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Abstract— A large class of engineering systems are modeled However, robust fault detection is still an open problem for
by coupled Differential and algebraic Equations (DAEs), called  further research. One of the most important approaches for
also singular or descriptor systems. Due to the singular nature 1y st fault detection is the use of disturbance decoupling
of the algebraic equations, descriptor systems do not satisfy the ." " . . .
standard state-space description and require special techniqse p”nc'Ples' The aim of this approach _'S to completely cancel
So far, the literature has concentrated mostly on the numerical the disturbance effect from the residual. Nonetheless, the
analysis and control aspects of descriptor or DAEs systems. This complete elimination of disturbance effects may not be
paper investigates the problem of faults detection in nonlinear possible due to the lack of design freedom. Moreover, it
DAE systems described by a multi-model with the design of 1,5y e problematic, in some cases, because the fault effect
an Unknown Input Observer. The stability and robustness o . Y
properties of the fault diagnosis scheme are investigated in term may also F’e ellmlngted. Hence an approprllate criterion for
of LMIs. A simulation example illustrating the ability of the ~ robust residual design should be to take into account the

proposed fault diagnosis architecture to detect multiple faults effects of both disturbance and faults. There is a compm@mis

is presented. between sensitivity to faults and robustness to disturbanc
Index Terms—Nonlinear descriptor systems, multi-model, Robust residual generation can be then considered as a
fault diagnosis, LMIs. multi-objective optimization problem, i.e, the maximization
of fault effects and the minimization of disturbance effect
. INTRODUCTION The multi-objective problem in time domain for ordinary

systems is studied by Chen et al [2]. On the other hands,

It is well recognized that many practical dynamical systhe residual generator design can become very delicate even
tems are subject to various environmental changes, unknownpossible according to the type and the complexity of
disturbances, and changing operating conditions, 8eas the employed model, from where the importance to have a
sorg actuators’ components failure and faults in those sys- mathematical model of the system where it's at the same
tems are inevitable. Since afgults failuresin a dynamical time, simple and precise. The multi-model approach is a
system may lead to significant performance degradatioppwerful technique of modeling of nonlinear systems which
serious system damages, and even loss of human life, itrisakes it possible to get a good compromise between the
essential to be able to detect and identify faults and fadlur precision and the complexity of the model [13]. The multi-
in a timely manner so that necessary protective measures aandels are recognized for their capacity to take into actoun
be taken in advance. To that end, fault diagnosis of dynamibe changes in the operating mode of the system and to
systems has received much attention and significant pregrasproduce its behavior with precision in a broad operating
has been made in recent years in searching for model-basedge. Moreover, they offer mathematical properties which
diagnosis techniques. Much attention has been devoted dan be made profitable during the design of the observer.
the development of robust fault-detection methods unddihese properties hold in particular, the extension to the
external disturbances for continuous time systems modelednlinear systems, a certain results obtained for the dinea
via Ordinary Differential Equations (ODE)[14], [4], [12]. systems and this, without to have carried out a specific
In contrary, rare are the methods dealing with the systenamalysis of non-linearity of the system.
consisting of both Differential and Algebraic EquationsThe multi-model representation was generalized to the sin-
(DAE), called also, differential-algebraic systems, iijpl gular systems with [15] and [10]. The stability and the
differential equations, singulars or descriptor systefiigee  design of the controllers for multi-model singular systems
field of the DAE systems was the witness of much activityare characterized by the LMIs in [17], the formalism of the
of research in a variety of axis. singular systems is employed also by [16] for tHg, filter
Indeed, many work of fault diagnosis for descriptor systemdesign. The problem of Fault Diagnosis and Isolation (FDI)
have been developed [6], [8], [1]. of LPV descriptor systems was studied in [5].



