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Computation of the Perimeter of Measurable Sets
via their Covariogram.
Applications to Random Sets

Bruno Galerne*

June 16, 2010

Abstract

The covariogram of a measurable set A is the function g4 which to
each y € R? associates the Lebesgue measure of ANy + A. This paper
proves two formulas. The first equates the directional derivatives at the
origin of ga to the directional variations of A. The second equates the
average directional derivative at the origin of ga to the perimeter of A.
These formulas, previously known with restrictions, are proved for any
measurable set. As a by-product, it is proved that the covariogram of
a set A is Lipschitz if and only if A has finite perimeter, the Lipschitz
constant being half the maximal directional variation. The two formulas
have counterparts for mean covariogram of random sets. They also permit
to compute the expected perimeter per unit volume of any stationary
random closed set. As an illustration, the expected perimeter per unit
volume of homogeneous Boolean models having any grain distribution is
computed.

Keywords: Boolean model, covariogram, directional variation, random closed
sets, set covariance, set of finite perimeter, specific variation.

1 Introduction

The object of study of this paper is the covariogram ga of a measurable set
A C R? defined for all y € R? by ga(y) = L4 (AN (y + A)), where £? denotes
the Lebesgue measure. Note that some authors prefer the terms set covariance
or covariance function [7, 6, 21].

Given the covariogram g4 of an unknown set A, a general inverse problem is
to determine the geometric information on A that g4 contains. As an important
example, Averkov and Bianchi have recently established Matheron’s conjecture:
up to a translation and a reflexion, convex bodies of R? are fully determined
by their covariogram (see [4] and the references within). Contrary to the above
mentioned results, this paper focuses on geometric information which is shown
to be contained in the covariogram of any measurable set: the perimeter.

* Postal Address: CMLA, ENS Cachan, CNRS, UniverSud, 61 Avenue du Président Wilson,
F-94230 Cachan. E-mail: galerne@cmla.ens-cachan.fr



As our main results will demonstrate, the perimeter which can be computed
from the covariogram is the one from the theory of functions of bounded varia-
tion [3]. In this framework, the perimeter of a set A is defined by [3]

Per(A) = sup {/ La(z)divep(z)dr: ¢ € CH(RLRY), [[ofleo < 1} ,
R4

and the directional variation in the direction u € S~ of A is [3, Section 3.11]

vult) =swn{ [ 1a(@)Veta e o e ClRUR), ol <1}

The non-specialist reader may ask how the perimeter Per(A) is related to the
length of the topological boundary 0 A, which one might consider to be the intu-
itive notion of perimeter. Let us recall that if A is a compact set with Lipschitz
boundary (e.g. A is a convex body), then Per(A4) = H%~! (0A), whereas in the
general case we only have Per(A) < H~1 (QA) [3, Proposition 3.62].

Results We prove that for every measurable set A of finite Lebesgue measure,

i 94(0) —ga(ru) _ 1
r—0 |T’| 2

—g4(0
In addition, noting (g%) (0) := h%lJr galru) = 94(0)
r—

Vi (A), ue S, (1)

the directional derivatives

at the origin of the covariogram, it is shown that

1
Wd—1

Per(d) = ——— [ (g2 01" (du). 2

Hence, for any measurable set A, the perimeter Per(A) can be computed from
the directional derivatives at the origin of the covariogram ga. As a by-product,

it is also shown that a measurable set A has finite perimeter if and only if its
covariogram g4 is Lipschitz, and in this case the Lipschitz constant is given by

i 1
Lip (ga) = 3 5}915) 1 Vu(A).
uesS*

Previous works Formula (1) has already been proved for certain classes of
sets. It was well-known by the mathematical morphology school [15, 10, 18, 19]
that the directional derivative at the origin of the covariogram g of a convex
body equals minus the length of the orthogonal projection of the set A. The
convexity assumption was withdrawn in [21] where Rataj extends the result to
compact sets in Uppg satisfying a condition of full-dimensionality, Upr being the
family of locally finite unions of sets with positive reach such that all their finite
intersections also have positive reach'. In this more general framework, the
length of the orthogonal projection is replaced by the total projection TP, (A).
One can easily verify that V,,(A) = 2T'P,(A) by using a recent result due to
Ambrosio, Colesanti and Villa [2]: a full-dimensional compact set with positive

