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A PARTICULAR CLASS OF SOLUTIONS OF A SYSTEM OF
EIKONAL EQUATIONS

THIERRY CHAMPION AND GISELLA CROCE

ABSTRACT. In this paper we study the following Dirichlet problem:

Oul e inQi=1,... N
ox;
u=0 on 0f,

where Q is an open bounded subset of RV and v € W1°°(Q). This problem
has infinitely many solutions: our aim is to isolate those which minimize some
functional involving the discontinuity sets of %, fori=1,...,N.

k2

1. INTRODUCTION

In this paper we are interested in the following system of eikonal equations
ou
al'i
u=20 on 0,

=1 ae inQ,i=1,....,N

(1.1)

where €2 is a connected open bounded subset of RY with Lipschitz boundary and
u € WH(Q) N Cy(2). This problem admits infinitely many solutions (see [ and
@] for example for a proof). An interesting question is then to isolate a particular
class of solutions which have some additional properties, since such an analysis
could be useful to select and characterize a prefered solution.

There exist some evident difficulties to this kind of question. For example the
lack of convexity of the set &(£2) of the solutions of ([L.]) implies that the natural

functionals
v [r bz,
Q

have in general neither a minimizer nor a maximizer over &(2). Indeed any min-
imizing sequence converges to 0, which does not belong to &(2), and the cluster
points of maximizing sequences are the distance function to 9§ (in the I* norm of
R™) or its opposite, which usually do not verify ([.1)) (see remark B.6).

Another natural way to select a particular solution in &(§2) would be to use the
notion of viscosity solution (for the definition and further details see [J]). Indeed
one could study the existence of W1:°°(£2) viscosity solutions of a problem like

{ F(Du)=0 ae. inQ

1.2
(1.2) u=20 on 0f)
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2 THIERRY CHAMPION AND GISELLA CROCE

where F' : RN — R is such that F(z) = 0 if and only if x = (x1,...,2y) verifies
|zl =1 Vi=1,...,zy. This is indeed possible in dimension N = 1, where the
only viscosity solution of the problem

(13) u(=1)=u(l)=0

{ [u|—=1=0 a.e. in] —1,1]

is u(x) = 1 — |z|. Nevertheless when N > 2 there is in general no viscosity solution
of ([L.9), unless Q is convex and the normals to 99 are in the set E = {z : |z;| =
1/vV/N}; we refer to [[] and [L] for further details.

In the literature we find few articles with the purpose of isolating particular
solutions of problem ([L1)) and selecting one. In [ and [§] the authors study
numerically a variational problem over the set of non-negative solutions of (Ell) in
the 2-dimensional case: they obtain a maximizing sequence for the problem

(1.4) sup{/ﬂu, u>0, ue G(Q)}

through the numerical minimization of the functional

1 - N 2
= — = [ |Vul*+ = [ |Aul? —E / -1 .
! (zu+2/| u +2/| 8 +2€i:1

Unfortunately, as we said above, there is in general no optimal solution for the
variational problem (B), since the limit for any maximizing sequence is the distance
to 99 (in the I norm).

A different approach is followed in [E] where the authors construct an explicit
solution. Indeed they define a special partition of 2 made up of convex sets whose
normals to €2 are in FE; over each of these sets they consider the relative viscosity
solution. In this way the constructed solution has local properties (which depend
on the chosen partition), but no global ones. In any case we want to point out that
this study is made in a more general framework than problem (@)

Our purpose in this work is to characterize a particular class of solutions of
(IL1) through a variational method, i.e., as the optimal solutions of a variational
problem. We shall define over G(Q2) a functional involving the discontinuity sets
of the gradient of the solutions of () and we minimize it. Let us briefly explain
the kind of results that we shall present in this article. We distinguish two cases,
according to the properties of . In the case where 02 is composed by a finite set
of faces with normals in E (see section f), we consider the functional

ou
axi

CER

N
v > HN TN (T )
1=1

where J oo is the jump set of 2%) and we show that it admits a minimizer.

In the general case, that is, when € is any connected open subset of RY with
Lipschitz boundary, we cannot minimize the discontinuity sets of Du for u € &()
in the same way. Indeed the previous functional is in general infinite over &((Q),
as shown in section E Consequently we construct a positive “weight” function
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h € Cy(9) such that the functional

admits a minimizer over &(£2).

