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Abstract
Consider a random environment in Z? given by i.i.d. conductances. In
this work, we obtain tail estimates for the fluctuations about the mean for
the following characteristics of the environment: the effective conductance
between opposite faces of a cube, the diffusion matrices of periodized
environments and the spectral gap of the random walk in a finite cube.

Keywords : periodic approximation, random environments, fluctuations, effec-
tive diffusion matrix, effective conductance, non-uniform ellipticity

Subject classification : 60K37, 35B27, 82B44

1 Introduction

Consider the d-dimensional cubic lattice Z¢, d > 2, as a random electrical
network. The conductances of the edges e of Z? are given by a sequence of i.i.d.
positive random variables (a(e,w);e is an edge of Z%) on a probability space
(Q, F, IP) interpreted as the space of the environments.

The effective conductance of the electrical network between two opposite
faces of the cube [0, N + 1]2 N Z%, N > 2 is the strength of the electrical flow
through one of the faces needed to maintain a unit potential difference between
the two opposite faces. It will be denoted by Cy. See [13, section 13.2] for a
survey of some results and open questions about the asymptotic properties of
the effective conductance.

We say that the conductances are uniformly elliptic if there is a constant
k > 1, called the ellipticity constant, such that IP — a.s., for all edges e of Z¢,

k! < ale,w) < k.

Using the basic laws of electric networks (see for example [24, chapter 8]),
one can calculate that if all the edges of @y have unit conductance then the
effective conductance between opposite faces is N71 /(N + 1). Therefore by
the variational representation of the effective conductance (12), or by the mono-
tonicity law [24, chapter 8], if the conductances are uniformly elliptic then

KL< (N + )Ny < k. (1)
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Furthermore, Jikov, Kozlov and Oleinik [16, chap. 8 and 9] showed by
homogenization methods that for some differential operators with uniformly
elliptic and stationary coeflicients and for some percolation models,

Ay := (N +1)2N "9y converges a.s. as N — oo.

See also [22] and [2, section 10].

A first result here is an estimate of the fluctuations of An around its mean
when the conductances are i.i.d. and uniformly elliptic. The convenience of
working with Ay rather that Cp is that we readily see for which dimensions the
estimates are interesting. In particular, for i.i.d. and uniformly elliptic conduc-
tances, we see that although Ay converges for all dimensions, our estimates are
interesting only for dimensions d > 3.

Denote by £¢ the set of edges of the cubic lattice Z%.

Theorem 1 Let (a(e);e € £4), d > 3, be a sequence of i.i.d. uniformly elliptic
conductances with ellipticity constant k. Set Coy = 64r3.
Then for allt >0 and N > 1,

P(|Ay — EAN| > tN(2_d)/2) < 4exp (—t/\/HCO)

and

Var(Ay) < kCoN2~¢

where the expectation and the variance with respect to IP are denoted by IF and
Var respectively.

In theorem 3, tail estimates are obtained for environments given by the non
uniformly elliptic conductances considered in Fontes and Mathieu [11]. They
complement the lower bounds on the variance obtained by Wehr [28] for some
distributions of the conductances.

Let us now use the random conductances to construct a reversible Markov
chain (X,;n > 0) on Z?. In the environment w, the probability transition
between two neighbours z,y € Z?, which will be denoted by = ~ ¥, is given by

p(mava) :a(x,y,w)/a(x,w), T~y (2)

where a(z,y,w) is the conductance of the edge joining x and y and a(z,w) =
Z a(x,y,w). Note that the Markov chain is reversible with a stationary mea-
y~T

sure given by a(z,w).

In [26, section 1], Sidoravicius and Sznitman showed that if the conductances
are stationary and uniformly elliptic then a functional central limit theorem
holds in almost all environment. Weaker versions of the invariance principle
already appeared in [19], [20] and [21]. Let Dy be the diffusion matrix of the
limiting Brownian motion. When the conductances are i.i.d., Dy is of the form
%I where 02 > 0 and [ is the identity matrix.



A survey of various approximations and bounds for Dy can be found in [15,
chap. 5-7] and [16, chap. 6-7] for this model and for related ones.

The approximation of Dy by periodic environments is considered in [5], [6]
and [22]. Given an environment w €  and an integer N > 1, construct an
environment N-periodic on Z¢, d > 1, by setting

an(z,y,w) = a(t,y,w), =~y

where 2,9 € [0, N]?¢, & ~ ¢ and # = 2, y = y mod N coordinatewise.
Then consider the reversible random walk on Z¢ with transition probabilities
given by
pN(xava):dN(xava)/aN(‘rvw)7 r~y
where ay(z,w) = Zywx an(x,y,w). These induce a probability szNyw on the
paths starting at z € Z9.
For IP almost all environments, under PO, Nw n 12X [n] converges in law

to a Brownian motion. Denote by Dn (w) its covariance matrix and denote its
entries by DY, 1 <4,j <d.

In view of applications to the theory of massless gradient fields on Z?, where
periodized states can be used to define the slope-independent surface tension
[12], Caputo and Toffe [6] considered periodic approximations of the homogenized
diffusion matrix of a symmetric random walk on Z? with i.i.d. and uniformly
elliptic jump rates. They proved that there is a.s. convergence at a rate faster
than CN ™" for some constants C' and v > 0 that depend on the dimension and
the ellipticity constant.

