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THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE
WHOLE SPACE: II, GLOBAL EXISTENCE FOR HARD POTENTIAL

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Abstract. As a continuation of our series works on the Boltzmann equation without angu-
lar cutoff assumption, in this part, the global existence of solution to the Cauchy problem
in the whole space is proved in some suitable weighted Sobolev spaces for hard potential
when the solution is a small perturbation of a global equilibrium.

1. Introduction

This paper is among the series works on the Boltzmann equation with non-angular cutoff
cross-section and it follows the paper [7] (herein referredas Part I), extending our initial
work [5, 6] on the same problem for Maxwellian molecule. Consider

(1.1) ft + v · ∇x f = Q( f , f ) , f |t=0 = f0.

Recall that the right hand side of (1.1) is the Boltzmann bilinear collision operator, which
is given in the classicalσ−representation by

Q(g, f ) =
∫

R3

∫

S2
B (v− v∗, σ)

{

g′∗ f
′ − g∗ f

}

dσdv∗ ,

where f ′∗ = f (t, x, v′∗), f ′ = f (t, x, v′), f∗ = f (t, x, v∗), f = f (t, x, v), and forσ ∈ S2,

v′ =
v+ v∗

2
+
|v− v∗|

2
σ, v′∗ =

v+ v∗
2
− |v− v∗|

2
σ.

As in our previous papers, we assume that the cross-section takes the form

(1.2) B(v− v∗, cosθ) = Φ(|v− v∗|)b(cosθ), cosθ =
v− v∗
|v− v∗|

· σ , 0 ≤ θ ≤ π

2
,

in which it contains a kinetic factor given by

Φ(|v− v∗|) = Φγ(|v− v∗|) = |v− v∗|γ,

and a factor related to the collision angle with singularity,

b(cosθ) ≈ Kθ−2−2s when θ→ 0+,

for some constantK > 0 and a parameter 0< s< 1. Notice that this includes the potential
of inverse power law as a special example.

And the setting of the problem is for perturbation of an equilibrium state, without loss
of generality, that can be normalized as

µ(v) = (2π)−
3
2 e−

|v|2
2 .
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In order to avoid the unnecessary repetition, readers can refer to Part I, comments and
references. Here, we just refer the references [9, 10, 11, 17, 18, 19] for the general back-
ground of the Boltzmann equation and the recent progress on the mathematical theories for
the case without angular cutoff, [1, 2, 3, 4, 5, 6, 7, 8, 14, 15, 16]. Hence, we now directly
go to the Cauchy problem for the perturbation denoted byg = µ−

1
2 ( f − µ)

(1.3)

{

gt + v · ∇xg+Lg = Γ(g, g), t > 0 ,
g|t=0 = g0.

In the following discussion, we will show that this equationcan be solved in some weighted
Sobolev spaces defined by: fork, ℓ ∈ R, set

Hk
ℓ (R

6
x,v) =

{

f ∈ S′(R6
x,v) ; Wℓ f ∈ Hk(R6

x,v)
}

,

whereR6
x,v = R

3
x × R3

v andWℓ(v) = 〈v〉ℓ = (1 + |v|2)ℓ/2 is the weight with respect to the
velocity variablev ∈ R3.

Note that in Part I, we introduced a new norm for the description of the dissipation and
coercivity of the linearized collisional operator. Some properties of this norm together with
some estimations on the upper bounds for the nonlinear collision operator were also given
there. And we studied the Cauchy problem for the soft potential case, that is, the case when
γ + 2s ≤ 0 (recall that this terminology is an extension of the cutoff case, which loosely
speaking corresponds to the case whens= 0).

Along this direction, this paper is for the hard potential case, that is, whenγ + 2s > 0.
Note that in particular this includes the case of the Maxwellian molecule. But this latter
case was already considered in [5, 6].

The main result of this paper can be stated as follows.

Theorem 1.1. Assume that the cross-section satisfies(1.2)with 0 < s< 1 andγ + 2s> 0.
Let g0 ∈ Hk

ℓ
(R6) for some k≥ 6, ℓ > 3/2 + 2s + γ. There existsε0 > 0, such that

if ‖g0‖Hk
ℓ
(R6) ≤ ε0, then the Cauchy problem(1.3)admits a global solution

g ∈ L∞([0,+∞[ ; Hk
ℓ (R

6)).

Remark 1.2. The uniqueness of the solution obtained in Theorem 1.1 will be proved in
[8] in the general setting, together with the non-negativity off = µ + µ

1
2 g. Recently, a

similar global existence result for the inverse power law was proved in[14, 15] by using
different method in the setting of torus. The method used here is simpler by using the
newly introduced non-isotropic norm which essentially captures the coercivity property of
the linearized operator. Note that this method can be applied to the Landau equation that
leads to the same global existence result obtained in[12]. Therefore, it is expected that this
method can also be used for other kinetic equations.

The rest of the paper will be organized as follows. In Section2, we recall some ba-
sic lower and upper bound estimates on both the linearized and nonlinear operators from
Parts I. With these estimates and some others valid for hard potential, the local and global
existences will be proved in Sections 3 and 4, respectively.
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2. Functional estimates of collision operators

First of all, let us recall the non-isotropic norm introduced in Part I associated withL.
Corresponding to the cross-sectionΦ(|v− v∗|)b(cosθ), it is defined by

|||g|||2
Φγ
=

$
Φ(|v− v∗|)b(cosθ)µ∗

(

g′ − g
)2

+

$
Φ(|v− v∗|)b(cosθ)g2

∗
(

√

µ′ − √µ )2
,

where the integration is overR3
v ×R3

v∗ × S
2
σ. Without any ambiguity, sometimes we simply

use‖| · ‖| for ‖| · ‖|Φγ .
This norm was shown to be useful for the study on the soft potential. And here, we will

show that it works well for the study on the hard potential. Inthe later discussion, we need
the following propositions proved in the previous two partsin this series.

Proposition 2.1. (Prop. 2.1,[7]) Assume that the cross-section satisfies(1.2)with 0 < s<
1 andγ > −3. Then for g∈ N⊥

|||g|||2
Φγ
.

(

Lg, g
)

L2(R3
v)
≤ 2

(

L1g, g
)

L2(R3
v)
. |||g|||2

Φγ
,

whereN is the null space ofL defined in Part I.

Proposition 2.2. (Prop. 2.2,[7]) Assume that the cross-section satisfies(1.2)with 0 < s<
1 andγ > −3. Then

‖g‖2
Hs

γ
2

(R3
v)
+ ‖g‖2

L2
s+

γ
2

(R3
v)
. |||g|||2

Φγ
. ‖g‖2

Hs
s+

γ
2

(R3
v)
.

Proposition 2.3. (Theorem 1.2,[7]) Assume that0 < s< 1, γ + 2s> 0. Then
∣

∣

∣

(

Γ( f , g), h
)

L2(R3)

∣

∣

∣ .

{

‖ f ‖L2
s+γ/2
|||g|||Φγ + ‖g‖L2

s+γ/2
||| f |||Φγ

}

|||h|||Φγ .

