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Abstract

We propose here a general framework to address the question of trace
operators on a dyadic tree. This work is motivated by the modeling of the
human bronchial tree which, thanks to its regularity, can be extrapolated
in a natural way to an infinite resistive tree. The space of pressure fields
at bifurcation nodes of this infinite tree can be endowed with a Sobolev
space structure, with a semi-norm which measures the instantaneous rate
of dissipated energy. We aim at describing the behaviour of finite energy
pressure fields near the end. The core of the present approach is an
identification of the set of ends with the ring Z2 of 2-adic integers. Sobolev
spaces over Zs can be defined in a very natural way by means of Fourier
transform, which allows us to establish precised trace theorems which
are formally quite similar to those in standard Sobolev spaces, with a
Sobolev regularity which depends on the growth rate of resistances, i.e.
on geometrical properties of the tree. Furthermore, we exhibit an explicit
expression of the “ventilation operator”, which maps pressure fields at the
end of the tree onto fluxes, in the form of a convolution by a Riesz kernel
based on the 2-adic distance.

1 Introduction, modelling aspects

The human bronchial tree can be seen as a set of dyadically connected pipes,
which sums up to 23 bifurcation levels from the trachea to terminal branches, on



which gas exchanges occur. Thanks to Poiseuille’s law for a pipe, which states
a proportionalty relation between air flow rate and pressure jump, it behaves as
a fluid conductor like a resistive network, where pressure at bifurcating nodes
plays the role of the electric potential, and air flow the role of electric intensity.
Schematically!, air is driven to the alveoli (zone of gas exchange with the blood)
by a negative pressure maintained on the outlets during inspiration. In the
situation where pressure is a constant P and the tree is regular (i.e. resistances
are the same for all pipes of a given generation), the overall process follows a
generalized Poiseuille law (fluid counterpart of Ohm’s law)

(atmospheric pressure) — P = R x (flux),

where R is the global resistance. Yet, as soon as pressures are not uniform, or if
the tree is no longer regular (which can happen for example during an asthma
crisis), this scalar ohmic law has be to extended. For the idealized tree with
223 outlets, this law takes the form of a linear (if atmospheric pressure is set at
0) relation between a collection of 223 values for the pressure, and a vector of
fluxes. The corresponding matrix R can be written explicitly as a function of
the resistances (see [5]).

In a recent paper [9], a model of the respiratory system as an infinite tree
was proposed. This extrapolation of the finite resistive tree to an infinite one
is natural because the actual bronchial tree exhibits some geometric regularity.
Indeed, it is shown in [11] that dimensions of the pipes (at least in the con-
ducting, central part of the tree, i.e. between generations 6 and 17) progress
in a geometric way, with a reduction factor A close to 0.85. As the Poiseuille
resistance of a pipe scales like £/r* (where ¢ is the length and r the radius),
resistance at generation n scales like ", with a = 1/\% ~ 1.63. For the ex-
trapolated infinite tree, as generation n contains 2" resistances in parallel, one
obtains a finite global resistance

ReE () <

and this finiteness is stable under small perturbations of the geometry. Next
step comnsists in replacing the collection of discrete pressures at the end of the
actual tree by a “continuous” field (a function defined over the uncountable set
of ends). A first way to identify the corresponding trace space is immediate.
Denoting by V' the set of vertices of tree T', p(x) the pressure at vertex x, writing
x ~ y for connected vertices and r(x, y) the resistance of the corresponding edge,
Sobolev space H'(T) over T is defined as all those pressure fields such that

3 @mm — p(@)? < oo

xr~y

Note that the previous definition makes sense for any kind of network with
bounded connectivity : the quantity above simply represents the instantaneous

1 The reality is a bit more complex, as gas exchanges take place earlier in the tree, from
the 16t generation to the last one.



rate of dissipated energy by viscous effects. Denoting by H{ the closure of
finitely supported fields, a first expression of the trace space is the quotient
H'/H{. As detailed in [10] (in a probabilistic framework), non triviality of this
space, which is equivalent to R < +00, indicates that “something happens” at
infinity, i.e. it does make sense to prescribe certain pressure fields at infinity to
drive some fluid through the tree.

In order to obtain a more explicit description of the space of trace functions
(pressure fields on the set of ends), an explicit construction of a Hilbert basis
of harmonic, finite energy functions is proposed in [9]. Such functions are in
some sense piecewise constant at infinity, so that their trace can be defined
canonically. General trace theorems then follow in a standard way by density.