IWe refer to [9] and [22] for definitions and results regarding sets with positive reach and
Up Rr-sets respectively



reach A satisfies Per(A) = 2®,4_1(A) [2, Theorem 9], where ®,_1(A) denotes
the (d—1)-total curvature of A [9]. Since Formula (1) is valid for any measurable
set A such that £L4(A) < 400, one can argue that the directional variation is
the relevant general concept when it comes to the derivative at the origin of the
covariogram.

Formula (2) has been widely stated in the mathematical morphology litera-
ture [10, 18, 25, 14]. We rigorously show that it is valid for any measurable set
A having finite Lebesgue measure, provided the perimeter Per(A) is understood
as the variation of A.

The Lipschitzness of the covariogram seems to have received less attention
in the literature. It is stated in [19] that the covariogram of a compact convex
set is Lipschitz. The given upper bound of the Lipschitz constant is the double
of the actual Lipschitz constant.

Applications The covariogram is of particular importance in stochastic ge-
ometry when dealing with random closed sets (RACS) [18, 26, 20, 24]. In
this context, one defines the mean covariogram of a RACS X as the function
x(y) = E (LY (X Ny + X)). The mean covariogram of a RACS X is related
to the probability that two given points belong to X according to the following
relation

Vx(y)Z/ P(z € X and z +y € X)dx.
Rd

As a consequence the mean covariogram is systematically involved in second
order statistics of classic germ-grain models, such as the Boolean model [18, 26,
], the shot noise model [23, 11], or the dead leaves model [17, 13, 14, 5].

All the established properties of covariograms of deterministic sets extend to
the case of mean covariograms of random closed sets. In particular, the stochas-
tic equivalent of (1) and (2) show that the expectations of the variations of a
RACS X are proportional to the directional derivatives of its mean covariogram
X

For a stationary RACS, the mean covariogram is not defined. Neverthe-
less (1) and (2) also permit to study the mean variation of stationary RACS.
Define the specific directional variation 0y, (X) of X as the mean amount of
directional variation of X per unit volume. For any stationary RACS X, it is
shown using (1) that

1
X)=2lim —P X X).
B (X) = 2lim B (ru € X,0 ¢ X)
Again, integrating over all directions u, one obtains an expression of the vari-
ation intensity Oy (X) of X (i.e. the mean amount of variation of X per unit
volume)

1 1
Oy (X) = o /S lim mp(m € X,0¢ X)H“ (du).
As for (2), the above formula has been stated in the early works of Matheron [16,
p. 30] [14, p. 26]. It should be emphasized that the specific variation is well-
defined for any stationary RACS, and that it can be easily computed as soon as
one knows the probabilities P (ru € X,0 ¢ X). As an illustration, the specific
directional variations and the specific variation of homogeneous Boolean models



are computed in this paper. The obtained expressions generalize known statis-
tics of Boolean models with convex grains [24]. Because it is well-defined for any
stationary RACS and easily computable, we claim that the specific variation is
an interesting alternative to the usual specific surface area [21] when one deals
with non negligible RACS.

Plan In Section 2 the covariogram g4 of a Lebesgue measurable set A is
defined and several properties of g4 are recalled and established. In particular
it is shown that as soon as A is non negligible its covariogram g is a strictly
positive-definite function. Section 3 gathers several known results from the
theory of functions of bounded directional variation. In Section 4, the main
results relating both the derivative at the origin and the Lipschitzness of the
covariogram of a set to its directional variations and its perimeter are stated.
Finally, applications of these results to the theory of random closed sets are
discussed and illustrated in Section 5.

