation equals .003 rd. The optimal walk has the
« In order to maintain the balance in dynamic walking, thgy|jowing characteristics: for one half step, the duratifinis

Zero Moment Point which is equivalent to tha Center aj 29 s, the step length is.8564 m. The value of the torque
PressureGoP), of the stance foot must be fy, for theost criterionc is 1174523 N2ms.

flat-foot sub-phase Figure 4 presents the stick-diagram of one step of an optimal
walk. Figure 5 shows the validity of nonsliding (53) and
—lp _Smg, _Ip —mg, no take-off (55) constraints. The Coulomb friction coeéfif
— < X< 2 —Lp< < : : X :
2 ~ Sfp, T 2 and —Lp< Sfr, <0 (58) W is 3/4. The average vertical reaction force is 40NN,

which is coherent with the weight of the biped with s
equals 4075 kg. For this stable gait, the evolution o%j;
is illustrated in figure 6. This trajectory is the result okth
optimization process which evolution remains within thetfo
area, satisfying (58). The applied torques are shown indigur
8. Note that the torques on the stance leg are higher than on
the swing leg, the highest torques concern the hip and the
knee. The figure 7 s't%he position and velocity states of the
robot, walking at 1.2m/s.

(59)

wherely, is the width and_, is the length of the feet.

« Constraint on the existence of the functis(h) is consid-
ered to define the polynomiatg (s). This constraint can
be simply written as

2 msax(V(s))

s(0) > 02 (02 (60) E. Walk with foot rotation
I[(s)£0 for 0<s<1 For purp of show that the use of a foot rotation sub-
phase during the single support phase reduces the funktiona
B. Cost function cost, the chosen motion velocity for this simulation i 1

In electrical motors and for a cycle of walk, most part of th€/S (468 km/h). This motion velocity is such that a gait
energy consumption is due to the loss by Joule effect negle@th foot rotation is more efficient than a gait without foot
ing the friction. Thus the optimized criterion is proportay fotation. During the evolution of this motion, the foot in

to this loss of energy. It is defined as the integral of the norfAtation finishes with an angle equals t@t85 rd and a twist

1 T 1 1 characteristics: for one half step, the duration of the ftiat-
J == ( r(t)Tr(t)dH—/ r(s)Tr(s)_ds> (61) and foot rotation sub-phases T$ = 0.130 s andT; = 0.202
d \Jo 0 S s, respectively. The step length i483 m. The value of the
whereT; is the duration of the flat-foot sub-phase of one hatbrque cost criterionr is 369398 N°ms.
step,d = Xz is the step length. The total duration of one half
step is defined by = T + T,, with T, obtained of (39).
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\ Parameters of the biped for the right leg \ Parameters of the biped for the left leg
Body Foot Femur Tibia Torso Foot Femur Tibia
Frame S 3 4 7 14 11 10
Mass (Kg) 0.678 2.188 5.025 24.97 0.678 2.188 5.025
Jyx | 0.0012618 0.001905 0.06645 3.0115 | 0.00091027 0.001905 0.06645
oy 0 0 0 -0.0044581 0 0 0
Inertia (kg- ) N 0 ([% 0 -0.67669 -0.000539 0 0
Ly 0 0. 16 0.20922 3.3357 0.002858 0.13689 0.31733
N 0 0 0 -0.013753 0 0 0
J,, 0 0 0 0.43827 0.0026717 0.13689 0.31733
X -0.1035 0.16856 0.16856  0.096309 -0.0315 0.22344 0.22344
Mass center(m) vy 0 0 0 0.001904 0 0 0
z 0.034 0 0 0.28128 -0.02525 0 0

TABLE lll: Parameters of the biped used in the optimal procdsks. the inertia tensor measured with respect to reference frame fixed at
each body.

ta
1 1 1 1
0.5 0.5 0.5 0.5
0 0 0 0
-0.8 -0.8 -0.8 05
~0.4 5 5 0.5 0.4 5 5 0.5 -0.4 5 ) 5 0.5 5 5 0.5
0.3 -0.5 0.3 -0.5 0.3 -0.5 0.5 -0.5
(a) 12.5 % of the half step (b) 25 % of the half step (c) 37.5 % of the half step (d) 50 % of the half step
1 1 1 1
0.5 0.5 0.5 0.54
0 0 } ) 0 0
_OM -05 o5 _0,5\\,\\/ﬁ -0.5 o8
0 0 0
® 0505 ° 05 o5 ° 05 o5 05 o5 °
(e) 62.5 % of the half step () 75 % of the half step (g) 87.5 % of the half step (h) 100 % of the half step