Following a suggestion by P. Colmez, we propose here an alternative ap-
proach, based on the identification of the boundary of the tree (set of ends) to
the ring of 2-adic integers Zo, and a different strategy to define traces. To any
pressure field p defined over the tree, we shall consider its restriction p,, to the
n-th generation, consider the corresponding function p, in the Schwartz space
of Zo (constant over each bunch of leafs stemming from any of the n-th gener-
ation vertices), and show that this sequence converges in L?(Zz), and possibly
in a stronger way under some condition on the resistance growth. Regularity of
the corresponding trace function will be expressed in terms of behaviour near
infinity of the Fourier transform (Sobolev-like regularity).

The approach presented here may seem excessively and artificially abstract
considering the actual object it aims at reproducing in some way. Indeed, we
are aware that some parts of what we present can be (and actually have been
in some cases) presented in a different and less abstract setting, in particular

(1) Regularity of the trace functions;

(77) Expression of the Neuman-Dirichlet operator, which maps flow fields onto
pressure fields.

Concerning (4), functions over the set of ends of the tree can be described
in terms of A® regularity, as presented in [9], without any reference to 2-adic
integers. Yet, as we will see, the Zy approach allows a very natural and concise
way to define Sobolev spaces in the Fourier setting, which enlights the deep
similarities with trace operators in the Partial Differential Equations context.
As for the Neuman Dirichlet operator, it can be represented by matrices for finite
tree (see [8]), and by kernel operators for infinite tree (see [5]). We will present
here how the Z, approach makes it possible to express them as a convolution
by a Riesz kernel with a exponent directly related to the geometric growth of
resistances.

This paper is structured as follows : in Section 2, we present the identification
between the set of ends of a dyadic tree and Zs, and we give a first trace theorem
based on this identification. In Section 3 we give some regularity properties
of trace functions (Sobolev regularity). Section 4 is dedicated to Dirichlet-
Neuman and Neuman-Dirichlet operators, and in Section 5 we investigate the
possibility to imbed the end of the infinite tree onto a domain of R? (actual



domain occupied by a real lung). Finaly we gather in the appendices some facts
on Fourier Analysis and Sobolev spaces on Zs.

In what follows the ideal dyadic infinite geometric tree, with resistances
following a geometric growth in o™ (with « close to 1.63 for a healthy lung,
as stated before) will play a central role. Yet, we shall present results with
maximal generality, allowing when it is possible non-regular trees (non-uniform
resistances within a generation).

2 Identification with Z,

We first gather some definitions and standard properties of 2-adic numbers (see
e.g. [4]).

For any z € Z, z = 2/2*, with 2’ odd, one defines valuation v2(z) as a. One
extends this definition to rational numbers by setting va(q) = va(a) — v2(b) for
any ¢ = a/b € Q, ¢ # 0, and v2(0) = 4o00. Now setting |¢|, = 27v2(9)  the
2-adic distance over Q is defined as

(0,4) €QxQ— |¢' — ql,.

This distance is ultrametric : it verifies a strong triangle inequality

ld" —qly <max(l¢" —¢'ly,1d" —al,) -

As a consequence, a ball is centered at any of its elements. The complete closure
of Q for this distance is called Q2. Any element of Qo can be identified to a
series

—+oo
q = Z an2_n7 (1)
n=k
where k € Z, a,, € {0,1}, and therefore written (here in the case k < 0) as

q=...0p...0100,0-10-92...0k.

The ring Zy of 2-adic integers is defined as the closed unit ball of Q5. In the
above representation, it corresponds to the case where a,, = 0 for all n < 0.

Let now explain how the set of ends 0T of a dyadic tree T can be identified
with Zy. The set of vertices can be seen as the disjoint union of the Z/2"Z’s,
for n =0, 1, ..., as illustrated by Fig. 2. We shall denote by z¥ the vertex k
at generation n (i.e. z¥ is k considered as an element of Z/2"Z). Now denoting
by ¢, with n < m, the canonical surjection from Z/2™Z onto Z/2"Z, the set
of edges of T, namely FE, consists of all those couples

(zk 2t ) eZ/2"Z x2/2" L

such that o = (2% ;). The corresponding edge is denoted by €f_ ;.
The set 9T of ends of T (infinite paths toward infinity) can be represented
by the projective limit of the system (Z/2"Z, @) :

OT :=im (Z/2"Z,}') = {(2n) pen € 1(Z/2"Z) , o (zng1) = 20 VR >0} .
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Figure 1: Dyadic tree

This set is naturally identified to Zy: any sequence (2,), .y € 0T is uniquely
associated to a sequence (ay)n>0 with a, € {0,1} such that

n—1
Zp = E am2™,
m=0

and therefore to g = ...ay, ...a1a¢ € Zs.
Note that, for two ends z and 2, the 2-adic distance measures their proximity
with regards to the tree, more precisely

n = —log, |z’ — zl,

is the index of the generation at which the corresponding paths splitted.