2 Covariogram of a measurable set

Definition 1. (covariogram of a measurable set)
Let A C RY be a LY-measurable set of finite Lebesque measure. The covariogram
of A is the function ga : R — [0, 4+00[ defined for all y € RY by

gA(y)zcd(Am(y+A)):/ La(@)1a(z + y)dz.
Rd

As initially noted by Matheron [15], the covariogram of A can be expressed
as the convolution between the indicator functions of A and its symmetric A =
{—z|zeA}:

gaA = ]lA * IlA.

As illustrated in the following proposition, this point of view is useful to establish
some analytic properties of g4.

Proposition 2. Let A C R? be a L%-measurable set of finite Lebesgue measure
and ga be its covariogram. Then

1. For ally € R%, 0 < ga(y) < ga(0) = LI(A).

2. ga is even: for ally € R, ga(—y) = ga(y).
3. /Rd ga(y)dy = LY (A)*.

4. ga is uniformly continuous over R and lim ga(y) = 0.
[y|—=+o0

Proof. The three first points are elementary proved. The fourth property is
obtained in applying the LP-LP -convolution theorem to g4 = 14 * 1 5 (see [1,

Chapter 2] for example). O
It is well-known that the covariogram is a positive-definite function [15, p.
22], [14, p. 23]. The next proposition improves slightly this result. In particular,

it shows that for all z # 0, ga(x) < ga(0).



Proposition 3 (strict positive-definiteness of the covariogram). Let A be a £9-
measurable set such that 0 < LY(A) < +oco. Then its covariogram ga is a strictly
positive-definite function, that is, for all p € N*, for all p-tuple (y1,...,yp) of
distinct vectors of RY, and for all (w,...,w,) € RP\ {0} we have

P
> wiwrgalyr — ;) > 0.
k=1
P
Proof. By Lemma 4 below, the function z Z w;14(x+y;) is not a.e. equal
j=1

to zero. Hence

Z wijwrga(Ye — yj) = ijk/ Ta(z)la(z+yr — yJ>d

P
jk=1 jk=1 R4
p
= Z w]wk/ Ta(x+y;)la(z + yr)de
J,k=1 R?
2
P
:/ ij]lA(x—l—yj) dx > 0.
]Rd

j=1
O

Lemma 4 (the translations of an integrable function are linearly independent).
Let f be a non null function of L' (Rd) and let y1,...,yp be p distinct vectors
of RY. Then the functions x + f(x + yi), 7 =1,...,p, are linearly independent
in L (Rd).

p
Proof. Let (w1,...,wp,) € RP be such that ijf(x +y;) =0 for a.e. z € R,

j=1
Applying the Fourier transform we have

P
> wiel&vi) | £(€) =0 for all £ € RY.

Since f is non null and integrable, f is non null and continuous. Hence there
exists & € R? and r > 0 such that for all £ € B (&,7), f(€) # 0, and thus

P
V¢ € B (&, 1), S(§) := ijei<5’y"> = 0. One easily shows that the sum S(&)
j=1
is null for all £ € R? in considering the one-dimensional restriction of S on the
line containing £ and &y: by the identity theorem, this one-dimensional function
is null since it is analytic and null over an open interval. Applying the inverse
P

generalized Fourier transform to S = 0 shows that Z w;dy, = 0. This implies
j=1
that wy = --- = w, = 0, since by hypothesis the vectors y; are distinct. O



Proposition 5. Let A C R? be a L%-measurable set of finite Lebesque measure
and let g4 be its covariogram. Then for all y, z € RY

l94(y) — 9a(2)] < 9a(0) — galy — 2).
Proof. First let us show that for all measurable sets Ay, Ay, and Aj
LA NAY) — LYAL N A3) < LA\ A3) = LY(A) — LU A3 A).  (3)
We have
LYA; N Ay) — LYAL N Az) < LYAL N Ay) — LY A N AN A3)
< L4(A1 N A2) \ (A1 N Ay N A3)).

Now using that (A3 N As) \ (A1 N Ay N Ajz) is included in the set A\ Az, (3) is
proved. Applying (3) to the sets 41 = A, Ao =y + A and A3 = z + A we get

9a(y) —ga(z) = LY (AN (y+ A) = LY (AN (2 + 4))
<LUYy+A) =LY ((y+A)N(z+ A))
< LUA) - LYAN((z—y) + A))
< 94(0) —ga(z —y).