Note that the above estimate on the nonlinear collision operator is not enough for the
proof of global existence because of the weight inL2

s+γ/2. For this, we need to combine this
with the following proposition. For the proof of the following proposition, we first recall
an upper bound estimate for a modified kernelΦ̃γ(z) = (1+ |z|2)γ/2, cf. Theorem 2.1 in [4].
That is, for any 0< s< 1, γ ∈ R and anym, α ∈ R, we have

(2.1) ‖Q
Φ̃γ

( f , g)‖Hm
α (R3

v) . ‖ f ‖L1
α++(γ+2s)+

(R3
v)‖g‖Hm+2s

(α+γ+2s)+
(R3

v) .

Proposition 2.4. Let 0 < s< 1, γ + 2s> 0. Then
∣

∣

∣

∣

(

Γ( f , g), h
)

∣

∣

∣

∣

. |||h|||Φγ
{

|| f ||L2
3/2+2s+γ+ǫ

||g||Hmax{2s,1}
s+γ/2

+ ||| f |||Φγ‖g‖L∞
}

.

Proof. As in Part I, we apply the decomposition on the kinetic factorin the cross-section:
Let 0 ≤ φ(z) ≤ 1 be a smooth radial function with 1 forz close to 0, and 0 for large value
of z. Set

Φγ(z) = Φγ(z)φ(z) + Φγ(z)(1− φ(z)) = Φc(z) + Φc̄(z).

We denote byΓc(·, ·), Γc̄(·, ·) the collision operators with the kinetic factors in the cross-
section given byΦc andΦc̄ respectively. Note that

(

Γ( f , g), h
)

=

(

Γc( f , g), h
)

+

(

Γc̄( f , g), h
)

.
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Note that
(

Γc̄( f , g), h
)

L2(R3
v)
=

(

Qc̄(
√
µ f , g), h

)

L2(R3
v)

+

$
Φc̄(|v− v∗|)b(cosθ)

(√
µ∗ −

√

µ′∗
)

f ′∗g
′hdv∗dσdv.

SinceΦc̄ . Φ̃γ, as shown in the Proposition 3.5 of [5], we use (2.1) withm = 0, α =
−s− γ/2 to have

∣

∣

∣

∣

∣

(

Qc̄(
√
µ f , g), h

)

L2(R3
v)

∣

∣

∣

∣

∣

. ‖h‖L2
s+γ/2(R3)‖

√
µ f ‖L1

2s+γ (R3
v)‖g‖H2s

s+γ/2(R3
v)

. ‖ f ‖L2(R3)||g||H2s
s+γ/2(R

3)||h||L2
s+γ/2(R3).

On the other hand, we can write
$

Φc̄(|v− v∗|)b(cosθ)
(√
µ∗ −

√

µ′∗
)

f ′∗ g′hdv∗dσdv

=

$
Φc̄(|v− v∗|)b(cosθ)

(√
µ∗ −

√

µ′∗
)

f ′∗ g′
(

h− h′
)

dv∗dσdv

+

$
Φc̄(|v− v∗|)b(cosθ)

(√
µ∗ −

√

µ′∗
)

f ′∗ g′h′dv∗dσdv

= D1 + D2 .

By the Cauchy-Schwarz inequality, one has

|D1| ≤
($

Φc̄(|v− v∗|)b(cosθ)| f ′∗ |2|g′|2
(

(µ∗)1/4 − (µ′∗)
1/4

)2
dv∗dσdv

)1/2

×
($

Φc̄(|v− v∗|)b(cosθ)
(

µ1/4
∗ + (µ′∗)

1/4
)2

(h− h′)2dv∗dσdv

)1/2

.

As Lemma 2.6 in [7], forγ + 2s> 0, we have
$

Φc̄(|v− v∗|)b(cosθ)| f ′∗ |2|g′|2
(

(µ∗)
1/4 − (µ′∗)

1/4
)2

dv∗dσdv

.

"
|v− v∗|γ+2s| f∗|2|g|2dv∗dv

.

"
| f∗|2|g|2〈v〉2s+γ 〈v∗〉2s+γdv∗ddv

. || f ||2
L2

s+γ/2(R3)
||g||2

L2
s+γ/2(R3)

,

and $
Φc̄b(cosθ)

(

µ1/4
∗ + (µ′∗)

1/4
)2

(h− h′)2dv∗dσdv

≤ 4
$

Φc̄b(cosθ)µ1/2
∗ (h− h′)2dv∗dσdv. |||h|||2

Φγ
.

Therefore, we obtain

|D1| . || f ||L2
s+γ/2(R3)||g||H2s

s+γ/2(R
3)|||h|||Φγ .
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For the termD2, we have by using the symmetry in the integral to have
∣

∣

∣

∣

∣

$
Φc̄b(cosθ)

(√
µ∗ −

√

µ′∗
)

f ′∗ g′h′dv∗dσdv
∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

$
Φc̄b(cosθ)

(√

µ′∗ −
√
µ∗

)

f∗ ghdv∗dσdv
∣

∣

∣

∣

∣

.

∫

R
6
v,v∗

| f∗| |g| |h|〈v〉2s+γ〈v∗〉2s+γdv∗ddv

. ‖ f ‖L1
2s+γ (R3)‖g‖L2

s+γ/2(R3)‖h‖L2
s+γ/2(R3)

. ‖ f ‖L2
3/2+2s+γ+ǫ (R

3)‖g‖L2
s+γ/2(R3)‖h‖L2

s+γ/2(R3).

Hence
|D2| . || f ||L2

3/2+2s+γ+ǫ (R
3)‖g‖L2

s+γ/2(R3)‖h‖L2
s+γ/2(R3).

Therefore, it follows that
∣

∣

∣

∣

(

Γc̄( f , g), h
)

L2(R3)

∣

∣

∣

∣

. || f ||L2
3/2+2s+γ+ǫ (R

3) ||g||H2s
s+γ/2
|||h|||Φγ .

Next, similar to the arguments used in Part II, we have
∣

∣

∣

∣

(

Γc( f , g), , h
)

∣

∣

∣

∣

.

(

$
bΦcµ

1/2
∗

(

f ′∗g
′ − f∗ g

)2
dσdvdv∗

)1/2
|||h|||Φc

=A1/2 |||h|||Φc .

Since
Φc ≤ Φγ,

we have|||h|||Φc ≤ |||h|||Φγ, and

A .
{

||| f |||2
Φγ
‖g‖2L∞ + ‖ f ‖2L2‖g‖2Hmax(−γ/2,1)

}

.

Then, forγ > −2s> −2, we have−γ/2 < 1 and
∣

∣

∣

∣

(

Γc( f , g), h
)

L2(R3)

∣

∣

∣

∣

.

{

||| f |||Φγ‖g‖L∞ + ‖ f ‖L2‖g‖H1

}

|||h|||Φγ .

And this completes the proof of the proposition. �

In the following, we also need the following estimate on the commutator of the weight
function Wℓ and the nonlinear collisional operatorΓ( ·, · ) that follows from Proposition
2.17 in [7].