Fig. 4: Stick diagram of the evolution of the biped robot’s motion, during loalé step, walking at 1.2n/s with a stable gait.
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Theemuoorrespond to the stance and swing legs of the robot walking

phases. The Coulomb friction coefficignis 3/4. The average

vertical reaction force is 4087 N, which is coherent with the
wei f the biped robot. For this stable gait, the evolutio
of C?C;i_cl illustrated in figure 11. This trajectory is the désu
of the optimization process which evolution

r {ns within
the foot area during the flat-foot sub-phase. Tt%loP during
the foot rotation sub-phase is located at the toe, showing a
discontinuity during its evolution due to the transitiororfr
flat-foot (fully actuated) sub-phase to foot rotation (unde
actuated) sub-phase. The applied torques are shown in figure
12. Note that the curves have a discontinuity due to the
transition from flat-foot sub-phase to foot rotation sulagd
The torques measured at the stance and swing leg in order to
achieve an optimal walk (1.8/s) with a stable gait describing
a rotation about the stance toe, validate the induction isf th
sub-phase duce the energy consumed in the walking. The
figure 13 s%jthe position and velocity states of the robot,
walking at 1.3m/s. qo defines the orientation of the biped.
During the foot rotation sub-phase the angjg, increases up
to an optimal valueyy = 0.435 rd.

VI. CONCLUSIONS
In this paper a solution to achieve walking motion with

Figure 9 presents the stick-diagram of one step of an optinflt-foot and foot rotation sub-phases has been proposea. Th
walk for the studied three-dimensional bipedal robot. Thitudied robot was a three-dimensional biped with geonadtric
optimal motion regroups the flat-foot and foot rotation sukand inertial distribution close to those of the human body.
phases. The introduction of this sub-phase let us obtain @mce the desired motion is based on the solution of an optima
optimal fast motion with a stable gait, which represents th@oblem and in order to use classical algebraic optiminatio
60.7 % of the total motion. Figure 10 shows the validity ofechniques, the optimal trajectory is defined by a small remb
nonsliding and no take-off constraints, during the both-subf parameters. Some inequality constraints such as théslimi
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Fig. 9: Stick diagram of the evolution of the biped robot’s motion, during bak step, walking at 1.3n/s with a stable gait. In (d) the
stance foot begins to rotate about its toe.
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fig

on torque and velocity, the condition of no take-off and noriterion for fast motions. The torques were computed for
sliding during motion and impact, some limits on the motiosampling times using the inverse dynamic model. This model
of the free leg are taken into account. The desired walkirilg gavas obtained with the recursive Newton-Euler algorithme Th
was assumed to consist of single supports and instantanemasn contribution of the paper was to extend the optimal
double supports defined by passive impacts. The single suppmajectories generation of the planar biped robots [10]ro a
phase can be composed of a foot rotation sub-phase or btee-dimensional biped robot with rotation of the feet to
It is shown that this sub-phase allows to reduce the casthieve an optimal fast motion. The developed method has
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ﬁgurEJ

with g € R?° the unit vector, whose elements are zero except
theit" element which is equal to 1.

The Jacobian matrix;, is calculated by using the same
method, by noting from (A-1) that thi#" column is equal to
dff,Smg, T if

[ Vo %0,6 ]T=0",V=0,9=0, Fu=&  (A-3)

with g € R® the unit vector, whose elements are zero except
theit" element which is equal to 1.

shown that an appropriate choice of the geometric evolution
of the robot, corresponding to a motion compatible with the
dynamic model, allows to solve the under-actuation suts@ha
and to ensure the stability of the robot’s motion. Our futurgy,
study will focus on the introduction of an over-actuated ggha
to achieve a walking motion where the rear foot rotates atoun
its toe and the front foot rotates around its heel until thet fo 2
is flat on the ground.

[3]

APPENDIX A [4]
COMPUTATION OFD AND Dj MAT Y USING THE

NEWTON-EULER EQUATIONS [5]

According to the ode of Walker [29], the inertia matrix,
D, is calculated by the two recursive calculations of thd6l
Newton-Euler algorithm. Using this method we have:

_ [7]
f Vo (8]
s =D(X) | %o | +N(X,V)+DiFyr. (A-1)

r ol

In consequence, from this equation, the transpose ofitthe [
column of D(X) is equal to[*f,, mg, T if

(10]

[ Voo, ] =€ ,V=09g=0Fu=0  (A-2)
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