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HYPOCOERCIVITY FOR LINEAR KINETIC EQUATIONS
CONSERVING MASS

JEAN DOLBEAULT, CLEMENT MOUHOT, AND CHRISTIAN SCHMEISER

ABSTRACT. We develop a new method for proving hypocoercivity for a large
class of linear kinetic equations with only one conservation law. Local mass
conservation is assumed at the level of the collision kernel, while transport in-
volves a confining potential, so that the solution relaxes towards a unique equi-
librium state. Our goal is to evaluate in an appropriately weighted L? norm
the exponential rate of convergence to the equilibrium. The method covers
various models, ranging from diffusive kinetic equations like Vlasov-Fokker-
Planck equations, to scattering models like the linear Boltzmann equation or
models with time relaxation collision kernels corresponding to polytropic Gibbs
equilibria, including the case of the linear Boltzmann model. In this last case
and in the case of Vlasov-Fokker-Planck equations, any linear or superlinear
growth of the potential is allowed.

1. METHOD, RESULT AND CONSEQUENCES

1.1. Linear kinetic equations and hypocoercivity. We consider linear kinetic
equations which can be written as

(1.1) Gf+Tf=Lf, f=[ftzv), (tz,v)eR" xR xR,
and describe the evolution of a distribution function f. The transport operator
Ti=v-V, -V,V -V,

has characteristics given on the phase space R* x R% by the flow of the Hamiltonian
1
(x,v) = E(z,v) := 3 o> + V().

The external potential V = V(z) is a measurable function on R?. The collision
operator L is independent of time ¢t and acts as a multiplicator in the position
variable x. The variable v is the velocity.

We shall consider steady states which are in the intersection of the null spaces
of T and L simultaneously. We shall assume that there exists a nonnegative energy
profile function T' such that, for each fixed value of z, the nullspace N (L) of L is
spanned by F(z,v) :=I'(E(z,v)), so that

N(L) ={f(z,v) : F¢(z) such that f(z,v) = ¢(z) F(z,v)}.

Functions in N(L) are local equilibria; they depend on x and ¢. The function F
is a global equilibrium or global Gibbs state. It is independent of ¢ (stationary)
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and isotropic with respect to v. Consistently, we shall further assume that L has
rotational symmetry in v, i.e. R,L = LR, for any rotation operator R, acting on
the velocity space. Under the assumption that the support of F' is connected, the
intersection of the null spaces of L an T is generated by F. Assume that F is
integrable and normalized by

// Fdvdr =1.
R4 xRd

We shall refer to this assumption as Assumption (HO) and assume that it holds
throughout the paper, although we shall not specify it explicitly when it is not useful
for the understanding of our arguments. Under such a normalization condition, we
shall prove that F is the unique stationary distribution function. Integrability with
respect to v is an assumption on I', whereas integrability with respect to x requires
a I’-dependent growth of the external potential V. Such a property is a confinement
condition.

The one-dimensionality of N'(L) for fixed x suggests the existence of one local
(in z) conservation law. We shall therefore assume the local conservation of mass,

that is
/ Lfdv=0.
Rd

Global mass conservation for solutions of (L)) follows:

i// fdvdx:// (L=T)fdvdz=0.
dt J Jraxga R xRd

For an integrable initial datum
f(t:()v'v'):ffa

let M = [[pu pafrdvdz, so that MF is the unique global Gibbs state with
mass M. In this paper we investigate the asymptotic behavior of the semigroup
generated by L — T. Our goal is to quantify its stability or, to be precise, to
determine the rate of convergence of f towards M F as t — oco. Since the equation
is linear, there is no restriction to study fluctuations around a global equilibrium,
that is solutions f of (1)) which satisfy

(1.2) M = //RR F(t,z,v) dvda = //Rded fr(z,v)dvdz = 0.

Notice that distribution functions are usually nonnegative, but fluctuations around
an equilibrium have to change sign.
Local mass conservation for f and F' imply the identity

/Rde <§) dv:/RdL(f—qﬁF) (#) "

for any function ¢ = ¢(z), thus showing that the left hand side is, at least formally,
quadratic in the distance between f and the kernel of L. This suggests to introduce
the space L?(du) where the measure du is defined on the phase space by

dvdx

dp = dp(z,v) := Flo0) (z,v) € RY x R,
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We shall denote by (-,-) the corresponding scalar product and by || - || the asso-
ciated norm, so that (f,g) = [[za, e f9dp and |[f||* = (f, f). The orthogonal
projection II on the set of local equilibria is denoted by

Hf::p—fF, Withpr:/ fdv.
PF R4

We also assume that the collision operator is dissipative in the sense that an ‘H-
theorem’ holds, i.e. (L f, f) < 0. Since the transport operator T is skew symmetric
with respect to (-,-), this implies the entropy inequality

1d .,
LR =ws <o,
W= L <
Under the normalization condition (L2), if the entropy dissipation —(L f, f) was
coercive with respect to the norm || - ||, exponential decay to zero as t — oo would

follow. However such a coercivity property cannot hold since L vanishes on the set
of local equilibria. Instead we shall assume that microscopic coercivity holds, i.e.
there exists a positive constant \,,, such that

(L f) 2 A (1 =T0) fI* for all f € L*(du).

The key tool of our method is a modified entropy functional H[f], whose square
root is a norm equivalent to || - ||, such that

d

— H[f] < =AH[f],

SHITT < ~AHLY]

for an explicitly computable positive constant A\. As a consequence, we find an
estimate of the exponential decay rate of the semigroup. Following the vocabulary

used in [33] 20] 20], such a strategy will be called hypocoercivity.