Proposition 2.5. Assume that0 < s< 1 andγ + 2s> 0. Then, for anyℓ ≥ 0, one has
∣

∣

∣

∣

(

WℓΓ( f , g) − Γ( f ,Wℓg), h
)

L2(R3
v)

∣

∣

∣

∣

.

{

|| f ||L2
s+γ/2
||g||L2

ℓ+γ/2
+ ||g||L2

s+γ/2
|| f ||L2

ℓ+γ/2

}

|||h|||Φγ .

3. Local existence

First of all, the Leibniz formula gives

∂βΓ( f , g) =
∑

β1+β2+β3=β

Cβ1,β2,β3T (∂β1 f , ∂β2g, µβ3 ) ,

with

T (F, G, µβ3 ) = Q(µβ3 F, G) +
"
Φ(|v− v∗|)b(cosθ)

(

(µβ3)∗ − (µβ3)
′
∗
)

F′∗G
′dv∗dσ ,
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whereµβ3 = pβ3(v)
√

µ(v) = ∂β3(
√
µ ) is a Maxwellian type function of the variablev in the

sense that it is a product of a polynomial and a Gaussian. As noted in the previous parts in
this series, one can check thatT (F, G, µβ3 ) enjoys the same properties asΓ(F, G) stated
above. Therefore, we will apply those estimates obtained for Γ(F, G) toT (F, G, µβ3 ).

Define the norm associated with the collision operator in thevariables (x, v) by setting
for m ∈ N, ℓ ∈ R,

Bm
ℓ (R6

x,v) =



















g ∈ S′(R6
x,v); ||g||2Bm

ℓ
(R6) =

∑

|β|≤m

∫

R
3
x

|||Wℓ ∂
β
x,vg(x, · )|||2

Φγ
dx< +∞



















.

First of all, recall

Lemma 3.1. (Lemma 4.1,[7]) For anyℓ ≥ 0, α, β ∈ N3,

||Wℓ∂
α
x∂

β
v Pg||B0

0(R6) + ||P(Wℓ∂
α
x∂

β
v g)||B0

0(R
6) ≤ Cℓ,β||∂αxg||2L2(R6),

C0||g||2B0
0(R

6)
−C1||g||2L2(R6) ≤

(

Lg, g
)

L2(R6)
. |||g|||2B0

0(R
6)
,

where C0 and C1 are some positive constants, and

||g||2
L2

l+s+
γ
2

(R6) + ||g||
2
L2(R3

x;Hs
l+ γ2

(R3
v))
. ||g||2B0

l (R
6)
. ||g||2

L2(R3
x;Hs

l+s+ γ2
(R3

v))
.

HereP is the projection to the null spaceN.

We are now ready to prove the following estimate.

Proposition 3.2. Letγ + 2s> 0,N ≥ 6, ℓ > 3/2+ 2s+ γ. Then, for anyβ ∈ N6, |β| ≤ N,
∣

∣

∣

∣

(

Wℓ∂
β
x,vΓ( f , g ), h

)

L2(R6)

∣

∣

∣

∣
.

{

|| f ||HN
ℓ

(R6) ||g||BN
ℓ

(R6) + || f ||BN
ℓ

(R6) ||g||HN
ℓ

(R6)

}

||h||B0
0(R

6).

Proof. By using the Leibniz formula, we have
(

Wℓ∂
β
Γ( f , g), h

)

L2(R6)
=

∑

β1+β2+β3=β

Cβ1,β2,β3

{(

T (∂β1 f , Wℓ ∂
β2g, µβ3 ), h

)

+

(

Wℓ T (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ ∂
β2g, µβ3 ), h

)}

.

If |β1| ≤ N − 3, we get from Proposition 2.3 that
∣

∣

∣

∣

(

T (∂β1 f , Wℓ∂
β2g, µβ3 ), h

)

L2(R6)

∣

∣

∣

∣

.

(∫

R
3
x

(

‖∂β1 f ‖2
L2
γ/2+s(R

3
v)
|||Wℓ∂

β2g|||2
Φγ
+ ‖∂β1 f ||2

Φγ
‖Wℓ ∂

β2g||2
L2

s+γ/2(R3
v)

)

dx

)1/2

||h||B0
0(R

6)

.

(

‖∂β1 f ‖2
L∞ (R3

x; L2
γ/2+s(R

3
v))
||Wℓ ∂

β2g||2B0
0(R

6)
+ ||∂β1 f ||2

L∞(R3
x; Hs

γ+2s(R
3
v))
||Wℓ∂

β2g||2
L2

s+γ/2(R6)

)1/2
||h||B0

0(R
6)

. ‖ f ‖HN
γ+2s(R

6)|||g|||BN
ℓ
(R6)||h||B0

0(R
6).

On the other hand, if|β1| > N − 3, then|β2| ≤ 2 ≤ N − 4. In this case, Proposition 2.4
implies,

∣

∣

∣

∣

(

T (∂β1 f , Wℓ ∂
β2g, µβ3 ), h

)

L2(R6)

∣

∣

∣

∣

. ||h||B0
0(R

6)

(

‖ f ‖
H
|β1 |
3/2+2s+γ+ǫ (R

6)
||Wℓ ∂

β2g||L∞(R3
x; Hmax{2s,1}

s+γ/2 (R3
v)) + ‖Wℓ ∂

β2g‖L∞(R6)||∂β1 f ||B0
0

)

.

(

‖ f ‖HN
3/2+2s+γ+ǫ (R

6) ||Wℓ ∂
β2g||Hmax{2s,1}+3/2+ǫ

s+γ/2 (R6) + ‖ f ‖B|β1 |
0
||Wℓ ∂

β2g||H3+ǫ (R6)

)

||h||B0
0(R

6)

.

(

‖ f ‖HN
ℓ

(R6) ||g||BN
ℓ
+ ‖ f ‖B|β1 |

0
||g||HN

ℓ
(R6)

)

||h||B0
0(R

6) .
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Finally, Proposition 2.5 yields
∣

∣

∣

∣

(

Wℓ T (∂β1 f , ∂β2g, µβ3 ) − T (∂β1 f , Wℓ ∂
β2g, µβ3 ), h

)

L2(R6)

∣

∣

∣

∣

.

(

‖ f ‖HN
ℓ

(R6) ||g||BN
ℓ
+ ‖ f ‖BN

ℓ
||g||HN

ℓ
(R6)

)

||h||B0
0(R

6) .

The combination of the above estimates completes the proof of the proposition. �

For the linear operatorL2, Proposition 4.5 of [7] and the commutator estimate give

Proposition 3.3. We have for anyβ ∈ N6,
∣

∣

∣

∣

(

Wℓ∂
β
x,vL2( f ), h

)

L2(R6)

∣

∣

∣

∣
≤ Cℓ, |β||| f ||H |β |

ℓ
(R6) ||µ

1/104
h||L2(R6) .

By using the interpolation inequalities

‖g‖HN
ℓ+γ/2
≤ ǫ‖g‖HN

ℓ+γ/2+s
+Cǫ‖g‖HN

ℓ
,

for any small constantǫ, the following proposition follows from the same argument given
in Proposition 4.8 of [7].

