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Abstract

Let I be an open interval, M a real manifold, 7*M its cotangent
bundle with the zero-section removed and ® = {¢; }+cr a homogeneous
Hamiltonian isotopy of T*M. Let A C T*M x T*M x T*I be the conic
Lagrangian submanifold associated with ®. We prove the existence
and unicity of a sheaf K on M x M x I whose microsupport is contained
in the union of A and the zero-section and whose restriction to ¢t = 0 is
the constant sheaf on the diagonal of M x M. We give applications of
this result to problems of non-displaceability in contact and symplectic
topology. In particular we prove that some strong Morse inequalities
are stable by Hamiltonian isotopies and we also give results of non-
displaceability for non-negative isotopies in the contact setting.

Introduction

The microlocal theory of sheaves has been introduced and systematically
developed in [[(, [0, [, the central idea being that of the microsupport
of sheaves. More precisely, consider a real manifold M of class C* and a
commutative unital ring k of finite global dimension. Denote by D (k) the
bounded derived category of sheaves of k-modules on M. The microsupport
SS(F) of an object F of D”(ky,) is a closed subset of the cotangent bundle
T*M, conic for the action of R™ on T*M and co-isotropic. Hence, this
theory is “conic”, that is, it is invariant by the RT-action and is related to



the homogeneous symplectic structure rather than the symplectic structure
of T*M.

In order to treat non-homogeneous symplectic problems, a classical trick is
to add a variable which replaces the homogeneity. This is performed for com-
plex symplectic manifolds in [RI] and later in the real case by D. Tamarkin
in [P3] who adapts the microlocal theory of sheaves to the non-homogeneous
situation and deduce a new and very original proof of the classical non-
displaceability theorem conjectured by Arnold. Note that the use of sheaf
theory in symplectic topology already appeared in [[4], [L§], [Id] and Q).

In this paper, we will also find a new proof of the non-displaceability theo-
rem and other related results, still remaining in the homogeneous symplectic
framework, which makes the use of sheaf theory much easier. In other words,
instead of adapting microlocal sheaf theory to treat non-homogeneous geo-
metrical problems, we translate these geometrical problems to homogeneous
ones and apply the classical microlocal sheaf theory. Note that the converse
is not always possible: there are interesting geometrical problems, for exam-
ple those related to the notion of non-negative Hamiltonian isotopies, which
make sense in the homogeneous case and which have no counterpart in the
purely symplectic case.

Our main tool is, as seen in the title of this paper, a quantization of
Hamiltonian isotopies in the category of sheaves. More precisely, we consider
a homogeneous Hamiltonian isotopy ® = {¢; }se; of T*M (the complemen-
tary of the zero-section of T* M) defined on an open interval I of R containing
0 such that ¢y = id. Denoting by A C T*M x T*M x T*I the conic La-
grangian submanifold associated with ®, we prove that there exists a unique
K € D(karxarxr) whose microsupport is contained in the union of A and the
zero-section of T%(M x M x I) and whose restriction to ¢t = 0 is the constant
sheaf on the diagonal of M x M.

We give a few applications of this result to problems of non-displaceability
in symplectic and contact geometry. The classical non-displaceability con-
jecture of Arnold says that, on the cotangent bundle to a compact manifold
M, the image of the zero-section of T*M by a Hamiltonian isotopy always
intersects the zero-section. This conjecture (and its refinements, using Morse
inequalities) have been proved by Chaperon [ who treated the case of the
torus using the methods of Conley and Zehnder [{], then by Hofer [f] and
Laudenbach and Sikorav[flf]. For related results in the contact case, let us
quote in particular Chaperon [fl], Chekanov [f] and Ferrand [§].

In this paper we recover the non-displaceability result in the symplectic



case as well as its refinement using Morse inequalities. Indeed, we deduce
these results from their homogeneous counterparts which are easy corollaries
of our theorem of quantization of homogeneous Hamiltonian isotopies. We
also study non-negative Hamiltonian isotopies (which make sense only in the
contact setting): we prove that given two compact connected submanifolds X
and Y in a connected non-compact manifold M and a non-negative Hamilto-
nian isotopy ® = {¢; hes such that ¢, interchanges the conormal bundle to
X with that of Y, then X =Y and ¢; induces the identity on the conormal
bundle to X for ¢ € [0,tp]. The first part of these results has already been
obtained when X and Y are points in [fl, .
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and it is a pleasure to thank him here.

We are also extremely grateful to Emmanuel Ferrand who pointed out
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treated through homogeneous symplectic methods.

1 Microlocal theory of sheaves, after [12]

In this section, we recall some definitions and results from [[J], following
its notations with the exception of slight modifications. We consider a real
manifold M of class C*.

1.1 Some geometrical notions ([[Z, §4.2, §6.2])

In this paper we say that a Cl-map f: M — N is smooth if its differential
dof: T M — Ty, N is surjective for any x € M. For a locally closed subset
A of M, one denotes by Int(A) its interior and by A its closure. One denotes
by Ay or simply A the diagonal of M x M.

One denotes by 7p,: TM — M and my: T"M — M the tangent and
cotangent bundles to M. If L. C M is a submanifold, one denotes by T M
its normal bundle and 77 M its conormal bundle. They are defined by the
exact sequences

0—=TL—LxyTM—T,M — 0,
0—=>T/M— LxyTM—T"L —0.



One sometimes identifies M with the zero-section Ty, M of T*M. One sets
T*M :=T*M \ T;;M and one denotes by 7y, : T*M — M the projection.

Let f: M — N be a morphism of real manifolds. To f are associated the
tangent morphisms

M~ M xy TN TN

(1.1) | | |
f

M:M N.

By duality, we deduce the diagram:

T*M<LM XNT*NgT*N

(1.2) l l f l

M=———M N.

One sets
TN :=Ker fy = ;7 (T5;M) C M x5 T*N.

Note that, denoting by I'y the graph of f in M x N, the projection T%(M x
N) = M x T*N identifies Ty (M x N) and M xy T*N.
Now consider the homogeneous symplectic manifold 7*M: it is endowed

with the Liouville 1-form given in a local homogeneous symplectic coordinate
system (x;&) on T*M by

Qpnr = <£,dl’>
The antipodal map ay; is defined by:
(1.3) ay: T*M — T*M, (z;€) — (x;=E).

If A is a subset of T*M, we denote by A% instead of ays(A) its image by the
antipodal map.

We shall use the Hamiltonian isomorphism H: T*(T*M) =~ T(T*M)
given in a local symplectic coordinate system (z;¢) by

H((A, dx) + (p, d€)) = — (X, O) + (1, Ou).



1.2 Microsupport ([I2, §5.1, §6.5])

We consider a commutative unital ring k of finite global dimension (e.g.
k = 7). (We shall assume that k is a field when we use Morse inequalities in
section fl.) We denote by D(kys) (resp. DP(kys)) the derived category (resp.
bounded derived category) of sheaves of k-modules on M. We denote by
wyr € DP(kyy) the dualizing complex on M. Recall that w), is isomorphic to
the orientation sheaf shifted by the dimension. We shall recall the definition
of the microsupport (or singular support) SS(F’) of a sheaf F' ([[2, Def. 5.1.2]).

Definition 1.1. Let F' € D"(ky/) and let p € T*M. One says that p ¢ SS(F)
if there exists an open neighborhood U of p such that for any g € M

and any real Cl-function ¢ on M defined in a neighborhood of z, with
(wo; dp(z0)) € U, one has RI'(4.0(2)> (o)} (F) e = 0.
In other words, p ¢ SS(F) if the sheaf F' has no cohomology supported

by “half-spaces” whose conormals are contained in a neighborhood of p.

e By its construction, the microsupport is R*-conic, that is, invariant by
the action of R™ on T M.

o SS(F)NTyM =7y (SS(F)) = Supp(F).

e The microsupport is additive: if F; — Fy, — F3 *isa distinguished
triangle in D"(kys), then SS(F;) C SS(F;) U SS(Fy) for all i,j,k €
{1,2,3} with j # k.

In the sequel, for a locally closed subset Z of M, we denote by k the constant
sheaf with stalk k on Z, extended by 0 on M \ Z.

Example 1.2. (i) If F' is a non-zero local system on M and M is connected,
then SS(F) =Ty, M.
(i) If N is a closed submanifold of M and F' = ky, then SS(F') = T\, M, the
conormal bundle to N in M.
(iii) Let ¢ be a C'-function such that dy(z) # 0 whenever ¢(z) = 0. Let
U={xe M;p(xr) >0} and let Z ={z € M;p(x) >0}. Then

SS(ky) = U xp Ty M U {(z; Mdp(z)); o(x) = 0, A < 0},

SS(kz) = Z xp Ty M U A{(x; Mdep(x)); p(x) = 0, A > 0}.

For a precise definition of being involutive (or co-isotropic), we refer to [3,

Def. 6.5.1]

Theorem 1.3. Let F € DP(kys). Then its microsupport SS(F) is involutive.

P
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1.3 Localization (|2, §6.1])

Now let A be a subset of T*M and let Z = T*M \ A. The full subcat-
egory DY (ky;) of DP(ky,) consisting of sheaves F' such that SS(F) C Z is
triangulated. One sets

DP(kys; A) := D" (ky,) /DY (kyy),

the localization of D"(ky;) by D% (ky). Hence, the objects of DP(ky,; A) are
those of DP(kj;) but a morphism u: F; — F, in D°(ky,) becomes an iso-
morphism in DP(kyy; A) if, after embedding this morphism in a distinguished
triangle Fy — Fy — F3 - one has SS(F3) N A = 0.

When A = {p} for some p € T*M, one simply writes DP(k,;; p) instead
of D" (kar; {p}).

1.4 Functorial operations ([I2, §5.4])

Let M and N be two real manifolds. We denote by ¢; (i = 1,2) the i-th
projection defined on M x N and by p; (i = 1,2) the i-th projection defined
on T*(M x N) ~T*M x T*N.

Definition 1.4. Let f: M — N be a morphism of manifolds and let A C
T*N be a closed Rt-conic subset. One says that f is non-characteristic for
A (or else, A is non-characteristic for f) if

AN NTHN € M xy THN.

If A is a closed R*-conic subset of TN, we say that A is non-characteristic
for fifsois AUTRKN.

A morphism f: M — N is non-characteristic for a closed R*-conic subset
A if and only if f;: M xy T*N — T*M is proper on f'(A) and in this case
faft(A) is closed and R*-conic in T*M.

Theorem 1.5. (See [13, §5.4].) Let f: M — N be a morphism of manifolds,
let F' € D(ky,) and let G € DP(ky).