In some cases, the existence of a spectral gap can be obtained by non-constructive
compactness methods, see for instance [32] in the case of the linearized Boltzmann
equation on the torus. For a non-positive closed operator U with a spectral gap
A > 0, it is well-known, see [27], that there exists a norm equivalent to the ambiant
norm, for which the semigroup of U+ ) is contractive. However this method is not
constructive regarding the norm of contractivity and gives no estimate on A. In
our approach, under assumptions specifically adapted to kinetic theory, we are able
to construct an explicit Hilbert norm which is equivalent to the standard norm of
L?(dp) and to estimate .

Various results related to hypocoercivity have recently appeared, on large time
estimates: [I3, Bl B, @]; based on hypoellipticity: [21, 19, 22]; on hypocoerciv-
ity itself: [33] 20} 26]; on applications of the so-called kinetic-fluid decomposition:
[15] 14} [16], 17, 18} 29, [30, B1]; on hyperbolic estimates based on micro-macro de-
compositions: [23][24] 25| 34]. Some of the results of this paper, namely Theorems[dl
and [[4 have been announced in [T1] without complete proofs.

Our purpose is to establish, in a simplified framework, sufficient conditions for
proving hypocoercivity for a large class of linear kinetic models confined by an
external potential, without assuming regularity on the initial datum and wvalid for
hypoelliptic kinetic Fokker-Planck equations as well as singularity preserving col-
lisional kinetic equations. This is the main difference with hypoelliptic methods.
The method also makes use of a micro-macro decomposition. Accordingly we shall
split our assumptions into two main requirements: microscopic coercivity as intro-
duced above, and a macroscopic coercivity assumption, which is a spectral gap-like
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inequality for the operator obtained when taking an appropriate macroscopic dif-
fusion limit that we shall now describe.

1.2. Formal macroscopic limit. As a motivation for the macroscopic coercivity
assumption, we recall, at a formal level, the macroscopic diffusion limit procedure,
which can be seen as intermediate asymptotics governing the long time behaviour
of solutions. On a large time scale, it heuristically models how local equilibria
relax towards the global Gibbs state. Since the macroscopic flux of the equilibrium
distribution vanishes, i.e. fRd v F dv = 0, the appropriate macroscopic rescaling of
the solution of () is given by
fet,z,v) = f(e%tex,v), 0<e<l1,
which is known as the parabolic rescaling. Assuming that the potential V' is rescaled
accordingly, we obtain the singular limit problem
20 f +eTf=Lf°,
as € — 0. The assumption lim. ¢ f¢ = f° leads to L f° = 0 and, thus, f = II f°.
The identities IIL = LII = II TII = 0 imply the relations
eEOfS+Tf =LR*, OIIf*+IITR =0,
with R® := % (1—TI) f¢. Assuming formally that lim._,o R = R, the first equation
can be solved for ¢ = 0 with respect to R", giving
RO=JTf0 =TI S,
where J denotes the inverse of the restriction of L to the orthogonal complement of
its null space. Note that the inhomogeneity T II f° satisfies the solvability condition
IITII f° = 0. The second equation becomes
(1.3) O IO = (TIN*J(TI) 2,

where the superscript * denotes the adjoint operator with respect to (-, -}, and the
skew symmetry of T has been used. A straightforward computation shows that this
is equivalent to a drift-diffusion equation for the macroscopic density p° = p fo:

(1.4) 0’ = V- [proVa(£)] = Va - [Valop) 4700 7.V ]

Here o is scalar due to the rotational symmetry of L,

1 1
pFU:——/ v-JWF)dv and yV,V=—-—V,(pro).
d R4 PF

The operator J being negative definite on (1 — II) L%(du), o(z) > 0 for all z € R4
In the two following important cases, the macroscopic transport coefficients v and o
have particularly simple expressions.

Case (C1). When I'(s) = e~*, the global Gibbs state is a Mazwellian, or Gaussian
function, which factorizes as
-V —|v]?/2
e e
—— X and M@) = ———.
Jpa €™V dzx ) (27)d/2
Notice that the separation of position and velocity variables is a characteristic

property of Maxwellian functions. Both coefficients v and o are constant, equal to
1 [eav-J (M) dv and p° solves the Fokker-Planck equation

0p’ =0Vy - (Vap’ +p° Vi V) .

F(x,v) = pp(z) M(v), with pr =
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Case (C2). The collision operator L is, for fixed z, a time-relaxation operator
onto span{F'}, i.e.,

L=1II-1.
In this case J = —Id holds, so that

1
pFU:mF::—/ |v]? Fdv,
d Jra

and, since V,(pr o) = — pr V,V because
1 1
—/ o> T (E(x,v)) dv = —/ v-VyFdv=—pp,
d Rd d R4
the macroscopic limit equation reads

0p° =V (Va(op) +p°V,V) .

The intersection of both cases, (C1) and (C2) i.e., L=1I—1 with IT f = p; 9N,
gives 0 = v = 1. This is the linear BGK case, which has been considered in [I1].
In both cases, ([L3]) can be rewritten as

O f* = — oo (TID)*(TII) f°

for some positive constant op, with oy = o in Case (C1) and g9 = 1 in Case (C2).
With Assumption (LZ) on the initial data, we expect decay to zero of the solution.
Under a macroscopic coercivity assumption, namely (H2) (see below), which is
equivalent to a Poincaré inequality (see Lemmal[L.8)),the decay of II £ is exponential.

