N

N

Extremal domains of big volume for the first eigenvalue
of the Laplace-Beltrami operator in a compact manifold
Pieralberto Sicbaldi

» To cite this version:

Pieralberto Sicbaldi. Extremal domains of big volume for the first eigenvalue of the Laplace-Beltrami
operator in a compact manifold. Annales de I'Institut Henri Poincaré C, Analyse non linéaire, 2014,
31 (6), pp.1231-1265. hal-00480303v2

HAL Id: hal-00480303
https://hal.science/hal-00480303v2
Submitted on 2 Feb 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00480303v2
https://hal.archives-ouvertes.fr

EXTREMAL DOMAINS OF BIG VOLUME FOR THE FIRST EIGENVALUE
OF THE LAPLACE-BELTRAMI OPERATOR IN A COMPACT MANIFOLD

PIERALBERTO SICBALDI

Abstract. We prove the existence of new extremal domains for the first eigenvalue of the
Laplace-Beltrami operator in some compact Riemannian manifolds of dimension n > 2. The
volume of such domains is close to the volume of the manifold. If the first eigenfunction ¢y of
the Laplace-Beltrami operator over the manifold is a nonconstant function, these domains are
close to the complement of geodesic balls centered at a nondegenerate critical point of ¢q. If ¢g
is a constant function and n > 4, these domains are close to the complement of geodesic balls
centered at a nondegenerate critical point of the scalar curvature.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Let (M, g) be an n-dimensional Riemannian manifold, 2 a (connected and open) domain in M
with smooth boundary, and Aq the first eigenvalue of —A, (the Laplace-Beltrami operator) in €
with 0 Dirichlet boundary condition. The domain Qg C M is said to be extremal if Q —— A\q is
critical at 29 with respect to variations of the domain g which preserve its volume.

P. R. Garabedian and M. Schiffer proved in [9] that a domain € is extremal in the Euclidean
space R" if and only if its first eigenfunction of the Laplacian with 0 Dirichlet boundary condition
has a constant Neumann data at the boundary. In the Euclidean space, extremal domains are
then characterized as the domains for which the over-determined system

Au+Adu=0 1in Q
(1) u=~0 on 0N

0
au_ constant on 0N
ov

has a positive solution (here v is the outward unit normal vector field along 9€2). By a classical
result due to J. Serrin the only domains for which the system (1) has a positive solution are round
balls, see [21]. In the Euclidean space, round balls are in fact not only extremal domains, but also
minimizers for the first eigenvalue of the Laplacian with 0 Dirichlet boundary condition. This
follows from the Faber—Krahn inequality,

(2) Aq > Apn(q)

where B™(2) is a round ball of R™ with the same volume as 2, because equality holds in (2) if and

only if 1 = B™(Q), see [8] and [11]. The result of J. Serrin, based on the moving plane argument

introduced by A. D. Alexandrof in [1], use strongly the symmetry of the Euclidean space, and
1
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naturally it fails in other geometries. The classification of extremal domains is then achieved in
the Euclidean space R™, but it is completely open in a general Riemannian manifold.

Some new examples of extremal domains for the first eigenvalue of the Laplace-Beltrami op-
erator in some Riemannian manifolds have been obtained in [17] by F. Pacard and P. Sicbaldi.
Such new domains have small volume and are close to geodesic balls centered at a nondegenerate
critical point of the scalar curvature of the manifold (the existence of at least a nondegenerate
critical point of the scalar curvature is required in order to build such domains). Such result
has been generalized to a general compact Riemannian manifold by E. Delay and P. Sicbaldi [4],
by eliminating the assumption of the existence of a nondegenerate critical point of the scalar
curvature of the manifold. In fact, it was quite natural to expect that a small domain close to
a geodesic ball could be an extremal domain in a Riemannian manifold, because a Riemannian
metric is locally close to the Euclidean one. The real difficulty was to find the point of the man-
ifold where such small topological ball had to be centered in order to be an extremal domain,
and this point is a nondegenerate critical point of the scalar curvature if it exists (see [17]) or the
critical point of an other special function depending on curvatures (see [4]).

The previous results have been inspired by some parallel results on the isoperimetric problem.
The solutions of the isoperimetric problem

I, = min Vol 02
QCM : Vol Q=k

are (where they are smooth enough) constant mean curvature hypersurfaces. O. Druet proved in
[5] that for small volumes (i.e. & > 0 small), the solutions of the isoperimetric problem are close
to geodesic spheres of small radius centered at a point where the scalar curvature is maximal.
Independently, R. Ye built in [25] constant mean curvature topological spheres which are close to
geodesic spheres of small radius centered at a nondegenerate critical point of the scalar curvature,
and F. Pacard and X. Xu generalized such a construction in compact manifolds that do not have
any nondegenerate critical point of the scalar curvature, see [18]. Now, it is well known (see [§],
[11] and [12]) that the determination of the isoperimetric profile I,; is related to Faber-Krahn
minimizers, where one looks for the least value of the first eigenvalue of the Laplace-Beltrami
operator amongst domains with prescribed volume
FRy= QC M1 Vol Q—r Ag

Observe that a solution to this minimizing problem (when it is smooth) is an extremal domain.
The result of F. Pacard and P. Sicbaldi can be considered the parallel of the result of R. Ye
in the context of extremal domains, as the result of E. Delay and P Sicbaldi is in some sense
the parallel of the result of F. Pacard and X. Xu. Moreover, paralleling his result about the
isoperimetric problem, O. Druet obtained in [6] that for small volumes (i.e. x > 0 small), the
Faber-Krahn minimizers are close to geodesic balls of small radius centered at a point where the
scalar curvature is maximal.

For arbitrary volume, the situation is much more complex and very few results are known (see
for example the proof of the existence of new nontrivial extremal domains in flat tori in [23], the
study of the shape of such domains in [22], and the concavity condition for extremal domains
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in flat tori obtained in [19]). In this paper we give an existence result for extremal domains of
big volume in a compact Riemannian manifold. We build new examples of extremal domains,
that cannot be topological balls because of the condition on the volume. In fact, the examples
of extremal domains we build are the complement of small topological balls. In particular, the
novelty is that the geometry and the topology of such domains can be arbitrary.

We will present now the main result of this paper. The manifold M is supposed to be compact
and can be a manifold with or without boundary. If M # (), then OM is supposed to be an
(n — 1)-dimensional Riemannian manifold with the induced metric. Let Qy be a domain in the
interior M of M and let us consider the domain M\, where Qo denotes the closure of .

Definition 1.1. We say that {M\Q¢}re(—tyt0), & C M, is a deformation of M\Qq if there
exists a vector field = (such that Z(OM) C T(OM), where T(OM) is the tangent bundle of OM )
for which M\Qy; = &(t, M\Qo) where £(t, ) is the flow associated to =, namely

dg

o (tp) =E(E(tp))  and  £0,p) =p.

The deformation is said to be volume preserving if the volume of M\SQ; does not depend on t.

Let us denote by \; the first eigenvalue of —A, on M\Q; with 0 Dirichlet boundary condition
on 0Q;. If OM # ), we ask also one of the following boundary conditions:

(1) 0 Dirichlet boundary condition on OM, or
(2) 0 Neumann boundary condition on OM.

We will suppose the regularity of M. Observe that both ¢ — A; and the associated eigenfunction
t + u; (normalized to have L?(M\€);) norm equal to 1) are continuously differentiable, and we
can give the following:

Definition 1.2. The domain M\Qq is an extremal domain for the first eigenvalue of —Ay if for
any volume preserving deformation {M\Q, }re(—sy.1o) of M\Qo, we have

ax

0=0.
dt [t=0

Let ¢g be the first eigenfunction of the Laplace-Beltrami operator over the manifold M, i.e.
the positive solution in M of

Agdo+ Ao =0

for a nonnegative constant )\g, normalized to have L?-norm equal to 1. If 9M # (), then we take
the same boundary condition on OM considered in the definition of extremal domains. Here Ag
is the first eigenvalue of —A, on M under the boundary condition that has been chosen. If the
volume of ) is very small, it is natural to expect that the first eigenfunction of the Laplace-
Beltrami operator over M \ 2 is close to ¢9. We remark that we have to distinguish two cases of
behaviour of ¢y (and then also of the first eigenfunction over M\ Q), according with the condition
at the boundary:
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e CASE 1. If OM # () and ¢ satisfies the 0 Dirichlet condition on &M then ¢ is a positive
nonconstant function. Moreover A\g > 0.

e CASE 2. If M = 0, or if OM # () and ¢, satisfies the 0 Neumann condition on dM,
then ¢ is a constant function

1

b0 = /Vol, (M)

and )\0 =0.
As we said previously, for the first eigenfunction of the Laplace-Beltrami operator over M \ €,

where 2 C M, we take the same boundary condition of ¢g at M, and we will distinguish the
two cases above, CASE 1 and CASE 2.

For all € > 0 small enough, we denote by B.(p) C M the geodesic ball of center p € M and
radius e. We denote by B C R" the Euclidean ball of radius € centered at the origin.

We can state the main result of our paper:

Theorem 1.3. In the CASE 1 assume that py is a nondegenerate critical point of the first
eigenfunction ¢qg of the Laplace-Beltrami operator over M, and in the CASE 2 assume that pg
is a nondegenerate critical point of Scal, the scalar curvature function of (M,g). In the CASE 2
we assume also n > 4. Then, for all € > 0 small enough, say ¢ € (0,€), there exists a smooth
domain Qe C M such that:

(1) The volume of Q. is equal to the Euclidean volume of B..
(ii) The domain M\S). is extremal in the sense of definition 1.2.

Moreover there exists a constant ¢ > 0 and for all € € (0,¢eq) there exists a point p. € M such
that the boundary of Qe is a normal graph over 0B¢(pe) for some function we, with

dist(pe, po) < ce

and
welle2.o @B, (p.)) < c€2 in the CASE 1 and n > 3

|welle2.e 0B, (p.)) < ce? loge inthe CASE 1 and n =2
Hw€||c2,a(aB€(pé)) < 063 in the CASE 2 and n >5

|wellez.a (o, (p.)) < c€® loge in the CASE 2 and n =4

Let us digress slightly. Firstly, with respect to the result of F. Pacard and P. Sicbaldi in [17], a
new phenomena appears: there are two types of extremal domains, those that are the complement
of a small perturbed geodesic ball centered at a nondegenerate critical point of the function ¢
and those that are the complement of a small perturbed geodesic ball centered at a nondegenerate
critical point of the scalar curvature. It is important to remark that the construction of the first
type of domains depends on a global condition (the existence of a nondegenerate critical point
of ¢g) while the construction of the second type of domains depends on a local condition (the
existence of a nondegenerate critical point of the scalar curvature of the manifold). Although
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the statement of the result in the CASE 2 appears very similar to the result of F. Pacard and P.
Sicbaldi in [17], it is quite surprising the fact that the global geometry of the manifold does not
have a role in the construction of such last domains. Moreover, for the CASE 2 the construction
of extremal domains is different with respect to that of [17] and technically much more difficult.
The technique used in [17] is based on the fact that the first eigenfunction of the Laplace-Beltrami
operator on the perturbation of a small geodesic ball is a perturbation of the first eigenfunction
of the Euclidean Laplacian on a small ball, and such a function is very well known. But these
facts fail when the domain is the complement of a small ball in a Riemannian manifold, and an
other approach is needed. We remark also that the construction of the second type of domains
requires the existence of the nondegenerate critical point of the scalar curvature function. For
example, our result in CASE 2 cannot be applied when the manifold M is a bounded region of
R™. For this last case, the global geometry of the domain appears.