We also study the relationship between the viscosity solution (when it exists)
and the optimal solutions of the minimization problem: we show that they coincide
if N =1,2 (see Proposition B.§).

Our study allows us to isolate particular solutions of problem (E), but unfor-
tunately we are not able to say if it selects a particular one, in the sense that the
variational problems we propose could admit more than one solution. In section E
we then present a method to select a function among the optimal solutions of the
variational problems that we studied (see 4.).

Finally we refer to a recent work @] which does not address the problem of the
selection of a particular solution of (DI) but is also concerned with some local
properties of the discontinuity sets of Du,u € G(Q).

2. NOTATIONS

Throughout this paper € denotes a bounded connected open subset of RV with
Lipschitz boundary. We will denote by (;)1<i<n the coordinates of a point z € RY,
and (z,y) the usual scalar product of z,y € RY. The norm ||z||;; of 2 € RY stands
for the usual I' norm, that is ||z, = SN, |2l .

In the following, we shall use the short notation Wy > (Q) for W1 (€2) N Cy(Q).
When considering a function v € WO1 °°(Q), we shall always assume that we are
handling its continuous representative; notice that, due to the hypothesis on 2,
such a function v is a Lipschitz continuous function.

Let us briefly recall some properties and notations of the spaces BV and SBV for
future use (in any case we refer to [f and to [L]] for further details). If w € BV(f),
we write [|w]| gy (q) for the usual BV norm of w defined by

lwll gy () = lwll gy + [Dw|(€2).
Moreover we will use the usual weak™ convergence in BV defined as follows (see
B):
Definition 2.1 (weak* convergence in BV). Let (u,)n,u € BV(2). We say that

(un)n weakly* converges to u in BV (Q) if u, — u in L*(Q) and the measures Duy,
weakly* converge to the measure Du in M (2, RY), that is

n—roo

lim [ @dDu, = / wdDu Vo e Co(f).
Q Q

A BV function belongs to SBV when the Cantor part of its derivative is zero.
This implies that the measure Dw of an SBV(2) function can be decomposed in
the following way:

Dw = D"w+ D'w
= VwlY + (wh —w ), HYN 7w = VLY + [wve HY 7 Ty

where D%w is the absolute continuous part of Dw with respect to the Lebesgue
measure £V in RN, Diw = [w]v,HN 1| J, is the jump part of Dw, HV~1 the
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Hausdorff measure of dimension N — 1, w™ and w™ denote the upper and lower
approximate limits of w, Jy, the jump set of w and v, its generalized normal.
Referring to our problem, we will denote by &(2) the set of W°°(Q) solutions

of (L)), that is

&(Q) = {v Wi () - ’ o

&ri

=1a.e. inQ,i:l,...,N}.

In this paper we will consider the piecewise C! elements v of &(2) and more
generally those elements v of &(Q) such that Dv € SBVj,.(Q)". To define a
piecewise C' function, we first recall the definition of Caccioppoli partitions and
piecewise constant function (we refer to [f] for further details):

Definition 2.2 (Caccioppoli partition). Let I C N. A partition {E;};cr of Qis a
Caccioppoli partition if Z |Dxg,|(Q) < cc.
iel
In the above definition, x4 denotes the characteristic function of a set A, that
is xa(z) =1 when z € A, xa(z) =0 when x ¢ A.

Definition 2.3 (Piecewise constant function). We say that u : 2 — R is piecewise
constant in € if there exist a Caccioppoli partition {E;};c; of Q and a function
t: I — R such that u = ZtiXEi-
iel
Notice that a piecewise constant function is an SBV function (see [P for further
details).
We define the set of piecewise C! functions by

o ov
Cp(2) := {u e Wh>(Q): e

As has already been said, we shall handle the solutions of ([L.1)) such that Dv €
SBViee()N. We now want to write their distributional gradient: for any index
i €{1,..., N} we use the short notation J; instead of Jaa*”' Therefore for a function

v € &(Q) such that Dv € SBV,.(Q)" one has 1

is piecewise constant in Q,i=1,..., N} .

(2.1) D(@v) = 2v00 HYN7HNJI? onw Vi=1,....,N

8xi Ox;

for any open subset w C @ C €.