Some remarks:
e The weaker inequality
194(y) — 9a(2)] < 2(94(0) — galy — 2))
was established by Matheron [19, p. 1].

e The inequality of Proposition 5 shows that the Lipschitzness of the covar-
iogram only depends on the behavior of the function in 0.

3 Facts from the theory of functions of bounded
directional variation

This section gathers necessary results from the theory of functions of bounded
variation. For a general treatment of the subject we refer to the textbook of
Ambrosio, Fusco and Pallara [3]

Definition 6 (variation and directional variation). Let G be an open subset of
R? and let f: G — R, f € L' (G). The (total) variation of f in G is

V(1.6 =sw{ [ fa) v ptaan: v CGRY, ol <1
The directional variation of f in G in the direction u € S%~1 is

Vulr,6) =sup{ [ fa)Tela) e o € CHGR), ol <1}
If A C R? is a L%measurable set, the perimeter of A in G is Per(A,G) =

V (14, G) and one writes V,,(A, G) := V,,(14,G) for the directional variation of
AinG.



In the case G = R? one simply writes V(f) = V(ﬁRd) and V,(f)
Vu (f7 Rd), and similarly for the variations of a set. One denotes by BV (G)
and BV, (G) the set of functions of bounded variation in G and the set of
functions of bounded variation in G in the direction u respectively.

Proposition 7 (variation and directional variation). Let G be an open subset
of RY and let f € L' (G). Then the variation V(f,G) is finite if and only if for
every direction w € St the directional variation V,(f,G) is finite and

1
de,l Sgd—1

V(f,G) Vu(f, GYH" (du), (4)

where wy_, denotes the Lebesque measure of the unit ball in RI~T.

References for the proof. From the definitions one easily shows that

Ve < s Viro) <vre)

ueSd—1

The integral geometric formula (4) is elementary proved in [8, Lemma 3.8]. This
is a direct consequence of the Radon-Nikodym theorem and the identity

/ |, u)| T (du) = 2wq—q, v € ST
Sd*l

O

The next proposition recalls fundamental properties related to the approxi-
mation of functions of bounded directional variation. For simplicity we restrict
ourselves to the case G = R?. See [3, Section 3.11] for the proofs.

Proposition 8 (directional variation and approximation).

e Variation of smooth functions: If f € C (Rd) NnL (Rd) then

vin= [ |5

o ).
where %(m) = (Vf(z),u).

e Lower semi-continuity with respect to the L!-convergence: If f,, converges
towards f in L' (R?) then V,,(f) < limJirnf Vau(fn)-
n—-+0oo

e Approximation by smooth functions: for every function f € BV, (Rd),
there exists a sequence of smooth functions f, € C>® (Rd) NBV, (Rd) such
that f,, converges towards f in L' (Rd) and lirf Vi(fn) = Vau(f).

n—-+oo

One practical advantage of directional variations V,,(f) over the non-directional
variation V(f) is that it can be computed from the integrals of difference quo-
tients, as the next proposition recalls. Although this is a standard result of
BV functions theory?, the author is not aware of any standard textbook which
enunciates it. Consequently a proof is given for the convenience of the reader.

2L. Ambrosio, personal communication



Proposition 9 (directional variation and difference quotient). Let u € S¢~1
and let f € L! (Rd) be any integrable function. Then for all v # 0,

[ Mt =gy,
Rd -

7|

and
o [ s = f@)

720 Jra 7|

dz =V, (f).

Proof. To prove the inequality we can suppose that f € BV, (R?). First suppose
that f € C* (RY) N BV, (R?). Then

1 8f 1
—_— <
/Orau(x—l—tru)dt’_/o |7

Hence, using Fubini’s theorem and the first point of Proposition 8,

f(z+ru) — f(z)] = %@ ) dt.

a—(:c + tru)

S

u

dx) dt =V, (f).

