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THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE
WHOLE SPACE: I, GLOBAL EXISTENCE FOR HARD POTENTIAL

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

AsstracT. AS a continuation of our series works on the Boltzmann egnatithout angu-
lar cutdf assumption, in this part, the global existence of solutmthe Cauchy problem
in the whole space is proved in some suitable weighted Selsplaces for hard potential
when the solution is a small perturbation of a global eqritlitn.

1. INTRODUCTION

This paper is among the series works on the Boltzmann equattb non-angular cut®
cross-section and it follows the papﬁr [7] (herein refeaedPart 1), extending our initial
work [B, [] on the same problem for Maxwellian molecule. ddes

(1.1) fi+v-Vif =Q(f, f), flo = fo.

Recall that the right hand side ¢f (L.1) is the Boltzmanmbiir collision operator, which
is given in the classicat—representation by

Q(g,f>=ffB(v—v*,rr){g;f'—g*f}do—dv*,
R3 Js§?

wheref! = f(t,x, V), f' = f(t,x,V), f. = f(t,x,v.), f = f(t,x, V), and foro € S?,

v,_v+v*+|v—v*| _V+HVe Vv
-2 2 7 T 2
As in our previous papers, we assume that the cross-seatien the form
V-V,
(1.2) B(v — V., cosd) = O(Jv — v,|)b(cosd), cosd = v o, 0<0< g

in which it contains a kinetic factor given by
O(V - V.l) = D)(IV- Vi) = V= W],
and a factor related to the collision angle with singularity
b(cosd) ~ K& 2725 when 6 — O+,

for some constarf > 0 and a parameter® s < 1. Notice that this includes the potential
of inverse power law as a special example.

And the setting of the problem is for perturbation of an ebuilim state, without loss
of generality, that can be normalized as

M2
2

u(v) = ) te 7.

2000Mathematics Subject ClassificatioB5A05, 35B65, 35D10, 35H20, 76P05, 84C40.
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In order to avoid the unnecessary repetition, readers dan te Part I, comments and
references. Here, we just refer the referenflef ol 1, 3 L& 719] for the general back-
ground of the Boltzmann equation and the recent progredssomathematical theories for

the case without angular cufo[fl, B, [3,[#.[b[B[]7]]d, 14, 15.1.6]. Hence, we now directly

go to the Cauchy problem for the perturbation denoted byu~3 (f — 1)

(13) gt+V'ng+£g=r(g,Q), t>0’
' gli=o = Jo-

In the following discussion, we will show that this equatian be solved in some weighted
Sobolev spaces defined by: far ¢ € R, set

HERS,) = {f e SRS, Wef e HYRS,)},

whereRS, = R x R andW,(v) = (W = (1 + [v%)"/? is the weight with respect to the
velocity variablev € R,

Note that in Part I, we introduced a new norm for the desaipdf the dissipation and
coercivity of the linearized collisional operator. Someperties of this norm together with
some estimations on the upper bounds for the nonlineasmiloperator were also given
there. And we studied the Cauchy problem for the soft paibcdise, that is, the case when
v + 2s < 0 (recall that this terminology is an extension of the ¢utase, which loosely
speaking corresponds to the case when0).

Along this direction, this paper is for the hard potentiadeathat is, whety + 2s > 0.
Note that in particular this includes the case of the Maxiaelmolecule. But this latter
case was already considered[ih[]5, 6].

The main result of this paper can be stated as follows.

Theorem 1.1. Assume that the cross-section satis@)with O<s<landy+2s>0.
Letg € H';(R6) for some k> 6, ¢ > 3/2 + 2s+ y. There existey > 0, such that
if IIgoll¥zs) < €0, then the Cauchy problefi.3)admits a global solution

ge L([0, +oo[ ; H';(RG)).

Remark 1.2. The unigueness of the solution obtained in Thedrein 1.1 wiproved in
[E] in the general setting, together with the non-negativityf of u + p%g. Recently, a
similar global existence result for the inverse power lansvpeoved in[[L4, [L%] by using
different method in the setting of torus. The method used helieni@es by using the
newly introduced non-isotropic norm which essentiallytcags the coercivity property of
the linearized operator. Note that this method can be apgliethe Landau equation that
leads to the same global existence result obtaine{@h Therefore, it is expected that this
method can also be used for other kinetic equations.

The rest of the paper will be organized as follows. In SecBpmwe recall some ba-
sic lower and upper bound estimates on both the linearizddhanlinear operators from
Parts |. With these estimates and some others valid for haehpal, the local and global
existences will be proved in Sections 3 and 4, respectively.
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2. FUNCTIONAL ESTIMATES OF COLLISION OPERATORS

First of all, let us recall the non-isotropic norm introddda Part | associated witif.
Corresponding to the cross-sectidfjv — v.|)b(cosd), it is defined by

g, = [[[ @v-vpbteosa (¢ - 7
+ [[[ otv-v.ppeosng(ir - v .

where the integration is ové@2 x R3 x S2. Without any ambiguity, sometimes we simply
usell - fIl for il - lllo, -

This norm was shown to be useful for the study on the soft piatler\nd here, we will
show that it works well for the study on the hard potentialtha later discussion, we need
the following propositions proved in the previous two pamtthis series.