To complete this section, we present two open problems, linked to the previous result.

Open problem 1. Theorem 1.3 does not give any information in the CASE 2 for the dimen-
sions 2 and 3. In fact, in order to prove the main theorem for the CASE 2, we need some local
estimations of a Green function on the manifold M. When the dimension of M is at least 4, we
are able to compute the first coefficients of the local expansion of such Green function, but for
the dimensions 2 and 3, other terms (depending on the global geometry of the manifold) appear
(see section 6). It will be interesting to adapt the proof of Theorem 1.3 to the CASE 2 for the
dimensions 2 and 3, and we suspect that the global geometry of the manifold plays an important
role in such cases.

Open problem 2. It will be interesting to know if the obtained extremal domains are or
not Faber-Krahn minimizers, in the class of domains with the same volume. We recall that the
existence of minimizers for the first eigenvalue of the Laplace-Beltrami operator was proved by G.
Buttazzo and G. Dal Maso in [3] when the manifold is a bounded domain of the Euclidean space
R™, and the proof of this result should be working also for a compact Riemannian manifold.

Acknowledgments. I would like to thank F. Pacard for suggesting me the problem and for
fruitful discussions. Some parts of this paper have been written when I was visiting the University
of Granada, and thank M. Ritoré and A. Ros for useful suggestions. I would like also to thank
the International Scientific Coordination Network on Geometric Analysis (France and Spain) for
financial support.

2. CHARACTERIZATION OF THE PROBLEM

In order to prove our theorem we need the following result that caracterizes extremal domains
of the form M\, where © is a bounded domain in a Riemannian manifold M. The following
result gives a formula for the first variation of the first eigenvalue for some mixed problems under
variations of the domain. A similar result is obtained in [7]. Our proof is based on some arguments
of D. Z. Zanger contained in [26].

Keeping in mind the notation of the previous section, we have the:
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Proposition 2.1. The derivative of t — A\ at t =0 is given by

A _
D) o= / (9(Vuo, 10))? 9(E, vo) dvol,,
dt Q0

where dvoly is the volume element on 0§y for the metric induced by g and vy is the normal vector
field about 0.

Proof : We denote by ¢ the flow associated to =. By definition, we have
3) u(§(t,p)) =0

for all p € 9Q. Moreover, if we take a 0 Dirichlet boundary condition on M, then equation (3)
holds also on M. On the other hand, if we take a 0 Neumann condition on dM, then we have

(4) 9(Vue(&(t, p)), 1) =0
for all p € OM, where 1, is the unit normal vector about OM.
Differentiating (3) with respect to ¢ and evaluating the result at ¢ = 0 we obtain
Oruo = —g(Vug, E)

on 0. Now, ug = 0 on 0¥, and hence only the normal component of = plays a role in this
formula. Therefore, we have

(5) atuO = —g(Vuo,Vo) g(Evl/O)

on 99y. The same reasoning holds on 0M if we take a 0 Dirichlet boundary condition on M.
In this case, by the fact that Z(OM) C T(0M), we have

(6) 8tUo =0

on OM. On the other hand, if we take a 0 Neumann condition on M, then it is possible to
choose a system of coordinates x = (z?,...,2n) such that v; = —9,1 on OM and differentiating
(4) with respect to t and evaluating the result at ¢ = 0 we obtain

(7) 0= _811625“0 - g(vazlu(h E) = _arlatuo = g(vatU'Ov VO)

on OM, where we used the fact that 1, does not depend on ¢t on M together with the facts that
Oprug =0 on OM and that g(Z,19) = 0 on OM because Z(OM) C T(OM).
Now, we differentiate with respect to ¢ the identity

(8) Agut+>\tut:0
and we evaluate the result at ¢t = 0. We obtain

(9) Agﬁtuo + Ao Orug = — 0 \o Ug
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in Qp. We multiply (9) by wug, and (8), evaluated at t = 0, by dsug, subtract the results and
integrate it over {2y to get:

6t)\0 / Ug dVOlg = / (8tu0 AQ’LLO — Up Agat’LL()) dVOlg
Qo M\QO

= / (Opuo g(Vug, vo) — up g(Vouo, vp)) dvoly
OMUIN,

/ (Oruo g(Vug, vo) — uo g(VOiug, 10)) dvoly
Q0

+/ (Opuo g(Vug, 1) — ug g(VOuo, vp)) dvoly
oM

= —/ (9(Vuo, 10))? g(Z, 1) dvoly,
8%

where we have used (5), (6) or (7), the fact that ug = 0 on 99, and the the fact that ug = 0 or
g(Vug,vg) = 0 on M. The result follows at once from the fact that ug is normalized to have
L?(Qp) norm equal to 1. Observe that in the previous argument M can be empty. O

This result allows us to characterize extremal domains for the first eigenvalue of the Laplace-
Beltrami operator under our particular 0 mixed boundary conditions, and states the problem of
finding extremal domains into the solvability of an over-determined elliptic problem. The proof
of the following proposition is a direct consequence of the previous result and we do not report it
(see also Proposition 2.2 in [17]).

Proposition 2.2. Given a smooth domain Qo contained in the interior of M, the domain M\Q
is extremal if and only if there exists a constant \g and a positive function ug (if OM # 0 we take
a 0 Dirichlet (CASE 1) or a 0 Neumann (CASE 2) boundary condition on OM ) such that

AgUO + /\O uyg = 0 in M\ﬁo
(10) u = 0 on 09
9(Vuo,1v9) = constant on 9Q,

where vy is the normal vector field about 0y pointing into .

Therefore, in order to find extremal domains, it is enough to find a domain M\Qq (regular
enough) for which the over-determined problem (10) has a nontrivial positive solution. In this
paper we will solve this problem to find domains M\Qy whose volume is close to the volume of
the compact manifold M.
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3. REPHRASING THE PROBLEM

Given a point p € M we denote by Ei,..., E, an orthonormal basis of the tangent plane to
M at p. Geodesic normal coordinates z := (z!,...,2") € R™ at p are defined by

X (z) := Expy ZmJE

We recall the Taylor expansion of the coefficients g;; of the metric X*g in these coordinates.

Proposition 3.1. At the point of coordinate x, the following expansion holds:

(11) =0+ 3 ZRZ]W(J? z + Z Rikji.m z® 2t 2™ + O(|z|*)
k,l,m

Here R is the curvature tensor ofg and
Rirje = g(R(E;, Ex) Ej, Ey)

Rikjem = 9(Vg, R(E;, Ey) E;, Ey)
are evaluated at the point p.
The proof of this proposition can be found in [24] or also in [20].

It will be convenient to identify R™ with 7,M (the tangent space at p) and S"~! with the unit
sphere in T, M. If z := (z!,...,2") € R™, we set

O(x) := sz E,eT,M.
i=1
Given a continuous function f: S™~! +—— (0,00) whose L> norm is small (say less than the cut
locus of p) we define

Bg = {Expp O(z)) . xzeR” 0< |z < f(:r/|m|)} )
The superscript ¢g is meant to remind the reader that this definition depends on the metric.

Our aim is to show that, for all € > 0 small enough, we can find a point p € M and a function
v:S" 1 — R such that )
Vol BS(HU)(p) =¢€" Vol By

where Bj is the unit (closed) Euclidean ball, and the over-determined problem

Agop+Ap = 0 in M\Be(1+v (p)
(12) o = 0 on 9BY, ()
g(Vé,v) = constant on aBE(H_U)( D)

with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition on dM if OM # (), has
a positive solution, where v is the normal vector about 0B6(1+v)(p) pointing into BE(Hv)(p)
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Observe that, considering the dilated metric § := € 2 g, the above problem is equivalent to
finding a point p € M and a function v : S*~! — R such that
Vol BY, (p) = Vol B,

and for which the over-determined problem

Ajp+r¢ = 0 in  M\B{,,(p)
6 = 0 on 0B,
Gg(Vé,v) = constant on OBY  (p)

with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition on dM if OM # (), has
a positive solution, where o is the normal vector field about dBY 4o(p) in the metric g. We can
simply consider

p=09
(naturally it will not have the norm equal to 1, but depending on ¢) and
A=e2)\.
In what it follows we will consider sometimes the metric g and sometimes the metric g, in order
to simplify the computations we will meet.
4. THE FIRST EIGENFUNCTION OUTSIDE A SMALL BALL

The positive solution of the problem

Agpe+Acge = 0 in M)\ B(p)
{ ¢ = 0 on OB{(p)

with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) condition on M if M # (), normalized to
have L2(M \ BY(p))-norm equal to 1, a priori is not known.

(13)

Let p € M, let ¢, be a constant, and let I', be a Green function over M with respect to the
point p defined by

(14) —(Ag +Xo)Tp = cn (6, — d0(p) o) in M

with 0 Dirichlet boundary condition (for the CASE 1) or 0 Neumann boundary condition (for the
CASE 2) at OM if OM # (), and normalization

/ T, ¢o dvol, =0,
M

where 9§, is the Dirac distribution for the manifold M with metric g at the point p. We remark
that I', exists because

/ [0p — d0(p) do] ¢o dvoly = 0.
M
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It is easy to check that for each dimension n of the manifold it is possible to choose the constant
¢y, in order to have the following expansions of I', in a neighborhood of the point p in the geodesic
normal coordinates x:

for n=2 : T,(x) log || + o(log |z])
(15)

for n>3 : Ty(@) = |z[> " +o(z]*™)

For our problem it will be very useful to consider weighted Hélder spaces C(’;’a (M\{p}), 0 € R,
defined as the spaces of functions in C¥*(M \ {p}) such that, in the normal geodesic coordinates
x around p,

-5 - -5
e an oy = S0 1ol 5~ 9]+ s 22 92 -+

Ro Br, Br,

VFu(z) — v
+sup [2]*7 |V¥u| +  sup sup - REFOT o o " <o
BRO 0<R<Ryo x,yEBR\éR/2 |1’ B y|

where Ry is a small positive constant chosen in order to have the existence of the local coordinates
in Bf’% (p). For a clear exposition of the basic facts and properties of such weighted Holder spaces
and the theory of elliptic operator between weighted Holder spaces we remind to the chapter 2
of [16] (see also [14], [13] and [15]).

Let us consider ¢ € C%%(S™~1), where m is meant to point out that functions have 0 (Eu-
clidean) average over S"~ ', and let H, be a bounded harmonic extension of ¢ to R \ B:

AgH, = 0 in R"\B
(16) .
H, = ¢ on 0B
where ¢ is the Euclidean metric and we identified OB, with S"~1. We have the:
Lemma 4.1. The following estimate holds:
Vo (@)l oy < € lllcansn

for some positive constant c. In particular

lim H,(z)=0.

|z|—+o00

Proof. Let us consider
(oo}
o=> ;
j=1
the eigenfunction decomposition of ¢, i.e.