Bourgeat and Piatnitski [5], considered elliptic differential operators with
stationary and uniformly elliptic coefficients. They showed the a.s. convergence
of the approximations of the effective diffusion matrix by cubic samples with
periodic, Dirichlet or Neumann boundary conditions. Furthermore, using results
from Yurinsky [29], they showed that under a uniform mixing condition the rate
of convergence is faster than C N ~" for some constants C and v > 0.

In [22], Owhadi proved the a.s. convergence of the periodic approximations of
the diffusion matrices Dy to the homogenized diffusion matrix Dy for stationary
and uniformly elliptic jump rates and for elliptic operator with stationary and
uniformly elliptic coefficients. As noted in [22], the a.s. convergence could also
be obtained from the principle of periodic localization [16, p.155] and the a.s.
G-convergence properties of the elliptic differential operators.

Our main results are the following estimates of the rate of convergence and
of the fluctuations of Dy around its mean.

Theorem 2 Let (a(e);e € L) be a sequence of i.i.d. uniformly elliptic con-
ductances with ellipticity constant k. Then there is a constant C', 0 < C < o0,
which depends only on d and k such that, for allt >0 and N > 1,

max IP(|DY, — EDY| > tN~°) < dexp (-Ct), (3)
%,



max Var(D¥) < 8C2N~% (4)
iJ
where 20 = max{a,d —4+ a} and a > 0 is the regularity exponent which
appears in the Harnack inequality (30).

In particular, for d > 5, it provides a lower bound for the exponent v of
the estimate [6, (1.1)] which does not depend on the ellipticity constant. More
precisely, there is v > % — 1 such that for all sufficiently large N,

max IP(|DY, — EDY| > N™*) < exp (—-N").
i
Indeed, in (3), set t = N%/2 with 26 = d—4+a and take v = d/4—1+a/8 < §/2.

The proof uses the method of bounded martingale differences developed by
Kesten in [18] for first passage percolation models. This method also applies to
other models where there is homogenization and when some regularity results
are available. See also [26, from (2.17)]. For both questions considered above,
the quantities involved are similar to first-passage times in that they can be
expressed as solutions of a variational problem. It is this aspect that will be
exploited.

This method also applies to the spectral gap of a random walk in cubes in
74, d > 3, with Dirichlet boundary conditions. In this situation, the regularity
estimates are provided by the De Georgii-Nash-Moser theory.

The paper is organized as follows. In section 2, the martingale estimates
of [18] are given in the form that they will be used here. Theorem 1 and its
extension to non uniformly elliptic conductances are proved in section 3. The
regularity estimate used for the effective conductance is simply a maximum prin-
ciple. For periodic approximations of the diffusion matrices, more prerequisites
are needed. They are gathered in subsections 4.1 and 4.2. Section 4 ends with
the proof of theorem 2. Tail estimates for the Dirichlet eigenvalues are given in
the last section.

2 Martingale estimates and notations

When the conductances are assumed to be uniformly elliptic, a stronger version
of Kesten’s martingale inequality can be used. The same proof applies with
some simplifications. In particular, [18, Step (iii)] is not needed. However the
full generality of Kesten’s martingale inequalities will be used when we consider
conductances that are bounded above but not necessarily uniformly elliptic.
They are given in the second version.

Martingale estimates I.



Let (Mp;n > 0) be a martingale with respect to the filtration (F,;n > 0).
Let Ay, = My — My_1, k > 1. If there are positive random variables Uy, (not
necessarily Fi-measurable) such that for some constant By < oo

E(A}|Fir) < B(UK|Fioa) forallk =1 and > Up<Bo,  (5)
1

then M,, — My in L? and a.s., and IE|Mo, — Mo|* < By.
Moreover, if there is a constant By < oo such that for all k > 1,

|Ag| < By, (6)

then for all t > 0,

t
P(|Moo — My >t) <4dexp| ———=
(M = Mol > 0) < dexp (-7
where B = max{ By, eB?}.

Martingale estimates II.

Let (Mp;n > 0) be a martingale with respect to the filtration (F,;n > 0).
Let Ay, = My — My_1, k > 1. If there is a constant By < oo such that for all
kE>1,

|Ak| < By, (7)

if for some random variables Uy, > 0 (not necessarily Fr-measurable)
E(A?|Fr-1) < E(Ug|Fr—1) for all k> 1, (8)
and if there are constants 0 < C1,Cy < 00 and sg > e2B% such that,

]P(Z U > 5) < Cyexp(—Cys?), for all s > sg, (9)
k

then there are universal constants ¢y and ca which do not depend on B1, sg, C1,
Cy nor on the distribution of (My) and (Uy) such that for all s > 0,

Cl S
P (|Mx — My| >3) <y (1—1—01—1——) exp | —c2
55C2 53/2 + (8/(50C2))Y/3

We end this section with some notations that will be used throughout this
article. On R, d > 1, the ¢;-distance, the Euclidean distance and the (.-
distance will respectively be denoted by |- |1, | - | and | - |s. For u: Z¢ — R9,
let [[ulloe = sup,eza [u(z)|so-

n € R? will be considered as a column vector and its transpose will be
denoted by 1’ so that n% = tr(nn’).

Form < n € N, [m,n] = [m,n]NN. With this notation, for an integer N > 1,
Qn :=[1,N]4, Qy := [0, N + 1]% and its boundary is Qny := Qx \ Qn-



For u : Qy — R and 2 € Qu, let Pu(z) = E,(u(X1)) and Hu(z) :=
u(z) — Pu(x).