As V', the set of vertices of T, identifies with the disjoint union of the
(Z/2"Z)’s, any pressure field p € RV can be seen as a sequence (p,)nen, with
pn € RZ/2"ZWe define a “piecewise constant” function p, over Z, as

Pn(x) =ppla) Ve ea+2"Zy, a € Z/2"Z. (2)

As an example, consider a field p which takes values —1 and 1 at 29 and a1,
respectively. Then p; is —1 on 2Zs and 1 on 1 + 2Zs. Note that p, lies in
the Schwartz space 8 (see Definition A.2 in the appendix). The trace of p on
0T = Z, will be defined as the limit of p,, as n go to infinity, whenever it exists
in some sense.



Trace operator onto L?

We consider from now on a dyadic resistive tree T,. = (V, E,r), where r is the
collection of edge resistances (7(€))ccp-

r=(r(ef)=rk,neN,0<k<2"—1).

n

Let us denote by H'(T}) the set of all those functions with finite Dirichlet
energy

Hl(T) = {p S RV, |p|H1(T) < +OO} .
with the semi-norm

. 2 oo 2"—1 k) |2
D >y ezt

(z,y)=e€E n=1 k=0

Note that in the case r(e) is constant in each generation (r, at generation n),
the H! semi-norm reads

2 2n. 2
|p|H1 = Z — ”pn _pn—1”L2(Zz) )
n>1 n

where py, is defined by (2) and where L?(Zs) is defined with respect the Haar
measure y , see Definition A.1 in the appendix. It is a direct consequence of the
fact that wu (2"Zq) = 27"

The following proposition allows to define a trace of H' functions over T as
soon as some condition on the resistances is met :

Proposition 1 Let T, be a resistive dyadic tree, with r = (rF). Assume
1 k
Z on Maxry, < +o0. (3)
n>0

Then (pn) (defined by (2)) converges strongly to some p € L?(Z3). The linear
operator vo : p+— P is in L (HY(T), L*(Zs)).

Proof: It suffices us to show that

Z (72 _f)nleL2(Zz) S ||p||H1(T)- (4)

n=1

Using Cauchy-Schwarz inequality with coefficients §,, (to be chosen later), we
have :

1/2 1/2
Z”pn Dn— 1||L2 (Z) = (Zﬁn“)n Dn— 1HL2 Zg)> (Zﬁ;1>
" 1/2 ! 1/2
< (Zﬂn“;n_f)nﬂiz(zz)) (Zﬂn1> . (5)



For the first term, it comes from the definition

2" —1

1Bn — P13y = > [p(ah) = p (95 (i) 27"
1=0

Hence,

1/2
(Z ﬁn Hﬁn _ﬁn—ll|i2(z2)> <
on_q 1/2
<Zﬂn2” > |pa) _p(</72—1(x31))|2> :
n =0

We choose the coefficients 3,, such that this last quantity is bounded by |[|p|| 71 (7,
i.e. such that

_ . 1 1
27" = inf — = —
0<i<2n—1 Tn max; 7,

With this particular choice, the first term in (5) is bounded by ||p| g1 (7). More-
over the second term in (5) is finite thanks to (3) and

2n
Bn = 7
max; rf,
from which we deduce Inequality (4) and the proposition. t

Remark 1 We have a similar result for the LP(Zs3) space instead of L*(Zs).
Forp>2,if

1 p/2
Z — {mgx rﬁ] < 400 (6)

2n
n>0

then (Py)n converges strongly in LP(Zs). Operator o belongs to L (H(T), LP(Zs)).

Remark 2 Condition (6) is met as soon as maxy, rf < o™ with a < 4Y/P. As
for the infinite version of the actual human lungs, resistances vary like o™ with
a ~ 1.6, so that such a trace operator can be defined properly in LP(Zs) for
p <2.9.

3 Sobolev spaces in Z; and precised trace theo-
rems

As in the case of Sobolev spaces over domains in R, it is natural to expect
some regularity of functions in yo(H*(T)). It will be expressed in terms of H*
regularity. As the functions we consider here are restricted to Zs, standard
Fourier transform

f(6) = / e £ () dp.