Proposition 3.4. Letγ + 2s> 0, β ∈ N6, |β| > 0, ℓ ≥ 0. Then
∣

∣

∣

∣

(

L1(Wℓ ∂
β
x,vg) − Wℓ ∂

β
x,vL1(g), h

)

L2(R6)

∣

∣

∣

∣

.

(

||g||H |β|
ℓ

(R6) + ||g||B|β|−1
ℓ

(R6)

)

||h||B0
0(R

6) ,

and for anyǫ > 0 there exists a constant Cǫ > 0 such that
∣

∣

∣

∣

(

L1(Wℓ g) − Wℓ L1(g), h
)

L2(R6)

∣

∣

∣

∣

. ||g||L2
ℓ+γ/2(R

6) ||h||B0
0(R

6)

≤
{

ǫ||g||L2
ℓ+γ/2+s(R

6) +Cǫ ||g||L2
ℓ
(R6)

}

||h||B0
0(R

6)

≤
{

ǫ||g||B0
ℓ
(R6) +Cǫ ||g||L2

ℓ
(R6)

}

||h||B0
0(R

6) .

We are now ready to show the local existence of solutions in some weighted Sobolev
spaces. Consider the following Cauchy problem for a linear Boltzmann equation with a
given functionf ,

(3.1) ∂tg+ v · ∇xg+L1g = Γ( f , g) − L2 f , g|t=0 = g0 ,

which is equivalent to the problem:

∂tG+ v · ∇xG = Q(F, G), G|t=0 = G0,

with F = µ +
√
µ f andG = µ +

√
µ g.

We shall now study the energy estimates on (3.1) in the function spaceHN
ℓ

(R6) for a
smooth functiong. ForN ≥ 6, ℓ > 3/2+ 2s+ γ andβ ∈ N6, |β| ≤ N, taking

ϕ(t, x, v) = (−1)|β|∂βx,vW2ℓ∂
β
x,vg(t, x, v),

as a test function onR3
x × R3

v, we get

1
2

d
dt
‖∂β g‖2

L2
ℓ
(R6)
+

(

Wℓ

[

∂β, v
]

· ∇xg, Wℓ∂
βg

)

L2(R6)
+

(

Wℓ∂
βL1(g), Wℓ∂

βg
)

L2(R6)

=

(

Wℓ∂
β
Γ( f , g), Wℓ∂

βg
)

L2(R6)
−

(

∂βL2( f ), W2ℓ∂
βg

)

L2(R6)
,

where we have used the fact that
(

v · ∇x

(

Wℓ∂
β g

)

, Wℓ∂
βg

)

L2(R6)
= 0 .
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Applying now Propositions 3.2, 3.3 and 3.4, we get forN ≥ 6, ℓ > 3/2+2s+γ and|β| ≤ N,

1
2

d
dt
‖∂β g‖2

L2
ℓ
(R6)
+

(

L1

(

Wℓ ∂
β
x,vg

)

, Wℓ ∂
β
x,vg

)

L2(R6)

.

{

‖ f ‖HN
ℓ

(R6) ||g||2BN
ℓ

(R6) + ‖ f ‖BN
ℓ

(R6) ‖g‖HN
ℓ

(R6)||g||BN
ℓ

(R6)

+ ‖g‖2
HN
ℓ

(R6)
+ ‖ f ‖2

HN
ℓ

(R6)
+ ‖g‖BN−1

ℓ
(R6)||g||BN

ℓ
(R6)

}

.

By induction onβ from |β| = 1 to N, the Cauchy-Schwarz inequality implies that

d
dt
‖g‖2

HN
ℓ

(R6)
+

C0

4
||g||2BN

ℓ
(R6)
.

{

‖ f ‖HN
ℓ

(R6) ||g||2BN
ℓ

(R6)
+ ‖g‖2

HN
ℓ

(R6)
|| f ||2BN

ℓ
(R6)

+ ‖g‖2
HN
ℓ

(R6)
+ ‖ f ‖2

HN
ℓ

(R6)
+ ‖g‖2B0

ℓ
(R6)

}

.

On the other hand, takingβ = 0, we have

1
2

d
dt
‖g‖2

L2
ℓ
(R6)
+

(

L1

(

Wℓ g
)

, Wℓ g
)

L2(R6)

.

{

‖ f ‖H3
ℓ
(R6) ||g||2B0

ℓ
(R6)
+ ‖ f ‖B3

ℓ
(R6) ‖g‖L2

ℓ
(R6)||g||B0

ℓ
(R6)

+ ‖g‖2
L2
ℓ
(R6)
+ ‖ f ‖2

L2
ℓ
(R6)
+ ǫ ||g||2B0

ℓ
(R6)

}

,

which together with the coercivity estimate implies that

1
2

d
dt
‖g‖2

L2
ℓ
(R6) +

C0

4
||g||2B0

ℓ
(R6)
.

{

‖ f ‖H3
ℓ
(R6) ||g||2B0

ℓ
(R6)

+ ‖ f ‖2B3
ℓ
(R6)
‖g‖2

L2
ℓ
(R6) + ‖g‖

2
L2
ℓ
(R6) + ‖ f ‖

2
L2
ℓ
(R6)

}

.

In summary, we have shown that there exists a constantη0 > 0 such that forN ≥ 6, ℓ >
3/2+ 2s+ γ,

d
dt
‖g‖2

HN
ℓ

(R6) + η0||g||2BN
ℓ

(R6) .
{

‖ f ‖HN
ℓ

(R6) ||g||2BN
ℓ

(R6)

+ ‖g‖2
HN
ℓ

(R6) || f ||
2
BN
ℓ

(R6) + ‖g‖
2
HN
ℓ

(R6) + ‖ f ‖
2
HN
ℓ

(R6)

}

.

With the above differential inequality, the same argument for the soft potential applies
and it leads to the following theorem.

Theorem 3.5. Let0 < s< 1, γ+2s> 0,N ≥ 6, ℓ > 3/2+2s+γ. Assume that g0 ∈ HN
ℓ

(R6)
and f ∈ L∞([0,T]; HN

ℓ
(R6))

⋂

L2([0,T]; BN
ℓ

(R6)). If g ∈ L∞([0,T]; HN
ℓ

(R6))
⋂

L2([0,T];
BN
ℓ

(R6)) is a solution of the Cauchy problem (3.1), then there existsǫ0 > 0 such that if

‖ f ‖2
L∞ ([0,T]; HN

ℓ
(R6))
+ ‖ f ‖2

L2([0,T]; BN
ℓ

(R6))
≤ ǫ2

0,

we have

‖g‖2
L∞([0,T]; HN

ℓ
(R6))
+ ||g||2

L2([0,T]; BN
ℓ

(R6))
≤ CeC T

(

‖g0‖2HN
ℓ

(R6)
+ ǫ2

0T
)

,

for a constant C> 0 depending only on N, ℓ .