In the rest of the paper, the distance in {! norm to a subset of RY will play an
important role: if A is an open bounded subset of RY | we define dj1 (-, A) : RN — R
by

vz e RY, dp(z,A) == min{||lz —yllp : y€ A} .

3. A PARTICULAR CASE
In this section we will assume that ) satisfies the following property:

the boundary 0f2 is the union of a finite family of polyhedrons
(H) of dimension N — 1, each of which is included in a hyperplane
with normals in F,
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where E := {z € RN : Vi, |z;] = 1/v/N}, and we will minimize the V' measure
of the discontinuity sets of %, for v € G(2). We define

Epw(Q) ={ved):ve C;w(Q)}.
We now state the main result of this section.

Theorem 3.1. Let Q be an open bounded connected subset of RY which satisfies
hypothesis (H). Then the variational problem

(P1) inf{f(v) = ZHN_l(J;’) = epw(ﬂ)}.

has finite value and admits an optimal solution.

Remark 3.2. Under assumption (H), problem (P;) always has at least two optimal
solutions: indeed, if u is a solution then —u is also a solution.

Remark 3.3. When (Q fails to satisfy hypothesis (H), then problem (P;) is not well
posed as we will show in section {.

In the proof of Theorem we will use the following lemmas.

Lemma 3.4. Let Q be an open bounded connected subset of RN with Lipschitz
boundary. Then _

—dp(+,00) < v < dp(-,00) onQ
for every function v € &(Q).
Proof. Let v € &(§). We denote by A a set of zero Lebesgue measure such that v
is differentiable on 2\ A with ‘66_;1‘ =1 for all i.

Take z € 2, and let y € 90 be such that dj: (z,9Q) = ||z — y||;». For any ¢ €]0, 1]
we define the map v; : [0, 1] — Q by y:(s) := sz+ (1 —s)x?, where 2t := tx+(1—t)y.
For a fixed ¢ €]0,1] and € > 0, we apply Lemma 3.2 in [[]] to get the existence of
a Lipschitz continuous path 7. : [0,1] — Q \ A such that

Ye,e(0) = 2, 71.(1) = and |v; . — ¥illL=(0,1) < &

Then the function v o 74 ¢ is Lipschitz continuous on [0, 1] and we can compute
1 1
oa) ~ o) = [(wors) (s = [ Toluclo) . ds.
0 0

Now

66_;(%15(5»’ =1 for all 7 and so

1 1
v(w) - v(a') < /0 7.2 ()] 2 ds < NE+/0 i)l ds = Neo [l =o',

Letting ¢ and € go to 0 this yields v(z) < dj (z,09). In an analogous way one can
prove that —v(z) < dpi(x,00) O
Lemma 3.5. Let Q be an open bounded connected subset of RY which satisfies
hypothesis (H). Then dji(-,00)) belongs to Epw () and F(dp(-,00)) < +o0.
Remark 3.6. Notice that for a general bounded open subset Q, dji (-, ) does not
necessarily satisfy ‘86_92‘ =1 a.e. in Q for all 7. Indeed, it is sufficient to consider

Q = (0,1)2 C R? : we have that dj((x1,72),00) = x5 in the set T = {(x1,22) :
0<xz; <1/2,0<zy <x1}.
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Proof. Since ) satisfies hypothesis (H ), we can write 9Q = U F; where each face
j=1

F}; is a polyhedron of dimension N — 1 included in a hyperplane H; with normal

in E. We shall assume that two faces F; and Fj, that intersect are not included in

the same hyperplane of RV.

Let j € {1,...,m}. We first notice that since the normal of the hyperplane H;
is included in E, one has ‘%dll(',Hj) =1 a.e. in Q for all 4. Let us prove that
dp(-,00) = 1g}i<nm dp (-, Fj) also satisfies this system of eikonal equations in €.
We fix z in 2 and distinguish three cases:

Case 1. Assume that dp(z,09Q) = dp(z, F;) for a unique index j. Then
dp (z, Fj) is attained in the relative interior of Fj, so that in a neighborhood of
x one has dj(-,00) = dp: (-, Hj), and thus in this neighborhood dj: (-, 99) is reg-
ular and satisfies the system of eikonal equations ([L.1]).