(i) Assume that f is proper on Supp(F). Then SS(RAF) C frf; 'SS(F).

(i) Assume that f is non-characteristic for SS(G). Then SS(f'G) C
faf71SS(G).



(ili) Assume that f is smooth. Then SS(F') C M xy T*N if and only if, for
any j € Z, the sheaves H7(F') are locally constant on the fibers of f.

There exist estimates of the microsupport for characteristic inverse images
and (in some special situations) for non-proper direct images but we shall
not use them here.

Corollary 1.6. Let I be a contractible manifold and let p: M x I — M
be the projection. If I € DP(kysx;) satisfies SS(F) C T*M x TyI, then
F ~p Rp,F.

Proof. The result follows from Theorem [.J (iii) and [[2, Prop. 2.7.8]. Q.E.D.

Corollary 1.7. Let I be an open interval of R and let q: M x I — I be the
projection. Let F' € DP(kysws) such that SS(F)NTy M x T*I C Tiyy (M x I)
and q 1is proper on Supp(F'). Then we have isomorphisms RI'(M; Fy) ~
RI(M; Fy) for any s,t € 1.

Proof. Tt follows from Theorem [[.J that SS(Rq.F') C T7I. Therefore, there
exists M € DP(k) and an isomorphism Rg.F ~ M;. (Recall that M; =
a;'M, where a; — {pt} is the projection and M is identified to a sheaf on
{pt}.) Since RI'(M; Fy) ~ (Rq.F)s, the result follows. Q.E.D.

1.5 Morse Lemma and Morse inequalities ([IZ, §5.4])

In this subsection, we consider a function ¢: M — R of class C!. We set
(1.4) Ay = {(5dp(z))} € T*M.

The proposition below is a particular case of the microlocal Morse lemma
(see [[F, Cor. 5.4.19]) and follows from Theorem [[.J (ii). The classical theory
corresponds to the constant sheaf F' = k,.

Proposition 1.8. Let F' € DP(kyy), let v: M — R be a function of class C*
and assume that ¢ is proper on Supp(F). Let a < b in R and assume that
dip(x) & SS(F) for a <(x) <b. Fort € R, set My =~ (] — oo, t[). Then
the restriction morphism RI'(My; F') — RI'(M,; F) is an isomorphism.

Corollary 1.9. Let F' € D(ky;) and let ¢p: M — R be a function of class
Cl. Let Ay be as in ([4). Assume that



(i) v is proper on Supp(F),
(i) dy(x) #0 for any x € M,
(i) RT'(M; F) #0.

Then Ay N SS(F) # 0.

Until the end of this subsection as well as in Section .4 we assume that
k is a field. The classical Morse inequalities are extended to sheaves (see 23]
and ([, Prop. 5.4.20]). Let us briefly recall this result.

For a bounded complex E of k-vector spaces with finite-dimensional co-
homologies, we set

b;(E) = dim H'(E), b(E) = (=1)' Y (=1Vb;(E)
J<l

We consider a map 10: M — R of class C! and define A,, as above. Note that
we do not ask 1 to be smooth. Let ' € D"(ky;). Assume that
(1.5) the set A, N SS(F) is finite, say {p1,...,pn}

and, setting
(1.6) v, =7(pi), Vii=RT @)@ (M; F))a,,
also assume that
(1.7) for all s € {1,..., N}, j € Z, the spaces H’(V;) are finite-dimensional.
Set
b;(F) = dim H/(RI'(M; F)).

Theorem 1.10. Let F € DP(ky,) and assume that 1) is proper on Supp(F).
Assume moreover ([[.J) and ([[7). Then

N

(1.8) bi(F) <Y bi(Va).

i=1
In fact the assumption that v is proper on Supp(F') may be weakened,

see loc. cit.
Notice that ([.§) immediately implies

(1.9) bi(F) < ij(vi) for any j.



1.6 Kernels ([I2, §3.6])

Let M; (i = 1,2,3) be manifolds. For short, we write M;; := M; x M; (1 <
i,7 <3) and M3 = M; x My x Ms. We denote by ¢; the projection M;; —
M; or the projection My93 — M, and by ¢;; the projection Mios — M;;.
Similarly, we denote by p; the projection T*M,; — T™M, or the projection
T* Moz — T M; and by p;; the projection T™Mjs3 — T*M;;. We also need
to introduce the map pi2a, the composition of p15 and the antipodal map on
T*Ms.
Let Ay C T*Myy and Ay C T*Mss. We set

(1.10) Ay oAy = pra(prae AL Mgy ).
We consider the operation of convolution of kernels:
o D*(kas,) X DP(kany) — D°(Kapyy)
(K1, Ky) — K 2, K> :=Rqu3)(q15 K1 ® g3 K3).

Let A; = SS(K;) C T* M, ;41 and assume that
(i) qu3 is proper on g5 Supp(K1) N gy Supp(Ks),
(L11) 9 (i) proe"Ay N pas ™ Ao N (T, My x T* My x Ty, Ms)
C Typ xntysans (M X My x Ms).
It follows from Theorem [ that under the assumption ([LI1]) we have:
(1.12) SS(K; o Ky) C AjoAs.

If there is no risk of confusion, we write o instead of o .
Mo

We will also use a relative version of the convolution of kernels. For a
manifold I, K; € DP(kys,x7) and Ky € DP(kys,, 1) we set

(1.13) K 01Ky = Rauan(qrar K1 © oz K),

where g;;7 is the projection Mios x I — M;; x I. The above results extend
to the relative case. Namely, we assume the conditions:

(1) Supp(K7) Xaxr Supp(Ks) — Mz x I is proper,

(114) (11) p12a1a_1A1 ﬂp231_1/\2 N (T;\k/llMl X T*MQ X TX}3M3 X T*[)
C T]E1><M2><M3><I<M1 X M2 X M3 X [)7

9



where proaga: T* My X T* My X T* M3 x T*[ —— T*M; x T* My x T*I is given
by the projections to T*M; and the composition of the antipodal map and
the projection to T* My x T*I, and similarly for po3;. Then we have

(115) SS(Kl ©) ‘[KQ) C A1 ©) |[A2 = 7’13(7’172%/\1 N T;?)IAQ).
Here, in the diagram

T*My x T*My x T*Msz x (T*I x; T*I)

T12a 723
T13

T*M; x T*My x T*I T*My x T*Ms x T*1 T*My x T*Ms x T*1,

r19a 18 given by pioa: T My X T* My x T* Mz — T*M; x T* M, and the first
projection T*I x;T*I — T, ro3 is given by po3: T* My x T*My x T* M3 —
T*My x T*Mj and the second projection T*I x; T*I — T*I, and rq3 is
given by pi3: T* My X T* My x T* Mg — T* My x T* M3 and the addition map
T x;T*1 — T*I.

1.7 Locally bounded categories and gluing sheaves

Although the prestack U — D(ky) (U open in M) is not a stack, we have
the following classical result that we shall use.

Lemma 1.11. Let Uy and Uy be two open subsets of M and set Uyo:=UNUs.
Let F; € D(ky,) (i = 1,2) and assume we have an isomorphism gy : Fi|y,, =~
Fyy,,. Then there exists F' € D(ky,uu,) and isomorphisms ¢;: F|y, ~ F;
(i =1,2) such that 12 = alvy, 0 1|y, . Moreover, such a triple (F, 1, p2)
is unique up to a (non-unique) isomorphism.

Proof. (i) For x = 1,2 or 12 we let j, be the inclusion of U, in U; U Uy. By
adjunction between j», and jj,', the morphism ¢y defines the morphism
u: f121(Fi|u,) = J2Fa. We also have the natural morphism v: jio,(Fi|e,) —
J1F1. Then F is given by the distinguished triangle

. udv . . 1
G (Filoy) 225 jo Fo @ g Fy — F

(ii) The unicity follows from the distinguished triangle Fy,, — Fy, & Fy, —

F 4 and the fact that a commutative square in D(k,s) can be extended to
a morphism of distinguished triangles. Q.E.D.
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Definition 1.12. We say that F' € D(ky,) is locally bounded if for any
relatively compact open subset U C M we have F|; € DP(ky). We denote
by D™ (k) be the full subcategory of D(ky,) consisting of locally bounded
objects.

Local notions defined for objects of D®(k,,) extend to objects of D' (ky,),
in particular the microsupport. The Grothendieck operations which preserve
boundedness properties also preserve the local boundedness except maybe
direct images. However for F' € D'™(k,;) and a morphism of manifolds
f: M — N which is proper on Supp(F') we have Rf.F ~ RfiFF € D"(ky)
and Theorem [[.] still holds in this context.

In particular in the situation of the previous paragraph if we assume
that K; € D™(ky,) and Ky € D™(kyy,,) satisfy ([[I1]), then we obtain
K, o K, € D™ (kyy,,) with the same bound for its microsupport.

2

The category D™ (k,,) is stable by the following gluing procedure.

Lemma 1.13. Let j,: U, — M (n € N) be an increasing sequence of open
embeddings of M with |, U, = M. We consider a sequence {F,},, with F,, €
D™ (ky,) together with isomorphisms uny1,: F == F,i1|y,. Then there
ezists ' € D™ (k) and isomorphisms u,: F|y, ~ F, such that u,1, =
Ups1 0w, for all n. Moreover such a family (F,{u,},) is unique up to a
(non-unique) isomorphism.

Proof. (i) Denote by vy, : Jui(Fn) = jnt1(Frni1) the morphisms obtained by
adjunction. Then define F' € D(kj;) as the homotopy colimit of this system,
that is, ' (which is defined up to isomorphism) is given by the distinguished
triangle

v = @nen(idj,, (m,) —vn)

Then we have isomorphisms w,,: Fl|y, ~ F, for all n € N, w41 = tps1 ou !

and F € D (k).

(ii) Assume that we have another G € D™ (k,;) and isomorphisms w,,: G|y, ~
F,. By adjunction they give ¢, : j, (F,) — G and we let ¢ be the sum of
the ¢,’s. Since w41, = Wpy1 © w, !, we have ¢ o v = 0, where v is defined
in (.IG). Hence ¢ factorizes through ¢: F' — G. Then |y, = w, ' ou, is an
isomorphism. The property of being an isomorphism being local, we obtain

that 1 is an isomorphism. Q.E.D.
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1.8 Quantized contact transformations ([[2, §7.2])

Consider two manifolds M and N, two conic open subsets U C T*M and
V C T*N and a homogeneous contact transformation y:

(1.17) T"NOV = UCT"M.