(17) Agn-1pj =—j(n—2+j)¢;
It is easy to check that

Hy(z) = Z 2> p;(x/]x])
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is the solution of (16). Let us fix |z|. We have
(18)  [Ho(@)| < |2 fy(a/lal) = |a|' " o1 (@/[2))| + Y [a[*7 | (z/|a])]
j=1 j=2

Now, we estimate |@;| oo (gn-1). From (17) we have

@i llware(sn-1y < ¢ (n— 24 §)* lgjli2(sn-1)

and by the Sobolev Embedding Theorem we have that W?2k:2(§"~1) C L>°(S"~1) when 4k > n—1.
We conclude that there exists a positive number P(n) depending only on the dimension n such
that

@il oo (sm-1) < €57 [|@5ll L2 (sn-1y
Moreover
l@slZ2(sn-1) < ll@ll7e(sn-1y < Volg(S™ 1) @l F oo (gn-1y
and we can conclude that there exists a constant ¢ such that
@51l poo sn-1) < €57 ||| oo (sm-1)

From (18) we get

o0
[Ho(@)] < e |2 [l@ll oo snsy (14D 2|7 70
j=2

It is easy to check that for |x| > 2
o
> a7 < oo
j=2

and this allows us to conclude that for |z| > 2 there exists a constant ¢ such that
(19) [Hy(2)] < c |2 [l e (sm-1)

By the maximum principle this inequality is valid also for 1 < |z| < 2. Standard elliptic estimates
apply to give also

(20) [VHy ()] < clz[™" [l¢llLoe sm-1)
Finally, (19) and (20) give the following estimate

||Hsa(95)||cf~_an(Rn\él) < cllellezasn-1
for some constant ¢. From (19) it is clear that

lim H,(z)=0.

|z|—+o0

This completes the proof of the Lemma. O
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Let us define a continuous extension of H, to R™ in this way :

0 for |z| <3
Hy(z) =4 (2lz|—1)H, (ﬁ) for L<la/<1
H,(x) for R"\él

and let us denote

and

Let x be a cutoff function defined in M, identically equal to 1 for |z| < Ry (where z are the
normal geodesic coordinates at p) and identically equal to 0 in M \ Bj Ro (p).

The main result of this section is the following:

Proposition 4.2. Let n >3 and § € (2 —n,min{4 — n,0}). For all € small enough there exists
(Ae, pe, we) in a neighborhood of (0,0,0) in RxC2*(S"1) xC?’a(M\{p})) such that the function

(21) P = o — "2 (¢o(p) + A) T + we + X Ho,
(considered in M\ B2(p)), is a positive solution of (13) where
(22) A= X+ cndo(p)? "2+ 0> ).

Moreover the following estimations hold:

o If ¢g is not a constant function (CASE 1) then there exists a positive constant ¢ such that
|Ae| + HSDe”Loo(sn—l) <ce and ||w€HC§’a(]\/[\{p}) <c(e@ 4+ 6375)
o If ¢g is a constant function (CASE 2) then there exists a positive constant ¢ such that
[Ael + ll@ell oo (gn-1y < ce ifn=3
[Ae| + [[@ell o (gn-1) < ceP V<2 ifn=4
Al + l[@ell o (gn1y < c€ if n>5

and

HwEHC?O‘(M\{p}) <ce? ifn=3

Hwencgva(M\{p}) <ce ifn=4

Hwellcgv“(M\{p}) <c (€1+n + 64_6) ifn>5
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Proof. First we prove that
(23) A= X = O("?).
By definition

/ |V9u|? dvol,,
(24) A= min M\B? (p)

weHY(M\B! (p)) / u? dvol,
M\B{ (p)

Let us consider a sequence of functions u; € H§(M \ BY(p)) converging to the function

(Isc_l)¢,0<2;$> in - B.(p) \ BY(p)
o in M\ B (p)

/ u? dvol, = / ¢ dvoly + O(e™)
M\BZ (p) M

/ |Vu|? dvol, = / |V o|? dvol, + O(e"?).
M\B?(p) M
From the last two relations and (24) we have
(25) A=Xo+e"
where p = O(1), and then (23).
Define

It is easy to check that

while

e = o — "% (do(p) + A) T +w + x Hop,e
for some (A, p,w) € R x C2*(S™~1) x C>*(M \ {p}). Then ¢, satisfies the first equation of (13)
in M \ BY(p), with A as in (25), if and only if:

(8 4+ 20+ 2 ) w2 1= e do(p) (G0(p) + A)] do + Hoe Agx+
FX DG+ 2V He VX = @7 (90(p) + )Ty + o+ 2 ) x Hpe = 0

(26)

in M\ BY(p). This equation can be considered in M \ {p} if we replace H, . by H,., and
AgHy,e by a continuous extension AgH  of AgH, . (such continuous extension can be defined

in the same way of ﬁ%e as a continuous extension of the function H, ). Remark that the term
V9H, V9 is 0 in a neighborhood of 0BY(p), then it can be extended to 0 in BY(p).

We need the following;:

Lemma 4.3. Let n > 3. The operator
(Ag+ o+ ) CT (M {p}) — C5% L (M \ {p}),
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where the subscript L is meant to point out that functions are L?-orthogonal to ¢y and the
subscript 0 is meant to point out that functions satisfy the 0 Dirichlet (in the CASE 1) or 0
Neumann (in the CASE 2) boundary condition on OM if OM # 0, is an isomorphism for § €
(2 —=n,0) and € small enough.

Proof. Let § € (2—n,0) and n > 3. For all f € CJ% (By \ {0}) there exists one and only one
solution u € C3*(By \ {0}) of
Agu = f in B\{0}

(27) .
u = 0 on 0B

The proof of this fact can be found in [16] or in [14]. Take the normal geodesic coordinates in
B%, (p) (keep in mind that Ry is small), and let f € Cg’_O;(M \ {p}). Considering the dilated
metric Ry 2 g, the parameterization of B}q{o (p) given by

Y(y) := Expj (Ro z:yZ Ei)

K2

and the ball B; endowed with the metric g =Y*(Ry 2g), the existence and the unicity of a
solution of the problem

(Ag +Xo)u fin B A\ {p}
u = 0 on 0B%
are equivalent to the existence and the unicity of a solution of the problem

(A; + R2 o) u Y*f in B\ {0}

u = 0 on 8@1

Considering that the difference between the coefficients of the metric § and the metric ¢ can
be estimated by a constant times R3 (see Proposition 3.1), the operator Az + RZ )¢ is a small
perturbation of the operator As; when Ry is small. We conclude that there exists a positive Ry
(small enough) such that, when § € (2 —n,0) and n > 3, for all f € Cy"% (M \ {p}) there exists a

unique solution u € C(?’(X(Blg%0 \ {p}) of
{ (Ag +X0)u = [ in B \{p}

v = 0 on 83%0

Now, consider the solution of
(28) (Ag +X0)v=f—(Ag+ o) (Xu)

with 0 Dirichlet boundary condition at M, where X is a cut-off function equal to 1 for |z| < Ry /2
and equal to 0 for |z| > Ro. We remark that this equation is well defined in M, because f and
(Ay + Xo) (Xu) have the same singularity at p. Moreover, if f is L?-orthogonal to ¢, then
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= (Ay 4+ Xo) (Yu) is L?-orthogonal to ¢g. Hence, there exists a unique solution v € Ci%(M) to
(28), and we have
(Ag 4+ o) (Yu+v)=f
in M\ {p}, with 0 Dirichlet condition at M. Obviously w = xu + v € C?ﬁ(M \ {p}). We
conclude that for 6 € (2 —n,0) and n > 3 and for all f € Cg;a27L(M \ {p}) there exists a unique
solution w € Céz,ﬁ (M \ {p}) of
(Ay +X)w=f

in M \ {p} with 0 Dirichlet condition at OM. This result is still true for the operator A, +
Ao + €"~2 1 when € is small enough. The proof does not change if we consider the 0 Neumann

boundary condition on dM instead of the 0 Dirichlet boundary condition. This completes the
proof of the Lemma. O

In order to semplify the notation we define

A = @ —cngo(p) (Po(p) + A) | ¢o

B = Hy Agx+xAgH, +2V9H, VX
C = =" u(dolp) + ATy

D = (Mo+e2u)x FLp,e

We remark that T, € Cy'% (M \ {p}) if § < 4 — n. Equation (26), extended to M\{p}, becomes
(Ag+XN+e"?pw=—(A+B+C+D)
By Lemma 4.3, if we choose p in order to verify
(29) /(A+B+C+D)¢o:0,
M

there exists a solution w(e, A, ) € C?’i o(M \ {p}) to equation (26) with

0 € (2—n,min{0,4 —n}),
for all A € R, for all ¢ € C%*(S™ 1), and for all € small enough, and then
(30) e = Po + "2 (¢0(p) + A) Fp + U)(E, A, SD) + XHap,e
satisfies the first equation of (13) in M\B?(p). From (29) we get

"% en do(p) (Po(p) +A) — /M Boo—Xo /M X Hy, . do
€2 <1 + /M X Htp,e ¢0>

/ B¢y < cev ! llell Loe (gn-1)
M

,LL:

It is easy to check that
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and

[ XHpetn < o fellimisn
from which it follows that .
(31) p=cn do(p) (do(p) + A) + O(e) [l Loe(sm-1)-

Then, using Lemma 4.1, we have the following estimations:

* ||AHCS’Q2(M\{1)}) < e gl Lo (sn-1)

° ||B||cgf2(M\{p}) <c(@ ™+ E70) ol Lo (sn-1)

* [IClleo. (argpy) < e

b ||D||cgv_” (M\{p}) =€ (62_6 + €n_1) [l Lo (5m-1)

2
In particular we get
|4+ B +C 4 Dlego,angpy < ¢ (€77 4 el sno + €7 ellimsnn)
and then
HwHC?a(M\{p}) <c (€2n_4 + et loll Loe (gn—1y + 0 o]l oo (sn-1)) -
We have proved the following:

First intermediate result. Let § € (2 —n,4 —n). For all A € R, for all ¢ € C5*(S"71),
for all € small enough, there exists a function w(e, A, @) € C?’j‘ oM\ {p}) such that ¢. defined in
(30) is a positive solution of the first equation of (13). Moreover there exists a positive constant
¢ such that

2n—4 +

(32) Hw”Cg’a(M\{p}) <c (6 et ||50||L°°(S"*1) +e*0 ”SOHLW(S"*I)) .