1.3. Method and main result in an abstract setting. We start with the basic
assumption that L and T are closed linear operators on an Hilbert space H, such that
L — T generates the strongly continuous semigroup e(“~T)* on . The orthogonal
projection on the null space N (L) of L is denoted by II and D(L) is the domain
of L. We assume that the restriction of L to A'(L)* is coercive. More precisely, our
first assumption is:

Assumption (H1) (microscopic coercivity): The operator L is symmetric and
there exists Ay, > 0 such that

—(Lf ) = A IT=T0) fII* for all f € D(L).

Motivated by the results of Section [[.2] coercivity of the transport operator is
required, when acting on A/(L):

Assumption (H2) (macroscopic coercivity): The operator T is skew symmetric
and there exists Apy > 0 such that

ITIF? > A |TLFN? for all f € H such that T1 f € D(T).

Inspired by [20], we introduce the modified entropy
1 . * -1 *
HIf = S I IP e (AL ), with A= (14 (TID*(TID) ~(TI)*.

The constant € > 0 will be chosen below. A straightforward computation for a
solution f of (IIl), now considered as an abstract ODE, gives

dt
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where the dissipation of entropy functional is given by

Dlfl := =LA f) +e(ATILS, [ +e(ATA =T f, /) —e(TAS, f) —e(AL [, [).
By (H1), (H2), and by ATII = (1 + (TII)*(T 1))~ (T II)* (T ), the sum of the
first two terms in D[f] is coercive:

A
~(Lf D)+ ATI f) 2 min {0, 55112

For the completion of our program, we need to show that H[f] is equivalent to || f||?
and to control the last three terms of D[f]. Part of this can be carried out at the
abstract level under the following additional assumption:

Assumption (H3):
IITII=0.

Lemma 1. Let Assumptions (H1)—(H3) hold. Then the operators A and T A are
bounded, and for all f € H,

1
(1.5) IAFI < SIA=IDfll and [TAF <1~ f].
Proof. The equation A f = g is equivalent to
(TI)*f =g+ (T (T g.

Writing this as ¢ = IIT?IIg — IIT f proves A = IIA and, thus, TAf = TIlg.
Taking the scalar product of the above equality with g and using (H3), we get

lgl* + I T g|1? (f, Tlg)=((1-10) f, TIlg)
[(1=10) fl [TIg| < % [(1=T10) f||* + || T I g,

IN

which completes the proof. ([

The boundedness of the remaining terms in D[f] has to be proven case by case.
We shall therefore assume it in the abstract setting.

Assumption (H4) (Boundedness of auxiliary operators): The operators AT (1 —
IT) and AL are bounded, and there exists a constant Cpy > 0 such that, for all f € H,

AT (@ =10 fll + AL f]| < Car [[(1 = T0) £

Theorem 2. Let Assumptions (H1)—(H4) hold. Then there exist positive con-
stants A and C, which are explicitly computable in terms of Ay, Aar, and Chy, such
that, for any initial datum f; € H,

et D f| < Ce ™ | f1ll, VE=o0.
Proof. The first inequality in (IH) implies

(16) S I <HU < 50 +) 1P,

For any € € (0,1), H[f] is equivalent to ||f||?>. The second inequality in (LH) and
(H1)—(H4) imply

DIf] > A (1= T0) £ + £ TLF2 = & (14 Car) (1 = T0) £1] 1]
> P —e(14+Can)(1+ F)] 10 =T fIP + ¢ [ 245 - 0+ Can)d] M7

Y
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for an arbitrary positive §. By choosing first § and then € small enough, a positive
constant k can be found, such that D[f] > & || f||*>. Using (L8]), this implies

d 2K
il <
dth_ 1+4¢

HIST,

for f = e'(-=T) f;, completing the proof with A = /(1 +¢) and C = /. O

Let us conclude this abstract approach by some comments. First of all, our proof
is constructive: H is an explicit Lyapunov functional and A can be computed. The
work of F. Hérau has been a crucial source of inspiration for our method. In [20], he
deals with the linear time relaxation collision kernel corresponding to Maxwellian
Gibbs states, in case of a confining potential V' growing at most quadratically
at infinity and such that the associated Witten Laplacian satisfies a spectral gap
inequality. In our approach, we are able to relax some of these assumptions. See
Theorem

Our results apply to various Fokker-Planck and Boltzmann models. We shall
compare applications of Theorem 2] to previous results in Section 3. Only [26] and
[33] deal with abstract results like the ones of Theorem 2l Ours are more general
than the ones of [26] since we deal with a general confining potential. In [26], the
problem is indeed set on a torus, a setting to which our method can be adapted
without any difficulty. It is also more general than in [33] since we deal not only
with Fokker-Planck type operators, or operators in Hérmander form in the words
of [33], but also with non-local integral collision operators, like in [26]. Last but
not least, our results are also stronger than those in [26] and [33] in the sense
that we construct a zeroth order norm of hypocoercivity, which is equivalent to
L? and not H*, for some k > 1. However, our results are weaker than those in
[26] at least in one aspect: we only deal with models with 1-dimensional space of
collision invariants, whereas, in [26], any finite dimension is allowed. In principle,
our approach can be extended to such a situation, which is the purpose of a current
research project [12].

1.4. Hypocoercivity for a toy problem. To illustrate the fact that our formal
setting applies to other models than the kinetic equations of Section [l we intro-
duce the following toy model, which captures very well the essential features of our
hypocoercive approach. We consider a one-dimensional Cattaneo model introduced
in [6], which can be written as a kinetic model with only two velocities v = £1, and
where L describes a switching process between the two velocities without preference
for one of them. As a further simplification we replace the confining potential by
a periodicity assumption, where x varies in a one-dimensional torus. The model
equations are

OufF E 0 =% 5 (77— 1),

for the distributions f¥(¢,z) of right- and left-moving particles, periodic in = with
period 2.