X

Denote by V* the image of V' by the antipodal map ay on T*N and by A
the image of the graph of ¢ by idy xay. Hence A is a conic Lagrangian
submanifold of U x V. A quantized contact transformation (a QCT, for
short) above x is a kernel K € DP(kys ) such that SS(K) N (U x V) C A
and satisfying some technical properties that we do not recall here so that
the kernel K induces an equivalence of categories

(1.18) Ko«:DP(ky;V) =% DP(kys U).

Given y and ¢ € V|, p = x(q) € U, there exists such a QCT after replacing
U and V by sufficiently small neighborhoods of p and ¢.

1.9 The functor phom ([I2, §4.4, §7.2])

The functor of microlocalization along a submanifold has been introduced
by Mikio Sato in the 70’s and has been at the origin of what is now called
“microlocal analysis”. A variant of this functor, the bifunctor

(1.19) phom: DP (k)P x DP(ky;) — DP(kpea)

has been constructed in [[J]. Since Supp(uhom(F, F')) C SS(F) N SS(F’),
(L.19) induces a bifunctor for any open subset U of T*M:

phom: DP (ki U)°P x DP(kyy; U) — DP(ky).

Let us only recall the properties of this functor that we shall use. Consider
a function ¢: M — R defined in a neighborhood U of xy € M such that
dip(zg) # 0. Then, setting S :={x € U ;¢(x) = ¢(zo)} and p = di)(z), we
have

Ry (2)>v(w0)} (F) ey =~ phom(ks, F), for any F' € D (kyy).

If x is a contact transform as in ([.17) and if K is a QCT as in ([.1§), then
K induces a natural isomorphism for any F,G € DP(ky; V)

(1.20) X« (hom(F, G)|y) == phom(K o F, K o G)|y.

12



1.10 Simple sheaves (|2, §7.5])

Let A € T*M be a locally closed conic Lagrangian submanifold and let p € A.
Simple sheaves along A at p are defined in [[[4, Def. 7.5.4].

When A is the conormal bundle to a submanifold N C M, that is, when
the projection mys|p: A — M has constant rank, then an object F' € D"(kyy)
is simple along A at p if F' ~ ky [d] in D®(ky; p) for some shift d € Z.

If SS(F') is contained in A on a neighborhood of A, A is connected and F
is simple at some point of A, then F' is simple at every point of A.

Ift Ay C T*My5 and Ay C T*Msy3 are locally closed conic Lagrangian
submanifolds and if K; € D"(kyy,,,,) (¢ = 1,2) are simple along A;, then
K, o K, is simple along A; o Ay under some conditions (see [, Th. 7.5.11]).
In particular, simple sheaves are stable by QCT.

Now, let M and N be two manifolds with the same dimension. Let

F e Db(kMXN). Set
(1.21) F~' = v 'Rofom (F,wy Rky) € DP (k)

where v: N xM — M x N is the swap. Let ¢;; be the (7, j)-th projection from
N x M x N. Then we have F~'o F = Rqi3/(¢15 F ' ® ¢35 F). Let 6: N —
N x N be the diagonal embedding. Then we have § ' (F ' o F') ~ Rgy (F ®
R#om (F,wy Xky)). Hence =1 (F o F) ~ Rgy (F @ Rsom (F, g5ky)) —
Rgo (ghky) — ky gives a morphism

F’_1 oF — kAN'
Proposition 1.14 ([[3, Proposition 7.1.8, Proposition 7.1.9, Theorem 7.2.1]).

Let F € D®(kyrxw), let pas € T*M and let py € T*N. Assume the following
conditions:

(i) Supp(F) — N is proper,

(i

i) F is cohomologically constructible (see 13, Def. 3.4.1]),
(i) SS(F) 1 (F*M x TyN) = 0,
) S
) S

)N (T M < {px}) = {(pa, PN) }

S(F
S(F) is a Lagrangian submanifold of T*(M x N) on a neighborhood
of (par: PR,

(iv

(v

13



(vi) F' is simple along SS(F) at (par, p%),
(vii) SS(F) — T*N s a local isomorphism at (par, % )-

Then the morphism F~1o ' — kn,, is an isomorphism in D*(knxn; (pn, p%))-

2 Deformation of the conormal to the diago-
nal

As usual, we denote by Ay, or simply A the diagonal of M x M. We denote
by p1 and ps the first and second projection from T*(M x M) to T*M and
by p§ the composition of p, and the antipodal map on 7% M.

Consider a C*®-function f(z,y) defined on an open neighborhood €y C
M x M of the diagonal A,;. We assume that

(i) flan =0,

(i) f(z,y) >0 for (z,y) € Qo \ A,
2
O;0z;
Such a pair (Qp, f) exists.

Proposition 2.1. Assume that (Qo, f) satisfies the conditions () (k) above.
Let U be a relatively compact open subset of M. Then there exist an & > 0
and an open subset 2 of M x M satisfying the following conditions:

(a) Ay CQC QN (MxU),

(iii) the Hessian (x,y) is positive definite for any (x,y) € Ay

(b) Z.:={(z,y) € Q; f(x,y) < e} is proper over U by the map induced by
the second projection,

(¢) foranyy € U and e’ €]0,¢]|, the open subset {x € M ; (x,y) € Q, f(x,y) <&’}
1s homeomorphic to R",

(d) da&f(xay) 7é 0: dyf(l‘,y) 7é 0 f07“ (ZL‘,y) € Q\AM7

(e) settingl'z. = {(z,y;&,m) € T*(Q); f(x,y) =&, (§&n) = Adf (x,y), A < 0},
the projection ps: T*(M x U) — T*U induces an isomorphism I'z. ==

P3
T*U and the projection py: T*(M x U) — T*M induces an open embed-
ding 'y, — T*M.

14



Proof. Replacing )y with the open subset

AM U {(l’,y) € Q0 ; d:vf<x7y> # O7dyf(x7y) 7£ 0}7

we may assume from the beginning that €y satisfies ().

Let F': Qo — T*M be the map (x,y) — d, f(x,y). This map sends A to
Ty M and is a local isomorphism. Then there exists an open neighborhood
Q' C Qg of Aps such that Flg : Q" — T*M is an open embedding. Hence by
identifying €)' as its image, we can reduce the proposition to the following
lemma. Q.E.D.

Lemma 2.2. Letp: E — X be a vector bundle of rankn, i: X — E the zero-
section, SE = (E\i(X))/Rxq the associated sphere bundle and q: E\i(X) —
SE the projection. Let f be a C®-function on a neighborhood €2 of the zero-
section i(X) of E. Assume the following conditions:

(i) f(z) =0 for z € i(X),
(ii) f(z) >0 for z € Q\i(X),
(iii) for any x € X the Hessian of f|,~1(z) at i(x) is positive-definite.

Then, for any relatively compact open subset U of X, there exist € > 0 and
an open subset ¥ C QN p~Y(U) containing i(U) that satisfy the following
conditions:

(a) {z€Q; f(2) <&} is proper over U,

(b) {z€Q;0< f(2) <e} = (SE xx U)x]0,¢[ given by z — (q(2), f(2))
18 an isomorphism,

(c) for any x € U and t €]0,¢[, the set {z € X Np~t(x); f(z) <t} is
homeomorphic to R™.

Since the proof is elementary, we omit it.
Recall ([:21).

Theorem 2.3. We keep the notations in Proposition 2] and set L =k _ €
DP(karxw). Then SS(L) C Tz UZ. and LYo L =% ka,, .

15



Proof. Set Z = Z.. We have SS(L™'oL) C TX, (U x U) U T}, (U x U).
By Proposition [[.I4, there exists a morphism L~'o L — ka, which is an

isomorphism in DP(kyw; T*(U x U)). Hence if N — L~ oL — ka, s

a distinguished triangle, then SS(IV) C T, (U x U) and hence N has locally
constant cohomologies. In particular Supp(/V) is open and closed in U x U.
Let 6: U — U x U be the diagonal embedding. Then we have §~'(L™'o L) ~

Rgo (L @ Rotom (L, kyxv) @ g3k ). Since L ~ ky and RsZom (L, kyrwp) ~
Kint(z), we have 6 (L™ o L) ~ Rga(kmy(z) ® goky). Since the fibers of
Int(Z) — U are homeomorphic to R", we have Rga,(ki(z) @ ghke) ~ ky.
Thus we obtain that 6 '(L™'oL) ~ ky, and hence !N =~ 0. Hence
Supp(N) N Ay = 0 and Supp(N) C Supp(L~'o L). Since we have

Supp(L~'o L) C {(y,y) € U x U ; (z,y), (z,y') € Z for some x € M}

and the fiber of Z — U is connected, y and gy’ belong to the same connected
component of M as soon as (y,y’) € Supp(/N). Since Supp(N) is open and
closed in U x U and Supp(N) N Ay = ), we conclude that Supp(N) = 0.
Q.E.D.

3 Quantization of homogeneous Hamiltonian
isotopies

Let M be a real manifold of class C* and I an open interval of R containing
the origin. As in Section [A] we consider a homogeneous Hamiltonian isotopy
O: T*Mx I — T* M satisfying hypothesis (A.q). We set o, = ®(+,1) (t € I).
We define f: T*M xI — Rand A C T*M xT*M xT*I, A; as in Lemma[A.3.
Then A is a homogeneous Lagrangian submanifold and we have for any ¢ € I:

By Lemma 5.3, A is in fact closed in 7*(M x M x I).

The main result of this section is the existence and unicity of an object
K € D“O(kMX Mx7) whose microsupport is contained in A outside the zero-
section and whose restriction at ¢ = 0 is ka. We shall call K the quantization
of ® on I or of {¢; }e;. We first prove that if such a K exists, then its support

16



has some properness properties from which we deduce its unicity. Then we
prove the existence assuming hypothesis ([A.7) on ®. For this purpose we glue
local constructions using the unicity. Then we prove the existence in general
using an approximation of ® by Hamiltonian isotopies satisfying (A.7).

3.1 Unicity and support of the quantization

Recall that for F' € D™®(kysxn), the object F~1 is defined in ([2T)). For an
object K € D™ (Kysxarxr) and to € I, we set

Kto = K|t:t0 ~ Kokt:to € le(kMXM)'

We introduce the notations

I; = [0,t] or [t,0] according to the sign of ¢ € I,

B2 B gty e Mx M x T:({x} x Ly} x L) N iarearca(A) £ 0}

Lemma 3.1. Both projections B = M x I are proper.

Proof. (i) Let us show that the second projection ¢: B — M x I is proper.
We see easily that ¢~ (y,t) = wa(®(73/ (y) x 1)) x {y} x {t}. We choose
a compact set D C M and ¢t € I. Then ¢ '(D x I;) is contained in
7ar(@(73f (D) x I)) x D x I, which is compact.