We consider now the second equation of (13). Define
N6 Ay) = [9oley) — 2 (do(p) + M) T(ey) + (wle, A, ) (ew) + o))

We remark that N represents the boundary value of ¢, is well defined in a neighborhood of
(0,0,0) in [0, 4+00) x R x C%*(S"~1), and takes its values in C>*(S"~1). It is easy to compute
the differential of N with respect to A and ¢ at (0,0,0):

(8AN(0,0,0))(A) = —A

(9,N(0,0,0))(2) = ¢.
From the estimation of the function w it follows that

yesnfl

)
lwllze@Brp) < € lwllezenan oy

< e (@ 4 T gl poo(sm1y + € Il Lo sn1)) -
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Then we can estimate N (e, 0,0):

IV (€.0.0) sy < [[f0(e) = =2 G0 () T(e)| g s, + | (0(60.0)) (€0)]| g,
Here we have again to distinguish two cases, according to the behaviour of the function ¢q. If ¢g
is not a constant function (CASE 1) we have (using the expansion (15) of I',)

IN(€,0,0) [l oo (gn-1y < ce.
The same estimate is obtained if ¢g is a constant function (CASE 2) and n = 3. In the CASE 2
and n = 4 we get

IV (e, 0,0)] gy <
V3 < 2 and when n > 5:

[N (€,0,0)[ oo (gn-1y < cé

The implicit function theorem applies to give the:

Second intermediate result. Let 6 € (2 — n,min{4 — n,0}), and € be small enough. Then
there exists (A, @) in a neighborhood of (0,0) in R x C%*(S™ 1) such that N(e,Ac,0c) = 0
(i.e. ¢e defined in (30), with A = Ac and ¢ = ., is a positive solution of (13)). Moreover the
following estimations hold:

o If ¢g is not a constant function (CASE 1) then
|Ac| + ||<PeHLoc(sn—1) <ce
o If ¢g is a constant function (CASE 2) then
|Ae| + H@eHLoo(snfl) <ce ifn=3

|A€| + H‘peHLoo(Snfl) < cel Vﬁ <2 ifn=4

|Ae|+ HﬁpeHLoo(an) <ce? ifn>5

From the first and second intermediate results, we get the following existence result: for all €
small enough there exists (A, ¢.,w.) in a neighborhood of (0,0,0) in R x C%*(S"~1) x C?’a (M\
{p})) such that (21), considered in M \ BY(p), is a positive solution of (13). Expansion (22)
follows from (25) and (31). Moreover:

o If ¢y is not a constant function (CASE 1) then there exists a positive constant ¢ such
that
|A€| + ||<P6HLW(SH71) <ce
and from (32)
2n—4 n 3—§
lwellez=an gy < € (€777 + " +€777)

o If ¢ is a constant function (CASE 2) then there exists a positive constant ¢ such that
|A6|+HSOE||L00(Sn—1) SCG lfn:3
|A€|+H<)OE||LOO(Sn—1) SCG’B Vﬁ<2 ifn=4

|A6|+H806||L00(Sn—1) SCEQ ifn>5
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and from (32)
Hwe”cgﬂ(M\{p}) < cé? ifn=3

4 e
Hwencﬁw“(M\{p}) <ce ifn=4
1 4-8\
HWEHC?Q(M\{I,}) <c (6 o€ ) ifn>5
This completes the proof of the result. 0
For the case n = 2 we can adapt the proof of the previuos proposition, obtaining the:

Proposition 4.4. Let n =2 and § € (0,1). For all ¢ small enough there exists (Ae, pe, W) in
a neighborhood of (0,0,0) in R x C%*(S™~1) x ()ZR ©Cy(M \ {p})), where X is some cut-off
funtion equal to 1 in a neighborhood of the point p, such that the function

(33) ¢€:¢0_(10g6)71 (¢O(p)+A€) Fp+we+XH €€
considered in M \ BY(p), is a positive solution of (13) where
(34) X=X+ cnbo(p)” (loge) ™! + o((loge) ™).

Moreover the following estimations hold: there exists a positive constant ¢ such that
|Ael + ||906||Loo(sn71) < c(loge)™! and HwE”)Z]R@C?’Q(]\/[\{p}) < c(loge)™?

Proof. We will follow the proof of the previous proposition, adapting it to the case of dimension
2. Take a sequence of functions u; € H} (M \ BY(p)) converging to the function

e Y el (VERY L e o
uy(x) = (1 gﬁ) log P %( 2| ) Bﬁ(p)\Be(p)
o (x) in M\ B (p)

/ u? dvol, = / ¢ dvol, + O(e)
M\B{ (p) M

/ |Vu.|? dvol, = / |V o|? dvol, + O((loge) ™).
M\B{ (p) M

Using (24) we have

It is easy to check that

while

A —Xo=O((loge)™).

Define ~
e = P — (IOg 5)_1 (¢0(p) + A) 1—‘;D +w+ XHcp,e
for some (A, p,w) € R x C*(S"~1) x C>*(M \ {p}). Then ¢, satisfies the first equation of (13),
with A = Ao + (log€) ™! y, if and only if
(35)

(Ag + Ao + (loge)~! M) w+ (log €)™ |1t — ¢ do(p) (do(p) + A)| do + Hye Agx+

+xAgHy +2VIH, V% — (loge) =2 ju(do(p) + A) T+ (Mo + (loge) ™t u) x Hy e =0
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in M \ BY(p). This equation can be considered, after extension of functions as in equation (26),
over M\ {p}.

Let x be some cut-off funtion on the manifold M identically equal to 1 in B%O (p) and identically
equal to 0 in M\B% (p), and § € (0,1). The operator

(Ag+Xo) :RYBCIT (M \ {p}) — €% | (M \ {p}),

where the subscript L is meant to point out that functions are L2?-orthogonal to ¢y and the
subscript 0 is meant to point out that functions satisfy the 0 Dirichlet (in the CASE 1) or 0
Neumann (in the CASE 2) boundary condition on OM if OM # (J, is an isomorphism. The same
result holds for the operator

(A + Ao+ (loge) ™ ) : RY @ CHT (M \ {p}) — C5% 1 (M \ {p})

if € is small enough. The proof of these facts is very similar to the proof of Lemma 4.3 (for other
details see [16]).

In order to semplify the notation we define

A= (loge)™ [ e do(p) (do(p) + A)] do
B = HyoDgx+xAgH, . +2V9H, VX
C = —(loge)~u(o(p) + M) T,

D = (/\0+(10g€)_1M)X}~I%6

We remark that T, € Cy'% (M \ {p}) when 6 € (0,1). Equation (35) becomes

(Ag + 2o + (loge) ' p)w = —(A+ B +C + D)
If we choose p in order to verify
(36) /(A+B+C+D)¢0:0

M

there exists a solution w(e, A, p) = w) +w? € YR @ C§7’j7O(M \ {p}) of equation (35) for
§ € (0,1), for all A € R, for all p € C%*(S™ 1), and for all € small enough, and then
(37) e = do — (loge) ™" (do(p) + A)Tp +w(e, A, ) + X Hoe
satisfies the first equation of (13). From (36) we get

(loge) ™" ¢n do(p) (do(p) + A) — /M B ¢g — Ao /M X Hy.e do
(o) (14 [ xpcn)

/ B o < cellp| oo (sn-1)
M

M:

It is easy to check that
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and
[ X0 < celpllmgs
M
Hence
(38) B = cn d0(p) (¢o(p) + A) + O(e loge) |||l oo (gn-1)-

We want now to give some estimations on the function w. By the previous facts and Lemma
4.1 we have the following estimations:

o [l Allgo (angpy) < cellpllpoe(snr)
* [Bllea, aryiopy < cellellzoe(sny
* [Cllcos,angpy) < ¢ (loge) ™
® ||D||cgvj2(M\{p}) < cellpllpee(sn-)
In particular we get
[A+ B+ C+ Do (apgpy) <€ ((log €)™ + €[l oo (sn-1y)

where we used the fact that for e small enough and 6 € (0,1) we have ¢27% < e. This gives us an
estimation on the function w:

W]+ 0@ 20 () < € (108 €) 72 + € [[@l| oo -1y -
5 “(M\{p})

We proved the following;:

First intermediate result. Letn =2 and § € (0,1). For all A € R, for all p € C5*(S™1),
for all € small enough, there exists a function w(e, A, p) = w® +w? € YR @ C?,’f,o(M \ {r})
such that (37) is a positive solution of the first equation of (13). Moreover there exists a positive
constant ¢ such that

W]+ 0P ez gy < € ((og )™ + e ol e (sm-1))
20N ()

Now, consider to the second equation of (13), i.e. the boundary condition. Define
N(e, A, 0) i= [do(ey) — (oge) ™ (do(p) + M) T(ew) + (wle, A,9)) (€) + 9 ()] ,

We remark that N represents the boundary value of ¢, it is well defined in a heighborhood of
(0,0,0) in [0, 4+00) x R x C2%(S™~1), and takes its values in C>*(S"~1). The differential of N
with respect to A and ¢ at (0,0,0) is:

(0AN(0,0,0))(A) = —A

(0,N(0,0,0)) () = &.

esn-1

The previous estimations give us

lwllr=@prpy < ¢ ((loge)™ + €ll@ll Lo (sn-1))
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For N(¢,0,0) we have:
||N(67 Oa O)HLOO(S"—l) < ||¢0(6 y) - (IOg 6)71 ¢0(p) F(ey)HLoo(Sn—l) + H (w(ev Oa 0))(€y)||Loc(sn—1)
and then
HN(G, 07 O) ||L°G(Sn—1) S c (log 6)71
The implicit function theorem applies to give the:

Second intermediate result. Letn =2, 6 € (0,1) and € be small enough. Then there exists
(Ae, 0c) in a neighborhood of (0,0) is R x C2,*(S™~1) such that N(e, A, pc) = 0. Moreover the

following estimation holds:

|Ae| + ”(Pe”Loo(Sn—l) < c(loge)*l

The statement of the Proposition follows immediately from the two intermediate results and
(38). |

In order to simplify the next computations, in dimension 2 we will consider the following
function as our positive solution of (13):

¢e = 10g€ [¢0 - (log 6)_1 (¢O(p) + Ae) FP + we + XH 676]
Remark that this function, considered in the coordinates y = ex, converges near p, in a sense to
be made precise, to the function —¢g(p) log |y| when e tends to 0.

5. PERTURBING THE COMPLEMENT OF A BALL
The following result follows from the implicit function theorem.

Proposition 5.1. Given a point p € M, there exists eg > 0 and for all € € (0, €q) and all function
v € C%(S"~ 1Y) satisfying
H’l_)||c2,a(sn71) <e€o,

/ v dvolg =0,
Sn—1
g9

there exists a unique positive function ¢ = ¢(e,p,v) € Cz’“(M\B*ﬁ(HU)

and

(p)), a constant X\ =
Ae,p, ) € R and a constant vg = vo(€,p,0) € R such that

Voly(BY 14, (p) = Voly(Be)
where v := vy + v and ¢ is a solution of the problem
Ngp+Ap = 0 in M\B? (p)

e(l1+v
(39) ) (1+v)
¢ = 0 on 886(1_“)) (p)
which is normalized by setting
(40) / ¢* dvol, = 1.
NI\BEI(L',U)(Z))

In addition ¢, A and vy depend smoothly on the function v and the parameter .
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Proof : We begin by proving that given a point p € M, there exists ¢g > 0 and for all
€ € (0,¢) and all function v € C%*(S"~1) satisfying

Hf)ch,a(Sn—l) < ¢,

/ v dvolg =0,
Sn—1

there exists a unique constant vy = vo(€,p,¥) € R such that

(41) Voly (B, ., (p)) = Volg(Bc) = " Voly(By)

and

where v := vy +0. Define the dilated metric § = €2 g. Instead of working on a domain depending
on the function v = vg + v, it will be more convenient to work on a fixed domain

Bii={yeR" : |y <1},

endowed with a metric depending on the function v. This can be achieved by considering the
parameterization of BS(HU)(p) = Bé]Hv) (p) given by

Y(y) = Exp} ((1 su+x) (v(2))) S E)

where Y is a cutoff function identically equal to 0 when |y| < 1/2 and identically equal to 1 when
lyl = 3/4.

Hence (using the result of Proposition 3.1) the coordinates we consider from now on are y € él
and in these coordinates the metric g := Y*g can be written as

g=0+wv)? [§+> CYdy;dy; | ,
0,J
where the coefficients C% € C1*(B,) are functions of y depending on €, v = vy + ¥ and the first
partial derivatives of v. Moreover, C% = 0 when € = 0 and ¥ = 0. Observe that
(€,v0,7) — CY (e, v)
are smooth maps. Condition (41), when ¢ is small enough and not zero, is equivalent to
Voly(By) = Voly (By)

that makes sense also for e = 0. When € = 0 and ¥ = 0, the metric § = (1 +vg)? g is nothing but
the Euclidean metric. We define

N(e,5,v0) := Volg(By) — Vol (By)
Observe that N depends on the choice of the point p € M. We have
N(0,0,0) =0.