This paper considers the problem of the robust faults diagf the tools developed for the linear systems to the non-
nosis for the nonlinear process modeled by a multi-moddihear systems. In order to do fault diagnosis of nonlinear
descriptor system. The presented method is an extensionsystems by using the multi-model approach, one considers
the work of Ichalal et al. [7] for the ordinary nonlinear sys-the singular multi-model system subject to the faf(it) and
tems. First of all, the following process consists in ohitagn the disturbanced(t) given by:

a more interesting representation of the nonlinear dynami N

systems. This representation is based on the interpolatignEi(t) = > hi(£(t))(Aix(t) + Biu(t) + Rid(t) + Fif(t) + Ax;)
of the I|neqr local models, reprgseptlng the !ocal behavior y(t) = C;(}E) +HF®)

of the nonlinear system, by weighings functions. Then, an (5)
unknown inputs multi-observer approach is developed faxhere f(t) € R™f is a fault vector. It is of interest to notice
robust residual generator and fault diagnosis which minthat sinceH is non null, the approach is more generic than
mizes the sensitivity to the disturbances and maximizes thier instance in [5]. The singular multi-model (5) is obsélea
sensitivity to the faults. The existence and stability ddads  [3] if and only if:

of the residual generator are also studied.

The paper is organized as follows, section Il formulates the rank [SE - Ai] —n (6a)

problem of this note. The design of the residual generation Ci
is considered in section Ill. The study of stability is also E A; )
introduced. It is based on the design of LMIs. An illustrativ rank 8 g =n+rank(E),Vi=1,....h (6b)
example is introduced into the section IV to validate the
design suggested. The fault diagnosis of nonlinear singular systems werdyare
been approached. Arun et al. [1], present a method of faults
Il. PROBLEM FORMULATION diagnosis based on the use of the online estimators for

the dynamic systems described by nonlinear differentials-

Consider the following continuous-time nonlinear descnpalgebraic equations. In Marx et al. [10], a design method

tor system: of unknown inputs observers for Takagi-Sugeno descriptor
{ch(t) = F(x(t),u(t),d(t)) (1) systems was proposed. In this work, the authors supposed
y(t) = Cx(t) that the activations functions depend on the measurable

variables. The obtained observer was used in faults detecti
and isolation. The majority of the dedicated works for
fault diagnosis in singular systems concerns the residual
and indefinitely derivable nonlinear functionank(E) = r ggneration by the nonsingular unknown inputs obseryers. In
and E is a singular matrix with constant parameters. THEIS work, one proposes a method of faults detection for
linearization of the functiorF'(.) by Taylor series around nonlmegr singular systems r_epresent_ed by a muilti-model.
operating pointér;, ;) gives a set of local linear singular The residual generation is built according to a standésd

model as follow: design.

{ Fi(t) = Ajx(t) + Biu(t) + Rid(t) + Ax; @
y(t) = Cx(t)

where z(t) € R is the singular state vector(t) € RP
(p < n) is the input vectord(t) € RY is a disturbance
vector andy(t) € R™ is the output vectot'(.) is continuous

Ill. THE RESIDUAL GENERATION DESIGN

In this section, one addresses the design of a residual
generator based on an unknown input observer for nonlinear
singular systems represented by a multi-model. Let us con-
nsider the following singular multi-model given by (5), the
gqobal model of the residual generator is defined by:

A;, B;, and C are jacobian matrices relating to th&"
operating point.R; is a disturbance matrix andx; is a
vector depend on thé'" operating point. Then, the non-
linear system represented by (1) can be written accordi
to the multi-model structure [12] (witth local models) as

presented below: h

’ &) = 30 ha(€(B)(Niz(t) + Giu(t) + Liy(t) + Azi)
{ Bi(t) = 3 hi(6(0)(Asa(t) + Buu(t) + Rad(t) + Ax:) #(t) = =(1) + Tey(1) @)
y(t) = Ca(t) @) r(t) = M(y(t) = §(t))