In an environment w, the conductance of an edge e with endpoints x ~ y is
denoted by a(e,w) or a(x,y,w). Similarly, for a function v which is defined for
x and y, the endpoints of e, let v(e,w) = |v(z,w) — v(y,w)|.

Because we consider conductances that are independent, identically dis-
tributed and bounded by k, we will assume that IP is the product measure
on Q =|0, I{]Ld and that a(e,-) are the coordinate functions. The expectation
with respect to IP will sometimes be denoted by () instead of IF.

Let {eg; k > 1} be a fixed ordering of £4 and let Fy, k > 1, be the o-algebra
generated by {a(ej,-);1 < j < k}. Then for an integrable random variable
h:Q—R,

E(h|F) = Eoh(lw, o))

where [w, o], € Q agrees with w for the first k£ coordinates and with o for all
the other coordinates and IF, denotes the integration with respect to dIP(o).

3 Effective conductance

In this section, we obtain tail estimates for the effective conductance of an
increasing sequence of cubes under mixed boundary conditions and an upper
bound on the variances.

Consider boundary conditions which can be interpreted as maintaining a
fixed potential difference between two opposite faces of Qn = [1, N]¢ while the
other faces are insulated.

To describe more precisely the boundary conditions, denote the first coordi-
nate of x € Z¢ by x(1). Then denote by 9~Qx and 07 Qy the following two
opposite faces of Q ,

07 Qn={r€dQn;z(1) =0} and 0"Qy = {z € IQnN;z(1) =N +1}
and by 0""*Qy the set of vertices on the insulated faces,
O™ QN =0Qn \ (07 QN UITQn).
Let Vv be the set of real-valued functions on @y such that
u(z) =0if x € 9~ Qn, u(z)=N+1ifxedtQn
and  u(z) = u(y) ifx e 0" Qn,y € Qn and x ~ y.

Assume for the moment that the conductances (a(e); e € £4) are non-random
and satisfy
0 <a(e) <k, foralledgese. (10)

For two functions u,v : Q5 — R, the Dirichlet form, denoted by £y, is defined
by

En(u,v) = Y ale,y)(u(x) - u(y)(v(z) - v(y) (11)

z,y



where the sum is over all ordered pairs {z,y} such that z € Qn and y € Q.
For all N > 1, there is a unique vy € Vp, called the equilibrium potential,
such that
Huoy =0on Q.

The equilibrium potential is also a solution of a variational problem : it is the
unique element of Vy such that

En(vn,on) = inf{ En(u,u);u € VN}.

This provides a variational representation of the effective conductance be-
tween two opposite sides of the cube @, since

CN - (N + 1)_251\](’0]\[,’0]\[). (12)

Finally by the maximum principle, if u : Q5 — R verifies Hu = 0 on Qn
then
max ¢ = max u.
Qn QN
Reintroduce a random media by assuming that (a(e);e € £?) is a sequence
of i.i.d. random variables satistying (10) a.s.
We will write Ex (vn, vy ), to indicate that both £y and vy are random and
are calculated with the conductances a(e,w) given by the environment w. Then

AN(UJ) = (N + 1)2N_dCN(w) = N_dgN(’UN,’UN)w.

Since the maximum principle does not require uniform ellipticity, it is possi-
ble to obtain good estimates under weaker conditions on the conductances with
these boundary conditions. Theorem 1 given in the introduction gives tail esti-
mates for uniformly elliptic conductances while theorem 3 given below applies
when they are not.

This model was considered by Wehr [28]. He showed that for some laws
IP, which include the exponential and the one-sided normal distributions, and
assuming that IE(Ay) is bounded below by a positive constant, then

lim inf N Var(Ayx) > 0.

See also the recent paper of Benjamini and Rossignol [1, section 5].

If the conductances are uniformly elliptic and stationary, then Ay converges
IP as. and in L'(IP), as N — oo. This was done in [2, section 10] by adapting
the homogenization methods of [16, chapter 7].

For conductances that are not necessarily uniformly elliptic, we have the
following estimates. Additional properties of non-uniformly elliptic reversible
random walks can be found in [11].

Theorem 3 Let (a(e);e € L) be a sequence of i.i.d. conductances on Z¢ such
that for some constant 1 < k < 00, 0 < a(e) < k for all edges e. Let Cy = 64r3.



Then, for d > 5, Var(Ay) < 128dk?N*~% and for allt >0 and N > 1,
P(|Ay — EAx| > tNU-D/2) < 4oxp (—t/(&m/ﬁ)) (13)
If moreover, for some constants Dy < oo and v, 0 < v < 2,
P(a=Y(e) > s) < Dos'=2/7,  for all s > 1, (14)
then, if d >4 orifd=3 and 1/2 <y < 1,

Var Ay < 16Cy(Dgy + 1) N2+

and for all 0 <t < (C"(Dﬁ"ﬂ){j)l/2 N(d=6+57)/2

C2 _9_
P(|Ay — EAN| > 1) < 1lcjexp | ————0m  N@=2-7)/2 ) 15
(I4x vl >1) < e p( 2./2Co(Do + 1) (15)

where c1 and co are the constants that appear in the martingale estimates II. In
particular, they do not depend on k, d or N.
Ford=3 and 0 <y <1/2, Var Ay < 16Cy(Dg + 1)N~Y/2,

Lemma 1 Let w and o be two environments such that a(e,w) = a(e, o) for all
edges e except maybe for e = ey. Then for all N > 1,

[An(w) = An(0)] < RN~ (vX (e, w) + v} (e, 0))
Proof. Since vy € Vy is the solution of a variational problem,

An(w) —An(o) = N YEn(vn,vN)w — EN(UN,UN)o)
= N_dZ(a(e,w) —a(e,0))v%(e,0) < KN~ (e, 0)

€

Proof of theorem 1. With the notations of section 2,
let Ak = E(AN | ]:k) — ]E(AN | fkfl), MO =0 and Mn = E? Ak, n Z 1.