It should be clear that the mapping N is a smooth map from a neighborhood of (0,0,0) in
[0,00) x C%%(S"~1) x R into a neighborhood of 0 in R.
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We claim that the partial differential of N with respect to vg, computed at (0,0, 0,0), is given
by
Dy N (0,0,0) = n Voly(B)
Indeed, this time we have § = (1 + vg)? § since v = 0 and € = 0 and hence

N(0,0,v0) = ((14v9)™ —1) Volyg(By)

So we get
0p, N (0,0,0) =n Voly(By)
and the claim follows at once.

Hence the partial differential of N with respect to vy, computed at (0, 0, 0) is precisely invertible
from R into R and the implicit function theorem ensures, for all (e, ) in a neighborhood of (0, 0)
in [0, 00) x C%%(S™~1), the existence of a (unique) vy € R such that N (e, v,v9) = 0. When vy = 0,
we can estimate

Gij = 6ij + O(e?),
hence

N(e,0,0) = O(?).
The implicit function theorem immediately implies that the solution of

N(e,0,v9) =0

satisfies

[vo (e, p,0)] < c€.
The fact that vy depends smoothly on the parameter € and the function v is standard.

We have now, for all 0 < € < ¢y and all function ¥ of mean 0, a function v = v(e,p,v) €
C%(8™~1) such that

Voly(BY, 4.,y (p)) = Voly(B1)
Then it is easy to find a solution (¢, A) to the problem (39) and to multiply it by a constant in

order to verify (40). The fact that ¢ and A depend smoothly on the parameter e and the function
v is standard. 0

We will denote the function ¢ = ¢(e,p,¥) as
point p. The same for eigenvalues: A = A 3, an
¢e5 =loge- P(e,p,v). Denote

$e,5, without noting the dependence on the
dA= Ay = €2 Ae,5. When n = 2, we take

QZS - (;56,17 - Y*¢5,17
in a neighborhood of dB?(p). We will use such a notation through all the paper: for a general f
considered in a neighborhood of dB?(p) we denote

f=Y"f
We define the operator F:

§(V, ) dvoly

_ P 1
F(p,€,0) =§(Ve,0)|yp, — Nol, (051 /aé
¥l 1 1
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where # denotes the unit normal vector field about dB; with respect to the metric g, and (¢, vp)
is the solution of (39) provided by Proposition 5.1. Recall that v = vg + . It is clear that F
is well defined from a neighborhood of M x (0,0) in M x (0,00) x C%*(S™~1) into CL*(S"~1).
But F can be defined also for e = 0. In fact, from Propositions 4.2 and 4.4 we have that the first
eigenfunction ¢, o over M \ Be(1 +UO)( p) is given by

Beo = Po — €2 (14 v0)" % (do(p) + Ae) Tp 4+ we + X Hop e if n>3
pe0 = log(e (14 o)) [0 — (log(e (14 v0))) " (do(p) + A) Tp +we + x Hy o] if n=2

where vy = vo(p,€,0) = O(€?), for some (A, we,p.) € R x C%%(M \ BH_U (p)) x C%x (8™,
where the estimations of Propositions 4.2 and 4.4 hold because vy = O(€?). If we consider these

expressions only in a neighborhood of 836(1 o )( p) and the parameterization Y given in the proof

of the Proposition 5.1 with coordinates y in a neighborhood of 8@1, it is easy to see that the
function ¢g = Y*¢q is equal to the constant function ¢y = ¢o(p) when ¢ = 0 and then, by the
expansion of the function I', and the estimations on (A, we, @), we have that when ¢ = 0 the

function gfgﬁo(y) is equal to
go(p) (1 —y>™) if n>3
P1(y) = .
$o(p) log |yl if n=2

In a neighborhood of OB the metric g converge, for ¢ = 0, to the Euclidean metric, and
then F(p,0,0) is the normal derivative of ¢; at dB; minus its Euclidean mean, hence equal to
0. Similarly, we can define F(p,0,7). When v is small enough, ¢, 5 is close to ¢, o, and if we
consider it only in a neighborhood of 9B? c(14v )(p) and the parameterization Y given in the proof

of Proposition 5.1 with coordinates y in a nelghborhood of &B;, when e = 0 the function qﬁe 5(v)
converges to the harmonic function on R”\BHU which has 0 boundary condition on E?BHU and is
asymptotic to ¢o(p) at infinity for n > 3 and to ¢g(p) log |y| for n = 2. The fact that F' depends
smoothly on the function v is standard.

In summary, F is well defined from a neighborhood of M x (0,0) in M x [0, 00) x C%%(S™~1)
into CL*(S™71), and can be differentiated with respect to 8. Moreover F(p,0,0) = 0.

Our aim is to find (p,e,¥) such that F(p,e,0) = 0. Observe that in this case ¢ will be the
solution of problem (12).

6. SOME ESTIMATES

Let us consider the normal geodesic coordinates = around p. Using the result of Proposition 3.1
it is easy to show that

y 1 1
) g9 = &y — 3 Rikje xFzt — 6 Rikje.m zF 2t ™ 4 O(|z[*)
42

1 1
loglg| = 3 Ry a2’ + 6 Rpgom 2% 2t 2™ + O(|z|*)



EXTREMAL DOMAINS OF BIG VOLUME IN A COMPACT MANIFOLD 25

where

n n
Ry = E Rikie and Riem = E Rikie.m
i=1

=1

A straightforward calculation allows us to obtain the expansion of I',. Recall that

(43) By =30 0000+ 30097 00y 4 5 D 07 0, Nox o]0,
iJ i,j i,j
The function Iy, is defined by (14). Then locally I') = G + G2 where G is locally a solution of
—(Ay +X0)G1 = 6y
and (s is locally a solution of
—(Ag + X0) G2 = —cn do(p) do
Clearly, in the normal geodesic coordinates near p we have that
G2 = ay + by -z + O(Jz]?)

where a, is a constant and b,, is a n-dimensional vector. For the function G; it is possible to
obtain an expansion near p starting from the solution G of

—AsG =27 for n=2
—A;G=(n—-2)wp_169 for n>3
where w,_1 is the Euclidean volume of S”~!, and recall that § is the Euclidean metric. It is well

known that G(z) = |z|>~" for n > 3 and G(z) = In |z| for n = 2. Considering formulas (11), (42)
and (43), we obtain for n > 5:

Tp(z) = lal*™"+

2- ko 1 : Scal(p) — 6
- ( - Ripjex' 2* 2/ 2 |a| ™ — —Rjea’ 2" x> + Scal(p) — 6 Ao |x|4n> +

18 12 12(4—n)
9 _ . . 1 .
(44) + (4871 Rigjerx' a® a9 ot 2t 2|7 + 36 Ry a®ad ot x> +
) Scal
‘ - N _
~5 o w) ot ot |z 4 mxt Els ") +an+

+0(Jz[*7").
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When n = 4 we have

Lp(z) = |x|_2+
+ < gleﬂx ot |z 13 et x|z 77 + 15 log|z| | +
(45) 1 ik gl ty—4 4 L kg £, —2
+ 51 Rigjes 'zl aa" |x|7" + %R.kj&,x b x| 7+
, Scal
— 5 Rt bzt |x|72+7c21’t z! log|x|> +

+ ag+by-x+ O(|2]%),

for all @ < 2. In the above expressions we used the notation
n
Rije,. = Z Rirjes
i=1

To obtain such formulas, we used the symmetries of the Riemann tensor (—Ryije = Rikje = Rjeik,
for every i, k, j, é), the facts that Riji =0, Rijie = 0, Ryp = Ry, Rijie = Rikije (because for
geodesic normal coordinates the Christoffel symbols vanish at the origin), the definition of the
scalar curvature ) ., R;; = Scal(p) and the second Bianchi identity

ZRtj’j = ZRjt’j = % Scal,t.
J J

Remark 6.1. If n > 6, the regular part of the Green function I', is completely included in the
neglected term O(|z|°~"), see formula (44). At order 2 — n the function looks like the standard
Green function. From order 3 — n to 5 — n, terms depend only on the local geometry of the
manifold near p, and global geometry appears only at terms of order 6 — n or bigger, and we will
see in the following sections that such terms can be neglected in ours computations. If n = 5, the
situation is a little bit different. In fact the regular part of the Green function I', is not completely
included in the neglected term O(|z|®~") = O(|z]), but the only term of the regular part of the
Green function I', not included in the term O(]z|) is a term of order 0, i.e. the constant as, see
formula (44). As we will see, such a constant can be neglected in ours computations. If n = 4
the regular part of the Green function I',, also is not completely included in the neglected term
O(|x]*), a < 2, but the only terms of such regular part not included are terms of order 0 and 1,
ie. ag+ by -z, see formula (45). As we will see, also in this case such terms can be neglected in
ours computations.

The fact that in our next computations the regular part of the Green function I', can be neglected
for n > 4 is a crucial ingredient, and by this fact we will obtain that in the CASE 2 only the local
geometry of the manifold plays a role.

For n = 2 and n = 3 we are not able to state a result in the CASE 2 exactly because, following
our approach, in such dimensions the regular part of the Green function I', cannot be neglected.
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This is the reason for which in this section we do not give the expansion of I, for the dimensions
2 and 3 (it would be completely unuseful).

The main result of this section is the:

Proposition 6.2. In the CASE 1 (i.e. when ¢g is not constant) there exists a constant ¢ > 0
such that, for allp € M and all € > 0 small enough we have

||F(p7e70>||cl,a < ce if n >3
|F(p,€,0)]cra <celoge if n=2

Moreover there exists a constant C,, (depending only on n), such that for all a € R™ the following
estimates hold

/ 9(a,) F(p,€,0) dvoly — Cy, eg(Vsbo(p),@(a))‘ < célla] if n>3
Sn—1

/ g(a,-) F(p,€,0) dvoly — C,, € loge g(Vo(p), @(a))‘ <célogellal| if n=2
Sn—1

In the CASE 2 (i.e. when ¢q is a constant function) there exists a constant ¢ > 0 such that, for
all p e M and all € > 0 small enough we have

|F(p,€,0)|cra < ce? if n>5

|F(p,e,0)|cra <celoge if n=4

Moreover there exists a constant C,, (depending only on n), such that for all a € R™ the following
estimates hold:

/ g(a,-) F(p,€,0) dvoly — C,, €® g(V Scal(p), @(a))‘ <céal| if n>5
Sn—1

/ gla,-) F(p,€,0) dvoly — C,, € loge g(V Scal(p), @(a))’ <céla| if n=4
Sn—1

Proof : Let € be small enough, and ¥ = 0. We know that vy = O(e?), then from Proposition
4.2 it follows that for all e small enough there exists (A, @e, w) in a neighborhood of (0,0, 0) in
R x CZ(S™~1) x C%*(M \ B¢(p)) such that the first eigenfunction of —A, over the complement
of Bf(HUO)(p) with 0 Dirichlet condition at an(HvO)(p) is given by

¢e,0 - ¢O - 6n72 (]- + UO)n72 (éf)O(P) + Ae) Fp + We + XH €€
if n > 3, and by
G0 =log(e (14 v0)) [0 — (loge (1 +v9)) " (do(p) + Ae) Tp + we + x Hy, o]

if n = 2, where estimates given in Propositions 4.2 and 4.4 hold because vy = O(€?).
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From the expression of ¢, it follows that in the CASE 1 we have

o ~ n ~ o aAe
/ 9(a,+) §(Voe0,7)|yp5, dvoly = (1+(9(6))/ g(a,-) ; 0 dvolg
Sn—1 gn-1 |yl 0B,
e
_ e(1+0(6))/ i) 2| dvol,
gn—1 8|.Z" 8B,

= €(1+0(e)

, do
gla,") — dvols + O(e
/Snfl (a,) Izl |ap, g (€)

= Cneg(Vo(p),O0(a) + O(e?)
for n > 3, and

/ i(a,) §(Voeo, 7)o, dvoly = Caelogeg(Vao(p),O(a)) + O(e? loge)
Sn—1
for n = 2, where
1
Cy, :/ (z')? dvoly = — Volg(S"1).
Sn—1 n

All the estimates for the CASE 1 follow at once from this computation together with the fact
that, when ¥ = 0, the unit normal vector ¥ about the boundary is given by (1 + vp) |y| (1 + O(e))
because the metric § near p is the Euclidean metric multiplied by (1 + v9)? and perturbed by
some O(e?) terms.