(ii) The first projection is treated similarly by reversing the roles of z and y
and replacing ® by @' = {p, ' }c;. Q.E.D.

Proposition 3.2. We assume that ® satisfies hypothesis (AG) and that
K € D™ (ks arxr) satisfies the following conditions.

(a) SS(K) C AUTy o prwr(M x M x 1),
(b) KO ~ kA.
Then we have:

(i) Supp(K) C B (see (B-2)) and both projections Supp(K) = M x I are
proper,

(i) Ko K7 '~ K, 'o K, ~ka forallt €1,

(i) such a K satisfying the conditions (B)—~(B) is unique up to a unique
1somorphism,
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(iv) if there exists an open set U C M such that QOt‘#J;II(U) =id for allt € I,
then K|wxmumxvyxr = Kaxr|wxmumxuyxi-

Proof. (i) Let us prove (i). Since A is closed and conic, 7« arxr(A) is closed.
So if (x,y,t) ¢ B we may find open connected neighborhoods U of z, V' of
y and J of I, such that 7} ,,. (U x V x J) does not meet A. By condition
(a) this implies that SS(K|yxy ) is contained in the zero-section. Hence
K is locally constant on U x V' x J. Now 0 € J and U x V does not meet
Ay since Tarxarxr(A) contains Ay x {0}, Hence Klyyxyxqoy = 0 and we
deduce K|yxyxs = 0. In particular (z,y,t) ¢ Supp(K) and this proves
Supp(K) C B. To conclude, we apply Lemma B1].

(ii) Let us prove (ii). We set F' = K o|; K~ (Notation ([.13J)). Hence (ii) is
equivalent to F' ~ ka ;. Let v be the involution of T*M x T*M x T*I given
by v(x, & o' &t 1) = (2, =& &, =&, t, —7). Then we have

(3.3) SS(K™Y)NT*(M x M x I) C v(A).
Hence by ([.15)), SS(F) satisfies:
SS(F) C Tx,xg(M < M xI)UTy (M x M xT)
C T*(M x M) x T} 1.

By Corollary [[.g, F is constant on the fibers of M x M x I — M x M.
Denote as usual by ig: M x M — M x M x I the inclusion associated to
{t = 0} C I. Tt is thus enough to prove the isomorphism iy'F ~ k. We
have

ZL]R%OTH(K, kM><M><I) ~ R%Om(ialK,ii)kMxMX[)
~ RFom (Ko, Knrwnr) @ ipKnrxarxr
On the other hand, the condition on SS(K) implies
ZBR%OTH (K, kM><M><I) ~ zalR,%”om (K, kM><M><I) X iE)kMXMXI-

Therefore z'glR%”om(K, Kysnrxr) =~ Raoom (Ko, kyrxn) which gives the
isomorphism iy ' K~! ~ K;'. Thus we obtain iy 'F ~ Kyo K;' ~ ka as

required.

(iii) is a particular case of the more precise Lemma B.3 below.

(iv) Weset V.= (Ux MUM xU) xI. Then BNV = Ay x I. Hence (i)
implies that Supp(K) NV C Ay x I. Then (b) implies (iv). Q.E.D.
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Lemma 3.3. Let ®;: T*M x I — T*M (i = 1,2) be two maps satisfy-
ing (B0) and define A; C T*M x T*M x T*I as in Lemma [A3. Assume
that there exist K; € D™ (kyrxarxr) (i = 1,2) satisfying conditions (H)—(B) of
Proposition [3.. Also assume that there exists an open set U C M such that

(3.4) (I)1|7%;11(U)><I - ‘I)2|7%;,1(U)x1-

Then there exists a unique isomorphism : Ki|yxuxr == Ko|pxuxr such
that

1

i K, 0 i K,
k

commutes, where 1g: M x U — M x U x I is the inclusion by 0 € I.

(4
Ay
Proof. We define ®;%: T*M x I — T*M by gpQ_i = (po) P forall t € 1.
Then, similarly to (B-3), we have SS(K; ") C v(A;) outside the zero-section.

We also define &: T*"M x I — T*M by ¢, = gp;i o 1. Its associated
Lagrangian submanifold is A = v(Ay) o|/A; (see ([.I7)). By (B:4) we have

oi(x,6) = (2,¢€) for all t € I and (z,€) € 7, (U). Hence

ANT (M xUXI)=T5 (M xU)xT:.

U

We set L = K, 'o|;K;. By ([.19), we have the inclusion SS(L) C A outside

the zero-section. It follows that SS(L) is contained in T%(M x U) x T}1
over M x U x I. Since Ly ~ kpa,,, we deduce from Corollary that

L|M><U><I = k(AMﬂMXU)xI- Then

Kl‘MxeI = (Kz o |IL>|M><U><I ~ Kyo |1(L\Mxe1) = K2|M><U><I

as claimed.
The uniqueness of ¢ follows from the uniqueness of the isomorphism
Linvxuxr = kayxr- Q.E.D.

3.2 Existence of the quantization — “compact” case

Lemma f.3 below is the main step in the proof of Theorem B.7. We prove the
existence of a quantization of a homogeneous Hamiltonian isotopy ®: T* M x
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I — T*M satisfying hypothesis (&.0) and (&7) (that is ¢, is the identity
map outside 7y, (A) for each ¢t € I, where A C M is compact). In the course
of the proof we shall need an elementary lemma that we state without proof.

Lemma 3.4. Let N be a manifold, Vo C N an open subset with a smooth
boundary, C' C N a compact subset and I an open interval of R containing
0. Let A C T*(N x I) be a closed conic Lagrangian submanifold and set
ANy =ANoT}I fort € I. We assume

(a) Ay =SS(kgr) NT*N,
(b) ANT*((N\C) x I) = (A NT*(N\ C)) x T¢I,
(¢) ACT*N xT*I and A — T*N x I is a closed embedding.

Then there exist € > 0 with £e € I and an open subset V- C N x| — e, e[ with
a smooth boundary such that

(i) Vo=V (N x{0}),

(i) A =SS(ky) NT*(Nx] —¢,¢),

(111) A= SS(kW) N T*N for any t G] — 6,6[.
Lemma 3.5. Assume that ® satisfies hypotheses (A.G) and (A). Then
there exists K € D™(kyrxarxr) satisfying conditions (R)—(H) of Proposi-

tion [3.3.

Proof. (A) Local existence. We first prove that there exists € > 0 such that
there exists a quantization K € DP(Karxarx]—ce) Of @ on] —¢,el.

We use the results and notations of Proposition .1 and Theorem P.3. We
choose a relatively compact open subset U such that A C U C M where A is
given in hypothesis (A.7). We choose f and £, as in Proposition (in which
e1 was denoted by €). Then L:=kyz_ € D"(kyxv) satisfies SS(L) = 'z, UZ,,,
and L' o L ~ ka,. We define for t € I

A=Ty oANCT'MxT*U x T"I,
Kt = FZEl OAt C T*M X T*U
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We remark that A, = Ao Ty and Ay = SS(kz.,) N T*(U x I). We apply
Lemma B4 with N = M xU, C = Ax A, V = IntZ.,. We obtain € > 0 and
an open subset V' C M x Ux| — ¢,¢[ such that L :=ky € D*(Knrxux]—z,e])
satisfies:

(a) SS(L) C (Ax;] —e,e)UTE, (M x Ux] —¢,e]),

xUx]—¢,e|
(b) z|Mxe{o} = kzsla
(¢) the projection M x Ux] — ¢,e[— Ux] — ¢, & is proper on Supp(L).

Now we set K = L™'o |IZ € Db(kaUX]_avg[). Then K satisfies properties

(H)—(B) of Proposition B.4 when replacing M and I with U and | — ¢, e[. We
deduce in particular

~

K (xvonaxa)x]—eel = (Kay x)—e.c) [(Ux 0N\ (AxA))x]—e.e]-
Hence K extends to K € Db(kMxMX]_gvg[) with

~

K| (arearn (Ax Ay xl—e.el = (Kayysl—e.el) (M x M)\ (A A)) ] —e.c]
and K € DP(Kasxarx]c.() is a quantization of ® on | — ¢, [.

(B) Gluing (a). Assume K™ € D™(Ky/xarxjto,n]) 1S @ quantization of the
isotopy {@: }eejio [ for an open interval J =lto, t;[C I containing the origin.

Assume that J # I. We shall show that there exist an open interval
J' C I and a quantization of the isotopy {¢;}icss such that J C J' and
J £ J.

For an interval I" Clto, t;[ we write K™ |, for K|y

Assume that ¢; € I. By applying the result of (A) to the isotopy {¢; o
go;ll}tel, there exist ty < t3 < t; < t4 with t4 € I and a quantization
L3t € DP(Karuarsiisaf) of the isotopy {¢: o ¢p ' eptgra- Choose to with
t3 < ty < t; and set

F = (Kt07t1 |]t3,t1[) O(Kttg’tl)_la
F' = (Lt?)’t4|]t37t1[) O<Liz7t4)il'
Then both F' and F’ are a quantization of the isotopy {¢; o @tgl}te]ts,n[. By

unicity of the quantization (Proposition B.J), F' and F’ are isomorphic and
hence we have an isomorphism

Kt37t4|]t3,t1[ ~ Kt07tl|]t3,t1[ n le(kMXMX}t:i,tl[)?
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where K't = L5t o L)~ 0 Ko™ € D®(Karearejeysy)). By Lemma [T

there exists K™ € D™ (Kyxarujipa)) such that K|, , -~ K" and
K'M|y, ¢~ K™%, Then K'" is a quantization of the isotopy {¢:}ejio -
Similarly, if £y € I, then there exists t_; € I with t_; < ¢y and a quantization
Kt_l’tl on ]t_l,tl[.

(C) Gluing (b). Consider an increasing sequence of open intervals I, C [
and assume we have constructed quantizations K, of {¢;}er,. By unicity in
Proposition -4 we have K, 1|vxnmxr, =~ K. Set J =, I,. By Lemma [[T3
there exists K; € D™ (Kysxarxs) such that Kj|yxarxr, =~ K,. Then K is a
quantization of {y;}es.

(D) Consider the set of pairs (J, K ;) where J is an open interval contained in
I and containing 0 and K; is a quantization of {¢;}c;. This set, ordered by
inclusion, is inductively ordered by (C). Let (J, K;) be a maximal element.
It follows from (B) that J = I. Q.E.D.