The interest of such a model is that it gives an application of our hypocoercivity
method in a discrete setting, or even for a finite dimensional ODE version of it,
if we truncate the Fourier sum in the z variable and keep only a finite number of
terms.
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Initial value problems can be solved explicitly by Fourier decomposition. Intro-
ducing the total density p = f+ f~, the total flux j = f* — f~, and their Fourier
representations

pltr) =S pe®) e j(ta) = S gy e,

keZ keZ

leads to real ODE systems for U, = (7::) = (?ﬂfg:?) and Uy, := (IRH;ESJ:)))

dU
(1.7) d—tk'f‘TkUk:LUku

0 —k
kE 0
L:= (8 91) represents the collision operator acting only on the microscopic com-

where the skew symmetric matrix Ty := ( ) represents the transport operator,

ponent j, and Uy, solves an analogous system with T}, replaced by —Ty. Eq. (1)
is linear, and it is elementary to check that the eigenvalues of L — T are given by
Mo+ = 0,—1 and Mg+ := (-1 xiv4k2—1)/2 if k # 0. All solutions converge
to an eigenstate of the zero eigenvalue: Uy = (pg,0) and U = 0 for k # 0. The
convergence is exponential with its speed determined by the spectral gap 1/2.

For k # 0, we can compute the entropy dissipation as

d

= GIU0R) = @),

so that it is clear that no exponential decay directly follows, since the right hand
side is not coercive and there is an unbounded increasing sequence (t,)nen such
that vg(t,) = 0. Note that microscopic coercivity holds with A, = 1.

With II = (§ J) and J = —Id, we find that (TII)*J(TII) = (*6“2 0), thus giving
for the macroscopic diffusion limit du? /dt = —k?*u?, and showing also that macro-
scopic coercivity holds with Ay = 1. According to the strategy of the Section [[3]

for k # 0 we introduce the modified entropies

He(t) = 2 |UL(t)]* + ¢

1+k2 uk(t)vk(t), tZO

Observing that, for k > 1,

(1 ) 0k < 5 (1= & ) 100+ 5 o e = i

Hk:%(us#) U2 - £ |uk—vk|2§%(1+al+%)|Uk|2,

k
1+ k2
using supy>q # = % < 1, and performing a similar computation for £ < —1, we
finally get

L11—e)|UP <Hy <L (1+¢) U
Hence, for any ¢ € (0,1), Hx(t) decays exponentially if and only if |Uy(t)|?
exponentially as well. Obviously, we have

decays

k2
1+ k2

1
- < <1
2— —
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which makes it easy to compare Hy, w1th 7 Hi, given by

d k2 2 k
“Hy=—— 42— (1 —_ 2
at "t T TRz ( 61+k2)“ Sl g2 Rk
g
<SR (1) 0 Skl for] < 5 (LX) — (1 e~ g50) 0}

for any A € (0,1). If e € (O, SiT’\H), the coercivity constant

ki=min{g(1-X\),1-e- g5}
is positive and

d
—Hp < — 2
dt k H|Uk| ~

This implies |Uy(t)| decays like e=#*/(1+¢) We may observe that

K min{s,1 — ¢}
1+¢ 1+e¢ -5’
thus showing that the method is not optimal, in the sense that it does not give the

exact decay rate, 1/2, even when refining the above estimates and computing « for
each k.

1.5. Application to kinetic equations. Let us apply the abstract procedure of
Section [[3] to the setting of Section [Tl Thus, we set

F
Tf:U'vmf_vmV'vvfa Hf:pfp_7
F
where the potential V is given as well as the energy profile I'. We recall that the
unique global equilibrium is F(z,v) = I'(|v?|/2 + V()), z,v € RY. For such an
equilibrium distribution, define the velocity moments up to the fourth order by

1
PR = Fdv, mp:= —/ ?Fdv, Mp:= / [v[*F dv
R4 d Rd R4

and assume that they are measurable functions of x. We consider the Hilbert space

= {f € L*(dp) ffRdedfdvdx = 0}, with du(z,v) = dzdv/F(z,v). The
colhslon operator L remains unspecified at the moment, so that we shall defer the
discussion of the microscopic coercivity for a while. A simple computation with
u = py/pr shows that the macroscopic coercivity assumption is equivalent to a
weighted Poincaré inequality:

Lemma 3. Assumption (H2) holds if and only if
(1.8) / \Voul® mp dz > )\M/ u? pp dx
R R

for any u € L*(pp dx) with Vyu € L*(mp dx) such that [, upp de = 0.

In case of kinetic equations, Assumption (H3) is a consequence of the compu-
tation
THf=Fuv-Vauy,
with uy = py/pr, and of the observation that the right hand side is an odd
function of v, whose mean value is zero. In other words: The macroscopic flux of
the equilibrium distributions vanishes.
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Concerning the Assumption (H4), we remark that boundedness of AL is pos-
sible even for unbounded collision operators L (see Section [2). The boundedness
assumption on AT (1 — IT) can be interpreted as an elliptic regularity result for:

1
(1.9) u——Vy - (mpVyu)=w.
PF

Lemma 4. If there exists a positive constant C such that
(1.10) IV2ull L2(vp dz) < C Wl 22(pp da)

for any w € L*(pr dx) and for any solution u € L*(pr dx) with V,u € L*(mp dx),
then the operator AT (1 — II) is bounded on H.