2



does not depend on the integer part of € (i.e. f(€) = f(£') as soon as & —¢ € Zs).
As a consequence, the appropriate notion is a reduced Fourier transform (in the
same way Fourier transform is replaced by Fourier series for periodic functions
over R). This reduced Fourier transform, or Fourier series, is defined as

F(F)(N) = / e~ £ () (),

where A runs over A = Q2/7Zy which identifies to Z[1/2]. Sobolev space of index
s is then defined as the set of all those functions such that

11l e zs) = <Z (1+ 2™

AEA

1/2
?(f)(Af])

is finite. Note that both notions are consistent : given f € L?(Zy), if we define

f as the standard Fourier transform of the extension of f by 0 on Qs \ Za, we
have

F© =5(HN)

as soon as & — A € Zo. We refer the reader to Appendix A for more details on
the underlying framework.

Proposition 2 Let T, be a resistive dyadic tree, with r = (rF). Assume
maxy, 75
y R < 4o, (7)

on(1—2s)
n>0

for some s > 0. Then ~o (defined by Prop. 1) maps continuously H*(T,) onto
H5(Zs2).

Proof: We follow the same ideas as for Proposition 1, proving

Z Hﬁn _ﬁnflnf[s(zz) S HpHHl(T)- (8)

n=1

In order to check this claim, we have to estimate the Sobolev norm of

ﬁn _ﬁn—l = Z [p(‘rzz) -P (@Z—l(xgz)ﬂ 1j+2n22'
j€Z2/2nZ2

We fix n and write ¢/, := 1;49n7,. Using 1z, = 1z, (see Prop. 6 in Appendix)
and a change of variable, we get

Gh(E) = 27 e2mIEL, (2n¢).



Hence for j # j', we obtain
(&), 6% e = 4_"/ (1+1£3)" 201081, (27€)dp(€)
2

—an [ eB) e )
[§la<2m

n

S e[ e

k=—oc0 [g]2=2F
— 4" Z (1+22k¢)5/ e—2i7rn d/,L(’l’])
k=—o0 [n|2=2%|j—j"|2 lj —3'l2
SaT YT (142t
2F[j—5'2<1
4—71
=g

Moreover for j = j', we directly have

@t =4 [ (1) duce

=47 Y (1+2%)7 2k

k=—o0
<47 (1422 2n
5 2n(71+2s)'

Finally, it comes

[Pn — Pr— ||%IS(Z2)

<Y o) = (eha )] o) = (260)) | T
J#5’ 2
+ Z ‘Pn 1(95] ))]2 on(—1+2s),

Splitting the first sum with 2y < 22 +y?, it comes two symmetrical sums. Then
using

Z |k|1+2s =47" (2n_1 poonTlH2s 2"—1+2sn) ~ gn(—142s)

we prove that

150 = Br-1l3re () < D [P( p (" ()] 2n (1429,
J



Then we conclude the proof by the same way as for Proposition 1 . 0

Let us treat the particular case of a finite resistance sub-geometrical tree: the
resistances satisfy r;, < o™ for some parameter o € (1,2). Assumption (7) is
satisfied if and only if we are in the sub-critical case:

§ < 8q = (1 —logy(a))/2. 9)

For s € [0,s4), we can obtain a bound for the convergence velocity of p, to
~Yo(p). More precisely,

~ « n n(s—saq
180 =30 ®)lez) S (5r) 1 lmery = 47 fllacry.

The following Theorem gives a positive result in the critical case s = s, for the
sub-geometrical trees (we have a positive result of convergence without a precise
estimate of the convergence velocity)

Theorem 3.1 Let us consider a sub-geometrical tree i, < o™ with a € (1,2).
Then ~o (defined by Prop. 1) maps continuously H'(T,) onto H**(Zs), with
Sq = (1 —logy ) /2.

Proof: We claim first that for every function p € H'(T,), the trace vo(p) be-
longs to the limit space H®(Zz) and let us first conclude. From that, the linear
operator 7y is acting from H'(T}) to H*>(Zy). Since the previous continuity
from HY(T,) in L?(Zs), it is easy to check that the graph of 7 is closed in
HY(T,) x H**(Z2). Then Banach’s Theorem of closed graph implies the desired
continuity of vp.