And this yields the local existence of solution by the contraction mapping theorem
through the standard argument. Therefore, we omit the details for the brevity of the paper.
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4. Global Existence

In this section, we derive a global energy estimate for the solution in the weighted
function spaces. In the soft potential case considered in Part I, we could obtain two types
of global energy estimates, one for onlyx derivatives without requiring any weight in the
variablev and one for bothx andv derivatives with weight inv whose order varies with the
order ofv derivative. On the other hand, in the hard potential case, the energy estimate can
be closed only when bothx andv derivatives are taken into account together with weight
in v. This is due to the upper bound estimate on the nonlinear collision operator given in
Section 2 where some weighted norms are used. However, the order of weight can be fixed
in contrast to the case of soft potential.

Set

EN,ℓ = ‖g‖2HN
ℓ

(R6)
∼ ‖g1‖2HN

ℓ
(R6)
+ ‖g2‖2HN

ℓ
(R6)
∼ ‖A‖2HN(R3) + ‖g2‖2HN

ℓ
(R6)

,

DN,ℓ = ‖∇xg1‖2HN−1(R6) + ‖g2‖2BN
ℓ

(R6)
∼ ‖∇xA‖2HN−1(R3) + ‖g2‖2BN

ℓ
(R6)

,

whereA = (a, b, c) with Pg = g1 = (a+ v · b+ |v|2c)µ
1
2 , andg2 = g− Pg.

Let g = g(t, x, v) be a smooth solution to the Cauchy problem (1.3). The main goal of
this section is to establish

Proposition 4.1. (Energy Estimate) Assume0 < s < 1 and2s+ γ > 0, and let N≥ 6,
ℓ > 3/2+ 2s+ γ. Then,

d
dt
EN,ℓ +DN,ℓ . E1/2

N,ℓDN,ℓ,

holds as long as the solution g exists.

With this proposition, the standard continuity argument and the local existence assure
the global existence of solution when the intial datag0 satisfies thatEN,ℓ(0) is sufficiently
small. And the above energy estimate will be obtained by using the coercivity, upper bound
and commutator estimates through the macro-micro decomposition introduced in [13] as
follows.

4.1. Macroscopic energy estimate. As in [13], the macroscopic componentA = (a, b, c)
satisfies

(4.2)







































vi |v|2µ1/2 : ∇xc = −∂trc + lc + hc,

v2
i µ

1/2 : ∂tc+ ∂ibi = −∂tr i + l i + hi ,

viv jµ
1/2 : ∂ib j + ∂ jbi = −∂tr i j + l i j + hi j , i , j,

viµ
1/2 : ∂tbi + ∂ia = −∂trbi + lbi + hbi,

µ1/2 : ∂ta = −∂tra + la + ha,

where

r = (g2, e)L2
v
, l = −(v · ∇xg2 +Lg2, e)L2

v
, h = (Γ(g, g), e)L2(R3

v),

stand forrc, · · · , ha, while

e ∈ span{vi |v|2µ1/2, v2
i µ

1/2, viv jµ
1/2, viµ

1/2, µ1/2}.
Same as Lemma 7.2 in [5], we have the following property onA.

Lemma 4.2. Let∂α = ∂αx, α = α1 + α2 ∈ N3, |α| ≤ N,N ≥ 3. Then,

‖(∂α1A)(∂α2A)‖L2
x
≤ ‖∇xA‖HN−1

x
‖A‖HN−1

x
.
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The following lemma is similar to Lemma 7.3 in [5] with some modification regarding
to the hard potential assumption. Here, we include its prooffor the completeness.

Lemma 4.3. Let∂α = ∂αx, ∂i = ∂xi , |α| ≤ N − 1,N ≥ 3. Then, one has

‖∂i∂
αr ‖L2

x
+ ‖∂αl ‖L2

x
. ‖g2‖HN(R3

x;L2(R3
v)) ≡ A1,(4.3)

‖∂αh‖L2
x
. ‖∇xA‖HN−2

x
‖A‖HN−1

x
+ ‖A‖HN

x
‖g2‖BN

0 (R6)(4.4)

+ ‖g2‖HN
s+γ/2(R6)‖g2‖BN

0 (R6) ≡ A2.

Proof. By the Cauchy-Schwarz inequality,

‖∂i∂
αr ‖L2(R3

x) = ‖(∂α∇xg2, e)L2(R3
v)‖L2(R3

x) ≤ ‖∂
α∇xg2‖L2(R6) ≤ ‖g2‖HN(R3

x, L2(R3
v)),

and

‖∂αl ‖L2
x
≤ ‖(∇x∂

αg2, ve)L2(R3
v)‖L2(R3

x) + ‖(∂
αg2,L∗e)L2(R3

v)‖L2(R3
x)

≤ ‖∂α∇xg2‖L2(R6) + ‖∂αg2‖L2(R6) ≤ ‖g2‖HN(R3
x, L2(R3

v)).

Then (4.3) follows becauseHN
γ/2+s(R

6) ⊂ BN
0 (R6) holds by virtue of Proposition 2.2. We

shall prove (4.4) as follows. By Proposition 2.3,

|∂αxh| ≤
∑

α1+α2=α

|(Γ(∂α1
x g, ∂α2

x g), e)L2
v
| .

∑

α1+α2=α

||∂α1
x g||L2

s+γ/2
||| ∂α2

x g||| |||e|||

.

∑

α1+α2=α

(|∂α1
x A| + ||∂α1

x g2||L2
s+γ/2

)(|∂α2
x A| + |||∂α2

x g2|||).

Hence

‖∂αxh‖L2
x
. ‖ |∂α1

x A|2 |∂α1
x A| ‖L2

x
+ H,

where

H = ‖ |∂α1
x A| |||∂α2

x g2||| ‖L2
x
+ ‖ ||∂α1

x g2||L2
s+γ/2
|∂α2A| ‖L2

x

+ ‖ ||∂α1
x g2||L2

s+γ/2
|||∂α2

x g2||| ‖L2
x
.

The first term on the right hand of the above inequality can be evaluated by using Lemma
4.2. As forH, when|α1| = 0, 1, by using Proposition 2.2, we have

H . ‖∂α1
x A‖H2‖g2‖BN

0 (R6) + ‖∂α1
x g2‖H2

s+γ/2(R6)‖A‖HN
x
+ ‖∂α1

x g2‖H2
s+γ/2(R6)‖g2‖BN

0 (R6)

. ‖A‖HN
x
‖g2‖BN

0 (R6) + ‖g2‖HN
s+γ/2(R6)‖g2‖BN

0 (R6).

Similarly, when 2≤ |α1| ≤ N, we have

H . ‖∂α1
x A‖L2‖∂α2

x g2‖H2(R3;B0
0(R3) + ‖∂α1

x g2‖H0
s+γ/2(R6)(‖A‖HN

x
+ ‖g2‖BN

0 (R6))

. ‖A‖HN
x
‖g2‖BN

0 (R6) + ‖g2‖HN
s+γ/2(R6)‖g2‖BN

0 (R6).

Thus, the proof of the lemma is completed. �

The following lemma about the energy estimate on the macroscopic component which
is also similar to the corresponding one in [5] for the Maxwellian molecule.