To check that (M,;n > 0) is a martingale that verifies conditions (5) and
(6), we have by lemma 1,

|Ax| < FEs|An(lw,0lk) — AN([w, olr-1)]
S K’Nid]ECT’UJQV(ekv [wa O—]kfl) + KN?d]Ea”UJQV(ekv [wa J]k)
< 8xN2% 4

since by the maximum principle, 0 < vy (x) < N 41, for all x € @N.



Then,
A} < Es(|An(lw,0lk) = An([w, 0]i-1)I?)

< 2°NTHE vy (en, [w,0le-1) + 26° N2 vy (e, [w, olk)
and by the maximum principle,
< 8rEINZ?T2E 0 (e, [w,0)h_1) + 8ENZHIE 0 (ep, [w, o]k).

For k > 1, let
Ug(w) = 1652N?72402 (ex, w). (16)
We see that E(AZ | Fr_1) < E(Uy | Fe_1).

By (1) and (12), Ex(vn,vn)w < 26N% Then by uniform ellipticity,

ZUk 16/{2N272d2v12v(ek,w)
k

k

IN

16/13N272d5N(vN, UN)w < 16/13(2/<;)N2*2d+d.

Hence condition (5) holds with By = 64x*N2~? and condition (6) holds with
B; = 4kN?~?. Therefore, Ay — EAN = Z Ay a.s. and in L? and for d > 3,
1
by the martingale estimates I, we have that for all N > 1 and ¢t > 0,

t
IP(|[Ay — FAN| > t) <4dexp | ———=
(14 - BN 1) < dexp (- )
where B = max{ By, eBi} = 64k*N?7¢. Accordingly, Var(Ay) < 64k* N2~
O

Proof of theorem 3. To obtain (13), the preceding proof can be used up to (16)
where uniform ellipticity is first needed.

Let Up(w) = 16x2N?272403 (ep,w), k > 1.

Then simply bound v% (ex,w) by 4N? to obtain that

> Uk <128dr*N*,
k

Hence the martingale estimates I hold with By = 128dx?N*~% B, = 4xN?~¢
and B = max{By, eB}} = By.

These estimates can be improved if we assume that (14) holds for some
0 < v < 2. Starting from (16), we have that for all N > 1,

vav(ek,w) < N”Za(ek,w)v?\,(ek,w)+4N2ﬂ{k;a(ek,w)§N*V}
k k

IN

26NHT L AN?#{k; a(er,w) < N7}



Therefore, Y Uy < 325 N>~ + 645> N* 72U {k; a(ex, w) < N7}
k

Let Cp = 64x3. Then for t > 1, N > 1 and v > 0,

P (Z U > CotNQdﬂ) < P (#{k;alep,w) < N} > (¢t — 1)Nd*2+v)
k

IN

2exp (~ (= DN - p?)

by Bernstein’s inequality with px = IP(a™*(e) > N7). By (14), we have that for
all N > 1, py < DgN?~2. Therefore, if t > 2(1+4 Dy) then (t —1— D)% > t2 /4
and

IN

N¢
2 exp (_T(t -1- D0)2N27_4)

P <Z U > COtNQ—dﬂ)

k

IN

t2
2exp [ ——=NI=4+2y
16

Equivalently, for all s > 2Cy(Dg + 1)N?74+7,

2
]P(Z U > s) <2exp ( 1502]\73‘18) .
k 0

We see that the conditions for the martingale estimates II hold with

1
16C3

By =4kN*4 0y =2,0, = N34=8 and so = 2Cy (Do + 1)N2~4H7

since Cy > 8e?k2.
In particular, we have the tail estimates (15).
Moreover,

Var AN

IN

EY U :/OOIP(ZUk > s)ds
k 0 k

o0 2
< 50+/ Cre~ 2% (ds.

So

Hence, if 2 —d+~ > 6 —2d — 7,

Var Ay < s9 + & < 1600(1)0 + 1)N27d+7
SOCQ
while for d =3 and vy — 1 < —1/2,
Ch

Var Ay < so + <160y (Do +1)N~1/2,

2

10



4 The periodic approximation

The first step of the proof will be to express the covariance matrices Dy in
terms of periodic corrector fields. The second step will be to obtain regularity
estimates for the corrector fields. The proof will then be completed with the
martingale estimates.

The expectation with respect to P01 ~Nw Will be denoted by E.'% Nw- We will

also use the Laplacian H N,w Wwhich is defined for a function w : 74 — R by
Hy ou(z) = u(z) — Ep N ou(X7).