3.3 Existence of the quantization — general case

In this section we remove hypothesis (A7) in Lemma B.J. We consider
®: T*Mx I — T*M which only satisfies (.6) and we consider f: T*M xI —
R and A € T*M x T*M x T*I as above. We will define approximations of
® by Hamiltonian isotopies satisfying ([A.7) such that their quantizations
“stabilize” over compact sets which allows us to define the quantization of
o.

We consider a C>*-function g: M — R with compact support. The func-
tion

fg:T*MxI—>R, (x,&,t) = g(z) f(z,&, 1)

is homogeneous of degree 1 and has support in 7, (A) x I with A = supp(g)
compact. So its Hamiltonian flow is well-defined and satisfies (A.G) and ([A.7).
We denote it by

Oy T*M x I —T*M

and we let A, C T*M xT* M xT*I be the Lagrangian submanifold associated
to ®, in Lemma [A-2. By Lemma B.J there exists a unique K, € D™ (kpsxarx1)
such that

SS(K,) C Ay U T nrses(M x M x I) and  Kg|arxarxqor = Ka,,-
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Lemma 3.6. Let U C M be a relatively compact open subset and J C I a
relatively compact open subinterval. Then there exists a C°-function g: M —
R with compact support such that

(3.5) Dyliaswyes = Pl

Proof. We assume without loss of generality that 0 € J. Since ® is homoge-
neous, the set C':=1y,(® (7, (U) x J)) is a compact subset of M. We choose
a C*-function g: M — R with compact support such that g is equal to the
constant function 1 on some neighborhood of C.

Then for any p € 7, (U) the functions f and f, coincide on a neighbor-
hood of v, 7 == {(¢i(p), 1); t € J} C T*M x I which is the trajectory of p by
the flow ®. Hence their Hamiltonian vector fields coincide on v, ; and their
flows also. Q.E.D.

Theorem 3.7. We consider ®: T*M x I — T*M and we assume that it
satisfies hypothesis (A.0). Then there exists K € D™(kyrxnrxs) satisfying

conditions (|)—(H) of Proposition [3.3.

Proof. We consider an increasing sequence of relatively compact open subsets
U, C M, n € N, and an increasing sequence of relatively compact open
subintervals .J, C I, n € N, such that J, .U, = M and (J,.y Jn = 1. By
Lemma B.6l we can choose C*-functions g,: M — R with compact supports
such that @, and ® coincide on 7y (U,) x J,. We let K,, € D (kyrynrxr)

be the quantization of @, . In particular

SS(K,) NT*(M x U, x J,) C ANT*(M x U, x J,),

(3.6)
Kn|M><M><{O} = kAM'

By Lemma B-J we have isomorphisms K1 1|arxu, s, =~ Knlymxu, <, Then
Lemma implies that there exists K &€ le(kMX Mx7) with isomorphisms
Kl vxv,sg, =~ Kulmsu,xg, for any n € N Then K satisfies (H)-(H) of

Proposition B.3 by (B.G). Q.E.D.

Remark 3.8. If ¢ also satisfies (A7) and J is a relatively compact subin-
terval of I, then the restriction K|p;xarxs belongs to DP(Karwarxy). See

Example B.10.

Example 3.9. Let M = R" and denote by (z;¢) the homogeneous sym-
plectic coordinates on T*R"™. Consider the isotopy ¢;(z;&) = (x — t%;f),
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t € I =R. Then

Ay = {'(Jfayafﬂl); e —y|=1t|, £ =—n=s(x—y), st <0} fort#0,
Ao = T5(M x M).

The isomorphisms

R om (kax (i=0y, Knrxmrxr) = Kaxqi=oy[—n — 1]
Room (k{|$_y|§_t}, Kyrsmxr) = k{|a&—y|<—t}

together with the morphism ky,_,<— — Kaxqi—o} induce the morphism
kaxgi=0y[—n — 1] = K{jz—y|<—1}. Hence we obtain

K{jo—yi<ty = Kaxii=0) = K(z—yj<-ny[n + 1]

Let 9 be the composition. Then there exists a distinguished triangle in

Db(kMxMxI)i

1
k{\:vfy\<7t}[n] - K= k{\:vfy\ﬁt} +7>

We can verify that K satisfies the properties (H)-(B) of Proposition B.3.
From this distinguished triangle, we deduce the isomorphisms in D® (K ar):
Ki ~ Kyjg—yj<py for t > 0 and K; ~ kyj,—y<_y[n] for t <0.

Example 3.10. We shall give an example where the quantization K &
D™ (kasxarxr) of a Hamiltonian isotopy does not belong to D (Kysxarxr). Let
us take the n-dimensional unit sphere M = S™ (n > 2) endowed with the
canonical Riemannian metric. The metric defines an isomorphism 7T*M ~
TM and the length function f: T*M — R. Then f is a positive-valued func-
tion on 7* M homogeneous of degree 1. Set I = R and let ® = {¢, };c; be the
Hamiltonian isotopy associated with f. Then for p € T*M, {mu(01(p)) }res
is a geodesic. For x, y € M, dist(x,y) denotes the distance between x and y.
Let a: M — M be the antipodal map. Then we have dist(x, y)+dist(z, y*) =
7. For any integer ¢ we set

{(z,y,t) € M x M xR ;t > {r and dist(z,a’(y)) <t —fr} if £>0,

Cy =

{(ﬂfyt)EMxMx]R~ t < ({+1)7 and

" dist(z, a1 (y)) < —t+ (0 + 1)71'} ie<0.
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Let K be the quantization of ®. Then we have

ke,

{4

L

if k= (n — 1)¢ for some ¢ € Z>y,
if k= (n—1)¢ —1 for some { € Z_o,

0 otherwise.

3.4 Deformation of the microsupport

We consider ®: T*M x I — T*M satisfying hypothesis (A.0) as in Theo-
rem B.74, we denote as usual by A the Lagrangian submanifold associated to
its graph and define A, as in (B]). Let Sy € 7*M be a closed conic subset.
We set S =AoSyand S, = A, 0 Sy, closed conic subsets of T*M x T*I and
T*M respectively. We let i,: M — M x I be the natural inclusion for t € I.
Consider the functor

(3.7) it D e

arxr (M XI) <kM><I) - D}SEUTI’(/IM(kM»

Proposition 3.11. For any t € I the functor (B7) is an equivalence of cat-
egories. In particular for any F € D (kys) such that SS(F) C Sy U Ti M
there exists a unique G € D™(kysys) such that iy '(G) ~ F and SS(G) C
SUT3 (M x I). If @ also satisfies (A7) and we replace I by a relatively
compact subinterval, then (B.7) induces an equivalence between bounded de-
rived categories.

Proof. Replacing ® by ® o ;! we may as well assume that t = 0. Let K €
le(kMxfo) be the quantization of ®. Then we obtain the commutative
diagram:

Ko ‘]-
1b 1b
(SoxTFI)UTy,, ; (MXT) (Karxr) — = DSUT;;,X[(MxI) (Knrxr)
1b 1b
DSOUT]’CIM(kM) DSOUTI*VIM (kar),

where 7y is induced by iy *. It is known that r( is an equivalence of categories,
with inverse given by ¢; ', where ¢i: M x I — M is the projection. Hence
so is the morphism ¢, defined by (B.7).

The last assertion follows from Remark B.§. Q.E.D.
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Now we consider a closed conic Lagrangian submanifold of Sy ¢ T*M and
a deformation of Sy indexed by I, : Syx I — T*M as in Definition [&.3. We
let S  T*M x T*I be the corresponding Lagrangian submanifold defined in
Lemma [A.4. Then Propositions [A.§ and imply the following result.

Corollary 3.12. We consider a deformation ¥: Sy x I — T*M as in Def-
inition [A.3 and we assume that it satisfies (A.§). Then for any t € I the
functor (BA) is an equivalence of categories. Moreover if we replace I by a
relatively compact subinterval, it induces an equivalence between the bounded
derived categories.

4 Applications to non-displaceability

We denote by ® = {¢, }er: T*M x I — T*M a homogeneous Hamiltonian
isotopy as in Theorem B.7. Hence, ® satisfies hypothesis ([A.0).
Let Fy € D"(kjs). We assume

(4.1) Iy has a compact support.

We let A € T*(M x M x I) be the conic Lagrangian submanifold associated
to ® in Lemma and we let K € D°(kysyarx7) be the quantization of ®
on I constructed in Theorem B.7]. We set:

F = KOFO c Db(kMX]),

4.2
( ) Eo — F|{t:t0} >~ Kto OFQ c Db(kM) for t() el.

Then
SS(F) C (Ao SS(Fy)) UTsy (M x 1),
(4.3) {SS(F)NTyM x T*I © Tfy (M x 1),
the projection Supp(F') — I is proper.

The first assertion follows from ([.LIF), and the second assertion follows from
the first. The third one follows from Proposition B (i) and (f]). In partic-
ular we have

(4.4) {Ft has a compact support in M,
SS(F,) NT*M = y(SS(Fy) N T*M),

where the last equality follows from () applied to ® and {@; ' }ic;.
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4.1 Non-displaceability: homogeneous case

We consider a C'-map 1: M — R and we assume that
(4.5) the differential di(x) never vanishes.
Hence the section of T*M defined by di

(4.6) Ay o= {(&; dy(a)); = € M}

is contained in T*M.

Theorem 4.1. We consider ® = {¢;}1er satisfying (A.Q), ©¥: M — R satis-
fying (E3) and Fy € D"(kyy) with compact support. We assume RI(M; Fy) #
0. Then for any t € I, p(SS(Fo) NT*M) N Ay # 0.

Proof. Let F, F; be as in (£3). Then F; has compact support and RI'(M; Fy) #
0 by Corollary [.7. Since SS(F}) C ¢i(SS(Fo) NT*M) U Ty, M, the result fol-
lows from Corollary [.9. Q.E.D.

Corollary 4.2. Let ® = {p;}ier and : M — R be as in Theorem [[1.
Let N be a non-empty compact submanifold of M. Then for any t € I,
el(TNM) N Ay # 0.

4.2 Non-displaceability: Morse inequalities

In this subsection and in subsection [£.4 below we assume that k is a field.
Let Fy € DP(ky,) and set

Sy = SS(Fo)NT*M.

Now we assume that

;

(i) 1 is of class C? and the differential di)(z) never vanishes,

(4.7) (ii) there exists an open dense subset Spre; 0f Sy such that
Soreg 18 a Lagrangian submanifold of class C! and Fp is a
simple sheaf along S yeg-
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Lemma 4.3. Let A be a Lagrangian submanifold defined in a neighborhood
of p € T*M, let G € D"(ky;) and assume G is simple along A at p. Assume
that A and Ay intersect transversally at p. Set xo = w(p). Then

> dim HY (RT () 2000)) (G) ) = 1.
J
Proof. By the definition ([I3, Definition 7.5.4]), RI'{y(@)>u(20)} (G)a, is con-

centrated in a single degree and its cohomology in this degree has rank one.