The h;(£(t)) are the weighting functions that measure thevhere z(t) € R"™ is the observer state vector and
relative contribution of each local model to build the glbbar(t) € R™/ is the residual vector. The unknown matrices
model. The functionh;({(t)) checks the property of the N;, G;, Az;, L;, T, and M are of appropriate dimensions.
convex sum. The objective is to find out the gains of the residual generato
h . .
S hi(E()) =1 @ in order to maximize the transfer of the faults towards the
0< hi(§(t)) <1 error. The estimation error is defined agt) = x(t) — (t)
The multi-model structure makes it possible to represeypt an e(t) = z(t) — 2(t) — Tay(?)
non-linear behavior. It provides a mean of generalization e(t) = (I, — ToC)a(t) — 2z(t) — ToH f(1)



Let the matrix7; € R™*" such that: Therefore, the transfer matrices from the disturbance ¢o th

T\E = I, — ToC (8 residual and from the fault to the residual (16) are given by:
So, for {g} is full rank column, we have, Zh GlLad(t) + Girf(1)) (17)
[Ty T5] [E ] — I, then (9) A state-space realization of thi transfer matricess: ; and
¢ sz is denoted as:
E +
17 =g (10) . ((mAT KO T s
¢ = MC | MH (183)
Now, we assume that the faults are with slow variation, i.e _ (T1A; + K;O)| T\ R;
f(t) ~ 0. Then, using (5) and (7), the dynamics error is: rd = ( M 170 ) (18b)

Both faults and disturbances affect the residual and ascri
E ha(€O){T1(Aiw(t) + Biu(t) + Rud(t) + Fif (1) ination between these two effects is difficult. To reducsdal
+AX) (Niz(t) + Giu(t) + Liy(t) + Az;) } and missed alarm rates, the effect of faults on the residual
should be maximized and the effect of disturbances on the
ét) = Z: hi(€(1)) {Nie(t) + (T1Ai = N\ E — LiC)2(1) residual should be minimized. To avoid this conflict, the
= +(TyB; — G)u(t) + Ty Rid(t) (11) effect of the faultf(t)_ on .the_residuaf(t) can _be expre_ssed
+(T\F, — L;H) f(t) + Ty Az; — Az} like a problem of minimization. Indeed, by introduction of

Moreover, the residual equation can be written such that: a .w.elghtl'ng parameteiVj, the problem is redgced to a
minimization of the effect of the fault on the residual error
r(t) = M(y(t) — ()

h
r(t) = Zh-( ()M A{Cx(t) + Hf(t) — Ci(t))
Wi is a weighting parameter which makes it possible to
By using the static error equation and the relations (5), tI}ake accountg thegkr?owledge of the fault dlstrltf)utlon The
residual is wntten as: detection and isolation of the fault depend on the selected

Eh 0) (19)

Zh ))({MCe(t) +MH(f(t)}) (12) structure ofW;; . Indeed, the estimated fa_tults_ are ob_tained
when W} = I and the problem of detection is considered
Then, if the constraints whenW; e R/,
The problem of faults detection and isolation can be formu-
ThA-NLE-L,C=0 (138)  |ated into the form of multi-objective optimization prohie
B —G;=0 (13b)  which consists in determining the matricks and M which
Az =T Az, (13c) minimize ay; + (1 — a)vy4 under the following constraints:
(13d) |Gry = Wi < (20a)
are checked, so the relations (11) and (12) become: HGide < Y4 (20Db)

i h the system (16) is stable 20c
é(t) = Z hi(€(t)) {N;e(t) + Th R;d(t) (14a) 4 (16) (20¢)
i=1 C(TVF, — LH) (¢ wherea € [0 1]. Note that, the condition (20a) measures

+(TuF; — L) [(1)} the deviation of the faults compared to the residual with

the parameter of weighting functions, while the condition
Zhl ){MCe(t) +MHf(t)}) (14b) (20b) represents the robust decoupling of the disturbances

compared to the residual.
By using the equalmes (8) and (13a);

N, = T\ A; + K,C (15a) A. Linear Matrices Inequalities Formulation

where K, = N;T, — L; (15b) In this subsection, the main idea is to express the con-

straints (20) into the form of a LMIs problem optimization

From where, the relations (14a) and (14b) are written BherelV: is a dynamic weighting parameter defined by:
follows: f '

i Ais| B;
60 = 32 ml€() {(Ti A+ KiC)elt) + TuRud(y wi= (o) e

(Tl(F A/ToH) — K (CToH — H)) f(t)} wherelV; € S. S is the whole of the stable transfer matrices
such as [11]