4.1 Periodic corrector fields

A periodic corrector field for the random walk (X,;n > 0) in the periodic
environment is a function xn : Z¢ x Q — R with the property that IP-a.s.

is a martingale with respect to Py n ..
Therefore, IP-a.s., xy must verify the equations F, y(X1 + xn(X1)) =
x4+ xn(z) for all x € Z%, or equivalently,

Hyxn(z) = dy(z), forall z € Z¢, (17)

where dy (z) = E, n(X1) — « is the drift of the walk. Note that each coordinate
of dy is N-periodic.
The vector space of N-periodic functions on Z¢ can be identified with

Hy ={u:Qyn — R; u(x) = u(y) Vz,y € Qy such that z =y mod N}.

Let u € Hy. By considering u as an N-periodic function on Z¢, HNu(:E)
is defined for all z € Z* Furthermore, since Hyu is N-periodic on Z¢, its
restriction to @, belongs to Hy. This procedure defines a bounded linear
operator HN : HN — HN.

For two functions u,v : @, — R, define the norm, the scalar product, and
the Dirichlet form respectively by HUHZ,N = Z lu(z)Pan(z), 1 < p < oo,

TEQN
(w,v) 5 = Z u(z)v(z)ay (z) and

TEQN

Ex(u,v) = Y an(z,y)(u(z) —u(y))(v(@) — o))

where the sum is over all ordered pairs {z,y} such that * € Qx and y € [0, N]<.
This expression makes sense for all functions w,v : Z¢ — R. But if both u, v
are N-periodic, then the Green-Gauss formula holds

En(u,v) = (u, Hyv) 5. (18)

11



Let HY(w) = {u € Hy ; (u,1)y = 0}. Note that H% depends on the
environment but HN does not.

All the properties of the solutions of a Poisson equation that will be needed
are gathered in the following proposition.

Proposition 1 Let (a(e);e € L), d > 1, be a stationary sequence of uniformly
elliptic conductances. Then IP-a.s.,

1. Hy : HY — HY is a bounded invertible linear operator.

2. For f : Qn — R, Hyu = f possesses a unique solution u € Hy if and
only if f € HS.

3. Let f € HY.
(a) The infimum ;ilof [En(u,u)—2(u, f)] is attained by the solution u € HY

N

of the equation Hyu = f.
(b) The infimum ~ := ifr\lAfc‘f‘N(u,u) where M = {u € HY ; (f,u)y =1}
1s attained by the solution u € HJOV of the equation Hyu= vf.
4. If f € HJOV then the unique solution u € H?V of Hyu = f is

uz/ e_tHNfdt, T EQN.
0

5. There is a constant C = C(d, k) < 0o such that for all N > 1 and f € H?V,
u € HY,, the solution of Hyu = f, verifies the reqularity estimates,

lulloc <CN?|Iflly5  and |lulloc < CN?(log N)|f /s
Proof. For all u € H?V, Hyu € H]OV by the Green-Gauss formula (18).

Hy : HY, — MY is invertible since if Hyu = 0 then u is constant by the
maximum principle.

The variational principle 3b holds for the Poisson equation on a smooth
compact Riemannian manifold with f € C*, see [14, proposition 2.6 due to
Druet]. The same arguments can be used.

Suppose that f is not identically 0. Then M is a closed convex set which is
not empty since || f||; 3 f € M. Therefore the infimum, v, is attained for some
up € Mandy >0 since ug is not constant. Then using a theorem by Lagrange,
there are two constants «, 3 € R such that for all z € Qy,

2 (uo(w) — uo(y))an (z,y) — af(z)an(x) — fan(x) = 0

y~z

and 2Hyug(z) — af(z) — 3 = 0. Therefore, for all ¢ € Hy,

26N (uo, @) = a(f, )5 + B(L @) g

12



For ¢ =1, one finds that 3 = 0 while for ¢ = uo, one finds that o = 27. Hence
(Huo, )5 =7(f, ) x for all ¢ € Hy.

The variational principle Ja can be proven similarly.

To prove the last two properties, the estimate of the speed of convergence
to equilibrium of a Markov chain on a finite state space given in terms of the
spectral gap is needed. A more detailed survey is given in [25, section 2.1]

Let KN(t, x,y), t > 0and 2,y € Qn, be the heat kernel of e~tHN  Then for
allt > 0and 2,y € Qn, Kn(t,z,y) > 0 and ZKN(t,z,y) = 1. In particular,

Y
for all f € Hy and ¢ > 0,

e % flla < [1£]loo- (19)

Denote the volume of the torus (), the invariant probability for the random
walk on Qx and the smallest non zero eigenvalue of Hy on Hy respectively by

dN(QN): Z élN(.Z‘), ﬁN(.Z‘):C'lN(.Z‘)/C'lN(QN) and ).\N-

TEQN

With these notations, we have the following very useful inequality. A proof
can be found in [25, p. 328] for instance. For all t > 0 and z,y € Qu,

\Kn(t,z,y) — 7n(y)] < wexp (— thn). (20)

Therefore, for all t > 0 and f € HJOV,

o™ fllos = sup | S (K (t.2,9) = ) F0)] < mexp(—tAm) 7] s (21)

Y

By the Riesz-Thorin interpolation theorem, from (19) and (21), we obtain that

e flloe < VR exp(—tAn /2)|| flls 5 (22)

This will be completed by the following lower bound on An. There exists
a constant Cy > 0 which depends only on the dimension and on the ellipticity
constant k such that IP a.s. and for all N > 1,

NQ).\N > (. (23)

This follows from the Courant-Fischer min-max principle [25, p. 319] by
comparison with the eigenvalues of the simple symmetric random walk which
corresponds to the case where the conductance of every edge is 1. For Neumann
boundary conditions the expressions are not as explicit but for Dirichlet and pe-
riodic boundary conditions on @y, the eigenvalues can be calculated explicitely
much as in [27]. We find that for each ¢ € [0, N4, there is an eigenvalue for the
periodic boundary conditions on Qx, A¢e(@n), that verifies

7T2

NliinooNQ)\g(QN)ZF 2(5-,2)2 as N — oo.

|z|=1

13



The representation formula given in 4 follows from the spectral estimates
(20) and (23). See [23] for another recent application of 4.