This inequality is shown to be valid for any f € BV, (Rd) by using approxima-
tion by smooth functions (see Proposition ).
Let us now turn to the second part of the statement. Let f € L! (]Rd). Using
the above inequality it is enough to show that

Vu(f) < liminf [f(z+ru) — f(2)]

r—0 Rd |’/‘|

dx.

Let us consider a family of mollifiers (p.).., and define f. = f * p.. Then
feecC® (Rd) N BV, (Rd) and f. converges towards f in L' (Rd) as € tends to
0. By Fatou’s lemma we have

va&%=4daﬁ

ou
Since ||f-(. +ru) = fell; = [(f(-+7u) = f)*pelly < [|f(+7ru) = fll; we de-
duce that for all € > 0

dr < liminf dx.

r—0

(z)

/ |fe(x +ru) — fe(2)
Rd

7]

dz.

Vi(f.) < timin [ EETW = F@)

r—0 R4 |’I"‘

Using the lower semi-continuity of the directional variation with respect to the
L'-convergence we get the result. O

4 Directional variation, perimeter and covari-
ogram of measurable sets

In this section, the main results of the paper are established (see Theorem 11
and Theorem 12).



Lemma 10 ([19]). Let A be a L%-measurable set having finite Lebesgue measure
and let g4 be its covariogram. Then for all y € R?

94(0) — ga(y) = %/w |Ta(z +y) — La(z)| dz.

Proof.

[ a0 = 1a@lde = [ (e ) = 1a@) de = 2(04(0) = 900).

Rd
O

The identity of Lemma 10, which is due to Matheron [19], is the key point
to apply the results from the theory of functions of bounded directional varia-
tions enunciated in Section 3. First, one establishes Formula (1) and obtains a
characterization of sets of finite directional variation.

Theorem 11 (directional variation and covariogram of measurable sets). Let A
be a L-measurable set having finite Lebesque measure, let g4 be its covariogram,
and let w € S%1. The following assertions are equivalent:

(i) A has finite directional variation Vi, (A).

(0) — ga(ru)

(i) lim 94 exists and is finite.
r—0 |7"‘

1i) The one-dimensional restriction of the covariogram g% : v — ga(ru) is
A
Lipschitz.

In addition,

oy i 94(0) —ga(ru) 1

the second equality being valid both in the finite and infinite case.

Proof. Since from Lemma 10,

94(0) — ga(ru) _ }/ [La(z +ru) — La(z)|
R

7] 2 Ir|

dx,

by applying Proposition 9 with f = 14 one obtains the equivalence of (i) and
0) — 1
(ii) as well as the formula lirr%) W = §Vu (A).
r— r

Let us show that (i) implies (ii7). By Proposition 5, for all r and s € R

lga(ru) — ga(su)| < ga(0)—ga((r—s)u) = %/Rd |La(x + (r — s)u) — La(z)| dz.

Applying the inequality of Proposition 9 with f = 14,

(r = s)u) — La(z)|

|r— s

1 1 1
9alru) = galou)| < glr—s] [ AL dr < SVa(A)lr—s.
R

Hence g% is Lipschitz and Lip (¢%) < 2V,.(4).



Let us now show that (4ii) implies (7). For all r # 0 we have

Lip(gy) > 20 oat) _ [ [Lale +|u>| “La@
R r

7] 2

By Proposition 9 the right-hand side tends towards 3V, (A) as r tends to 0.
Hence A has finite directional variation in the direction u and Lip (g%) >
1V, (A4). All in all we have shown that (i) and (%ii) are equivalent and that
Lip (¢4) = 3V (4). O

Considering all the possible directions u € S~ !, the results of the previ-
ous theorem yield to Formula (2) (reproduced below as Formula (5)) and a
characterization of sets of finite perimeter.

Theorem 12 (perimeter and covariogram of measurable sets). Let A be a £4-
measurable set having finite Lebesque measure, and let g4 be its covariogram.
The following assertions are equivalent:

(i) A has finite perimeter Per(A).

(ii) For all u € S41, (gZ)' (0) := lim M

exists and is finite.
r—0+ T
(iii) The covariogram ga is Lipschitz.
In addition the following relations hold:
. 1 1
Lip (ga) = 5 Sup Vu(A) < 3 Per(A)

ueSI—1

and
1

Wd—1

Per(d) = ——— [ (g2) O~ (). o)

this last formula being valid both in the finite and infinite case.