For the CASE 2 the situation is much more complex. In fact, if ¢¢ is constant we have

/S _1§(a,-)g(v$0,ﬁ)|aél dvolg = 0.

Let us compute now
2 ()" 2 60(p) + A0 [ a0 9Ty D), dvoly
We remark that the previous term is equal to
. or
(14 O(€)) €2 ¢o(p) / §(-,a)—=2 dvol

Sn—1 8T

For this reason we will compute
r
o) [ it v,
Recall that A
Ip(y) = Tp(e (1 +vo) y)

in a neighborhood of &B;, then from (44) and (45) (keeping in mind that vy = O(e2)) we obtain
easily the expression of I',(y) in power of e. Observe that, in the expansion of I'y, terms which
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contain an even number of coordinates, such as y'y/y*y¢ or 47y’ etc. do not contribute to the
result since, once derived with respect to r they still contain an even number of coordinates, and
multiplied then by §(y,a), their average over S"~! is 0. Then, considering only terms which
contain an odd number of coordinates we have for n > 5:

or

n—2 o P

—= dvol; =
€ /SW1 9(y,a) 5 volg

yT 0 (2—n ; ; _ 1 j -
/ v ( Rikjea 'Yy y' 191" + o= Rue, v 97y Jy)* "

Sn—1 |y‘ 8y7' W 36
Scal ., 1 4 -
+an) yt |y\4 L o Rjet yyytzyt |y|2 n) dvol, | + (9(54)
2-n i j 1 ; Scal
— 3 (5 _ o2 " p . N N B ) kojoe,  ocaly 4
€ (5 n)aa[/sn_ly < 48 Rzkjf,tyy yvyy +36 R-kjf,~y Yyt + 24(4_n)y

1 .
~ 54 Rje+ yjyzyt> dvolg | + O(eh)

We make use of the identities in the Appendix to conclude that there exists a constant C7(L1)
such that
n—2 o 8f‘p (1) 3 4
(46) o0w) [ 9lwa) 5 EW) =GP g(V Seal(p), ©(a) + O(e).
where we have

- 1 1
5= ol (571 [

3n+2)  6(d—n)

oM =

For n = 4 we have

8f
n—2 o p
——=dvoly =
€ /Snilg(y,a) 5 Vol

+0O()

(47) =1 / o Y O (Scal t] dvol
€’ logea, S3y iyl ay 21 y" log |y Volg

_ L

9 Voly(5%) € log € g(V Scal(p), ©(a)) + O(€?)

1
and then we set Cil) =% Vol; (S?).
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The last term we have to compute is
/ 1§<a7)g(v(we+g 516)7ﬂ)|6él dVOlé
S’n
As before we have

[ 0@ T+ H .9, dvol, =

= (14 0(e)) /S gla, ) SR - dvly

In the Proposition 4.2 we proved that in the CASE 2

lwellez~ar gpy) = c€
for n =4 and
[welleze an gpy) < € (€757 +€477)
for n > 5. Hence
VOl o 0, < celto
for n =4 and
Vil oo o,y < € (€44 + €

for n > 5 (keep in mind that we are estimating the gradient of the dilated function w.). Remember
that § € (2 —n,4 — n) because n > 4. It follows that we can choose ¢ in order to have

. e
[ ita) Lo, dvoly = O(E)
Sn—1 ’l"
with 8 = 4 for n > 5 and § = 3 for n = 4. Let us consider now ﬁ . We do not know the

expressmn of H@ ¢ in a neighborhood of 6B1, but we can know its Value on 631 From the
equality qbe =0 on 831, using the the estimate on the function w., we have that

I;[cp,e = _¢0(p) + (1 + 'UO)n72 (¢0(p) + Aé)

2—n . . 1 .

2 i,k V4 V4
Ry - J J — — R

< 18 ikjit Y Y Yy 12 ey Yy +

Scal(p) — 6Ag
12(4 —n)

, Scal
. Ga bt )t t
et Y Y'Y +724(47n) Yy >

2—n . . 1 .
) - (48 Rikjer vy y'y'y" + o2 Roe. v'y'y" +

_ = 4
2 + O(€%).
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on 61031, for n > 5. For n = 4 we have

1(p) —
€2 10gew

f{ga,e = _¢O(p) + (1 + UO)n72 (d)O(p) + AG) 12

1 S 1 . Scal
2 (— g Biriey' v’y — SRy yjyé) + ¢ loge = yt) +0(e).

on &B;. Let us define an harmonic extension of §(y,a) to R™ \ By:
NGy = 0 in R"\ B
Go = §(y,a) on 0B

It is easy to check that
Galy) = lyl™" 9(y,a)
We observe that functions G, and f{%,e converge by Lemma 4.1 to 0 when |y| — +o00. Then
. OH,, . . 9G,
/Sn_1 9(a,) =5 lop, dvoly = /Sn_l Ho. e = =log, dvoly =

=(1- n)/ H,. . §(y,a) dvolg
Sn—1

Using the expansion of the value of H .eon 6‘]%1, and the identities in the Appendix, we conclude
that there exists a constant 07(,,2) such that

(15) [ i) B dvoly = O & 6(V Seal(p), 0(a) + O(e)
where ’

CF) = VO™ ) |3 + G| )
for n > 5, and for n =4
(19) [ itwa) i dvoly = O logeg(V Scal(p). O(@) + O(c).

with )
2
c = o5 Vol (5?).

Summarizing, we conclude that in the CASE 2

IF(p, €,0)llcr.c = O(€?)

and from (46), (47), (48) and (49) we have that there exists a constant C,, depending only on n,
such that for all a € R™ the following estimates hold: for n > 5

/ gla,-) F(p,€,0) dvoly — C,, €® g(V Scal(p),0(a))| < ce*|lal
Sn—1
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where
6—2 1 1
Cn= " " Vol (S™1) |-

3n+2) T 6(d—n)

and for n =4

/ g(a,-) F(p,€,0) dvoly — Cy €3 log e g(V Scal(p), @(a))‘ <cé llal| -
Sn—l

where
1 )
Cy= 18 VOlé(SS) $o(p)
Remark that C),, # 0 for all n > 4. This completes the proof of the result. O

Remark 6.3. According to Remark 6.1, the regular part of the Green function I',, does not play
a role in ours computation. The proof of Proposition 6.2 shows that in the CASE 2 when we
compute the normal derivative of the first eigenfunction of the Laplace-Beltrami operator on the
complement of a small ball, the first term of the Green function I', playing a réle is the term
of order 5 —n if n > 5 and the term equivalent (up to a constant) to |z|log|z| if n = 4. If
n > 6 or n = 4 such term comes totally from the local geometry of the manifold. For n = 5 such
term contains the constant as coming from the regular part of the Green function I',, but such
a constant disappears when we differentiate.

7. LINEARIZING THE OPERATOR F'

Our next task will be to understand the structure of Lg, the operator obtained by linearizing
F with respect to v at ¢ = 0 and v = 0. We will see that this operator is a first order elliptic
operator which does not depend on the point p.

Recall the definition of ¢; in R™\ {0}
Go(p) L —y*™") if  n>3
v _{ Golp) loglyl it n=2
For all v € C%%(S™~1) let 1 be the (unique) bounded solution of
Ay = 0 in R\ B
(50) .
Y = —0¢1v on 0B
where 7 = |y|. By the Lemma 4.1, |¢)(y)| — 0 when |y| — oo. We define
(51) H(v) == (0,9 + 0761 0) |ps,
We will need the following result:

Proposition 7.1. The operator

H : C2o(8n1) — cLo(sn1)
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defined in (51) is a self adjoint, first order elliptic operator. The kernel of H is given by Vi, the
eigenspace of —Agn-1 associated to the eigenvalue n — 1. Moreover there exists ¢ > 0 such that

[wllcz.a(sn-1) < e||H(w)llera(sn-1y,

provided w is L?(S™"~1)-orthogonal to Vo & Vi, where Vy is the eigenspace associated to constant
functions.

Proof : The fact that H is a first order elliptic operator is standard since it is the sum of the
Dirichlet-to-Neumann operator for A and a constant times the identity. In particular, elliptic
estimates yield

[ H(w)l|cr.esn-1y < cl|wllc2.a(sn-1)

The fact that the operator H is (formally) self-adjoint is easy. Let 1; (resp. t3) the solution
of (50) corresponding to the function w; (resp. wy). We compute

8T¢1(1) /{ﬂé (H(wl)wg — w1 H(wg))dvolg = 8T¢1(1) /BE} (arwl wo — 8,1/}2 wl)dvolg

/{; o (wl aTw2 - '(/)2 67"'(/)1) dVOlg

By
= Jim [/ (Y1 Agaba — YAy apy) dvoly +
R— o0 Br\B:
_/ . (z/}l 8T’(/}2 - wQ arwl) dVOl§
OBRr
= 0.
Let us consider

w = wj
j>1
the eigenfunction decomposition of w, as in (17). Namely w; € V}, the eigenspace associate to
the eigenvalue j(n — 2+ j). Let ¢; be the bounded solution of

Ag ’(/Jj = 0 in R™ \ .él
(52) .
¢j = —0:¢1 w; on 0B,
i.e.
bi(y) = —ly> " wi(y/lyl) Or 61l
Then

J

H(w) =Y 0,05 + 071l pp, w =Y [—(2 —n =) hbilp, +07d1lgp, | ws
i

With this alternative formula, it is clear that H preserves the eigenspaces V; and in particular,
H maps into the space of functions whose mean over S”~! is 0. Moreover, it is easy to see that
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V1 is the only kernel of the operator. In fact,

—2-mop) i n>3
37~¢1| Dl =
- o(p) if n=2
and
) —(2-=n)(1=n)¢o(p) if n>3
ar ¢1 |8é1 = .
—do(p) if n=2
and then H(w;) = 0 if and only if j = 1. This completes the proof of the result. |

The main result of this section is the following:
Proposition 7.2. The operator Lo is equal to H.