Case 2. Assume that dpi(x,00Q) = dp (z, Fj) = dp (z, Fy) is attained in F; N Fy,
with j # k. Then dp (z, F;) = dp(x, Fy) is attained in the intersection H; N Hy.
We notice that the set of the elements y of RY such that dp (x, F}) = dp (x, F) is
attained in Fj N Fj, is included in the hyperplane A;j generated by H; N Hy and
&; + &, where & denotes a normal vector to H; for [ € {j,k}. Since LV (A;x) =0
this set is negligeble in view of the system of eikonal equations ([L.1f).

Case 3. Assume that dji (z,0Q) = dpi (z, F;) = dp (z, Fy,) for j # k such that the
hyperplanes H; and Hj, are parallel and that case 2 is excluded. Then dji (z, F}) is
attained in the relative interior of F for I € {j, k}, and thus one has dp (z, H;) =
dp(z, Hi). As a consequence, = belongs to the set B = {y : dn(y,H;) =
dpi (y, H)}, which is an hyperplane parallel to H; and Hy, so that £V (B; ) = 0.
This means that this set is negligeble in view of the system of eikonal equations
©).

As a consequence of the above discussion, almost every x in 2 enters case 1, so
that dji (-,09) is a solution of ([[.T]). Moreover, if i € {1,..., N} then one has

Jidll(.76(2) _ Jfll("amﬁU(Aj,kUBjﬂk)
7,k
c Jon (4, UB;.).

gk

Since €2 is bounded and the sets A;j and Bj are hyperplanes of RY, we infer that
the last union has finite %~ ~! measure. This being true for all index 4, we get that
F(dp(-,09)) is finite. O

We can now turn to the proof of Theorem B.1]

Proof of Theorem Iﬂ As a direct consequence of Lemma E, we get that the in-
fimum inf(P;) is finite. We now apply the direct methods of the Calculus of Vari-
ations to prove the existence of an optimal solution of (P;).

Let (v")nen C Epw(2) be a minimizing sequence for (P;). We deduce from
Lemma B.4 that (v™),, is uniformly bounded in L (£2). Moreover this sequence is
uniformly Lipschitz continuous on Q since 99 is Lipschitz and |Vo"”| < /N a.e.
in Q for any n. Applying Ascoli-Arzela and Banach-Alaoglu Theorems, and up to
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a subsequence, we can assume that v — v>° in Cp(€2) and v™ — v>° weakly* in
Whoo(Q) for some v™ € Wy ™ ().
Step 1: we show that v € &,,,(2). We first prove that 66”: =1 a.e. in Q. Let

us fix i € {1,..., N}. We observe that since (v"),, is a minimizing sequence, there
exists a constant C' > 0 such that F(v™) < C for every n € N. This implies that

o™
8:131-

(3.1) = LYNQ) 2N < £N(Q) +2C.

BV (Q)

Applying Theorem @ to the sequence %T_‘ we have that gL; — g; weakly* in

BV () for some function g; € BV(Q) (upw to a subsequence). Since we already

know that % — %”D_o weakly™ in L°°(€2), we infer that %”o_o = g;. Moreover
n oo Ti Ti oo Ti

% — %”z_ in L(Q) so that |’96”z |=1a.e. in Q.
To prove that v>° belongs to C’;w(Q) it is sufficient to apply Theorem @ to

the sequence %. Indeed, % is a piecewise constant function for every n and

’ g @ + HN=1(JP") is uniformly bounded since F(v™*) < C. As a conse-
illLee (@
av‘n,

quence, up to a subsequence, %>— converges in measure to a piecewise constant
i

function which is necessarily 66”:. This proves that v € £,,, ().
Step 2: we show that v is a minimizer of F. Since (v,,)y is & minimizing sequence
for F it is sufficient to prove that

(3.2) liminf HY=1(JP") > HNHIPT)
n—oo

for alli =1,..., N. Thanks to (R.1) one has for any n € NU {400}

o™ n
D Q) =21V (T,
DT (@) =2 )
Moreover we know that % — %”;: weakly® in BV (£2). Applying Theorem @
with f =1 we get (B.9). O

We now study the relationship between the viscosity solutions of problem ([L.1f)
and the optimal solutions of problem (P;). We restrict ourselves to the one and
two-dimensional cases, where the geometric arguments are intuitive.