Proof. The equivalence of (i) and (ii) as well as the integral geometric for-
mula (5) derive from Proposition 7 and the identity

(g4)' (0) = lim 94w —94(0) =—%Vu 4.

r—0+ r

Let us now show that (i) implies (7ii). Let y, 2 € RY. Denote by u the direction
of S4=1 such that y — z = |y — z|u. By Proposition 5 and Theorem 11

9400) ~ 902 < 94(0)-94(02) < FValAl—2] < (3 sup Vald)) .

ueSd-1

Hence g4 is Lipschitz and Lip (ga) < %supu Vi (A). As for the converse impli-
cation and inequality, for all u € S91,

. . gA(O) B gA(TU) 1
> _—msMa m = - .
Lip (94) > lim B 5 Vul(4)

Hence for all u € S%°!, V,(4) < 400 and Lip(ga) > 3sup, Vu(A). This
concludes the proof. O

10



One natural question is whether Formula (5) extends to the case of functions.
The answer to this question is negative. Indeed, if one considers a smooth
function f € C} (R?), then its covariogram g¢(y) = [pa f(z + y) f(z)dz is well-
defined and is differentiable in 0. But since gy is even, its derivative at the
origin equals zero, and thus the variation of f is not equal to the integral of the
directional derivatives of the covariogram g;.

5 Applications to random closed sets

5.1 Mean covariogram of a random closed set

A random closed set (RACS) X is a measurable map from a probability space
(Q, A, P) to the space F (Rd) of closed subsets of R? endowed with the o-algebra
generated by the sets {{F € F (R?), FNK =0}, K compact} [13, 20, 20].

Definition 13 (mean covariogram of a random closed set). Let X be a random
closed set (RACS) of R having finite mean Lebesque measure, i.e. E (Ed (X)) <
+00. The mean covariogram vx of X is the expectation of the covariogram of X
with respect to its distribution, that is vx : R — [0, 00[ is the function defined
by

) = Blox(u) =B (£ (X ny+ X)) = [ £t (4ny+ aPx(as)

All the results established in the deterministic case can be adapted for mean
covariograms of RACS.

Proposition 14 (properties of mean covariograms). Let X be a RACS of R?
satisfying E (/Jd(X)) < 400 and let vx be its mean covariogram. Then

~

. Forally € RY, 0 < yx(y) < vx(0) = E (£4(X)).

2. vx 18 even.
3. vx(y) = / Plze X andz+y € X)dz.
Rd
Joa1x (y)dy = E (LY(X)?) € [0, +o0].
IfE (LYX)) > 0, then vx is a strictly positive-definite function.

For ally,z € R4, Ivx (y) — vx(2)| < vx(0) —vx(y — 2).

NS &

vx s uniformly continuous over R and lim ~yx(y) = 0.
[y|—-+oo

8. We have 0 )
i 1X(0) —x(rw) _
r—0 |’I"‘

and, noting (v%)" (0) = lim —“—"? 1227

1

Wd—1

[ G @ ) = B (Per ().

11



The proofs are omitted since they mostly consist in integrating the results
of the previous sections with respect to the distribution of the RACS X. The
convergence results follow easily from the bounded convergence theorem.

5.2 Specific variation of a stationary RACS

A RACS X is said to be stationary if for all y € R?, the translated RACS y+ X
has the same distribution as X. If a RACS X is stationary, one defines its
variogram vx as the function vx(y) = P(y € X,0 ¢ X) (see e.g. [14] for more
details on variograms).

Given a stationary RACS X, the map G + E (Per(X,G)), G C R open, de-
fines a measure which is translation invariant. Hence there exists a real number
Oy (X) € [0,00] such that

E (Per(X,G)) = 6y (X)LYG).