Lemma 4.4. For |α| ≤ N − 1, we have

‖∇x∂
αA‖2

L2(R3
x)
. − d

dt

{

(∂αr,∇x∂
α(a,−b, c))L2(R3

x) + (∂αb,∇x∂
αa)L2(R3

x)

}

(4.5)

+ ‖g2‖2HN(R3
x;L2(R3

v))
+ EN,1DN,0,
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where

EN,ℓ = ‖A‖2HN(R3) + ‖g2‖2HN(R3
x;L2

l (R3
v))
, DN,ℓ = ‖∇xA‖2HN−1(R3) +

∑

|α|≤N

‖∂αxg2‖B0
ℓ
(R6).

Proof. (a) Estimate on∇x∂
αa. Let A1,A2 be those defined in Lemma 4.3. From (4.2) (iv),

‖∇x∂
αa‖2

L2(R3
x)
= (∇x∂

αa,∇x∂
αa)L2(R3

x)

= (∂α(−∂tb− ∂tr + l + h),∇x∂
αa)L2(R3

x)

≤ R1 +Cη(A2
1 + A2

2) + η‖∇x∂
αa‖2

L2(R3
x)
.

Here,

R1 = −(∂α∂tb+ ∂
α∂tr,∇x∂

αa)L2(R3
x)

= − d
dt

(∂α(b+ r),∇x∂
αa)L2(R3

x) + (∇x∂
α(b+ r), ∂t∂

αa)L2(R3
x)

≤ − d
dt

(∂α(b+ r),∇x∂
αa)L2(R3

x) +Cη(‖∇x∂
αb‖2

L2(R3
x)
+ A2

1) + η‖∂t∂
αa‖2

L2(R3
x)
.

(b) Estimate on∇x∂
αb. From (4.2) (iii) and (ii),

∆x∂
αbi + ∂

2
i ∂

αbi =

∑

j,i

∂ j∂
α(∂ jbi + ∂ib j) + ∂i∂

α(2∂ibi −
∑

j,i

∂ib j)

= ∂i∂
α(−∂tr + l + h),

‖∇x∂
αb‖2

L2(R3
x)
+ ‖∂i∂

αb‖2
L2(R3

x)
= −(∆x∂

αbi + ∂
2
i ∂

αbi , ∂
αb)L2(R3

x) = R2 + R3 + R4,

where

R2 = (∂t∂
αr, ∂i∂

αb)L2(R3
x) =

d
dt

(∂αr, ∂i∂
αb)L2(R3

x) + (∂i∂
αr, ∂t∂

αb)L2(R3
x)

≤ d
dt

(∂αr, ∂i∂
αb)L2(R3

x) +CηA
2
1 + η‖∂t∂

αb‖2
L2(R3

x)
,

R3 = −(∂αl, ∂i∂
αb)L2(R3

x) ≤ CηA
2
1 + η‖∂i∂

αb‖2
L2(R3

x)
,

R4 = −(∂αh, ∂i∂
αb)L2(R3

x) ≤ CηA
2
2 + η‖∂i∂

αb‖2
L2(R3

x)
.

(c) Estimate on∇x∂
αc. From (4.2) (i),

‖∇x∂
αc‖2

L2(R3
x)
= (∇x∂

αc,∇x∂
αc)L2(R3

x) = (∂α(−∂tr + l + h),∇x∂
αc)L2(R3

x)

≤ R5 +Cη(A
2
1 + A2

2) + η‖∇x∂
αc‖2

L2(R3
x)
,

where

R5 = −(∂α∂tr,∇x∂
αc)L2(R3

x) = −
d
dt

(∂αr,∇x∂
αc)L2(R3

x) + (∇x∂
αr, ∂t∂

αc)L2(R3
x)

≤ − d
dt

(∂αr,∇x∂
αc)L2(R3

x) +CηA
2
1 + η‖∂t∂

αc‖2
L2(R3

x)
.

(d) Estimate on∂t∂
αA. We directly have

‖∂t∂
αA‖L2(R3

x) = ‖∂
α∂tPg‖L2(R6

x,v)

= ‖∂αP
(

− v · ∇xg− Lg+ Γ(g, g)
)

‖L2(R6
x,v)

= ‖∂αP(v · ∇xg)‖L2(R6
x,v) ≤ ‖∇x∂

αA‖L2(R3
x) + ‖∇x∂

αg2‖L2(R6
x,v).



12 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Combining all the above estimates and takingη > 0 sufficiently small, we deduce

‖∇x∂
αA‖2

L2(R3
x)
. − d

dt

{

(∂αr,∇x∂
α(a,−b, c))L2(R3

x) + (∂αb,∇x∂
αa)L2(R3

x)

}

+ A2
1 + A2

2 + ‖∇x∂
αg2‖2L2(R6

x,v)
.

Finally, by choosing|α| ≤ N − 1 and using Lemma 4.3, we obtain

A2
1 + A2

2 + ‖∇x∂
αg2‖2L2(R6

x,v)
. ‖g2‖2HN(R3

x;L2(R3
v))
+ EN,1DN,0,

which completes the proof of the lemma. �

4.2. Microscopic energy. The energy estimate on the microscopic component will be
given in two parts, that is, one without weight and another one with weight as follows.

Microscopic energy estimate without weight. In this subsection, we shall prove the fol-
lowing estimate with onlyx-derivatives of the solution.

Lemma 4.5. Let N≥ 3. Then,

(4.6)
d
dt

EN,0 + DN,0 . E1/2
N,s+γ/2DN,0.

Notice that this is not a closed estimate because of the presence ofEN,s+γ/2 on the right
hand side. Sinces+ γ/2 > 0, this is exactly why we can not prove global existence with
only differentiation inx variable.

For the proof, letα ∈ N3, |α| ≤ N, and apply∂α = ∂αx to (1.3) to have,

∂t(∂αg) + v · ∇x(∂αg) +L(∂αg) = ∂αΓ(g, g).

Then take theL2(R6
x,v) inner product of the above equation with∂αg. By Proposition 2.1,

we have

(4.7)
d
dt
‖∂αg‖2

L2(R6
x,v)
+ |||∂αg2|||2B0

0(R6)
. Jα,

where

Jα = (∂αΓ(g, g), ∂αg)L2(R6) =

2
∑

i, j=1

(∂αΓ(gi , g j), ∂αg2)L2(R6)

=

2
∑

i, j=1

J(i j ).

Remember that we are dealing with the case when 0< s < 1, γ + 2s > 0. Firstly,
considerJ(11). Forψ j ∈ N,

|J(11)| .
∫

R3
|∂αA2| |(Γ(ψ j , ψk), ∂αg2)L2(R3)|dx.

According to Theorem 1.2 of [7], we have,

|(Γ(ψ j, ψk), ∂αg2)L2(R3
v)| .

(

‖ψ j‖L2
s+γ/2
|||ψk||| + ‖ψk‖L2

s+γ/2
|||ψ j |||

)

|||∂αg2|||
. |||∂αg2|||,

and hence

|J(11)| . ‖∂αA2‖L2(R3)||∂αg2||B0
0(R6) . ‖∇A‖HN−1

x (R3)‖A‖HN−1
x (R3)||∂αg2||B0

0(R6)

. E1/2
N,0DN,0.
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On the other hand,

J(12) ∼
∫

R
3
x

(∂α1
x A)(Γ(ψk, ∂

α2
x g2), ∂αxg2)L2(R3

v)dx.