In the one-dimensional case, it is evident that the viscosity solution u(z) = 1—|z|
and its opposite minimize the number of jumps of the solutions of (B), as their
derivatives have just one jump. For the 2-dimensional case, we recall the following
result about the existence of a viscosity solution (see Example 1.3 and Theorem 3.3

of [IF) -

Proposition 3.7. Let F : R? — R be a continuous function such that F(&1,&) =0
if and only if |&] =1,i=1,2 and F(&1,&) <0 if |&| <1 fori=1,2. Let Q be an
open bounded connected subset of R%. Then there is no W (Q) wiscosity solution
of problem

F(Dv) =0 a.e. in)
v=20 on 09,

unless Q is a rectangle whose normals are in the set E = {x = (x1,22) € R? : |z;| =

% ,i=1,2}. In this case the only viscosity solution is dp (-, 99).
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It also happens that dji(-,99) and its opposite are the only optimal solutions
of (P1) if Q is a rectangle with normals in F, as the following result shows. Notice
that if Q C R? is convex and satisfies property (H), then ) is necessarily such a
rectangle.

Proposition 3.8. Let Q be a rectangle with normals in E. Then £dpu(-,00) are
the only optimal solutions of (P).

We will use the following lemma in the proof:

Lemme 3.9. If P : R? — R is the projection (x1,72) — 2, and E is a measurable
set of R? then

[HeEnr )y < @),

R

Proof. 1t is sufficient to apply Theorem 2.10.25 of [@] with f = P, X =R?2 Y =R,

k=0and m=1. O
We are now able to prove Proposition @:

Proof. To simplify the notations, we set d := dji(-,09). Let v € &,,(Q2) different
from d and —d: we want to prove that

Flo) = D W) > YA = F(d) = F(=d),

We first claim that H1(JP) > H'(J{). To this end, we define
A= {teR : Is € Rsuch that x := (s,t) € Q and —d(z) < v(z) < d(x)}.
Since the functions v, d and —d are continuous, the set A can be written as U Jti, ti]

il
where I C N is non empty, and ¢; < ¢ for all i € I. We notice that

HYIP N (R x A%)) =HY (I N (R x A%))
where 4° = R\ A. We also notice that H'(J? N (R x dA)) = 0, so that in fact
HU(JP N (R x A)) > HU(TEN (R x A9)).

For £!-almost every t € A, function w : s — v(s,t) is differentiable on ]a, b[ with
derivative £1, where a and b are such that ](a,t), (b,t)[= QN (R x {t}). Moreover,
—d((s,t)) < w(s) < d((s,t)) for some s €]a,b[, so that w' = 86_;1 has at least two
jumps in ]a,b[. As a consequence, applying Lemma @, we get

HU TV N (R x A)) > HO(JY N (R x {t}))dt
teA

/ 2dt = 2 L (A).
teA

On the other hand, the geometry of J{ implies that
HUJIN (R x A) < V2L(A).

As a consequence we get H(JY) > H(J®). The inequality H1(J3) > H(JS)
follows in the same way. Il

Y

We observe that dji(-,01) is not in general an optimal solution of (P;), as the
following two examples show.
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Ezample 3.10. Consider the subsets Q. = {z € R? : ||z||p < 3} and Q_ := {x €
R?: ||z — (2,2)|;n <1} and set Q :=int(Qy UQ_). Define u as

u(x) = dp (2,004 )xa, () — di (2,00 )xa_(x).
Then F(u) = 16, while F(dji (-,0Q)) = 16 + 2v/2.

The fact that the function dj(-,99Q) is not a solution of problem (P;), is not
a question of sign, as one could think from the previous example (notice that u is
not positive on §2). Indeed in the next example we will exhibit a positive function

v € Epw () such that F(dp (-,00)) > F(v).

Ezample 3.11. Define the four following squares Oy := {z € R? : |z| < 12},
Co == {z € R? : ||z — (10,10)||p < 8}, C3 := {x € R? : ||z — (2,11)||p < 1},
Cy={zeR?: |z - (11,2)|p <1}. Let Q :=int(C1 UCy UC3UCy). It is easy
to see that F(dji (-,00)) = 120 + 161/2. Now, let us define

u(z) = dp (2,0(C1 UC))xo,uc, (w) + dp (2,0C3)x 0y () + dip (2,0Cs) xc, ().