Proof. The operator AT (1 — II) is bounded if and only if its adjoint
AT -ID*=—1 ) T?I[1+ (TH)*(TI)]!
is bounded. If g = [1 + (TI)*(T I)] 1 f, then
ATA-I]f=-(1-I)T?’Ig with g+ (TI)*(T)g=f,
where the latter implies (I9) for u = u, = py/pr and w = uy = py/pr. Then
T*Tg=Fv-V(v-Veu)+FV,V-V,u
results in
ATA-ID)]"f=-1-1I)[Fv-Vi(v-Vu)|.
This implies that for some positive constant C, we have

AT A =ID]"fl < [|[F v Va(v - Vou)ll < cl|Viul ey a)
which completes the proof using |[uy|z2(pp axy) = 1L f]|- O

2. A FRAMEWORK FOR THE ELLIPTIC REGULARITY ESTIMATE

Our goal is to give conditions on V' which are sufficient to establish the existence
of a positive constant C' as in Lemma [l In the applications considered below, the
combination of weights Mg pr/m?% is constant. This motivates the notations

wh = pp, W= (%)lwg with i=1,2, |uli:= luwilr2ma) -

With p = upp, the Poincaré inequality in (H3) can then be rewritten as

(2.1) IVaullt = A flullg

under the zero average condition fRd upp dx = 0, and the desired estimate (LI0Q) is
(2.2) IV3ull2 < C llugllo

for the solution of

(2.3) wiu— Vg - (w3 Veu) = wiuy.

Roughly speaking we just have to prove (L? — H?)-regularization for a second
order elliptic equation. However, different norms have to be taken into account.
The result can only be shown under certain assumptions on the weights, which will
later be translated into assumptions on the confining potential:

(24) dep >0, ¢ €10,1) such that — w% Az(logwy) < g w% + ca |VIw1|2 ,
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(2.5)

Vo
Jez > 0 such that % Ve W|<cs <1+ [Vawn|
0

Wo

>With W =4/1+ ’le‘ ,

w1 |Vwi]
(2.6) Jeyq > 0 such that Vm(—)‘ < ey ,

wo wo
(2.7) W2 = /R W2 prdx < 0o.

Note that a condition on the third weight function ws could be deduced from (2.4])-
@3)-[@2.6) since any two of the weight functions determine the last one. The goal
of this section is to prove the following H2-regularity estimate.

Proposition 5. Let (1)), (Z4), (Z3), (24), and 7)) hold. Then the solution u
of Z3)) satisfies (22)).

By Lemma [ this shows that the operator AT (1 — II) is bounded.

2.1. Improved Poincaré inequalities. We start with an improvement of the
Poincaré inequality (ZI).

Lemma 6. Let 21 and (24) hold. There exists k > 0 such that

28)  [Voul} 2w [lu "2

for anyu € L*(pp dx) with / uppdr=0.
Rd

Proof. With the identity w;V,u = V(w1 u) — u V,wi, the inequality

/u2|Vmw1|2daz—2/ uVywr - Ve (uwy) de
Rd Rd

IVaul?

Y]

= H vle —|—/ u? w? Ay (logw) dz

is easily derived. Now (Z1)) and (2.4) imply
\Y% 2 W1

Vol = (1) Ju 22— 2 .

This completes the proof with kK = Aps (1 — cz)/()\M +c1). O

Lemma 7. Let 1), @4), @35) and (1) hold. There exists k' > 0 such that
Vawy |2 .
W Vul|f >« Wuw—wlu for anyu € L*(pr dx) with / uppdr=0.

Rd

Proof. We apply (28) with u replaced by (uW —u) with @ := [, u W pp dz. We
recall that [p, prde = [[u, pa F dvdz = 1. We thus obtain

— 2
K H(uW — ) WHO < ||Vw(Wu)||% .
By expanding the left hand side, we get
RIW2 ullg < Ve (W u)]? + 2H/Rd W2 wwg do [|[Wllo [[ullo-

Using

1
W2uW ppdx < 2 W2 ul|§ + g W15
R4 a
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with a := 2||W]||o ||u|lo, we obtain
1 a
2 [ Wiuudds Wloludo < wa (5o W2l + 5 W13 )
Rd 2a 2
K
= 5 W2 ullg + 25 WG [lu]§
On the other hand, we can also expand the square in ||V, (W )|}
w112
IV (W )2 < 2 W Voull? +2 [u v, w 22|,
0
and by (Z3)), get

w1 2
Huvzw “u H <
wo 110

2
‘u (1 + %) HO <282 ||Wul?.
Collecting all terms, we finally end up with
K
R W2 ul[§ < 2[W Voul§ + 43 (W allg + 5 W2 ull§ + 2= W5 [[ulg -

which, using 21)), (Z8) and W > 1 establishes the inequality:

K 212 & K 4 2

SIW2ulf < (2442 +2 5 W) W Voull.

2 K Am
O

2.2. The regularity estimate. Now we start working on Equation (23)). The
standard energy estimate gives

(2.9) ullg + I Vaullt < flurllg-
With W = /1 + |V w1|?/w? , Lemma [f] leads to the improved L*-estimate
1
Wilo < = |lugsllo-
Wl < X uglo
Lemma [6] can also be used to get an improved H!-estimate.

Lemma 8. Let (1), (Z4), (Z3) and Z1) hold. Then any solution of [23) such

that [z, upr de =0 satisfies
W Vaully < Cllugllo-
Proof. Multiplication of (23] by uW? and integration gives
(2.10)  [uWIg + W Vaull < [lu W2[lo [lugllo - / wiuVyu-Vy(W?)de.
Rd
Since W2 <1+ W |V,w1|/wo, 1) and Lemma [T imply
(2.11) lu W25 < 2(1/ A+ 1/6") W VaullF .
The integrand in the last term above can be estimated by

2u WV W
2 WIVWE o /5 e w0 Jul wi V00 W2
wo

wo |u| wy |V ul
with the help of ([2.), so that the integral is bounded by
c
2V2e; |luWllo [W Veul <22 ;3 ugllo [W Vaullr .