In view of Theorem 1.2 of [7], we obtain

|(Γ(ψk,∂
α2
x g2), ∂αxg2)L2(R3

v)| .
{

‖ψk‖L2
s+γ/2
|||∂α2

x g2||| + ‖∂α2
x g2‖L2

s+γ/2
|||ψk|||

+min
(‖ψk‖L2‖∂α2

x g2‖L2
s+γ/2

, ‖ψk‖L2
s+γ/2
‖∂α2

x g2‖L2
)

}

|||∂αxg2|||

.

(

|||∂α2
x g2||| + ‖∂α2

x g2‖L2
s+γ/2

)

|||∂αxg2|||
. |||∂α2

x g2||| |||∂αxg2|||.

Here and hereafter, we will use freely that

‖g‖L2 . ‖g‖L2
s+γ/2
. |||g|||.

The first inequality above holds since we assumes+ γ/2 > 0 and the second one follows
from Theorem 1.2 of [7]. By using Proposition 2.3,

|J(12)| .
∫

R
3
x

‖∂α1
x A| |||∂α2

x g2||| |||∂αxg2|||dx. E1/2
N,0DN,0.

A similar argument applies to

J(21) ∼
∫

R
3
x

(∂α2
x A)(Γ(∂α1

x g2, ϕk), ∂αxg2)L2(R3
v)dx.

In fact, Theorem 1.2 of [7] gives,
∣

∣

∣

∣

(

Γ(∂α1
x g2, ϕk), ∂αxg2)L2(R3

v)

∣

∣

∣

∣

.

(

‖∂α1
x g2‖L2

s+γ/2
|||ψk||| + ‖ψk‖L2

s+γ/2
|||∂α1

x g2|||

+min
(‖∂α1

x g2‖L2 ‖ψk‖L2
s+γ/2

, ‖∂α1
x g2‖L2

s+γ/2
‖ψk‖L2

)

)

|||∂αxg2|||
. (‖∂α1

x g2‖L2
s+γ/2
+ |||∂α1

x g2|||)|||∂αxg2|||
. |||∂α1

x g2||| |||∂αxg2|||.

Therefore, similar toJ(12), we have

|J(21)| . E1/2
N,0DN,0.

For the estimation onJ(22), from Theorem 1.2 of [7] again, we have

|(Γ(∂α1
x g2,∂

α2
x g2), ∂αxg2)L2(R3)| .

{

‖∂α1
x g2‖L2

s+γ/2
|||∂α2

x g2||| + |||∂α1
x g2||| ‖∂α2

x g2‖L2
s+γ/2

+min
(‖∂α1

x g2‖L2 ‖∂α2
x g2‖L2

s+γ/2
, ‖∂α1

x g2‖L2
s+γ/2
‖∂α2

x g2‖L2
)

}

|||∂αxg2|||

.

(

‖∂α1
x g2‖L2

s+γ/2
|||∂α2

x g2||| + |||∂α1
x g2||| ‖∂α2

x g2‖L2
s+γ/2

)

|||∂αxg2|||.

Firstly, suppose that|α1| ≤ N − 2. Then

|J(22)| = |(Γ(∂α1
x g2, ∂

α2
x g2), ∂αxg2)L2(R6)|

. ‖∂α1
x g2‖L∞x (L2

s+γ/2)

∫

R3
|||∂α2

x g2||| |||∂αxg2|||dx+ ‖ |||∂α1
x g2||| ‖L∞x

∫

R3
||∂α2

x g2||L2
s+γ/2
|||∂αxg2|||dx

. E1/2
N,s+γ/2DN,0.
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Similary, when|α1| > N − 2, we have|α2| ≤ 1 so that

|J(22)| . ‖∂α2
x g2‖L∞x (L2

s+γ/2)

∫

R3
|||∂α1

x g2||| |||∂αxg2|||dx+ ‖ |||∂α2
x g2||| ‖L∞x

∫

R3
||∂α1

x g2||L2
s+γ/2
|||∂αxg2|||dx

. E1/2
N,s+γ/2DN,0.

Taking the summation of (4.7) over|α| ≤ N,N ≥ 3 gives (4.6).

Microscopic energy estimate with weight. In order to close the estimate (4.6), we need
the estimates ofx-v derivatives of the solution with weight. Firstly, let∂α

β
= ∂αx∂

β
v, |α+ β| ≤

N,N ≥ 6, and applyWℓ∂
α
β
(I − P) to (1.3). We have

∂t(Wℓ∂
α
βg2) + v · ∇x(Wℓ∂

α
βg2) +L1(Wℓ∂

α
βg2) =Mα,β,

where, withei ∈ Nn, |ei | = 1,

Mα,β
=Wℓ∂

α
βΓ(g, g) +Wℓ∂

α
β [P, v · ∇x]g−

N
∑

i=1

∂xi (Wℓ∂
α
β−ei

g2) − [Wℓ∂
α
β ,L1]g2 −Wℓ∂

α
βL2g2

=M1 +M2 +M3 +M4 +M5.

Take theL2(R6
x,v) inner product of this equation withWℓ∂

α
β
g2 to deduce

(4.8)
d
dt
‖Wℓ∂

α
βg2‖2L2(R6) + D . M,

whereD is the dissipation rate given by

D =
∫

R3
|||(I − P)Wℓ∂

α
βg2|||2dx≥ ||Wℓ∂

α
βg2||B0

0(R
3) −C||g2||2HN

0 (R6)
.

Here, we have used

|||PWℓ∂
α
βg2||| . ||∂αg2||L2

v
.

And M is defined by

M =
5

∑

j=1

(M j,Wℓ∂
α
βg2)L2(R6) =

5
∑

j=1

M j .

Firstly, note that from Propositions 2.3 and 2.5, we have

|(WℓΓ(∂β1 f , ∂β2g), h)L2(R3)| .
(

‖Ws+γ/2∂β1 f ‖L2(R3)|||Wℓ∂β2g|||(4.9)

+ ||Ws+γ/2∂β2g||L2(R3) |||Wℓ∂β1 f |||
)

|||h|||.

Write

M1 =

∑

i, j=1,2

(Wℓ∂
α
βΓ(gi, g j),Wℓ∂

α
βg2)L2(R6) =

∑

i, j=1,2

M1i j .

We have

M111 = (Wℓ∂
α
βΓ(g1, g1),Wℓ∂

α
βg2)L2(R6)

∼
∫

R3
(∂α1A)(∂α2A)(Wℓ∂βΓ(ψ j , ψk),Wℓ∂

α
βg2)L2(R3)dx.

Recall that by Leibnitz formula, the differentiation onΓ involves the nonlinear operatorsΓ
andT . Since these two operators share the same upper bound and commutator properties,
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for brevity, we only consider the nonlinear operatorΓ. By using (4.9), sinceψ is a function
with an exponential decay factor, we obtain for|β1| + |β2| ≤ |β|,

||(WℓΓ(∂β1ψ j , ∂β2ψk),Wℓ∂
α
βg2)L2(R3)| . |||Wℓ∂

α
βg2|||.