Then u is non-negative,  is a solution of ([.1) and F(u) = 88 + 241/2, and thus
dp (-, 09) is not optimal for (P;) among the non-negative functions of &£, (£2).

4. THE GENERAL CASE

We now turn to the general case where € is any bounded open connected subset
of RY with Lipschitz boundary. In the previous section we saw that the functional
F attains its minimum in &, (), if the set Q satisfies assumption (H). In the
general case we can’t expect F to be finite in &(Q2), as the following example
shows.

Ezample 4.1. Let Q = (0,1)%: we claim that F(v) = +oo for every v € &(Q).
Indeed, let us consider, for t € (0,1/2) fixed, the points (s,t) in  with s € (0,1).
Then for almost every ¢ € (0,1/2) the function wy : s — v(s,t) has the following
properties: w} = 2% (. t), |wi| = 1 a.e., ws(0) = wy(1) = 0 and |w;| < t, due to

611

Lemma @ This implies that w] has at least [2%] jumps, if [x] denote the integer
part of a real number z. Therefore, applying Lemma B.9}, we have
1/2 12 q
H(TY) > HO(J? N ((0,1) x t))dt > / [2—4 dt = o0,
0 0

2
and so F(v) = Z/Hl(Ji”) = +00.

i=1

In view of the last example, a possible way to generalize the analysis of the
previous section is to measure the jump set of Du for u € &() through a “weight”
function h € Cp(§2) which penalizes the jumps of Du in the interior of .

We propose the following construction for the function h. Let (9,),>1 be a
sequence of open subsets of {2 satisfying hypothesis (H) and approximating € in
the following way:

> < <
=l e < d(Q,,090) <

S|



10 THIERRY CHAMPION AND GISELLA CROCE

We set Qg = (. Notice that the sequence (,),>1 is increasing, and that for any
n > 1 the open set wy, := Q, \ ,,_1 satisfies hypothesis (H). Then for any n > 1,
consider the problem

N
(P inf { Z’HN_I(J;’) cwE 5W(wn)} .

It follows from Theorem B.1 that 8, := inf(P]') < +oc for any fixed n > 1. We
now define h € Cy(€2, |0, +00[) by

1/[4(a1+a2)] if v € Qq,
1 dll (Z',aﬂn+1) dll(ﬂC,aQn)

dp (2,00) + dp (2,0Q041) [(n+1)2(an + ant1) (04 2)2(@nt1 + @np2)

ifx € wpy1, n>1,

where a,, := max{1,d,, + H¥=1(0Q,)} for any n > 1.
Define

E(Q) :={veB&(Q): Dve SBV,.(QVN}.
We will show the following result:

Theorem 4.2. Let Q be an open bounded connected subset of R™ with Lipschitz
boundary. Let h defined as above. Then the variational problem

N
(Ph) inf{]:h(v) = Z/}v h(x)d'HNfl(x) ‘ve S(Q)}

has finite value and has a optimal solution.

Remark 4.3. As for problem (Py), (Py) has at least two optimal solutions: if v is a
solution, then —wv is a solution too.

Remark 4.4. If Q satisfies hypothesis (H), one can choose h = 1 as Theorem @
shows.

Proof. We divide the proof into two steps: in the first one we show that inf(P,) is
finite and in the second one we prove the existence of an optimal solution.

Step 1: We show that there exists a function u € £(2) such that Fj,(u) is finite.
For any n > 1 let w, be the sets considered in the definition of h. Let u, be an
optimal solution of the associated problem (PJ'), extended by 0 on R\ w,,. (such a
solution exists due to Theorem B.1). We then define u € £(Q) by u := 327 u, (),
and claim that Fj(u) < 400. Indeed, using that h < 2 on w, for any n > 1,

apn?
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one can estimate, for every 4

—+oo
/ ) dHN @) = Y / h(z) dHN ) ()
Ju "=l run(w,ue0,)
+oo
= / h(z) dHN Y (z) + / h(x) dHN 1 (z)
n=l| gunng TEN0Q,
< fi / L1 + L
T On HN-1(09,,)
"= T N, TN,
+o0o 4
< Z? < —+o00.
n=1

As a consequence inf(Py) has finite value.