Q.E.D.
In the sequel, for a finite set A, we denote by #A its cardinal.

Theorem 4.4. We consider ® = {p; }er satisfying (AQ), v: M — R sat-
isfying (£5)) and Fy € DP(ky) with compact support. We also assume (7).
Let ty € I. Assume that Ay Ny, (So) is contained in Ay Ny, (Soreg) and the
intersection is finite and transversal. Then

#(tho So mAw Zb Fo

Proof. 1t follows from Corollary [.] that b;(F}) = b;(F}) for all j € Z and all
tel
Let {5_117 S CJL} - Aw N SOtO(Ao), Y = W(qi) and set

Wi =R gz 603 (Fro )y -

By Lemma .3, W; is a bounded complex with finite-dimensional cohomolo-
gies and it follows from the Morse inequalities ([.9) that

>R < 303 b W)
Moreover

Z dim Hj(RF{w(r)Zw(yi)}(Fto)yi) =1 for any i,
J

and it implies

Z Z bj(Wi) = #(SS(Fig) N Ay) = # (100 (SS(Fo) N T*M) N Ay).
Q.E.D.
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Corollary 4.5. Let ® = {p;}ier, F; and p: M — R be as above and let N
be a compact submanifold of M. Let ty € 1. Assume that ¢, (T*N) and Ay
intersect transversally. Then

#pu(TN) N Ay) > D dim HY (N k).

J

Remark 4.6. Corollaries and [L.] extend to the case where N is replaced
with a compact submanifold with boundary or even with corners. In this
case, one has to replace the conormal bundle 7\ M with the microsupport
of the constant sheaf ky on M. Note that this microsupport is easily calcu-
lated. For Morse inequalities on manifolds with boundaries, see the recent

paper [[T.

4.3 Non-displaceability: non-negative Hamiltonian iso-
topies

Consider as above a manifold M and ®: T*M x I — T*M a homogeneous
Hamiltonian isotopy, that is, ® satisfies (A.6). We define f: T*M x I - R
homogeneous of degree 1 and A C T*M x T*M x T*I as in Lemma A The
following definition is due to [[] and is used in [f, ] where the authors prove
Corollary .19 below in the particular case where X and Y are points and
other related results.

Definition 4.7. The isotopy ® is said to be non-negative if (ay, Hy) > 0.

Let euy, be the Euler vector field on 7M. Then (o, Hy) = eup(f) and
since f is of degree 1 we have euy (f) = f. Hence ® is non-negative if and
only if f is a non-negative valued function. We let (¢,7) be the coordinates
on T*I. Then by ([A:]) this condition is also equivalent to

A C {r <0}.

In order to prove Theorem below, we shall give several results in
sheaf theory.

Proposition 4.8. Let N be a manifold, I an open interval of R containing
0. Let F € DP(knxs) and, fort € I, set F, = Flyxqy € DP(ky). Assume
that
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(a) SS(F) C {r <0},
(b) SS(F)YN(TXNN xT*I) C Txy (N x 1),
(¢) Supp(F) — I is proper.
Then we have:
(i) for alla <bin I there are natural morphisms ry,: F, — Fy,
(i) rpq tnduces a commutative diagram of isomorphisms
RI'(N x I; F)

P

RI(N; F,) ———=RI(N; ).

b

Proof. By asimilar argument to Corollary [L.7, (b) and (c) imply that RT'(/V x

I; F) — RI'(N; F}) is an isomorphism for any ¢ € I.

Forbe Iset I, ={tel;t<b}and F' = F ® kyyy,.- Then F" also satisfies

(a). Hence I3, Prop. 5.2.3] implies that F” ~ F" okp, where
D={(s,t)e I xI;t<s}.

We deduce the isomorphisms, for any a € I :

(48) Fa ~ F, o) k{a} >~ F/ o kD o k{a} >~ F/ o) k[a,b] ~ Fo k[a,b]-

The morphism 7y, is then induced by the morphism k3 — k). Hence we
obtain a commutative diagram

RI(N x I; F)
RI(N x [a, bf;F)/ \RF(N x {b} ; F)
RI(N; l*l’zo ). RI'(IV; Jv; o k)
RF(]%;; F,) e Rm\l; F).
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We recall that wx denotes the dualizing complex of a manifold X.

Lemma 4.9. Let M be a manifold and X a locally closed subset of M. Let
ix: X — M be the embedding. We assume that the base ring k is not reduced

to {0}.
(i) Let Fy € D(kys) and assume that there exists a morphism w: Fy —
Rix, kx which induces an isomorphism H°(M; Fy) = H°(M;Rix, kx).
Then X C Supp(Fp).

(ii) Let Fy € D(kys) and assume that there exists a morphism v: ix,wx —
Fy which induces an isomorphism H?(M;ixwx) == H(M; F}). Then
X C Supp(Fy).

Proof. (i) Let x € X and i,: {x} — M be the inclusion. Then we have a
commutative diagram

H(M; Fy) —= H°(M; Rix, kx)

1 1
Ty l Ty i

HO(FY), k.

For x € X, the composition k — H°(M; Rix,kx) — kis the identity. Hence,
H°(Fy), — k is surjective, and we conclude that x € Supp(Fp).

(ii) For 2 € X, the composition Hy,,(M;ixwx) — H)(M;ixwx) — k is an
isomorphism. Hence in the commutative diagram induced by v

HO

\ |

the morphism a is injective and b is bijective. Hence k ~ H?w}(M; ixiwx) —

H?JC}(M ; 1) is injective, Therefore ng}(M ; 1) does not vanish and z €

Supp(F}). Q.E.D.

Lemma 4.10. Let M be a non-compact connected manifold and let X be a
compact connected submanifold of M. Then we have:

(i) The open subset M \ X has at most two connected components.
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(ii) Assume that there exists a relatively compact connected component U of
M\X. Then such a connected component is unique, X is a hypersurface
and X coincides with the boundary of U.

Proof. (i) We have an exact sequence
H°(M;C) = H°(M \ X;C) = Hy(M;C).

The last term H (M; C) is isomorphic to H(X; 7£¢(Cyy)). Since ¢ (Cyy)
is locally isomorphic to Cx or 0, we have dim H%(M;C) < 1. Hence we
obtain dim H°(M \ X;C) < 2. Hence M \ X has at most two connected
components.

(ii) Assume that there exists a relatively compact connected component U
of M\ X. If M\ X has another relatively compact connected component V|
then M = X UU UV by (i) and it is compact. It is a contradiction. Hence a
relatively compact connected component U of M \ X is unique if it exists. If
X is not a hypersurface then M\ X is connected and not relatively compact.
It is a contradiction. Hence X is a hypersurface. Then it is obvious that X
coincides with the boundary of U. Q.E.D.

~ Untill the end of this subsection, we assume that ® = {¢; }ser: T*MxI —
1M is a non-negative homogeneous Hamiltonian isotopy.
We define g: T*M x I — R by

(4.9) g(p,t) = flp:(p)st) (p€T"M, L),
Here a: T*M — T*M is the antipodal map.

Lemma 4.11. Let U be the symplectic isotopy given by ¥ = {aop; ' oal,c;.

Then we have —— = Hgy,, and ¥ 1s a non-negative Hamiltonian isotopy.

ot

Proof. Set 1), = ao; oa. Let A be the Lagrangian manifold associated to
® as in Lemma [AT]:

A = {(pulo) ot~ flpuv),0) ;v e T Mt e 1}
Then we have
A= {(we )t —fw,t) swe T Mt e T}

{
= {(w"viw) t—f(w" 1) jw e T Mt e 1},
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Since f(w®,t) = g(p; *(w*)?,t), the set

{ (", gulw), t, —g(tn(w). 1) ;w e T*M t e 1

is Lagrangian. Hence Lemma implies that 0V/0t = ¢g;. The non-
negativity of W is obvious since g itself is non-negative. Q.E.D.

Lemma 4.12. Let Ay and Ay be conic closed Lagrangian submanifold of
T*M. If either oi(Ay) C Ay for all t € [0,1], or if Ay C @i(A2) for all
t €[0,1], then @ia, = idy, for all t € [0,1].

Proof. (i) Let us treat the case where ¢;(A1) C Ay for all ¢ € [0, 1]. We may
assume that A; is connected. Then (A1) is a connected component of As,
hence does not depend on t. Therefore ¢,(A;) = Ay for all t € [0,1]. The
hypothesis implies that Hy, = 0®/0t is tangent to A; for all ¢ € [0,1]. By
Lemma A9, f; = (an, Hy,). Since Ay is conic Lagrangian, the Liouville form
avpy vanishes on the tangent bundle of A; and we deduce that f is identically
0 on Ay x [0,1].

Since f, is a non-negative function on T*M, all points of A; are minima
of f. It follows that d(f;) = 0 on A; for all ¢ € [0,1]. Hence Hy, also vanishes
on Ay and therefore ¢y, = idy, for all ¢ € [0, 1].

(ii) Now assume that A; C o,(Ay) for all t € [0,1]. Set 1, = ao ¢, ' o a.
Then {4 }icr is a non-negative Hamiltonian isotopy by Lemma [.11], and
Y (A?) C Ag holds for any ¢ € [0, 1]. Hence step (i) implies that ¢;|se = idjs.

Q.E.D.

Theorem 4.13. Let M be a connected and non-compact manifold and let
X, Y be two compact connected submanifolds of M. Let ® = {p}yer: T*M x
I — T*M be a non-negative homogeneous Hamiltonian isotopy. Assume that
0,1) € I and (T3 M) = T M. Then X =Y and ¢ yar = gy 5y for all
t€0,1].

Proof. By Lemma it is enough to prove that X =Y and o (T M) C
T3 M for all t € [0, 1].

We will distinguish two cases (see Lemma [.1(]), respectively treated in (ii)
and (iii) below:

(a) M\ X or M \'Y has no relatively compact connected component,

(b) both X and Y are the boundaries of relatively compact connected open
subsets U and V of M, respectively.
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(i) Let K € D™ (kpsxarx1) be the quantization of ® on I given by Theorem B.7.
By Proposition B.J (ii), the convolution with Kj gives an equivalence of
categories

Dljlg;( oty v (Kar) # Dli?;;MUT;CIM (k).