Combining our results gives
W Vaullt < C llugllo W Vaully
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with C = /2 (1/Ay + 1/k') + 22 S, thus completing the proof. O

Proof of Proposition . We follow the standard procedure for proving H2-regularity
of the solutions of second order elliptic equations with L? right hand sides: mul-
tiply Z3) with V,, - (Vzuw?/wd), and integrate by parts twice. We also use the
consequence ws = w3 /wp of the relations between the weights:

2
||V§u||§ :/ wo (U — uyp) wo Azudx—k/ wg (u—uf)Vau-Vy <w_§) dx
R R Wy

w} w?
_/ w? V,uViuV, <—§) d:z:—/ —;VqufCuVm(w%)daz
Rd Wy Rd Wy

—/ [vzu Vs <w—§)] [Vou- V, (wi)] dz
R Wy
=h+L+L+L+15.
The first integral is easily estimated:
1] < (lullo + llugllo) IV2ullz < 2 flugllo [[VZull2,
by (Z3). For the second integral we use (Z0) and Lemma [8

[Vatn] dx

L] < 204/ wo (u —uyp)wi [Vyul
Rd wo

< 2eqllu—ugllo W Voulls < 4ea C luglff -
With the third, fourth and fifth integrals we proceed similarly:

Ve
3] < Cq w1 |Vgul we uiwlldx
L < 2 ¥ gl w V2
R4 wo
< 2¢4 W Vaull1 [[V3ullz < 2¢4 C llugllo [|V2ul2,
Ve
< 2 [ o el 920 28 e < 200C gl 1920l
R4 wo
5l < w 2U mﬂ 7|vmwl|dx
IIs| < 4 1 IVaul® [Va(
Rd wWo Wo
Vwi|?
§4C4/ w%|un|27| u;ll d$§4C4HWunHf§4C4C||uf||(2).
R Wy

The combination of our results gives
19 2ull3 < K llugllo (Jlusllo + 1V 2ull2)
for some explicit constant K > 0, which completes the proof. O

3. MAXWELLIAN EQUILIBRIA

When the local equilibrium is a Maxwellian distribution, the global equilibrium
has the form
e—lvl?/2
(3.1)  F(x,v) = pr(V(z)) M), with pp(V)=e"" and M) = —— .
(2 7T)d/2

In this framework, Assumption (HO) is a consequence of

Assumption (HO0.1) The external potential V € C2?(R?) is such that e=V €
L(dx).
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As far as the macroscopic coercivity condition (H2) and the boundedness of
AT (1 —1I), i.e. the first part of (H4), are concerned, no further details of the
collision operator are required. Consider first the issue of equivalent conditions for
(H2).

With w := pe¥/? the macroscopic coercivity condition (I.8) is equivalent to

/ [|Vmw|2 + (VL VP - %AV)wQ}dx >y | w?de,

Rd Rd
under the orthogonality condition fRd we~V/2dx = 0. The first eigenvalue of the
Schrédinger operator H := —A—i—% V. V|? —% AV is zero. It is non-degenerate, and
the corresponding eigenfunction is w = e~"/2. According to [28], Inequality (L)
holds if and only if the lower end of the continuous spectrum of H is positive, that is
Assumption (H2.1) liminfj, . (|V.V]? —2AV) > 0.

As a consequence, macroscopic coercivity holds if AV is negligible compared
to |[V.V|? as |z| — oo, and if liminf|, e [V2V] > 0. An example of such a
potential is V(z) = (1 + |z[?)? for some S > 1/2. See for instance [33, A.19.
Some criteria for Poincaré inequalities, page. 137] for an elementary proof if
lim| ;|00 (V2 V]? = 2AV) = oo, and [I] for some recent considerations on Poincaré
inequalities when e~V is a probability measure.

Since all three weights pr, mp, and My are constant multiples of e~", the
framework of Section2lcan be used for the boundedness of AT (1—1I). Assumptions

24), 3) are satisfied if

Assumption (H4.1) There exist constants ¢; > 0, ¢z € [0,1), and ¢3 > 0, such
that .
AV e+ IV VE, VIV e (14|V:V]) -
Assumption (Z8) holds trivially (since w;/wo = const), and ([27) can be trans-
lated to
/ |V V|?e™Vde < o0,
R

which follows from (HO0.1) and (H4.1) by

/|VwV|ze_de = — | V,V-VeeVde= | A Ve Vida
R4 R4 R4

cl/ e_vdx+c—2/ V. V[2e ™V dx.
R4 2 Jra

3.1. BGK operator. For the BGK collision operator
L=1I-1,
the microscopic coercivity condition (H1) is trivially satisfied with A,, = 1, and,

since L is bounded (by 1), the boundedness of AL follows from Lemma [Tl

Theorem 9. Let L =11—1, and let the external potential satisfy (HO0.1), (H2.1),
and (H4.1). Then solutions of (1)) with initial data in L*(du) decay exponentially
to the global equilibrium given by ([B.1)).