It remains to prove that 79 maps H'! onto H**(Zy). Let us fix a function
p € HYT,). We are going to show that the sequence (p,), is Cauchy in
H?®>(Zz). Let n < m be two integers and write

21 21
Pn(@) = > pl@i)litanz, (z) = Y plal) Y 1jiomz,(x).
i=0 i=0 0<j<2m
J=i [27]
Hence
2m—1

Po(@) = pm(x) = Y > [plal) = pad,)] 1j12mz, (x).
=0 0<j<2m
i=i[2m)
As previously (see Fig. 3 for the meaning of notations), we get
150 = Bl Frece ()
2" —1 2" —1

D OID DI D EA R E NI

i=0 0<j<2™ ¢/=0 0<j’<2m

Jj=i [27] j'=il [2n)
2" —1 )
S Y Iptan) - plad,)] 2 R,
i=0 0<j<2m
=i [27]

10



Figure 2: Notations

To control p(xl) — p(zd,) = p(e™(xd,)) — p(xd,), we use triangle inequality on
the telescopic series along the path between x! and 7, as follows

m—1 2
[p(a) — plai,)]” = [Z P (¢],)) — p(wﬁll(:vfﬁ))]

a™.

A

J
Tkt1

[Z Ip(ep (3,)) = plep, (@)

We have used Cauchy-Schwarz inequality at the last step, the assumption of
sub-geometric increasing of the resistances, the fact that o > 1. Note that 77, 415
which is a priori not defined as j might be larger than 2*+1, represents obviously
rh1, where 0 < £ < 281 with ¢ = j [2¥+!]. By definition of s, we deduce

Hﬁn - f)m”%m (Z2)

2" —1 i m j 2
Z S [Z Py, <x<zn>>—jp<sok+l<xzn>>\]mm(_msa)
0<j<2m | k=n Tk+1
=i [27]
2" —1 m

3> (e () = P(efs ()]

TJ
0<j<2m k+1
=i [27]

N HPH%P(T”)’

where T, is the subnetwork corresponding to the the set of generations k with
k> mn. As |p|lai(r,) goes to 0, we have also proved that (p,), is a Cauchy
sequence in H*« (Zg) so that vo(p) belongs to this space. U

11



4 DN and ND operators

Given a pressure field on Zs (seen as the set of ends of the tree T;.), we are
interested in the fluxes which it drives through 7). (Dirichlet problem), and in
particular in the quantity of air which exits the tree through its boundary, which
amounts to solve the Dirichlet to Neuman (DN) problem associated with the
tree. The reciprocal (ND) mapping is straightforward to obtain, as detailed
in [5]. Indeed as soon as the global flux is known, it identifies with the flux
through the first edge, which gives the pressure at generation 0 (pressure at the
root is 0). All pressures can be computed recursively in a similar manner, for
the flux through any subtree is known. Following this procedure in the case
of a regular tree (resistance 7, at generation n), given a flux field u € R%2
(the regularity of which will be addressed later), pressure at end a € Zs writes
formally

+oo
a) = R, u(x) du(x),
PO =3 R [ ) du

where R, = r9 + 71 + --- + 7, is the cumulated resistance. If one assumes
geometric growth of the resistances according to some « € (1,2), more precisely

ro=1,r,= a”fl(a— 1),

one obtains R,, = a”, and consequently

) = [ i) = ¢(9) s uta)

2 |7 — aly

where I%g is the Riesz kernel on Zg (see Section C for a brief presentation of
these multipliers)

~ 2 -

P (2) = — || 1,withﬁ::1—1og a >0,

and ¢(B) = (1 —27%)~1 is the local zeta function.

Proposition 3 (Neuman-Dirichlet operator)

The Riesz operator RB (corresponding to the convolution by kP on Zs) maps
continuously H™*(Zz) onto H*(Zs), with s = 3/2.

From a functional point of view, we detail in Section C that the Riesz oper-
ators R? corresponds to some power of a Laplacian operator R? = A=#/2. So
it is natural to expect that it maps continuously H~*(Zy) onto H~*+5(Zs,) for
all exponent s > 0 (the desired result is a particular case of this property). Let
us give a more detailed proof.

Proof: We refer the reader to Section B for a presentation of Sobolev spaces
on Zs. Thanks to (11) we have

1/2
IRE ()= 2y = (Z (1+[Al,)™ I?(/%ﬂ)(k)?(f)(A)P) :

AEA

12



with by convention |A|, =1 for A =0 € A. Moreover, (15) gives
FR)(A) = N5 ".

So it comes

1/2
IR ()| pre (2) = (Z (1+ A% |A|;2ﬂ|?<f><x>|2> :

AEA

For A = 0, by convention |/\|2 =150

(L4 [AL)™ MG = (14 A],) "0
For A # 0 then [A], > 1 so

(L4 [M)™ Al = (14 A"
We also conclude that as expected

||Rﬁ(f)||Hs(Z2) = ”f”HS*B(Zz)v
which for s = /2 gives us the desired estimate. U

According to Corollary 2, we know that the Riesz multiplier R is invertible in
distributional sense or in L? sense and (R?)~! = R4, It gives an explicit ex-
pression of the Dirichlet-Neuman operator for the regular tree, i.e. the mapping

Pressure field —— Fluxes,

which is the core of the ventilation process.