[wi|| = it WiGw) =1 (22)

Z hi(€(t))({MCe(t) +MHf(t)})  (16b)



Then, the expressiom‘if — W; can be rewritten in the it possible to obtain LMIs (25b). The condition (20c) is

following form: ensured by the stability of the matrlX; in (25a). [ ]
(TyA; + K,C) 0 T, To design robust residuals for multi-model descriptor sys-
; ; 0 Aiy Bij tems, a multi-objective optimization problem needs was
Gy = Wi = (23 solved. This paper uses the method of inequalities to solve
MC — Ciy ‘ MH — Dy this multi-objective optimization problem. All objectiseare

reformulated into a set of inequality constraints on perfor
The residual generator (7) problem design is solved by the IRance indices. This method is an extension of the FDI

following theorem. methodology proposed in [7], for ordinary multi-model to
Theorem 1: [7] Fora € [0 1] a real positive parameter gescriptor multi-model systems.

and Wf & a weighing function, the residual generator (7)
exists, if there exist two definite positive matrioc@s = Q7 IV. | LLUSTRATIVE EXAMPLE
andQ-> = Q¥ gain matrices<;, M and positive reals scalars _ o
~ and~, solution of the following optimization problem In ordgrto |Ilustrat§ the efﬁuenpy of the presented method
let consider the nonlinear descriptor system (1) defined by
i 1- 24
MK Q0 Qargora +d-a)u (24) i1 (t) = —1.523(t) + 0.223(t)za(t) + d(t)
. ) B2(t) = —ui ()22 () — za(t)23(t) — 0.522(2)
subject to: 0=0. 5352( ) — xg( )+ 0.224(¢)
I, 0 v, (MC)T 0= —23(t) + 23(t) — 2x4(t) + ua(t) 28)
0 AT Qo+ Q2Aif Q2B;y —CT
if v v _if < 0(25a 1101
T BLQ: - Df (252) y(t)= (1001 z(t)
MC —Ciy D, -I 0010
- (25b) wherew; (t) and uy(t) are constant signal of magnitudé
HiT O T1R; (MC) and7 respectivelyd(t) is gaussian noise of mean zeros and
(MR Qv =31 0 <0 variance0.1 applied for8 <t < 11.
MC 0 -1
where A. Multi-Model Representation
I, = (T A )TQ1 + Q1 (ThA;) + Q.C 26 The above nonlinear descriptor system is approximated by
+(,C)T (262) a multi-model representation as follows:
\Ifi = (QlTl(F’L - AngH) 3
—Q,(CTuH — H)) (26b) { a(t) = ; (3(8)(As(t) + Byu(t) + Rid(t) + Axs)
D; = MH — Dy (26¢) y(t) = Cx(t) 29)
Qi = Q1 K; (26d)  The numerical values of those parameters are as follows:
Proof: = 1000 —0.8775 0  0.526 —0.0274
rool- " . : p_|otoof , | -585 —05 01481 0.0026
Let define a positive and symmetric bloc diagonal matrix: £ = |ggog| 1 = 0 0.5 -1 0.2
0000 0 26522 —0.274 -2
o (@0 :
o 0] Q2 —-0.6375 0 0.6166 0.0307 0 0
) » .+ _ | —4.2500 —0.5 0.2176 —0.0036 | —0.0856 0
Using the bounded-real lemma [9], the condition (20a) i = 0 05 —1. 0.2 , B1 = 0 0
formulated as follows: | 0 1.85260.3068 —2 0 1
AT 1 > T a
AL @it Qi 0 QB (MC) —0.6357 0 0.6047 0.0226 0 0
0 AL sz Qadig QeBuy =Cy | g | —4.2380 —0.5 01162 ~0.0015 | 5 _ | —0.04520
B @ B, Q> -1 Dj 3= 0 05 —1. 02 102 0 0
McC if D; -I | 0 1.9660.2264 -2 0 1
where: 0 0 1
T —0.0449 0 0 1oL
A, = (A + KC) Bs = o ol Ri=R=|,|.C=]|1001
B, = (T\(F;, — A/ToH) — Ki(CT:H — H)) 0 1 0 0010
To resolve these LMIs, fof =1, ..., A, one poses: 0.2004 —0.0268 —0.0011
Q; = Q1 K;, then the LMIs (25a) are satisfied. 1. 6753 Ay — 0.8083 Aga — 0.8505
In the same manner, the application of the bounded reﬁ‘p‘c1 A2 = 0 B3 = 0