We choose to call this constant 8y (X) the specific variation of X or the variation
intensity of X (see the discussion below). Similarly, for all u € S?~! there exists
areal Oy, (X) € [0, 00] such that E (V, (X, G)) = Oy, (X)L4G). Oy, (X) is called
the specific directional variation of X in the direction u (or also the directional
variation intensity). In this context the integral-geometric formula (4) gives

_ 1
B 2wq_1

by (X) [ oo ).

Theorem 15 (specific variations and variogram). Let X be a stationary RACS,
1
let vx be its variogram, and for allu € S denote (V%) (0) := lir% ﬂux(ru),
r— T
Then for all u € S4=1 the specific directional variation Oy, (X) is given by

By (X) = 2 (L) (0) = 2 Tim —P (ru € X,0 ¢ X).

r—0 |'r‘
In other words, the specific directional variation is twice the directional deriva-

tive of the variogram at the origin. Integrating over all directions, one obtains
the specific variation of X :

0 ()= o= [ R O ). (©

Wd—1

Before proving this theorem let us discuss the terminology specific variation
of X for the constant 0y (X). Eq. (6) is exactly the formula given in [14, p.
26] and which originates from Matheron [16, p. 30]. In these references, the
constant corresponding to the variation intensity 6y (X) is called the specific
(d — 1)-volume of X (specific perimeter if d = 2, specific surface area if d = 3).
However, in the later works of Matheron [18] as well as on recent reference
textbooks [26, 24], the specific surface measure refers to the surface measure that
derives from Steiner’s formula. This measure has different names, depending on
its normalization and the degree of generalization: intrinsic volume of index

d — 1 and Minkowski’s content of index 1 for convex sets [24], total curvature of
index d — 1 for sets with positive reach and Uppr-sets [9, 22], or also in a more
general setting outer Minkowski content [2, 27]; see also [12]. Even though
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the (variational) perimeter of a set and this notion of surface measure agree
for convex sets [2], the distinction is important. Indeed their extensions to
non convex sets have different behaviors. For example, the outer Minkowski
content counts twice the isolated fine parts of a set having a bounded and (d —
1)-rectifiable topological boundary, whereas these fine parts have no influence
on the perimeter [27, Proposition 4.1] (here “isolated fine parts” denotes the
part of the boundary which has Lebesgue density 0). In order to make a clear
distinction between the (variational) perimeter and the surface measure from
Steiner’s formula, the constant 6y (X) is named the specific variation of X and
not its “specific perimeter”.

As mentioned in the introduction, one should notice that, contrary to the
specific surface area [24], the specific variation 6y (X) is well-defined for any
stationary RACS. Besides, Theorem 15 shows that the specific directional vari-
ations Oy, (X) and the specific variation 6y (X) are easily computed as soon as
one knows the variogram of X. This will be illustrated in the next section where
the specific variations of homogeneous Boolean models are computed.

Let us now turn to the proof of Theorem 15 which uses the following intuitive
lemma.

Lemma 16. Let A be a L%-measurable set and B be an open ball. Then for all
uwe S

Vu(A,B) <V, (AN B,RY) < V,(A, B) + V. (B,R?).

References for the proof. The first inequality is immediate from the definition

of the directional variation on an open set [3]. The second inequality is eas-
ily proved using the interpretation of the directional variation as an oriented
Hausdorff measure of the essential boundary [3]. O

Proof of Theorem 15. First remark that

Prue X,0£ X)=P0e X,—ru¢ X)
=P0eX)-P(0e€ X and —ru e X)
=P0eX)-PO0eXnN(ru+X)).

Let B be any open ball. Since X is a stationary RACS
E (£4(X N B))
P X)=——F7 "
(0eX) Z1(B)

As X N (ru+ X) is also a stationary RACS, we have

E (£4X N (ru+ X)N B))
L4(B)

POe XN(ru+ X)) =

In order to introduce the mean covariogram of the set X N B, let us denote
E.=(XNB)N(ru+ (X NB)). Clearly we have the following inclusions

E.cXnNn(ru+X)NB and [XN(ru+X)NBJ\E. CB\(BN(ru+ B)).
Noting that £ (B \ (BN (ru + B))) = g5(0) — gg(ru), we obtain

yxnp(ry) _ E(LYX 0 (rut X)NB)) _ yxap(re) | g5(0) — gn(ru)
B = £(B) S LB £A(B)