Therefore,

M111 ∼
∫

R3
(∂α1A)(∂α2A)|||Wℓ∂

α
βg2|||dx

. ‖∇xA‖HN−1(R3)‖A‖HN(R3)‖g2‖BN
ℓ

(R6).

Now consider

M112 = (Wℓ∂
α
βΓ(g1, g2),Wℓ∂

α
βg2)L2(R6)

∼
∫

R3
(∂α1A)(Wℓ∂βΓ(ψ j , ∂

α2g2),Wℓ∂
α
βg2)L2(R3)dx.

By (4.9),

|(WℓΓ(∂β1ψ j , ∂
α2
β2

g2),Wℓ∂
α
βg2)L2(R3)|

.

(

‖Ws+γ/2∂β1ψ j‖L2(R3)|||Wℓ∂
α2
β2

g2||| + ||Ws+γ/2∂
α2
β2

g2||L2(R3) |||Wℓ∂β1ψ j |||
)

|||Wℓ∂
α
βg2|||

. |||Wℓ∂
α2
β2

g2||| |||Wℓ∂
α
βg2|||,

where we have used
||Ws+γ/2∂

α2
β2

g2||L2(R3) . |||Wℓ∂
α2
β2

g2|||.
Thus,

M112 . ‖A‖HN(R3)‖g2‖2BN
ℓ

.

Next, notice that

M121 = (Wℓ∂
α
βΓ(g2, g1),Wℓ∂

α
βg2)L2(R6)

∼
∫

R3
(∂α2A)(Wℓ∂βΓ(∂α1g2, ψ j),Wℓ∂

α
βg2)L2(R3)dx.

As above, (4.9) yields

|(WℓΓ(∂
α1
β1

g2, ∂β2ψ j),Wℓ∂
α
βg2)L2(R3)|

.

(

‖Ws+γ/2∂
α1
β1

g2‖L2(R3)|||Wℓ∂β2ψ j ||| + ||Ws+γ/2∂β2ψ j ||L2(R3) |||Wℓ∂
α1
β1

g2|||
)

|||Wℓ∂
α
βg2|||

.

(

‖Ws+γ/2∂
α1
β1

g2‖L2(R3) + |||Wℓ∂
α1
β1

g2|||
)

|||Wℓ∂
α
βg2|||

. |||Wℓ∂
α1
β1

g2||| |||Wℓ∂
α
βg2|||,

where we have used‖Ws+γ/2g‖L2(R3) . |||Wℓg|||. Consequently,

M121 . ‖A‖HN(R3)‖g2‖2BN
ℓ

(R6).

It remains to evaluate

M122 = (Wℓ∂
α
βΓ(g2, g2),Wℓ∂

α
βg2)L2(R6).

For this, we can apply Proposition 3.2 to have

M122 . ‖g2‖HN
ℓ

(R6)||g2||2BN
ℓ

(R6).

In conclusion, we have proved

M1 . E1/2
N,ℓDN,ℓ.
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By using integration by parts and taking into account thats+ γ/2 > 0, we get

M2 . |(Wℓ∂
α
β [P, v · ∇x]g,Wℓ∂

α
βg2)L2(R6)|

. (‖∂α∇xA‖L2(R3) + ‖∂α∇xg2‖L2(R6))‖∂αg2‖L2(R6)

. δ0‖∇A‖2HN−1(R3) +Cδ0‖g2‖2HN(R3
x,L2(R3

v))
,

whereδ0 > 0 is a small constant.
Similarly, For 1≤ |β| ≤ N,

M3 . ‖Wℓ∂
α+1
β−1g2‖L2(R6) ‖Wℓ∂

α
βg2‖L2(R6) ≤ Cδ‖∂α+1

β−1g2‖2B0
ℓ
(R6)
+ δ‖g2‖2BN

ℓ
(R6),

whereδ > 0 is another small constant.
The main ingredients of the estimation onM4 are the commutator estimatesI and II

which are defined in the proof of Proposition 4.8 in [7]. Note that they are valid in general
for γ > −3 so that the estimates there can be used here. That is,

|I | = |([Wℓ,L1]g,Wℓg)L2(R3)| . ‖Wℓg‖2L2
γ/2(R3).

|II | = |(Wℓ[∂β,L1]g,Wℓ∂βg)L2(R3)

.

∑

β1+β2+β3=β, β2,0

|(WℓT (∂β1µ
1/2, ∂β2g, ∂β3µ

1/2),Wℓ∂βg)L2(R3)|

.

(
∑

β1+β2=β, β2,0

|||Wℓ∂β1g|||Φγ
)

|||Wℓ∂βg|||Φγ .

With this, later we also need the following interpolation inequality

‖Wℓ∂βh‖L2
γ/2
. Cδ‖∂βh‖L2

s+γ/2
+ δ‖Wℓ∂βh‖L2

s+γ/2
. Cδ‖|∂βh‖|Φγ + δ|||Wℓ∂βh|||Φγ .

For the termM4, using Proposition 3.4

M4 ≤ |([Wℓ∂
α
β ,L1]g2,Wℓ∂

α
βg2)L2(R6)|

.

(

‖g2‖H |α|+|β|
ℓ

+

∑

|α′ |=|α|,|β′|=|β|−1

‖∂α′β′g2‖B0
ℓ
(R3)

)

‖g2‖B|α|+|β|
ℓ

Finally, in view of Proposition 3.3, we have

M5 = |(Wℓ∂
α
βL2g2,Wℓ∂

α
βg2)L2(R6)| ≤ |(∂αβL2g2,W2ℓ∂

α
βg2)L2(R6)|

≤ C‖g2‖H |α|+|β|(R6)‖µ1/103
W2ℓ∂

α
βg2‖L2(R6) . ‖g2‖2H |α|+|β|(R6).

Now interpolation inequality

‖g2‖H |α|+|β|
ℓ

+ ‖g2‖H |α|+|β|(R6) ≤ δ‖g2‖B|α|+|β|
ℓ

+Cδ

∑

|α′ |=|α|+1,|β′|=|β|−1

‖∂α′β′g2‖B0
ℓ
.

Plugging all these estimates to (4.8) and fix the small constant δ with respect to the
coefficient in front of the dissipation rate, we have for|β| , 0,

d
dt
‖Wℓ∂

α
βg2‖2L2(R6) + ||Wℓ∂

α
βg2||B0

0

. ‖g2‖2HN(R3
x,L2(R3

v))
+ E1/2

N,ℓDN,ℓ

+ δ0‖∇xA‖2HN−1(R3) +

∑

|α′ |=|α|+1,|β′|=|β|−1

‖∂α′β′g2‖2B0
ℓ

.

By induction on|β| and|α| + |β|, we have

d
dt
EN,ℓ +DN,ℓ . ‖g2‖2HN(R3

x,L2(R3
v))
+ δ0‖∇xA‖2HN−1(R3) + E

1/2
N,ℓDN,ℓ.(4.10)
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Taking a suitable linear combination of the estimates (4.5), (4.6), and (4.10), we then
conclude Proposition 4.1. And this completes the energy estimate on the solution so that
the global existence follows in the standard way for small perturbation.
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