Step 2: We show that there exists an optimal solution of problem (P},) applying the
direct methods of the Calculus of Variations. Let (v™), C £(2) be a minimizing
sequence for (Py). As in the proof of Theorem we can assume that, up to a
subsequence, v™ — v in Co(Q2) and weakly* in W1>°(Q) for some v € Wy > (Q).
It remains to prove that v is an optimal solution of (Py,).

Let us prove that v™ € £(f2). Since (v"), is a minimizing sequence we can
assume that there exists C' > 0 such that Fp,(v™) < C for every n € N. Fix an open
subset w of Q with Lipschitz boundary and such that w C @ C €, and let a > 0 be
such that 0 < a < h <1 in w. We can then write

N
C>Fuv")>ay dHN"Y(z), VneN.

—
Tt nw

Let us fix s € {1,...,N}. Since ‘gL; € SBV(w) and takes only the two values £1
for any n, we can then write

H o™

= LY (w)+ 21V nw) < LN (w) +2C.

Ox; BV (w)

We now apply Theorem @ to the sequence (gL;)n: condition 7) is the inequality

given above; condition #7) is straightforward since V%L; = 0 a.e. in w; for condition
141) it is sufficient to choose f = 1, for example, because in this way

Vn € N, / f({‘% ])dHNl(x) = HVY UM nw) < ¢
J;’"ﬁw axi

As a consequence BLIT; — g; weakly* in BV (w) for some function g; € SBV (w) .

F)
Since we already know that % — %i: weakly* in L>°(2), we infer that % €
SBV (w). Moreover 2%~ — 22~ in L'(w) so that |%2—| = 1 a.e. in w. This being
T, T L
true for any index ¢ and any such open subset w of €2, we infer that v>° belongs to

£(Q).




12 THIERRY CHAMPION AND GISELLA CROCE

To prove that v*° is a minimizer of Fj, let us show that

(4.1) lim inf / h(x) dHN Y (z) > / h(x)dHNY(z) i=1,...,N
I Nw JYC Nw

for any w as above. To this aim we observe that for every n € NU {co} one has

/ h(z)dHN "V (z) = %/h(z)d 0| ().

al'i
J;’n Nw w

Therefore ([i.1]) follows from Theorem [5.4. This is sufficient to conclude the proof,

since

mint [ ) @) 2 s [ b @) = [ h@ @
Jy

n—oo wC
Jp JYT Nw

D

where the supremum is taken over the open subsets w C w C ) with Lipschitz
boundary. We then infer from the last inequality that liminf 7 (v™) > Fp(v™°),
n—oo

that is, v*>° is a minimizer of F},. O

5. OPEN PROBLEMS

We would like to present here some open problems related to our work: some

questions about problems (P;) and (Pp,) and the question of the selection of a
particular solution of the differential problem ([L.1]).
1. Suppose that Q satisfies property (H). We showed in sectionﬂ that there exists
a function u € Cj,,(Q) solution of problem (Py). Can we say that the number of
the connected components of Du is finite? This seems to be natural, as shown in
Proposition B.5.

Another natural question is: has problem (P;) a finite number of solutions? Does
it admit just two optimal solutions (a solution and its opposite)? This is true when
) is a rectangle and N = 2 as shown in Proposition @ With the same arguments
as in the proof of this proposition, it is easy to show that the functions +wu, where
u is the solution defined in Example , are the only optimal solutions of problem
(Py).

Another related question is to extend the result of Proposition @ to higher
dimension, that is to prove that if Q a convex open subset of RY satisfying (H)
then the distance functions +d;i (., 02) are the only solutions of problem (P;). We
notice that under the above hypothesis on , the function dji(.,09) is a concave
solution of ([L.T]): this implies that on a non-void interval R x yNQ (where y € RNV~1)
the partial derivative a%ldp (.,0Q) has only one jump. As a consequence the jump

set of aixldll (.,00) is also in some sense minimal since on each such interval it is
reduced to one point, and so it has minimal cardinality.