5 Embedding onto a domain of R?

One expected outcome of this approach is to provide a sound functional frame-
work for the coupling of a resistive tree with an elastic medium onto which
it is embedded (see [5] for a first coupled model in one-dimension, and [2] for
an homogenized description of a foamy like medium) . We must say that the
2-adic viewpoint does not allow to improve significantly the results which are
presented in [9] on this matter. Considering a mapping from Zs onto a domain
in R? (which models the way our infinite tree is imbedded on the physical space,
i.e. the actual lung), we simply give here a property which allows to describe
how Sobolev regularity of a function on the domain can be transported back to
its Zy counterpart, as soon as some Holder regularity of the mapping is verified.

Let © be an open set of R? (equipped with its Euclidean structure and
Lebesgue measure) with [Q2] = 1, and ¢ a measure-preserving mapping from Zs
onto €2 : for every measurable set A C Q

(o™ (A))] = |Al.
We then define the following operator :
Ty(f) = foo.

13



Proposition 4 For all exponent p € [1,00], Ty continuously acts from LP(£2)
to LP(Zs). More precisely Ty is an isometry :

1o (Nlrza) = 1fll e

Proof: Assume first that p < co. Using pu ({z, |f o ¢(x)| > t}) = {y, |f(y)| > t}],
we obtain immediately

||T¢( )”Lp (Z3) — ||f||LP(Q

The p = oo case follows by having p go to infinity. t
We are now looking for condition on ¢ such that T keeps some regularity.

Proposition 5 If ¢ : Zo — Q is 1/d-Holderian, then Ty is continuous from
H(Q) to H*(Zsa) for all s > 0.

Proof: We use the characterization of Sobolev spaces, given by Proposition 10

. 9 1/2
LoDy < IT(F ||Lzz2>+</z | ¢’ yﬁﬁ(y)' du(af)du(y)) |
2 2 2

The previous proposition yields

1Ts(F)L2(z0) = 1 fllL2(0)-

The 1/d-Holderian regularity of ¢ gives

6(z) — ()| < lx — yly'%,

which implies

(f | s “jx _yllfgf( Il du(:c)du(y)>1/2 <

</Zz /22 |fo¢ )|d+(2d)s|2dﬂ( )dﬂ( )) 1/2.

Then, we use again the previous proposition, to deduce

(L[ s aiomn) s (|, [ Mt o) ™

Using the well-known characterization of local Sobolev spaces, we get the desired
estimate

1/2
f(@) = f(y)?
e P O A &) R e
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A Fourier transform on (Q; and Fourier series on
Ls

Definition A.1 The set Qa endowed with its 2-adic distance d(z,y) = |x —yl2

is a locally compact group. It owns a Haar measure p which satisfies for every

r€Qy and k € Z
oz +282s) = 27%u(Zy) = 27

This measure defines a probability measure on Zs.

Definition A.2 (Schwartz space) The Schwartz space $(Q3) is defined as
the space of all those functions which are compactly supported and locally con-
stant. It is spanned by characteristics functions of balls Lyqomz,, a € Qq, m € Z.

Definition A.3 For any f € 8(Q2), its Fourier transform is defined by

ghﬁf@>:i/ ¢ f (1) dpu(x).

2

Characteristic functions of closed balls containing (i.e. centered at) 0 play the
role of central Gaussian distributions in R :

Proposition 6 We have

T o9—k

121@22 = 2 12—kZ2.
In particular I-Z: =1gz,.

Proposition 7 We have

and

/|| ke%”du(x) =211 0 4+ (1) 14y, (10)
x|=2

The Fourier transform on Q4 satisfies to the same properties than the ones on
RY :

Theorem A.4 The Fourier transform is an isometry on L*(Qq) : for all f €
8(Q2) R

1fllz2(@2) = 1£ 1 22@2)-
Consequently, Fourier transform can be extended by density to a continuous
operator over L?(Qs).

Theorem A.5 The Fourier transform is invertible on L*(Q2) and, for any
function f € L*(Qa),

f@) = f(~a).

15



We would like to finish this section by describing the theory of Fourier series. On
the Euclidean space R, it is more convenient to use Fourier series for functions
supported on [0, 1], similarly we can define Fourier series for functions supported
on Zsy. This new operation is denoted by F, we follow the same scheme as in
the Euclidean framework with identifying R to Q2 and [0, 1] to Zy. We shall
denote the countable set Q2/Zs by A.