Proof : By definition, the operator Ly is the linear operator obtained by linearizing F' with
respect to v at ¢ = 0 and ¥ = 0. In other words, we have
F(p,0,sw) — F(p,0,0
Lo(@) = lim 2 2:0:50) ~ F(2,0,0),

s—0 S

We know that F(p,0,0) = 0. Our next step is to compute F(p,0, sw), and for this we have to
study F'(p, e, sw). Writing © = s w, we can consider a parameterization Y of Bj_(p) given by the
following expression:

Y (y) == Exp) <<1 + Xx1(y) vo + s x2(y) (15 (|Z|>)> Zy E>

where g is the dilated metric €72 g, y belongs to the Euclidean ball By of radius 2 centered at 0,
X1 is a cutoff function identically equal to 1 when 0 < |y| < 4/3 and identically equal to 0 when
5/3 < |y| <2, x2 is a cutoff function identically equal to 1 when 3/4 < |y| < 4/3 and identically
equal to 0 when 0 < |y| <1/2 and 5/3 < |y| < 2, and vy = vg(p, €, sw). We set

g:=Y"g.
over ég. Remark that § is an extension of the metric § defined on él in section 5. We remark
that ¢ o := Y *de 0 is a solution on By\Bj of

A_f] dse,O + 5\e,O QZ)G,O =0

where 5\5,0 = X0 = €2 Ao If we set ¢ 0(y) = deo(€y) in a neighborhood of OB, where x = €y
are the normal geodesic coordinates around p defined in section 3, we have

(53) be0(y) = be0((1+v0 + sw(y)) y)

on dB;. Writing the first eigenfunction of —Aj on M\Bﬂ_v (p)as = geo+and A = Ao+ 7,
we find that

(Dg+Ae0)¥+70+Tdeo = 0 in M\B{(p)

(54) i
7/} = 7¢e,0 on an+v(p)
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where we can normalize as

(55) / (¢e0 + )% dvoly = / 2, dvol,
M\B1§+v(p) g '

M\Bf+v0 (p)

(the vg in the second integral is evaluated at © = 0) and we have the condition on the volume of
the domain

(56) Voly(By) = Volg (By)

Obviously 9, 7 and vy are smooth functions of s. When s = 0, we have ¢ = ¢, o, A= 5\6,0 and
vo = O(e?). Therefore, 1) and 7 vanish when s = 0. We set

’(/.J = 5s¢|s:07 T = 85T|3:0, and Vg = 8SUO|S:O
Differentiating (54) with respect to s and evaluating the result at s = 0, we obtain
(Ag+Ac0)+7de0 = 0 in - M\ B, (p)

v = —g(Voeo.7)(0o+w) on OB, (p)

where vy is evaluated at s = 0. Observe that the second equation of (57) follows from (53).

(57)

Differentiating (55) with respect to s and evaluating the result at s = 0, we obtain that 1 is
L?-orthogonal to ¢.o on M\BY,, (p). Hence

(b - ¢5,0 + 57/.} + 0(82)

where ’(/J is the solution of (57) L2-orthogonal to ¢ . Differentiating (56) with respect to s and
evaluating the result at s = 0, we obtain

L B (1}0 + ’LI)) dVOlg =0

where the metric § is evaluated at s = 0. Since the discrepancy between the metric § and the
Euclidean metric § at 0B, can be estimated by a constant times €2 when s = 0, and the Euclidean
average of w is 0, we get that

1'10 = (9(62).
Moreover we know that for s = 0 we have vy = O(€?). From the expansion of vy with respect to
s we get

vg = O(e?) + O(5?)

Now, in 34/3 \él, we have
) = o ((1+vo+sw(y/ly)))y) +sv(y) + O(s?)

= Geol(1+10(0)5) +5 (3 (Voeo((1+00(0)v), (o +wly/Iy) ) + 1) + O(s?)

where we denoted vy(p, €,0) = vo|s=0 = vo(0). To complete the proof of the result, it suffices to
compute the normal derivative of the function ¢ when the normal is computed with respect to
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the metric §. We use polar coordinates y = r z where » > 0 and z € S”~!. Then the metric §
can be expanded in By/3 \ B3y as
G=+vo+sw)2dr*+2s(1+vg+sw)rdvdr+r> (14 vy + sw)? h+ s> r? dw? + O(?)

where h is the metric on S"~! induced by the Euclidean metric. It follows erom this expression,
together with the estimation of vy, that the unit normal vector field to 9By for the metric g is
given by

U= ((1 +sw) ! 4 0(82)) Or +0O(s) 0., + O(e?)
Using this, we conclude that
(58)  9(V9,0) = rdeoly) + O(s) 0z, beoly) + 5 (W02 beoly) +0,1)) +O(s%) + O(e?)
on dB;. When e = 0 we have ¢, o(y) = ¢1(y). It follows that F(p,0,sw), up to terms of order
O(s?), is given by

N} . ;

minus its Euclidean mean. We need now the following:

Lemma 7.3. Evaluate vg at s =0. Let § € (2—n,0) if n >3 and § € (0,1) if n =2. Let H, be
the function defined in section 4. For all € small enough there exists a constant 7 and (K¢, e, 1)
in a neighborhood of (0,0,0) in R x C%*(8™~1) x Co*(M \ {p}) such that the function

defined in M\B1+vo( ), is the solution of (57) L?-orthogonal to ¢, where X is a cut-off function
equal to 1 in BY, /E( p) and equal to 0 out of BS, , (p) and ¢ is defined by (50). Moreover the

following estimations hold:

|Ke| <c (62 +€n71) ’ ||<)0€||L°°(S"—1) <c (62 +En71) and ”ne”cf*a(M\{p}) <c (52 +€”*1)

2Ro /e

Proof. Define
(60) v =K+x ¥+ Hp)+
for some (K, p,n) € R x C% me(snh) x C%2%(M \ {p}), where x is a cut-off function equal to 1 in

Bﬁ’% /6( p) and equal to 0 out of B Ro /6( p). Then v satisfies the first equation of (57), if and only
if:
(61) (Ag + S\e,o) n = — Agx - XAW/’ —2VIy)VIiy — H, AEX - X Asta -2 VgHw Vix

_S\GOX(w+H )_S\GOK_%(ﬁGO
We say that f € Co*(M \ Bl+vo( )) if f is the restriction to M \ B1+Uo( ) of a function in
C3*(M \ {p}). For n >3 and § € (2 — n,0), the operator

(AZI + 5\5,0) CéLO(M\BLHJO( ) — Ca 2 L(M\B1+v0( ))s

where the subscript L is meant to point out that functions are L2-orthogonal to ¢, and the
subscript 0 is meant to point out that functions satisfy the 0 Dirichlet (CASE 1) or 0 Neumann
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(CASE 2) condition on M and the 0 Dirichlet condition on 9B o, (P) is an isomorphism. For
n =2 and 0 € (0,1) the same result holds for the operator

(A +Aco) : XR®CGE (M \ By, () — C5% 1 (M\ BY 1, (p)-

where x is a cutoff function equal to 1 in a neighborhood of the origin. See section 4, or [16], for
more details.

To semplify the notation define

A = = AGjx—2VIYVIx - H,Agx —2VIH,VIx
B = —xAgh—Acox W+ Hy) —xAgH, — Ao K
¢ = _7.-¢6,0

Equation (61) becomes
(Aj+Ao)n=A+B+C
By the last result, if we chose 7 in order to verify
(62) / i (A+B+C)peo=0
M\Bf_H;O (p)
there exists a solution n = n(e, K, ) € C?”j'_"(](M \ Bi_vo (p)) (or xR @ C;’io(M \ BY, . (p) if

1+’U0
n = 2) of equation (61) for all € small enough, for all constant K and all function ¢, and then

¢:K+X(¢+H¢)+77
satisfies the first equation of (57).
We want now to give some estimations on the function . By Lemma 4.1 we have the following
estimations:

o [Allge,anmz,, @y < € (1 Fllollzoesn)

* I1Bllegs i, on < €€ (L llelz=(sn-n)

2

In particular we get that
7<e (62 + 6"_1) (1 + ||<p||Lx>(Sn_1))
and then
|4+ B+ Clleos, anaz,, o < € (€ + ) (L4 lell=sm-n)

This gives an estimation on the function #:

||n||C§’“(M\B~‘7 ) =€ (62 + Enfl) (1 + ||S0||Loo(Sn—1)) .

1+vg

Summarizing, we have proved the following: for all ¢ € Cgﬁ;a(Snfl),ifor all constant K, for all e
small enough, there exists a function n = n(e, K, @) € C?f_‘)o(M \ BY,,,(p)) (or XR® Cy™(M \
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BY 10, (P)) if n = 2) such that (60) is a positive solution of the first equation of (57). Moreover

there exists a positive constant ¢ such that

2 n—1
17z anmg,, @) <€ (€ 4+ (1 +[lellpe(sn)) -

1

Now, consider the second equation of (57). Let us define

Z(e, K, ) = [K + x() () + Ho () + n(e, ) ()] e gn

We remark that Z, that represents the boundary value of (60) with n = n(e, K, ), is well defined
in a neighborhood of (0,0, 0) in [0, +00) x R x C%%(S™~1), and takes its values in C>*(S"~1). It
is easy to compute the differential of Z with respect to K and ¢ at (0,0, 0):

(0,2(0,0,0))(K) = K.
(0,2(0,0,0))(?) = &.
We can estimate Z(e,0,0):
||Z(€7070) + 67-(231 'LD”Loo(Sn—l) <c (62 + 6”71)

and then

1Z(€,0,0) + 3(Ve,0,7) (90 + @) | oo (5n-1) < € (€2 + €71
The implicit function theorem applies to give the following result: if € is small enough, there
exists (K, ) in a neighborhood of (0,0) in R x C%%(S™~1) such that (60) is a positive solution
of (57). Moreover the following estimations hold:

|Ke| <c (62 + €n_1) and HgoﬁHLOO(Snfl) <c (62 + Gn_l)

Summarizing, we get the following existence result: for all € small enough there exists a
constant 7 and (Ke, ¢e, 1) in a neighborhood of (0,0,0) in R x CH(S™ 1) x C (M \ BY .., (D))
(or R x C%(S™ 1) x YR @ Co*(M \ BY ., (p)) if n = 2) such that the function
defined in M \ Bngrvo (p), is solution of (57). Moreover:

(Kl <e e+, eclpe(gny e (€ +e7)

and ||7]€HC§,a(M\B§ o) S¢ (E+e)

1+4+wvqg
The last norm is that of YR ¢ C?’O‘(M \ Bﬂvo (p)) if n = 2. This completes the proof of the
lemma. g

Using the previous lemma, we have that for e small enough
ar ‘ = Up 3 @) 2
P 8B, WaBl + (6 )
for n > 3, and
81" . ’ = Ur s @)
P o5, 7/"331 + (5)
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for n = 2. The statement of Proposition 7.2 follows at once from the fact that 0,.¢1 is constant
while the term w 02¢; + 9,1 has mean 0 on the boundary 0B . |

Denote by L the linearization of F' with respect to ¥, computed at the point (p,¢,0). It is
easy to check the:

Lemma 7.4. There exists a constant ¢ > 0 such that, for all ¢ > 0 small enough we have the

estimates
|(Le — Lo) 9]lcr.e < cellt]cza in the CASE 1 and n > 3

I
|(Le — Lo) 9llcr.a < ce? logel|v]|cz.e  in the CASE 2 and n = 4

O|cta < ce? ||0]|c2a in the CASE 2 and n > 5

(

(Le — Lo) Ol|cra < celogel|D|cz.a  in the CASE 1 and n =2
(Le - LO

(

)
)
)
)