2. In section @ we studied the general case, that is when €2 is any subset of RV. A
natural question is the study of the asymptotic behavior of a family (u)n of the
optimal solutions of (Pj,) when h — 1 locally uniformly in Q. The limit problem is
then obviously (Py), which in general is ill-posed (since it has no feasible solution),
but one expects up, to converge uniformly to a function u € £(2) having some local
minimization properties in the open subsets w C w C €.
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3. In section Ewe saw that for a general open set 2, F(v) may be infinite for any
v € &(£). This means that for some index i one has HY ~1(J?) = oo. On the other
hand we know that H™V(J?) = 0, so a natural question is to identify the Hausdorff
dimension s € [N — 1, N| for which H*(.J?) is finite if ¢ < s, infinite if ¢ > s. Then
one may try to minimize this dimension s over &(2), and then proceed as in section
Ewith the optimal s in place of N — 1.

4. In this article we proposed to minimize the measure of the discontinuity sets
of the gradients of the elements of G(2) through the functionals F and F,. Now,
let {G;}ier be the connected components of the Du~!(E) for u € &(Q), where we
recall that £ = {z : Vi, |x;| = %} One could instead consider functionals of the
N

form

N-1(pr : _[F <t
Sar e win g0 ={ ) |5

iel

where § €]0,1[. The advantage of this last type of functional with respect to our
choice is that we can penalize the number of components G; thanks to g.

5. One of the aim of this work was to select a particular solution of ([L.I]). The idea
developed in the previous section is first to restrict ourselves to those solutions of
(I.]) that minimize problem (P,). Now how can we select a particular solution of
(Py) (up to its sign)? Does problem (Pp,) admit more than two solutions? Notice
that in any case the selection of these two solutions of our problem ([L.I)) depends
on the choice of h, so that it would be even more interesting to select a solution
obtained by letting h go to 1 (see 4. above).

In the case where problem (P,) admits more than two solutions one can think
of the following way to select a particular solution. Let Sy be the set of solutions
of problem (P), and let (f,)n>1 be an orthogonal basis of L?(f2) starting from
f1 = 1. With the same arguments as in the proof of Theorem @, it is not difficult

to show that problem
(B1) Sup{/ ufl,ueso}
Q

admits a solution. Let S; be the set of optimal solutions of problem (By). If S; is
composed by more then one function, we consider

(B2) sup{/gufg,uesl}

and so on. If two functions u,v € Sy satisfy

/UfiZ/Ufi Vi>1
Q Q

then one gets u = v. Therefore this method allows us to select a particular solution
of (Ph)

6. APPENDIX

We recall here some compactness and semicontinuity results about BV, SBV
and piecewise constant functions; for the proofs, see respectively Theorem 3.23 in
, Theorem 1.4 in [m], Theorem 4.25 and Theorem 2.38 in [E]
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Theorem 6.1 (compactness for BV functions). Let 2 be a bounded open subset of
RN with Lipschitz boundary. Assume that (uy,)n is an uniformly bounded sequence
in BV (2). Then there exist a subsequence (un, )i and a function v € BV () such
that up, — u weakly™ in BV (Q).

Theorem 6.2 (compactness for SBV functions). Let Q be a bounded open subset
of RN with Lipschitz boundary. Let (uyp), be a sequence of functions in SBV (£2)
and assume that

1) the functions u, are uniformly bounded in BV (Q);

1) the gradients Vu,, are equi-integrable;

i11) there exists a function f : [0,00) — [0, 00] such that f(t)/t — oo ast — 01 and

/ f([un])dHN71 <C<oo VYneN.
Jun

Then there exists a subsequence (un,)r and a function u € SBV(Q) such that
Up,, — u weakly™ in BV (), with the Lebesgue and jump parts of the derivatives
converging separately, i.e. Douy,, — Dqu and Djuy,, — Dju weakly™ in M(Q, RM).

Theorem 6.3 (compactness for piecewise constant functions). Let © be a bounded
open subset of RN with Lipschitz boundary. Let (un), be a sequence of piecewise
constant functions in Q0 such that |[upl| e ) + HN=L(Jy,) is uniformly bounded.
Then there exist a subsequence (un,)r and a piecewise constant function u such
that w,, — u in measure.

Theorem 6.4 (semicontinuity in BV'). Let Q be a bounded open subset of RN . Let
(un)n be a sequence of functions in BV () such that u, — u weakly* in BV (Q).
Then

[ @aDsul) < timint [ @) Dyu,)(z)
Q Q

for any non-negative continuous function f : 2 — [0, 4o00[.
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