Definition A.6 Let A € A and f € 8(Z2) a function supported on Zo. We
define

F(HA) = g f(@)e™ ™ dp(z).

We note that x belonging to Za, the previous quantity is well-defined for \ €
A= QQ/ZQ.

Then we have the following properties (coming from those of the whole Fourier
transform) :

Proposition 8 For f € 8(Z3), we have

fle) =" F(f)Hnerm

AEA

and

1£llz2za) = Y 1TV,

AEA

B Sobolev spaces and A° spaces over Zs.

Similarly to what is done on the Euclidean space, we define Sobolev spaces on
Zs and the equivalent of the A° approximate spaces used in article [9] (see [3]
for the definition and main properties of the A® spaces in the euclidean case).

Definition B.1 (Sobolev spaces) For any s € R, we define for a Schwartz
function f € 8(Z2)

R 1/2
ey = < /Q A+ lely)™ 1F©)P du(&)) .

Then || - || s (z,) is a norm and we define the Sobolev space H*(Zz) as the com-
pletion of 8(Zz) for this norm. Then for s > 0, H *(Zz2) can be identified to
the dual space H*(Z2)". The Sobolev spaces are Hilbert spaces.

In the previous section, we have seen that for functions defined on Zy, we can
use Fourier series instead of Fourier transform. For such functions, if & € Zo

then f(§) = [ fdu = F(f)(0) else the quantity f(£) depends only on the class
of £ #0 € A and

/Z (L4 1€+ wlp)® dulw) = (1+ JEl)%

16



Consequently, we have the following representation of the Sobolev norms, using
Fourier series. For a function f supported on Z,

1/2
£l e (2) = <Z (14 [Alp)™ I?(f)(k)l2> ; (11)

AEA

with by convention [A|, =1 for A =0 € A.

Regularity estimates in [9] rely on A® norms (see [3] for a full description
of this general setting). Although it does not play a central role in the present
approach, we present here an equivalent definition of Sobolev spaces based on
this definition of regularity.

Definition B.2 (A® spaces) Let n € N, V,, := span(1z,, 1y 2i7,)j<n and let
P, : L?(Zy) — V,, be the projector onto V,, for the scalar product of L?(Zs). Let
s> 0. We define the A%(Z2) space by

—+o0
A%(Zo) := {f € L*(Zs) such that Y ||f = Pufl}2(,)2"" < +00.}

n=0

The norm associated to this space is given by

+00 1
ns 2
1 llae = 1P fllzeqa) + (32 NF = Puflaen ™)™

n=0
The following proposition establishes the link between A® regularity and Sobolev
regularity (Fourier setting).
Proposition 9 Let s > 0. Then the following identification holds

H?*(Z2) = A%(Zy).

Proof:
Let s > 0. Using the Plancherel’s formula (see Theorem A.4), we obtain that
foralln e N

[P = ullL2(z,) = |3 (w = Paw)| L2(@n)-

But, if u € L?(Zs), then for all n > 0
supp F(P,u) C B2(0,2") and supp F(Id — P,u) C “Bs(0,2"). (12)

Indeed, the first part of property (12) is a direct consequence of the explicit
formula of @ (see the proof of Proposition 2). Let n € Nand 0 < k < 2" — 1}.
To obtain the second part of property (12), it is enough to prove that for all
functions u € L?(Zs) such that supp u C k + 2"Zs with

/ u(z)dp =0,
k42nZs

17



we have

supp F(u) C “Bs(0,2").
Let £ € B3(0,2™). Then for all z € k + 2"Z,

eQMrmf _ e2z7‘rk£

and so

u(g) = / e2imﬂ£u(x) dp = einkf/ u(z)dp =0
k42774 k+2" 7o

which ends the proof of (12). Applying (12), we obtain

[F(u — Pau)llr2(@,) = il 22(e B2 (0,27))-
We deduce that

—+o0

1Pt — 2y = 2 pyozny = > 272 / (1 -+ 1€)> |af()de
k=n+1 [€l=2%
and so
400 +00 +0o0
> = 3 o i
n=0 n=0 k=1
where

0 =Lena?%, by = Loy [ (L))
|€]2=27
Making the change of variables £ = n — k, we obtain

+oo 4o

222n5||P U — UHLQ (Z3) = Z Z albk

k=1l=—o00

which ends the proof of Proposition 9. 0
Without requiring Fourier transform or frequential decomposition, we have a
more geometrical characterization of Sobolev spaces (with positive index) :

Proposition 10 For all s > 0 and f € 8(Za),

|2 1/2
1l = 1]l ey + ( / / @) = 1), (I)du(y)) .
Zo J Lo |:E—y|

Proof: Considering the double integral and properties of the Haar measure p,
a change of variables yields

(W) ,
/Z2 /22 |a:— |1+25 dp(z)du(y) = /Z2 |h|1+25/ |f(z+h)— f(x)|” du(x)du(h).