lemma to constraint (20b) by using the relation (18b), makes 1.7397 0.8346 0.9535



The weighting functions are: 42 —

4 == =xaNL |

ha(zs(t)) = M .
-:21 pi(z3(t))

where u;(z3(t)) are defined by:

2 ) 0 5 10 15 20 25 30 35

)2

i (T3(t)) = exp(—1/2(252)
po(z (t)) exp(—1/2(5)?
pa(w3(t)) = exp(— 1/2(“ %)

In order to show the effectiveness of the used modeling

method, the nonlinear state and here approximation by theThese figures illustrate the superposition of the nonlinear

multi-model approach are given in the following figures: states with the states coming from of the multi-model repre-
sentation. We can see that the Multi-Models well represent
the nonlinear dynamic behavior.

) Fig. 4. z4(t) of nonlinear model and:4,,.,(¢) of the multi-model

i B. Residual generation

== =xINL |

Firstly, based on (5), the multi-model (29) becames:

i=1

{ B(t) = 32 halwa())(Aia(t) + Boult) + Rid(t) + FF(t) + Az)
y(t) = Ca(t) + Hf ()

(30)
whereF; = F and H are the actuator and sensor faults dis-
LI tribution matrices respectively. The decision variabigt) is

oo By ro 0 ® considered free of faults. The first component of the vector
f(t) is a sensor fault and the second component is an actuator
Fig. 1. 1 (t) of nonlinear model and:1,,.,(¢) of the multi-model fault on the second input. These failures are given as:

0

1.5 if 15 <t <20s
02 T fi(t) = { 0 elsewhere

_ [03ua(t) if 25<t<30s
o8 1 (1) = { 0 elsewhere ’

88 00
F= JH=110

-1

00
01 00

0 w5 Then, to ‘design the multi-model residual generation, for
i =1,..., h, the constraints (6) are verified , the necessary
Fig. 2. a2(t) of nonlinear model and:2,,. () of the multi-model assumptions to the diagnosis are thus satisiiéglis chosen

to be a diagonal of first order low-pass filters as follows.
xa mul 10 10

i ' Wf=<Af Bf>=0.17 i

-1.2

-14
0
t(s)

12

Cr | Dy

08 00 |11

os ] For each fault, a dedicated residual generator is desigitad w
the following parameters which are obtained by resolving
the minimization of the multi-objective problem given in
Theorem (1). It results that for a chosen parameter 0.9
with positive reals scalars; = 2.1396 and v, = 1.9071,
the gains matriceg(; given as follows:

0.4

0.2

ol

-0.2
0

)

—0.8473 —2.3216 0.1307
—1.6730 0.7307 0.0039
0.2612 0.2710 —2.5090
—1.9139 —1.1541 0.1335

Fig. 3. x3(t) of nonlinear model and:s,,.,(t) of the multi-model K, =



—0.7355 —2.1091 0.0345 order to minimize the sensitivity of the residual. So, a mult
—1.6764 0.8449 —0.0341 .. L . . .
Ky = B objective optimization problem is resolved. The introdomct
2 0.1542 0.1850 —2.4650
—1.7240 —1.1420 0.1522 of weighting function ensures the performance of the de-
T —0.7390 —2.1054 0.0373 tection in a prescribed frequency range. The given example
K. — | —1.6836 0.8443 —0.0283 illustrates the effectiveness of this approach.
37 | 0.1563 0.1821 —2.4648
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