Moreover SS(K) C AUTy arwr(M x M x I), so that SS(K) C {r <0}. We
consider Fy € DP(kj;) with compact support. We set:

F = ]"(OZWO7 Fto = Fok{t:to} (to & I)

Then F satisfies (.3) and we have SS(F') C {7 < 0}. Hence we may apply
Proposition and we deduce that, for all a,b € [ with a < b, there are
natural morphisms 7, : F, — F, which induce isomorphisms RI'(M; F},) =
RI(M; Fy).

(ii) Let us assume hypothesis (a). By Lemma (.11, replacing o; with a o
©; 'oa and X with Y if necessary, we may assume that any of the connected
components of M \ X is not relatively compact.

(ii-a) Let us show that X = Y. There exists F, € D'”(k,,) such that F} ~ ky.
We have Fy ~ K;'oky so that [, has compact support. We have also

SS(F) NT*M = (T M). Since SS(Fy) € TeM U T M, Fy is locally
constant outside X. Since M \ X has no compact connected component, we
deduce Supp(Fy) C X. Hence by Lemma [.9 (i), we have Y C Supp(Fp) C
X.

Since M\ X € M \'Y and M \ X has no relatively compact connected
component, M \ Y has also no relatively compact connected component.
Hence by interchanging X and Y with the use of Lemma .11, we obtain
X CY. Thus we obtain X =Y.

(ii-b) Let us show T M C @, (T4 M). Assuming that p € T5M \ @, (T5% M),
let us derive a contradiction. Take a C'-function g such that p = (z;dg(x))
and g|x = 0. Since Supp(Fp) N {g < 0} = 0, we obtain 7 _ (Fp). =~ 0.
Since dg(x) ¢ SS(F}), the morphism (F}), — ji”{g@}(ﬂ)w is an isomorphism.
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Then we have a commutative diagram

H°(M; Fy) —— H°(M; F,) —— H°(M; ky) ——k

| | }

HO<FO)m (Ft):v (kY)m

| i

0 == Hgcy (Fo)e — Ay o) (Fi)a

Hence k ~ HO(M;F;) — e%”{g@}(ﬂ)x is a monomorphism and also the
zero morphism. This is a contradiction. Thus we obtain the desired result
T5M C o (T%M). Thanks to Lemma [E13, this completes the proof of the
theorem under hypothesis (a).

(iii) Now we assume hypothesis (b). In this case, X and Y are hypersurfaces
of M. Let T;""™M be the “inner” conormal of Y, so that SS(ky) = VUTy™ M
(see Example [[.9).

(iii-a) Let us first prove that U = V. As in (ii-a) there exists Fy € D™ (k)
with compact support such that F; ~ ky-. Asin (ii-a) we see that Supp(£Fy) C
U = UUX. Part (i) gives a morphism 7,: Fy — kg which induces
H°(M; Fy) =% H°(M;ky) =% k. Hence Lemma [£J implies that V C
Supp(Fy) € U. Then Lemma [E1] implies the reverse inclusion. Hence
U=V and X =Y.

(iti-b) Let us prove that T%™M C @y {(Tx™M) for all t € [0,1]. The
proof is similar to the one in (ii-b). Assuming there exist ¢ € [0,1] and
pe (TE™M)\ oy (Te™M), we shall derive a contradiction. Write p =
(z;dg(z)) for a Cl-function g such that g|x = 0. Hence {g > 0} coincides
with U on a neighborhood of . Then we have a commutative diagram

H(M; Fy) —— H°(M; F,) —— H°(M; kyy) —k

| | ;

HO(Fy)a (Ft)x (ky)e

| i

0—— ‘%/ﬂ{(_21<0}(FO)m - ’%ﬂ{g<0}<F’f)x
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Hence k ~ H(M;F,) — ,%”{g <0y(F¥)s is a monomorphism and equal to

the zero morphism. This is a contradiction. Hence we obtain T™M C

oy H(T™M), or equivalently o, '(Tx"M) C o (Tx"M). Hence Lem-

ma [E19 implies that ;! Friny = 1dT* mypy OF QPtlming, = idT;(,in o Lem-

ma [LT]] permits us to apply this to a o ¢; o a, and we obtain ¢ i, =
X

Fear = iy QE.D.

idaT;‘“ 1+ Thus we obtain ¢,

Remark 4.14. In an earlier draft of this paper, we only proved the first part
of the conclusion of Theorem [.T3, namely that X =Y. We thank Stephan
Nemirovski who asked us the question whether o] 5, is the identity of T% M

for all t € [0,1].

Corollary 4.15. Let M be a connected manifold such that the universal
covering M of M is non-compact. Let X and Y be simply connected and
compact submanifolds of M with codimension > 2. Let ®: T*M x I — T*M
be a non-negative homogeneous Hamiltonian isotopy such that [0,1] C I and
o1 (Te M) =TEM. Then X =Y and ¢ tym = gy Jor allt € 0, 1].

Proof. Let q: M — M and p: T*M — T*M be the canonical pIOJectlons
Let f: T*MXI—)RbeasmLemma-for(I)andsetf =fol(p

id): T*M xI — R. Let &: T*M x I — T*M the non—negatlve homogeneous
Xt} M —
T M. Then po @y, = @y op. Let g~ 1( )_|—|]EJX and ¢~ 1( ) = |—|keK

be the decompositions into connected components. Then by the assumption,
X — X and Yk — Y are isomorphisms, and hence X and Yk are connected

and compact. Since p~'(T%M) = I_IJT;M, we have
J

|| ou(T5 M) = [ | T3 M

jeJ keK

Hamiltonian isotopy associated with f. We set Py 1= P

Since codim X ;, codim Ve > 1, the unions are decompositions into connected
components. So, for a given j € J, there exists k € K such that @1(T)*(M) =
J

T ;k]/\\/f . Hence Theorem implies X; = Y} and @, T;?jﬂ = idT-;?

7 for all
N N i

t € [0,1]. Finally we conclude X = q(X;) = q(Yi) =Y and @y = idg
for all ¢ € [0, 1]. Q.E.D.
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4.4 Non-displaceability: symplectic case

In this section we assume that k is a field. Using Theorems [L.] and .4 we
recover a well-known result solving a conjecture by Arnold ([, B, 8, @, [d].
We first state an easy geometric lemma.

Lemma 4.16. Let p: E — X be a smooth morphism, let A, B be submani-
folds of X and A" a submanifold of E. We assume that p induces a diffeo-
morphism plar: A = A. We set B'=p~'(B). Then

(4.10)  p induces a bijection A'N B" = AN B,

(4.11) A’ and B’ intersect transversally if and only if A and B in-
tersect transversally.

Theorem 4.17. Let N be a non-empty compact manifold. Let ®: T*N xI —
T*N be a Hamiltonian isotopy and assume that there exists a compact set
C C T*M such that ®|«a\cyxr s the projection on the first factor. We
let ¢ = Y, dim H/(N;ky), the sum of the Betti numbers of N. Then for
any t € I the intersection @i(TNN) NTHN is never empty. Moreover its
cardinality 1s at least ¢ whenever the intersection is transversal.

Proof. (i) We set M = N xR and identify N with N x {0}. We let ®: T*M x
I — T*M be the homogeneous Hamiltonian isotopy given by Proposition [A.q
and we set ¢, = O(+, 1).

We apply Theorems [[] and [ to M, &, F, = ky and ¢ = ¢, the
projection from M to R. We obtain that the intersection &,(T% M) N A, is
a non-empty set whose cardinality is at least ¢ whenever the intersection is
transversal.

(ii) Now we compare &,(T% M) N A, with the intersection considered in the
theorem.

(ii-a) We apply Lemma [.1q with X = T*N, E = T*N x R*, p(z,£,0) =
(x,&)o), A = THN, B = p(TxN) and A" = THN x {1} C E. We set
¥, := B =p !(B). We have

(4.12) Y =A{(0-pi(x,0),0) e T*N xR*; x € N,o € R*}.

By Lemma (TxN x {1}) N Xy =5 TN N (THN) and one of these
intersections is transversal if and only if the other one is.

(ii-b) We apply Lemma [EI§ with X = T*N x R*, E = T*N x T*R,
p(x, &, 5,0) = (2,6,0), A=%, B=TsN x {1} and A’ = G,(T5M). We
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must check that the restriction of p to (T35 M) induces an isomorphism
G(TiM) == %,. This follows from (f.13) and the identity (see (A.9)):

Gu(TwM) = {(0 - ¢y(x,0),u(z,0,t),0);x € N,o € R*}.
We see easily that B’ = p~!(B) is Ay. Hence Lemma [£1Q implies
(TR M) N Ay =5 5,0 (THN x {1})

and one of these intersections is transversal if and only if the other one is.
Together with (ii-a) and (i) this gives the theorem. Q.E.D.

A Appendix: Hamiltonian isotopies

We first recall some notions of symplectic geometry. Let X be a symplectic
manifold with symplectic form w. We denote by X* the same manifold en-
dowed with the symplectic form —w. The symplectic structure induces the
Hamiltonian isomorphism h: TX =% T*X by h(v) = ¢,(w), where ¢, denotes
the contraction with v. To a vector field v on X we associate in this way a
1-form h(v) on X. For a C*-function f: X — R the Hamiltonian vector field
of f is by definition Hy:= —h~!(df).

The vector field v is called symplectic if its flow preserves w. This is
equivalent to %, (w) = 0 where %, denotes the Lie derivative of v. By
Cartan’s formula (£, = d, + ¢, d) this is again equivalent to d(h(v)) = 0
(recall that dw = 0). The vector field v is called Hamiltonian if h(v) is exact,
or equivalently v = H; for some function f on X.

In this section we consider an open interval I of R containing the origin.
We will use the following general notation: for a map u: X x I — Y and
t €I welet u;: X — Y be the map = — u(x,t).

A.1 Families of symplectic isomorphisms

Let @: X x I — X be a C*-map such that p,;:=®(-,¢): X — X is a symplectic
isomorphism for each t € I and is the identity for ¢ = 0. The map ® induces
a time dependent vector field on X

0P

Al = I —=TX.
( ) Vo It XxI—=TX
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Since ¢;(w) = w we obtain by derivation Z,,),(w) = 0 for any ¢t € I, that
is, (ve)¢ is a symplectic vector field. So the corresponding “time dependent”
1-form f = h(ve): X x I — T*X satisfies d(5;) = 0 for any t € I. The
map P is called a Hamiltonian isotopy if (vg ), is Hamiltonian, that is, if 5, is
exact for any ¢. In this case we can write 8, = —d(f;) for some C*-function
f:X x I — R. Hence we have

0o
A2 — = Hy,.