18



Then according to Plancherel’s inequality (Theorem A.4), we get

Zo

) = S@F du(e) = [ IFOPIL= e Paue)

Consequently

2
/Zz /22 y|1+25| dp(z)duly) = 5 0(6)|.f(€)Pdp(€)

0(€) / [1—emepE (h)
= ——ga—du(h).
Zo |h|%+2

It also suffices to prove

with

(1+[€3)° =1 +0(8). (13)
First if £ € Zo, then 6(§) = 0 (as h& would be an integer in the integral) ; (13)
holds since [¢]2 < 1.
Else for £ ¢ Zy, we denote by p the negative integer satisfying || = 277, which
is equivalent to £ € 2P(1+2Zs). For all h € Zy with |hla < 2P, h € 277 (14 2Z5)
and so h§ € Zy. Hence

|1 — e2iﬂ—h£|2 - —2ks —2ps 2s
R R ORI S S R 5
[h]2>2P+1 | |2 k=p+1

where we used that for a non positive integer [

/ eZiﬂ'de(x) _ 2l—17
|z|2=2!
due to Props. 6 and 7. That concludes the proof of (13). 0

C Riesz kernels and associated multipliers

We recall here some well-known properties concerning particular multipliers,
namely Riesz kernels (see [1, 6, 7] for more details).

Definition C.1 For 8 > 0, we consider the following function defined on Qo

-5

Eli
¢(B)

K2(€) =

and, for B <0,
8 — CL+8), p-1
kP (z) := p.v. B )5

where p.v. stands for the principal value based on the following representation
formula:

)

/ Ko pdy = / k() [0(z) — 6(0)] du(),
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and C is the local zeta function :

gdp(z) 1
2zl 1—2787

C(B)=<¢Q) [ |zl
z3

We denote by RP the multiplier defined as the convolution operator by k°.

We have a precise description in the frequency space of the symbols associated
to these multipliers:

Theorem C.2 In the distributional sense, we have

KA (E) = lel5”. (14)

We refer the reader to Section 3 of [7] for detailed proofs of such results. It rests
on two ideas : in the one hand holomorphic properties of the map § — k? and
in the other hand the direct calculus for (3) > 0

/ e —B+1 — |§|2ﬂ/Q e*my —B+1
2 2

EF vl
+oo .
—lgla? 30 2 [ )
k=—00 Iy‘2:2k

= |¢l;” ZQk_l?k(’B_l) — 2Pt (thanks to (10))
k<0

—et [t 2] el e CB)
= ¢l [m‘g}—@z T—o=7 = RN

Remark 3 By analogy with the Euclidean case, we can define a positive Lapla-
cian operator A on Qo via the frequency space, as follows:

AF(E) = €13 F(e).

Then, we emphasize that the Riesz operators can be also considered as a power
of the Laplacian: R® = A=B/2. We refer the reader to [1] for more details about
p-adic pseudo-differential theory.

We deduce also the following properties (which can be obtained by a direct
approach, see [6]):

Corollary 1 The Riesz operators satisfy to the semigroup property (also known

as “Riesz reproduction formula”) : for exponents 3, " such that R(58+ ') < 1
2

RBRB — RB+H’
and in particular (R%)~™1 = RB.

2In [1], this assumption is not required and the author get the same properties in a distri-
butional sense for every complex numbers 3, 3’
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Using the notion of Fourier series (developed in Section A), we can define mul-
tipliers on Zs as follows:

Definition C.3 For 8 > 0, we define on Zo

PB(p) e 2 1B
k(@) 1= wgy el

and for f <0
2

¢(=5)

We write f]ié the multiplier operator on Zs defined as the convolution (on Zs)
operator by k°.

jly .

kP (z) := po.

Proposition 11 We have the following Fourier representation: for all X € A
FE)N) = ;7. (15)

Proof: By definition, we have

—

F[EP)(N) = kP1g, (N).
Then (15) follows from the proof of (14). 0
Corollary 2 We deduce also that for exponents 3, 5" with R(8+ ') <1 :
RORE — R+,

i particular (IJNQ'B)_l = EJVQ/B, where all these operators are defined on Zs.
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