The first regularity result follows from the representation formula (4) and
(22) : for f € HY,

|wusAHamwmw§A\MﬁM%mmmscwme

The second one follows from (19) and (21) : for f € HY and t > 0,
t B H [ee) _ H e_t)'\N
fulloe < [ e Flads 4 [ e Flocds < 1l + S I
0 t AN
d d 2
Use || fl; 5 <2deN%||f|o and lett:FN log N. O
’ 1

For a function v : Q, — RY, define Hyu in Qu by applying it coordinate-
wise.

Let g : Z% — Z? be the function defined by g(z) = z.

Corollary 1 Let (a(e);e € L), d > 1, be a stationary sequence of uniformly
elliptic conductances. Then for all N > 1, there is a unique function XN :
Qn x Q — R such that IP-a.s., in each coordinate, it is in HY (w) and

HNXN = —HNg, on QN (24)
Moreover, there is a constant C = C(d, k) such that

[Xnlloc < CN?log N. (25)

Proof.  Note that for each coordinate of —Hyg belongs to HJOV :
Indeed Hyg is N-periodic and

> Hyglaan(x) = D> an(@)pn(@,y)(9(z) - 9(y)

TEQN T y~T

= > > an(@y)(@—y) =0,

T Yy~

Then use property 5 of proposition 1 with the function f = —Hyg. The
regularity estimate (25) follows since || f||c < 1. O

The next step is to express the covariance matrix of the walk in a periodic

environment in terms of x . By (17), M,, = X, +xn~(Xy), n > 0 is a martingale
with uniformly bounded increments : Z,, = M,, — M,,_.

14



Let h(z) = E, n(Z1Z}). Since h € Hy, by the ergodic theorem for a Markov

chain on Qn, Po,n a.s.,

n

1~ 1 ,
- ZE07N(ZJ»Z;- | X;21) = - Zh(Xj_l) — Zﬂ'N(:E)h(x) as m — 0o.
1 1 QN

Then by the martingale central limit theorem (see [10, (7.4) chap. 7]),

—=M,, converges to a Gaussian law. Hence —= X, also converges to a Gaussian
n n

with the same covariance matrix which is given by

Dy =Y #n(x)h(z) (26)
QN

= an(Qn)T" Y an(z,y)(on(y) — o (@) (on (y) — o (@)

x~Y

where Oy (2) = 2 + xn(2).

For uniformly elliptic, stationary and ergodic conductances, the effective
diffusion matrix of the jump process in a periodic environment converges to the
homogenized effective diffusion matrix Dy (see [5, theorem 1] and [22, theorem
4.1]). And since the jump process and the random walk on Z¢ have the same
diffusion matrix, we have that Dy — Dy P-as. as N — oo.

To write DN in terms of the Dirichlet form on HN, we will .extend the
definition of £x to R%valued functions so that the expression of Dy given in
(26) becomes

Dy = aN(QN)_léN('[JN; UN)

where o =g + XnN- o
For two functions u,v : Qy — RY, define

(wo)y = Y ul@(@)ay(@),

TEQN

and Ex(u,v) = 3 an(e,y)(u(@) - u(y)(o() - o(y))

where the sum is over all ordered pairs {z,y} such that x € Qx and y € [0, N]<.

Coordinatewise, the periodic corrector fields are the solutions of variational

problems. Indeed, from the variational formula 3a of proposition 1, we have
that IP a.-s. and for all N > 1,

inf{trén(g+u , g+u)ue (HY)Y)
= tréN(g,g) + inf{trS’N(u,u) —2tr(f,u);u € (H%)d}

= tI‘(éN(’l'JN,’l'}N)

15



where g(z) = x and f = —Hyg as in corollary 1.
In particular, since

tréN(XN,XN) < 2tr<€"N(i)N,1}N) + 2tr5"N(g,g) < 4‘51r<€.'1\f(g,g)7
there is a constant C' = C'(d, k) < oo such that P-a.s. and for all N > 1,
trEn(xn, xn) < CN. (27)
The second variational principle, 3b of proposition 1, could be used to obtain
a lower bound on trEx(xn, XN)-
4.2 Further regularity results

In the following proposition, we improve the estimate given in (25) for dimen-
sions 2 < d < 4.