IN

This result is an improvement upon the work of Hérau [20], since the require-
ments for the external potential are weaker. In particular, Hérau’s result requires
potentials with at most quadratic growth at infinity, whereas an arbitrary super-
linear growth is permitted by (H2.1), (H4.1).
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3.2. Fokker-Planck operator. For the Fokker-Planck collision operator
Lf =V, - (Vof+vf),

the microscopic coercivity condition (H1) is equivalent to the Poincaré inequality
for the Gaussian measure 9 (v) dv, which satisfies

AR I B A
R4 Rd
/\m/ e / m‘%‘ dvdz = A ||(1 = T0) f2.
Rd R4

A somewhat surprising fact is the boundedness of AL, although L is an unbounded
operator. Since A = —(1+ (TI)*(TID))'UT and U T f = p%vx - j§ where jy is
the flux given by j; = fRd v f dv, the identity j_ f = —jf implies AL = —A, and the
boundedness of AL is a consequence of Lemma [Tl

Y

Theorem 10. Let Lf =V, - (V,f +v f) and assume that the external potential
satisfies (HO.1), (H2.1), and (H4.1). Then solutions of ([LLIl) with initial data in

L?(du) decay exponentially to the global equilibrium given by (B.]).

The above assumptions are similar to those of [33], which are weaker than those
of [2I]. Moreover this result is an important improvement compared to [33] as
involves an L? setting rather than a H' setting. Let us emphasize that the latter
point is not a technical issue and answers an open question raised in [33] Part 11,
Section 13]).

3.3. Scattering operators (without detailed balance). Consider a scattering
operator that can be written as

(3.2) (LHw) = /Rd[k(v* =) f(v*) — k(v =0 f()]dv*, k>0

where k(v* — v) denotes the transition probability of changing the velocity v*
into v. Such an equation obviously conserves mass. Rotational symmetry can
be enforced as a consequence of the assumption k(Rv* — Rv) = k(v* — v), for
all v, v*, and for all rotation matrices R. Detailed balance would mean that the
integrand vanishes, whenever f is a local equilibrium distribution. We shall only
require that L9t = 0. In the right hand side f can be replaced by (1 —1I) f. It has
been shown in [7] that in this case an H-theorem holds:

f 1 kE(v* = v) k(v —v*) A f fr 2 .
- [ [L( e M e (- o) e

where f* denotes f(v*). A sufficient condition for microscopic coercivity is

k(v — v) n k(v — v*)
m o+
Note that, because of L9t = 0, the collision frequency v/( fRd v = v*) dv*
can be written as

v =5 [ <’“(mj v, ’“(“mzm) 0 dv

Assumption (H1.1) > 2Ny, > 0.

Thus, (H1.1) implies v(v) > Ap,
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For proving the boundedness of AL, note that ¢ = AL f can be written as
g = u F with
ue V — V- (e_vku) =—Vs-JLs-

Multiplication by uw and integration gives

/ uzefvdac—i—/ |Vmu|267‘/dx:/ Vau - jLyde.
Rd Rd Rd

For the gain term Lt f = [0, k(v* — v)f*dv*, by applying the Cauchy-Schwarz
inequality twice, we get

*|2 %
/ ] [/ bl dv*/ E(v* — v)?m* dv*] dv
R4 R4 m* R4

1
|f*|2 *// 2 * 2sCt* * 2
< ——d k dv* d .
B [/}Rd DITER S ke = v) m

An analogous estimate for the loss term holds, so that we finally have

1/2
‘/ Vou-jo s de sc(/ |vxu|2e-de) 1Al
R4 Rd

under the assumption
*

Assumption (H4.2) // ([o]> + [v*]?) & (v* = v)? n
R4 xRd m

IN

|+ 7l

dv* dv < 0o

As a consequence, [[ALf|| = ([fpalul?e™" dx)1/2 < C||f]l and AL is bounded.

Combined with (H4.1), (H4.2) shows that (H4) holds.

Theorem 11. Let L be given by (32). If (HO.1), (H1.1), (H2.1), (H4.1) and
(H4.2) hold, then solutions of (LI with initial data in L*(du) decay exponentially
to the global equilibrium given by (B)).

4. LINEARIZED BGK OPERATORS

4.1. Motivation: nonlinear models. Our motivation in this section comes from
nonlinear BGK models with collision operators of the form

Q) = (3 = mos)) - 7.

The operator is determined by the energy profile v(F) > 0 which is assumed to be
monotone decaying on 7~ 1(0,00). The (strictly increasing) function 7i(p) is defined
implicitly by the requirement of local mass conservation, i.e.

/Rﬂ(% IUIQ—ﬁ(p)> dv=p.

Global equilibria of the nonlinear equation 0; f+T f = Q(f) are given by foo(x,v) =
Y(E(z,v) — pioo), where the constant pis is determined by the total mass, and the
macroscopic equilibrium density peo by oo — V() = T(poo(x)). In this section,
we shall investigate the linearized stability of these equilibria, leading to the linear
equation () with the linearized collision operator L = IT — 1 with

F(z,v) = =7 (B(w,v) = pec) ,  pr(z) = m
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Note that in the Maxwellian case y(E) = e~ Ti(p) = log(p(2 7)~%?), the operator
@ is linear, and therefore equal to L. This case has already been investigated in
Section [3.11

The macroscopic limit

of the nonlinear equation is a drift-diffusion equation with nonlinear diffusivity
a(p) =v'(p) = p(p) (see [10] for a justification). Macroscopic limit and lineariza-
tion commute in the sense that the linearization

of the macroscopic equation is the macroscopic limit of the linearized kinetic equa-
tion.

In the following section we consider a family of equilibrium energy distribu-
tions +, giving rise to nonlinear diffusions of fast diffusion type. As in Section B.1]
boundedness of L and microscopic coercivity are straightforward. Since j y = —jy,
AL is bounded, and LA = 0 is easy to check. It remains to check the macroscopic
coercivity condition and the boundedness of AT (1 — II), corresponding to (H2)
and (H4) respectively.