Proof : L. and Lg are first order differential operators. We already know the expression of
Lg. We have
F s €y 0) — F ) »0
L(®) = lim L2680 = F(p.€.0)

s—0 S

F(p, e, sw) is given by (58) minus its mean, in the metric §. F(p, ¢, 0), up to terms of order O(e?),
is given by 0,¢.o(y) at 0B; minus its the mean, in the metric § evaluated at s = 0. The proof
of the Lemma follows at once from Proposition 6.2 and Lemma 7.3. |
8. PROOF OF THE MAIN RESULT
We shall now prove that, for € > 0 small enough, it is possible to solve the equation
F(p,ev)=0
Unfortunately, we will not be able to solve this equation at once. Instead, we first prove the:

Proposition 8.1. There exists €y > 0 such that, for all € € [0, ¢q] and for allp € M, there exists
a unique function v = v(p,€) and a vector a = a(p,e) € R™ such that

F(p,€,0) +g(a,") =0
The function v and the vector a depend smoothly on p and € and we have
la] + [|0]|c2.a(sn-1y < ce in the CASE 1 and n >3
la| + [|0]|c2.a(sn-1y) < celoge  in the CASE 1 and n = 2
la] 4 ||9|c2.a(sn-1) < c€? in the CASE 2 and n > 5
la] 4 ||v|c2.c(sn-1) < c€* loge in the CASE 2 and n = 4
Proof : We fix p € M and define

F(p,e,v,a) := F(p,e,7) + g(a,-)
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It is easy to check that F is a smooth map from a neighborhood of (p,0,0,0) in M x [0, 00) x
CZa(8™1) x R™ into a neighborhood of 0 in C*(S™~1). Moreover

F(p’0)070)20

and the differential of F' with respect to @, computed at (p,0,0,0) is given by H. Finally the
image of the linear map a — g(a, ) is just the vector space Vi. By Proposition 7.1, the implicit
function theorem applies to get the existence of v and a, smoothly depending on p and € such
that F(p,e,v,a) = 0. The estimates for v and a follow at once from Proposition 6.2. (]

Proof of Theorem 1.3. In view of the result of the previous proposition, it is enough to show
that, provided that e is small enough, it is possible to choose a good point p € M such that
a(p,€) = 0. We claim that there exists a constant C,, > 0 (only depending on n) such that

O(a(p, €)) = —€Cr, V96o(p) + O(?) in the CASE 1 and n > 3
O(a(p,€)) = —¢ logeC,, V9¢o(p) + O(e) in the CASE 1 and n = 2
O(a(p,e)) = —€* C,, VI Scal(p) + O(e?) in the CASE 2 and n > 5
O(a(p,€)) = —€® loge C,, V9 Scal(p) + O(e®) in the CASE 2 and n = 4

For all b € R™ we compute

/ g(av ) é(b7 ) dVOlé = / p, €, U (b ) dVOl
gn—1

Sn—1

= / F(p,€,0) + Lov) g(b, ) dvol
Sn— 1

/ F(p,e,v) — F(p,€,0) — L) g(b,-) dvoly
SrL 1
/ (Le — Lo)v G(b, ) dvolg

Now, we use the fact that © is L?(S™~!)-orthogonal to linear functions and hence so is Lo v.
Therefore,

/ Low§(b,-) dvoly =0
Sn 1

Using the fact that

v=0(e) in the CASE 1 and n > 3
v =0(eloge) inthe CASE 1 and n=2
v =0(e?) in the CASE 2 and n > 5
7= 0(e? loge) in the CASE 2 and n = 4
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we get
F(p,e,9) — F(p,€,0) — Lo = O(?) in the CASE 1 and n > 3
F(p,e,9) — F(p,e,0) — Lo = O(e? (log€)?)  in the CASE 1 and n = 2
F(p,e,v) — F(p,e,0) — Lo = O(e*) in the CASE 2 and n > 5
F(p,e,9) — F(p,e,0) — Lo = O(e* (log€)?) in the CASE 2 and n = 4

Similarly, from Proposition 7.4 we have
(Le — Lo) v = O(€?) in the CASE 1 and n > 3
(Le — Lo) v = O(e? (log€)?)  in the CASE 1 and n = 2
(Le — L) v = O(e*) in the CASE 2 and n > 5
(Le — Lo) v = O(e* (loge)?) in the CASE 2 and n = 4

The claim then follows from Proposition 6.2 and the fact that

/ §(a,) (b, ) dvoly = g(O(a), O(b)) /
Sn—l

(ml)2 dvoly = 1 Volg(S"*I)g(@(a),@(b)).
Sn—1 n

Now if we assume that py is a nondegenerate critical point of the function ¢y (CASE 1) or
a nondegenerate critical point of the scalar curvature (CASE 2), we can apply once more the
implicit function theorem to solve the equations

Gle,p) = =1 O(alp,€)) = 0 in the CASE 1 and n > 3
G(e,p) == (e loge)™ 1 O(a(p,e)) =0  in the CASE 1 and n = 2
G(e,p) == e 30(a(p,e)) =0 in the CASE 2 and n > 5
G(e,p) == €3 (loge) 1 O(a(p,e)) =0 in the CASE 2 and n =4

It should be clear that G depends smoothly on € € [0, ¢y) and p € M. Moreover we have

G(0,p) = —C, V00(p)
in the CASE 1 and
G(0,p) = —C,, V9 Scal(p)
in the CASE 2. Hence, under the hypothesis on py, we have G(0,pg) = 0 in both cases. By

assumption the differential of G with respect to p, computed at pg is invertible. Therefore, for all
€ small enough there exists p. close to py such that

©(a(pe,€)) =0
In addition we have
dist(po, pe) < ce
This completes the proof of Theorem 1.3. (]
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9. APPENDIX

We recall here some geometrical formulas, used in section 6, and its proofs.

Lemma 9.1. For allo =1,...,n, we have the following equalities

1) Z / Rikjem 2t oF at 2™ 2 dvolg = 0.
Snfl

i,5,k,4,m

2) Z Roije. o0 2% 28 27 dvoly = 0.
ke

3) > Rigm 'zt 2™ 27 dvoly = 2 Vols (S™1) Scal
S Jsn—1 o Y n(n+2) 9 7

1 _
) > /Sni1 Scal ; z* 27 dvoly = - Volg(S™™1) Scal ,
t

Proof : For the proof of the first three equalities, see [17]. Let us prove the forth. We have

that / Scal ; 2 7 dvol; = 0 unless the indices ¢ and o are equal. Then
Sn—1

n—1

1
> / Scal ; z* 27 dvoly; = Scal , / (z7)? dvol, = - Voly(S™1) Scal ,
t Snfl S

REFERENCES

[1] A.D. Alexandrov. Uniqueness theorems for surfaces in the large, I. (Russian) Vestnik Leningrad Univ. Math.,

vol. 11 (1956), 5-17.

[2] T. Aubin. Nonlinear analysis on manifolds. Monge-Ampre equations., Grundlehren der Mathematischen Wis-

senschaften [Fundamental Principles of Mathematical Sciences|, 252. Springer-Verlag, New York, 1982.

[3] G. Buttazzo and G. Dal Maso. An existence result for a class of Shape Optimization Problems, Arch. Ration.

[4

5

Mech. Anal., vol. 122 (1993), 183-195.

| E. Delay and P. Sicbaldi. Extremal domains for the first eigenvalue in a general compact Riemannian mani-

fold, preprint.

| O. Druet. Sharp local isoperimetric inequalities involving the scalar curvature. Proc. Amer. Math. Soc., vol.

130 (2002), n.8, 2351-2361.

[6] O. Druet. Asymptotic expansion of the FaberKrahn profile of a compact Riemannian manifold. C. R. Acad.

Sci. Paris, Ser. I, vol. 346 (2008), 11631167.

[7] A. El Soufi and S. Ilias. Domain deformations and eigenvalues of the Dirichlet Laplacian in Riemannian

manifold, Illinois J. Math., vol. 51 (2007) 645-666.

[8] G. Faber. Beweis, dass unter allen homogenen Membranen von gleicher Fldiche und gleicher Spannung die

kreisformige den tiefsten Grundton gibt, Sitzungsber. - Bayer. Akad. Wiss. Miinchen, Math.-Phys. K1. (1923)
169-172.

[9] P. R. Garadedian and M. Schiffer. Variational problems in the theory of elliptic partial differetial equations,

J. Ration. Mech. Anal., vol. 2 (1953), 137-171.

[10] D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second Order, Grundlehren der

mathematischen Wissenschaften, a Series of Comprehensive Studies in Mathematics, Vol. 224, 24 Edition,
Springer 1977, 1983.



EXTREMAL DOMAINS OF BIG VOLUME IN A COMPACT MANIFOLD

[11] E. Krahn. Uber eine von Raleigh formulierte Minimaleigenschaft der Kreise, Math. Ann., vol. 94 (1924),

97-100.

[12] E. Krahn. Uber Minimaleigenschaften der Kugel in drei und mehr dimensionen, Acta Comm. Univ. Tartu

(Dorpat), A9 (1926), 144.

[13] R. Mazzeo and F. Pacard. Constant scalar curvature metrics with isolated singularities, Duke Math. J, vol.

99 (1999), n.3, 353-418.

[14] F. Pacard. Lectures on Connected sum constructions in geometry and nonlinear analysis, preprint,

www.math.polytechnique.fr/~pacard /Publications/Lecture-Part-1.pdf

[15] F. Pacard and F. Pimentel. Attaching handles to constant mean curvature one surfaces in hyperbolic 3-space,

J. Inst. Math. Jussieu, vol. 3, n.3 (2004), 421-459.

[16] F. Pacard and T. Riviére. Linear and nonlinear aspects of vortices: the Ginzburg Landau model, Progress in

Nonlinear Differential Equations, vol. 39, Birkduser (2000).

[17] F. Pacard and P. Sicbaldi. Eztremal domains for the first eigenvalue of the Laplace-Beltrami operator, Ann.

Inst. Fourier, vol. 59 (2009), n.2, 515-542.

[18] F. Pacard and X. Xu. Constant mean curvature sphere in riemannian manifolds, Manuscripta Math., vol.

128 (2009), n.3, 275-295.

[19] A. Ros and P. Sicbaldi. Geometry and topology of some overdetermined elliptic problems, J. Diff. Eq., to

appear.
[20] R. Schoen and S. T. Yau. Lectures on Differential Geometry, International Press (1994).
[21] J. Serrin. A Symmetry Theorem in Potential Theory, Arch. Ration. Mech. Anal., vol. 43 (1971), 304-318.

[22] F. Schlenk and P. Sicbaldi. Bifurcating extremal domains for the first eigenvalue of the Laplacian, Adv. Math.,

vol. 229 (2012), 602-632.
[23] P. Sicbaldi. New extremal domains for the Laplacian in flat tori, Calc. Var. PDEs, vol. 37 (2010), 329-344.
[24] T. J. Willmore. Riemannian Geometry, Oxford Science Publications (1996).
[25] R. Ye. Foliation by constant mean curvature spheres, Pacific J. Math., vol. 147, n.2 (1991), 381-396.
[26] D. Z. Zanger. Eigenvalue variation for the Neumann problem, Appl. Math. Letters, vol. 14 (2001), 39-43.

PIERALBERTO.SICBALDIQUNIV-AMU.FR, UNIVERSITE D’AIX-MARSEILLE, FRANCE