13



This yields both an upper and a lower bound of P (ru € X,0 ¢ X). We have

YxnB(0) — yxnp(ru)

Plrue X,0¢ X) < CA(B)

By property 8 of Proposition 14 and Lemma 16 we obtain

, 1 1E(V,(XNB) 1 1V, (B)
lim sup — P X,0¢ X)< -/ <2y (X)+ = :
H:f}fp ] (rue X,0¢ X) < 5 £4(B) < 29\/“( )+

As for the lower bound,

nB(0) —vxnB(Tu 0) — g(ru
P(ruEX,O¢X)27X B()ﬁd(;))( B( )_QB( )Ed(lggl;( )

Again by Proposition 14 and Lemma 16 we have

.1 1E(V,(XnB) 1V,(B) _ 1 1Vu(B)
_— > = _ > = _ .
lnrnlglf |r|]P’(ru€X,O¢X) 5 ) 3 29(B) 29"u( ) 2 29(B)

The two established inequalities are true for any open ball B. The enunciated
formula is obtained by letting the radius of B tends to +oc.
O

5.3 Computation of the specific variations of Boolean mod-
els

In this section we apply Theorem 15 to compute the specific directional vari-
ations and the specific variation of any homogeneous Boolean model. The
Boolean model [20], [24] with intensity A and grain distribution Px is the sta-
tionary RACS Z defined by

Z = UCEi + X,
ieN

where {z;,i € N} C R? is a homogeneous Poisson point process with intensity
A >0 and (X;);cy is a sequence of i.i.d. RACS with common distribution Px.
The avoiding functional of the Boolean model Z is well-known: for any compact
K c R we have

P(ZNK =0)=exp (—\E (£* (X & K))), (7)

where X denotes a RACS with distribution Py and XK = {z —y, z € X, y € K}
(see e.g. [26, p. 65] or [14, p. 164]). Starting from the general expression (7)
(which determines the distribution of Z), let us compute the variogram vy of

Z. For K = {y}, (7) becomes

q:=P(y ¢ Z) =exp (-AE (L4 (X))).
For K = {0, —ru}, with 7 # 0 and v € S?~!, remark that we have

LOXBK)=LYXUru+ X)=2L%X) - LY (X Nru+ X).

14



Hence in this case E (Cd (X &) K))
variogram vy is equal to [26, p. 68],

2E (L1 (X)) — yx(ru). As a result the
, p. 165]

vz(ru)=P(—ru € Zand 0¢ Z)=P(0 ¢ Z) —P(ZN{0,—ru} = 0)
=g —exp (—/\ (QE (,Cd (X)) — ’yx(ru)))
=q—qexp (=A(7x(0) = yx(ru))) .

By Theorem 15 and property 8 of Proposition 14 we deduce
1
Ov.(Z) =2(%)' (0) = 20A5E (Vu(A)) = AE (Va(A)) exp (-AE (£ (X)) -

Integrating this formula over all directions u we obtain 0y (Z). Our computation
is summarized in the following statement.

Proposition 17 (specific variations of a homogeneous Boolean model). Let Z
be the Boolean model with Poisson intensity A and grain distribution Px, and
let X be a RACS with distribution Px. Then for all u € S,

Ov,(Z) = AE (Vi,(A)) exp (—AE (£4(X)))

and

6y (Z) = AE (Per(X)) exp (~AE (L% (X))). (8)

Eq. (8) is valid for any grain distribution Px and generalizes known results
for Boolean models with convex grains [24, p. 386]. Similar generalizations
involving intensity of surface measures deriving from Steiner’s formula have
recently been established [12, 28]. As already stressed out, our result is similar
but not identical since the outer Minkowski content of a set differs from its
(variational) perimeter [27].

A promising direction for further works is to extend the notion of specific
variation for inhomogeneous RACS. In particular, following [28], one could try
to derive local variation densities of certain inhomogeneous Boolean models.
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