The fact that the isotopy ® is Hamiltonian can be interpreted as a geo-
metric property of its graph as follows. For a given t € I we let A; be the
graph of ¢; ' and we let A’ be the family of A,’s:

Ay ={(pi(v),v) ;0 € X} C X x X%
N ={(p(v),v,t);veX", tel} CEXXX" X I.

Then A; is a Lagrangian submanifold of X x X* and we ask whether we can
lift A’ as a Lagrangian submanifold A of X x X* x T*I so that

(A3) (id%XX“ X7T[)|AZ A AL

Lemma A.1. We consider a C*-map ®: X x I — X such that ¢; is a
symplectic isomorphism for each t € I and we use the above notations. Then
there exists a Lagrangian submanifold A C X x X% x T*I satisfying (A3)
if and only if ® is a Hamiltonian isotopy. In this case the possible A are
written

(A.4) A = {(q)(v,t),v,t, —f(q)(v,t),t)) ve X te [},

where the function f: X x I — R is defined by (ve), = Hy, up to addition of
a function depending only on t.

If A exists we also have, extending notation ([[.L1() to the case where one
manifold is not necessarily a cotangent bundle:

Ay =AoT;I.

Proof. We write T*I ~ I x R. A manifold A satisfying (A.3) is written

A= {((I)(U,t),v,t,T(U,t)) v e%“,te[}
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for some function 7: X* x I — R. Let us write down the condition that A
be Lagrangian. For a given (v,t) € X% x [ and p = (®(v,t),v,t,7(v,t)) € A
the tangent space T),A is generated by the vectors

or

00 - (('UCD)ta 07 17 E)

and 0, = ((dyy)(v), v,0, (dr)(v)),

where v runs over 7, X®. Since ¢; is a symplectic isomorphism the 6,’s are
mutually orthogonal for the symplectic structure of X x X* x T*I. Hence A
is Lagrangian if and only if 6y and 6, also are orthogonal, which is written:

0 = w((va)s, (de) () — (dr)(v)
= (h((ve)) — d(r 0 ¢, ")) ((der)(v)):

This holds for all v € T,X® if and only if h((ve);) = d(T0; '), or equivalently
_HTtOLp;1 = (Uq;.)t. QED

Exact case We assume that the symplectic form w is exact and write
w = da. We consider ®: X x [ — X as above but now we ask that ¢} (a) = «
for all t € I. Then it is well-known (see for example [[[4, Corollary 9.19])
that @ is a Hamiltonian isotopy. More precisely vg is the Hamiltonian vector
field of

(A.5) f={a,ve): X x I —R.

Indeed the condition on ¢, implies by derivation .Z,, (a) = 0. Hence Cartan’s
formula yields:

d(ft) = "avcp)t (a) - L(Ucp)t(w) = _L(Ucp)t(w) = _h((v‘:b)t)'

This holds in particular when X = T*M for some manifold M. We consider
O:T*M x I — T*M such that

(A6) {gpt is a homogeneous symplectic isomorphism for each t € I,

Po = idguy -

In this case the function f given in (.5 is homogeneous of degree 1 in the
fibers of T* M and it is the only homogeneous function such that (ve), = Hy,.
So we have the first part of the following lemma.
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Lemma A.2. Let &: T*M x I — T*M satisfying (i.0). Then

(i) ® isa Hamiltonian isotopy and there exists a unique conic Lagrangian
submanifold A of T*M x T*M x T*I satisfying (R3): setting f =
(apr, 0P /0t) we have

A= {(@@,60), (2,9, (1~ [(@(.6,0),1))) ; (2.6) € "M, € 1},

(ii) the set AUT, s (M x M x I) is closed in T*(M x M x I) and for
any t € I the inclusion i,: M x M — M x M x I is non-characteristic
for A and the graph of ¢, is Ay = Ao T} 1.

Proof. (i) is already proved.

(ii) In local homogeneous symplectic coordinates (x,y;&,n) € T*(M x M),
(t;7) € T*I, the construction of A implies that for any compact set C' C
M x M x I there exists D > 0 such that |7| < DI|¢], |£] < D|n| and |n| < D|¢|
for any (v,y,t;6,1,7) € AN 7y 0. (C). Hence the same inequalities hold
on the closure A of A. Hence if (z,y,t;€6,n,7) € A\ (T*M x T*M x T*I),
then £ =n =0 and 7 = 0, and hence it belongs to the zero-section.

Hence AUT, pr (M x M x I) is closed. We also have seen that A does

not meet T3, (M x M) x T*I which is the non-characteristicity condition.
QED.

For references we quote the following hypothesis on ® which is used several
times in this paper (®: T*M x I — T*M is already assumed to satisfy ([A-G)):

(A7) @ is the identity outside of iyt (A) x I, where A is a compact
' subset of M and 7y, : T*M — M is the projection.

A.2 Families of conic Lagrangian submanifolds

Since the results in this section are well-known (they go back to Paulette
Libermann), we state them without proofs. Note that we only use them in

Corollary B.13.

Definition A.3. Let M be a manifold and / an open interval containing 0.
Let Sy be a closed conic Lagrangian submanifold of T*M. A deformation
of Sy indexed by I is the data of a C®-map U: Sy x I — T*M such that,
setting ¢, := V(-,t) and S; = 14(Sp), we have
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(i) v is the identity embedding,

)
(ii) 1, is homogeneous for the action of R for each ¢ € I,

(iii) S, is a closed conic Lagrangian submanifold of 7*M for each t € I,
(iv) the map Sy x I — (T*M) x I, (s,t) — (¥(s,t),t), is an embedding.

We let S = {(s,t); t € I,s € S;} C (T*M) x I be the image of the
embedding in (iv). So it is a closed submanifold of (7*M) x I. Note that v
induces a diffeomorphism v;: Sy == S, for each t € I.

Lemma A.4. Let Sy be a closed conic Lagrangian submanifold of T*M and
let U: Sy x I — T*M be a deformation of Sy as above. Then there exists
a unique closed conic Lagrangian submanifold S C T*(M x I) such that
T*(M x I) = T*M x I induces a diffeomorphism S =2 S

Moreover for any ¢t € I the inclusion i;: M — M x I is non-characteristic
for S and we have S; = So T} 1.

We remark that S, like S’, only depends on the family of {S;};, not on
the parametrization V.

For a deformation of a closed conic Lagrangian submanifold we consider
a condition similar to ([A7).

there exists a compact subset A of M such that for all ¢ € I:

(A.8) Q/’t|som7'r1;,1(z\4\A) = idsomfr;;(M\A)v
Vi(So N7yt (A)) C 7yf (A).

Proposition A.5. Let Sy be a closed conic Lagrangian submanifold of T*M
and let U: Sq x I — T*M be a deformation of Sy satisfying (Ag).
Then there exists ®: T*Mx1 — T*M satisfying hypotheses (.9) and (K1)
such that
(I)|So><l = V.

A.3 Adding a variable

In this subsection we recall the link between non-homogeneous symplectic
geometry and homogeneous symplectic geometry with an extra variable.

42



We denote by (s,0) the coordinates on T*R with ods as the Liouville
form. For a manifold M we define the map

p=rpu:T*M x TR = T*M,  (2,&,5,0) v (2,6/0).

We consider a Hamiltonian isotopy ®: T"M x I — T*M as in Ap-
pendix [AJ] but we do not assume that it is homogeneous. We shall show
that @ lifts to a homogeneous Hamiltonian isotopy of T*M x T*R.

Let f: T*M x I — R be a function such that 0®/0t = Hy, (see (R3)).
We set

f=(fop)-o

Then f; is a homogeneous function on T*M x T*R of degree 1.

Proposition A.6. Let @: T*M x I — T*M be a Hamiltonian isotopy and
let f and f be as above.

(i) Then there exists a homogeneous Hamiltonian isotopy ®: (T* M xT*R)x
I — T*M x T*R such that 0P /0t = Hj and the following diagram
commutes:

T*M x T*R x I T*M x T*R

pXid[l pl

T°M x I T*M.

Moreover there exists a C®-function u: (T*M) x I — R such that
(A.9) (,€,5,0,1) = (¢',€, 5+ u(x,£/0,1), 0),

where (2, &' o) = pi(x,&/0).

(ii) We assume moreover that M is connected and y, is the identity out-

side a compact subset C' C T*M. Then ® extends to a homogeneous
Hamiltonian isotopy ®: T*(M x R) x I — T*(M x R) such that

(A.10) O(z,&,5,0,t) = (2,€, 5+ v(t),0),

for some C>*-function v: I — R.
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Proof. We have to describe the Hamiltonian vector field H of f We denote
by p: T*M x T*R — T*R the projection (z,&,s,0) — (s,0). Then (p,p)
defines an isomorphism

(A.11) Y: T*M x T*R 2% T*M x T*R.

For a point ¢ = (z,&,s,0) € T*M X T*R, ¢ defines an isomorphism on the
tangent spaces:

(A12) dip = dpy X dpg: Ty(T*M X T*R) 2 Tipe /oy (T* M) @ Tioo) (T*R).

Setting wy; = dayy, where ayy is the Liouville form on T* M, we have

revxier = op () +p*(ar),

T*MxT*R — op*(war) + p*(wr) +do A p*(an).

QM xR

WM xR

In the sequel we fix ¢ and write f for f, = ]7(~,t) for short. Then Hy is
determined by LHf(waR) = —df. We decompose (Hf~)q = vy +vr according
to (A.TQ) and we also use the decomposition of T (T*M x T*R) induced
by (A12). Then we find

LHf(waR) = (Otuy (wir) + (vr, do)anr) + (o (wWr) — (v, aar)do).
Since df: op*df + p*(f)do we obtain

—df = 1y, (war) + 0 Hog, do)ayy,
—p"(f)do =t (wr) — (Vnr, aar)do.
The second equality gives vg = a% for some function a. Then we have

(vg,do) = 0, which implies vy; = Hj by the first equality, and hence a =

(f = (Hy,an))op=(f —eup(f))op. Finally, letting g := f —eup(f) be a
function on T*M x I, we obtain

V(Hp) = Hf+p*(g)2

ds
Let us define w: T*M x I — R by the differential equation:
Ou _
(A13) 875 = 0t © P,
U‘t:() =0.
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We define ® by ([&9). Then, we can see easily that

o0

— = H;.
ot

Hence ® is a desired homogeneous Hamiltonian isotopy.

(i)

The functions f; and ¢; are constant functions outside C. Hence u; is

also a constant function outside C' taking the value v(t). Then ® extends to
a homogeneous Hamiltonian isotopy ®: T*(M x R) x I — T*(M x R) by

&

0). Q.E.D.
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