Proposition 2 Let (a(e);e € £4), d > 2, be a stationary sequence of uniformly
elliptic conductances. Then there is a constant C' = C(d, k) < 0o, such that for
all N >1

. CN4/2 ford>3
< >
Pewlloe < { CN(logN)"/?  ford=2 (28)
Proof. For n € RY, let zy and z; be two vertices of Z? such that
n-Xn(z0) = minn-xn(z) and 7-xy(21) =maxn - xn(z).
reZd z€74
Since xn is N-periodic, we can assume that |zo — 21|00 > N.
Let zg = g, %1,...,Tn—1, %y, = 21 be a path from zg to z; such that 1 < n < dN.

d—1
Y — Zilo

1
Pi={ye 7% [y — Ziloo < §|z1 — 20|00 }-

For C, a given set of finite paths in Z¢, let w(y) = card{y € C;y € ~}.

Then by [3, lemma 2, p.26], there is a constant C' < co, which depends only
on the dimension d, and there is a set of paths C from zg to z; such that

cardC = |z — z0|% !
and such that for all y € Z,
w(y) < Cw;(y) if y € P; and w(y) = 0 otherwise. (29)
For each path of C, 2o = xo, 1 ..., Zn_1,%n = 21 and for all z € Z¢,

7 XN (@)oo < 10+ Xn (21) = 0 Xy (20) o0 < [Mloe D X (25) = Xv (25-1) oo
j=1

16



Since this holds for all paths in C, it also holds for the arithmetic average
over the paths of C. Therefore,

. ||
7 Xn(2)]oe < ; —zoo|d*1 > w(yhn(y)
1 0Ofoo yEPoUP,

where hy(y) = Z XN () = XN (2)]oo-

zZ~y

By (27) and (29),
21— 20357 ) w(y)hn ()

yEP1
< Cla—zl5 Y wi(y)hn(y)
yEP1
1/2 1/2
C _
< wa | 2o T > ()
yEP1 yEP1

IN

_ 1/2
C NN\ 24D de1 . 1/2
N1 (/1 <7> r*dr (trEN(XN,XN))
N 1/2
< CN/? </ rl_ddr>
1

where the constant C' now depends on x and d.
And similarly for the sum over Py. a

In the next section the L>°-estimates (25) and (28), will be combined with

the following Holder regularity result shown in [9, prop. 6.2] by J. Moser’s
iteration method for reversible random walks on infinite connected locally finite
graphs with uniformly elliptic conductances :
Let (a(e);e € L), d > 1, be a (non-random) sequence of uniformly elliptic
conductances. Then there are constants o > 0 and C < oo, which depend
only on the dimension and on the ellipticity constant, such that if for N > 1,
u: Qyn — R werifies Honu =0 in Qan, then for all z,y € Qn,

|M@u@ﬂ<C<E7%E) s . (30)

4.3 Proof of theorem 2
Let {z;;1 <i < d} be the canonical basis of R%. For 1 <i < d, let
fN = N_dzl/'(cj]v(’l‘}]v, '[JN)Zi

where o
on(z) =+ xn(x), T E QY-

17



Lemma 2 Let w and o be two environments such that a(e,w) = a(e, o) for all
edges e except maybe for e = ey. Then for all N > 1,

|fn(@) = fa(0)] < eNTU(0% (er,w) + 0 (ex, 0))
Proof of lemma 2. By (24) and by 3a of proposition 1, vy is the solution of a
variational problem. Then fy(w) — fn(0)

= dz e,w)(zi - oy (e,w))? — dz e,0)(zi - in(e,0))?
< *dz an(e,w) —an(e,0))(z; - 1')1\/(6,0))2

e

S kN™ (eka )

Proof of theorem 2. Let Ay = IE(fn | Fir) — E(fn | Fr1), k> 1.
Let My =0 and M, = > 7 Ay, n > 1. Then (M,;n > 0) is a martingale and
we will see that

fN_EfN:ZAk a.s. and in L2.
1

We first check that (M,;n > 0) verifies conditions (5) and (6).
By (25), (28) and the Holder regularity (30), there are constants § and
C < oo which depend only on x and d such that P-a.s. and for all N > 1,

sup 9% (e) < CNP

where § = min{d — «,4 — a}. By lemma 2, we see that

Akl = |E(fx | Fr) = E(fn | Fir)|

= |Bo(fn(w,0lk) = fn(lw, 0lk-1))]

IN

E,|fx(w,0lk) = fy([w, ole-1)]
< HN_d]Eg(i)%V(ek, (w,o]k-1) + 1')12v(€k7 [w,o]k))

< CN7d+ﬁ
Hence, (6) holds with B; = CN~9+5. Similarly,
A} < Eo(Ifn(w,olk) = fn(w,0lk-1)I%)

IN

22N 2B, (v (ek, [w, o)k—1) + N (ex, [w, olk))

IN

CN72HBE (03 (e, [w, 0k1) + 0% (ex, [w, o]k)).
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Let
Up(w) = 20N ~24F892 (e, w).

We see that IE(A} | Fr_1) < E(Uy | Fr_1) and that (5) holds with By =
20N 4+ since

ZUk = 20N‘2d+321}12v(ek,w)
k k

< CN72d+ﬁ tI‘(é(’[)N,’l')N)N,w < CN72d+ﬂ+d = CN7d+ﬂ.

Then the martingale estimates I hold with B = max{ By, eB?} = By. Hence,
for all t > 0,

P(lfy — Efy] 2 1) < dexp (—CtN-9/2)

and for all N > 1, Var(fy) < CNP~4, 0

5 Spectral gap with Dirichlet boundary condi-
tions

In this last example, we obtain tail estimates for the spectral gap of the random
walk on an increasing sequence of cubes under Dirichlet boundary conditions.
Let Hyo={u:Qy —R; u=0o0ndQn}. If u,v € Hy o then Ex(u,v) =
(Hu,v)ny where the Dirichlet form £y is defined in (11).
Let ¢¥n € Hpy o be the solution of the variational problem :

En(WUN,UN) = inf{ En(u,u);u € Hyo, |ullze,ny = 1}.