4.2. Fast diffusion. The choice v(E) = E~%/2=1/0=") and m < 1 leads to
- pm form#£0,
v(p) = { logp form =0,

with a constant ¢ > 0 depending on m and d. For m < 1, we also compute the
moments

pr =co(V — um)—l—l/(l—m) , mp = cy(V — Moo)_l/(l_m) :
M = ex(V o)1),

where the positive constants ¢, c¢1, c2 depend on m and d. For the external potential
we shall, for notational convenience, only consider the choice

(4.1) V(@) ~ oo = (14 2127, B> 0.

However, all our results are easily extendable to potentials whose asymptotic be-
haviour as |x| — oo is given by (£I). With these choices,

d(l—

Assumption (H0.2) > 2527_:3

is necessary and sufficient for pp € L(dz).
Macroscopic coercivity is related to Hardy-Poincaré inequalities. In [2] [3] 4], for

any d > 3, a # o := —(d — 2)/2 a positive constant C, 4 is given explicitly, such
that
42 / Vaul? (1+ [2*)* dz > Caa | w? (1+[2*)* ! da,

R Rd

forallu € H'((14|z|?)" dz), under the additional condition [, u (1+[z(?)*~! dz =
0 if & < o*, in which case the measure (1 + |2|?)*~! dz is bounded. The Hardy-
Poincaré inequality is equivalent to macroscopic coercivity (H2) for 5 = 1. A small
generalization is even more useful for our purposes:
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Corollary 12. Letd >3, a1 > as+ 1, and ay # a* :=1—-d/2 if a1 = as + 1.
Let w be a function such that 0 < w(z) < c(1+ |x[*)22 for any x € RY, for some
¢ > 0. Then there exists a positive constant Kq, y,d Such that

/ IVoul? (14 |2]?)* da > Ka17a2,d/ u? wdx
R4 Rd
for any u such that fRd vwdr =0 if f]Rd wdx < 00.

Proof. The assumptions on 1 and «g allow to choose a # o* with as+1 < a < ay.
Then Theorem 1 in [2] implies

/ Va1 + [2f2) de > / Va1 + [2[2)* de

Rd Rd

> Cod |uL|2(1 + |gc|2)o‘71 dz > Cqq |uL|2 wdz,
Rd Rd

where v = 4 + ut with « = 0 for a > o, and 4 = Const and Jga ut(1 +
|z|2)*1dz = 0 for @ < a*. This completes the proof for & > a*. Otherwise,
fRd wdzr < oo holds, and the right hand side can be estimated as follows:

/|u—ﬁ|2wdx21nf/ |u—,u|2wd:1::/ uw?wdr,
Rd HER Jra Rd

using the side condition [, uwdz = 0. O

To get examples, where macroscopic coercivity holds in the fast diffusion case,
we apply Corollary 2 with oy = —f/(1 —m) and ag = —f(2—m)/(1 —m). Then

Assumption (H2.2) d>3,8>1,and m# (d—4)/(d—2)

implies (H2). Note that the last condition is needed only for § = 1. It will however
be useful in the following. For proving the boundedness of AT (1 — II), a modified
version of the framework of Section 2] can be used. Redefining

W s (14 o),
v;—;“ < ¢W holds with the notation of Section 2l The result of Lemma [T

2
(4.3) W Voul? > W2uHO,

is a direct consequence of the Hardy-Poincaré inequality with « = §—148/(m—1).
Note that we have to require that « is different from «*. The proof of Lemma 8 uses
Assumption (1), which would together with (H2.2) require 8 = 1 and therefore
by (HO.2) m > (d—4)/(d—2). This can be slightly improved by redoing the proof
of Lemma [§

Lemma 13. Let (H2.2) hold. Then there exists a constant Sy > 1, depending on
m and d, such that for 8 < By the operator AT (1 —1I) is bounded.

Proof. As mentioned above, [@3]) follows from [2, Theorem 1]. Since, by (H2.2),
1/(m—1) #a* also B — 14 B/(m — 1) # o*, if 8 is close enough to 1. According
to [], the explicit expression of the constant Cq,q in [@2) is a positive, continuous
function of « for a < a* and o > a* and &’ = £/(8,m,d) > 0 in (Z3) can be chosen
to be continuous with respect to 5 at g = 1.

As in the proof of Lemma 8] we derive the inequality (ZI0) and use

w? |V (W?)| <2(8 — 1) wowy, W3
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to estimate the last term by 2 (8 — 1) |[u W?2||¢ ||W Vzul|1. With the help of {3),
@I0) implies

1
IW Vaullt < — W Fouls (Jlugllo +2 (8 = D |W Vaulh) -

By the continuity of &', there exists By(m,d) > 1 such that 2 (8 — 1)/k’ < 1 for
1 < B < fp. or such a 8 the result of Lemma[8 follows. This allows to carry out the
proof of Proposition [l since Assumption ([2.0]), which is used there, is satisfied. O

As a consequence of this result, we formulate

Assumption (H4.3) S <y with 8o(m,d) from Lemma T3]

Theorem 14. With the above notations, let L =11 — 1, and assume that (HO0.2),
(H2.2), and (H4.3) hold. Then solutions of (L)) with initial data in L*(dp) decay
exponentially to the global equilibrium given by

—d/2-1/(1—m)—1
> Vi) =0+ z}),

Fe,o) = (3 b+ V@)

This result is, to our knowledge, the first hypocoercivity result for kinetic equa-
tion whose Gibbs state does not separate position and velocity variables.
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