Then v is unique (up to a sign) and is an eigenfunction of H acting on
Hn,0. Let Ax > 0 be the corresponding eigenvalue. It was shown in [2], by
homogenization methods as in Kesavan [17], that N2\ converges IP-a.s. and in
LY(IP) as N — oo to the Dirichlet eigenvalue of a second-order elliptic operator
with constant coefficients.

The L° estimates of the eigenfunction is provided by the De Georgi-Nash-
Moser theory (see [8, section 2.1] and [7, chapter 11]) :

Let a(e) be (non-random,) uniformly elliptic conductances on the cubic lattice 7%,
d > 3. Then there is a constant C < oo which depends only on the dimension
and on the ellipticity constant such that if for N > 1, ¢ € Hn,0 is a normalized
etgenfunction of H, that is, for some A > 0, HY = A\ on Qn, then for all

T € Qn,
()] < CAY4, (31)

Theorem 4 Let (a(e);e € L?) be a sequence of i.i.d. uniformly elliptic conduc-
tances on Zd, d> 3. Let

An = N* Ay = N2En (YN, N ).
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Then there is a constant C' < oo which depends only on d and k such that for
allt >0 and N > 1,

P(|Ay — EAN| > tN®~9/2) < dexp(-t/C).

and
Var(Ay) < CN?*7,

Lemma 3 Let w and o be two environments such that a(e,w) = a(e, o) for all
edges e except maybe at e = ey, an edge with endpoints xj, ~ yi of Z%, where

a(ekaw) Z a(ekag)'
Then for all N > 1,
[An(w) = An(0)] < C(N?*9} (er, 0) + ¥R (2x,w) + U (g, w)).

Proof.  Since the normalized eigenfunction 1 (w) is a solution of a variational
problem,

AN (W) = EN (YN (W), PN (W))w < YEN (YN (0), YN (0))w

where v = || (0) |53 -
Furthermore, note that v < 1 since ||¥n(0)||2,n,c = 1 and a(eg,w) > alek, o).
Then

AN(W) = An(o) = ENYN(W), YN (W))w — ENWN(0), YN (0))s

< ¥EN(WN(0),¥n(0))w — EN(YN(0), YN ()0
= (v=DénWn(0),¥n(0))w

+ EN(Yn(0), YN (0))w — En(¥n(0), YN (0))s
< En(Un(0),¥n(0))w — En(YN(0), YN (0))o
< (aler,w) — aler, 0))¥i (ex, 0)
< w3 (ex, o).

Similarly, by the variational principle,

An(0) =An(w) < FEN(UN (W), YN (w))o — EN (YN (W), N (w))w
where 7 = [[¢n (@)l
= (V- DN (W), ¥n(w))o
+ EN(N (W), YN (W))o — En (PN (W), Y (W)
< (V= DEnN (W), ¥n(w))s
since for all edges a(e,w) > a(e, o).
Note that for all © € Hy o,
0 < [Jull} n o = lull3 no < ale;w)(u? (@) +u®(ye))-
Then since 1y (w) is a normalized eigenfunction and the conductances are uni-
formly elliptic,
0 <7 1< Cy @k w) + ¥R (Y ).
Then, Ay (0) = An (w) < CN T2 (2x,w) + U} (yr, w)).- 0
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Proof of theorem 4. As in the two preceding situations, we will verify conditions
(5) and (6) for Ak = E(fN | fk) - ]E(fN | fk,1>.

| Akl Eq(fn([w,olk) = fa([w, olk-1)])
Eo(|---|; aler,w) > alex,0)) + Eq(|---| 5 alex,w) < alex, 0))

< CE(N*¢(ex, [w, 0lk-1) + ¥R (zk, [w, 0]k) + V3 Uk, [w, 0]k))
+COE,(N*)% (ex, [w, o) + % (wk, [w, 0]k-1)
+U3 Yk, [w, 0]k-1))
< OoN*d

since by (31), [y (z)| < ON~%2 for all x € Qn.
Pursuing the above calculations, and using (31) again, we find that

A} < CON"UE (4% ek, [w,olk-1) + i (e, [w,0lk))
+CON B, (Y} (xk, [w, olk) + VR (yr, [w, o]k)
+¢]2V($ka [Wa U]k—l) + w%v(yk’ [Wa U]k—l))

Let Ug(w) = CN =42 (e, w) + CN =3 (1, w) + V% (yr, w)).
We see that IE(A? | Fr_1) < IE(Uy | Fx—1) and

ZU]C < N4 dzi/}N €k, W +ON dz 1/11\/ L, W )+w]2\/'(yk7w))
k

CN*- ds(wN,wmw +CN~ dllww|\2,N
< CN*2 4 OoN-?<CON*Y

Hence (5) holds with By = CN2~¢ and (6) holds with B; = CN?~%. Since
B = max{By,eB}} < CN?7“, we obtain that for all N > 1 and t > 0,

P(fn —Efy| >1t) < 4exp (—EN(d 2)/2) and Var(fy) < CN274,
O
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