Proposition 2.1. (Prop. 2.1[f]) Assume that the cross-section satisfleg)with 0 < s <
landy > -3. Then for ge N*

g3, < (£g. 9)

whereN is the null space of defined in Part I.

< 2(£19. 9) 0 < QNG

LPE®Y) ~

Proposition 2.2. (Prop. 2.2 [f]) Assume that the cross-section satisfleg)with 0 < s <
landy > -3. Then

2 2 2 2
< < .
”g“ Sl(Rs) + ||g|||_:l(R§) ~ ”lg'”(py ~ ”g”H;Z(R§)
2 2 2

Proposition 2.3. (Theorem 1.2L) Assume thad < s< 1,y +2s> 0. Then

|(C(f. @), Wizgea)| < {IIfllz, Ilgllo, + ligllz, Ilflllo, IR, -

Note that the above estimate on the nonlinear collisionapeiis not enough for the
proof of global existence because of the weighlipy/z. For this, we need to combine this
with the following proposition. For the proof of the follomg proposition, we first recall
an upper bound estimate for a modified kexbg(z) = (1+[22)"/2, cf. Theorem 2.1 in[J4].
Thatis, forany O< s< 1,y € R and anym, « € R, we have

(2.1) ||Q<T>y(f, ez < ||f|||_(1Y++(7+25)+(R§)||g|||-|mm:2;25)+(R\3,)'

Proposition 2.4. Let0 < s< 1,y +2s> 0. Then

(TCt.00. )| < Hiblo, {i iz, .. NGllygasces + 1k, gl

3/2+2s+y+€

Proof. As in Part I, we apply the decomposition on the kinetic fagtdihe cross-section:
Let 0 < ¢(2) < 1 be a smooth radial function with 1 farclose to 0, and 0 for large value
of z Set

D,(2) = 0,(94(2) + D,(9(1 - ¢(2)) = D(2) + D).

We denote by'¢(-, ), (-, -) the collision operators with the kinetic factors in the 330
section given byb, and®z respectively. Note that

(T(f.9). h) = (Te(f.9). h) + (T(f. ). h).
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Note that

(F&(F. @) 1), = (Qe(VET. 9 ),

+ f f f D(lv - V.|)b(cost)( Vi — Vi ) f/g'hdv.dodv.

Since®s < ®@,, as shown in the Proposition 3.5 di [5], we u$e](2.1) with= 0,a =
—s—vy/2to have

(@it 9. h)

L2(83) < ||h|||_§+w2(R3)|| Vi f“'—%W(Ré)”g”Hﬁfy/z(Rﬁ)

< ”f||L2(R3)||g||H§fy/2(R3)||h||L§+w2(R3)'

On the other hand, we can write
f f f D(v - Vul)o(cost)( Vi — Vit )f/ g’'hdwdody
= f f f D(v - V.))b(cost)( Vi - Vit )T, g'(h - )dv.dodv
+ f f f D(lv - vu|)o(cost)( Vi — Vi ). g'hdv.dody

=D1+D2.

By the Cauchy-Schwarz inequality, one has
2 1/2
D1l < ( [ @ctv - vehbeeos g (e - ) dv*dadv)

X DIV - V. )b(cost)(pt/* + (u2)H4 2(h - h)2dv,dodv| .
IS i+ ) )

As Lemma 2.6 in|]]'7], fory + 2s> 0, we have

[ @ctov - vhecos g (e - () dv.dordy

< f f IV — V.["*% 1, |?|gl2dv.dv
< f f | E.121912(V) 2 (v, )2 dv,ddv

< IfIP 2
~ || ||L§+y/2(R3)||g||L§+y/2(R3) ’

and

f f f Dch(coss)(ut/ + (ﬂ;)lf“)z(h — i)2dv.dodv
<4 f f f Dzb(cost)u/?(h — h')?dv,dordv < [lIhiII5, -

Therefore, we obtain

D1l £ 1Ifllz,oylallizs el
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For the termD,, we have by using the symmetry in the integral to have

| f f f web(cosh)( VA ~ V. )17 .o
- 'fff‘bab(cosa)(\/lz - Vi )f. ghd\zkdad%

$f If.1gl [hiv)?*7(v.)?*7 dv.ddv
RS

Vi

<

< |If ”L%SW(]R3)“ g||L§+w2(R3)||h||L§+W2(R3)

<

b ”f||'—§/z+25+y+e(R3)||g||'—§+y/z(R3)||h”'—§+y/z(R3)‘

Hence
ID2| S |Ifll2

3/2+25+y+5(R3) | |g| | Léy/Z(R3) ”hl | Liy/z(R3) :

Therefore, it follows that

(Te(f. . h)

Next, similar to the arguments used in Part Il, we have

(re(. o). .h)| <( f f boeu(f/g — 1. g) dodvav) Il
=AY2]|Ihlll, -

<
$Ifllz,,. o ligle , lihilo,.

Since

D < Dy,

we havel|hlll, < [lhills,, and
A< {INFIIZ QI + I NG a2 ) -
Then, fory > —2s > -2, we have-y/2 < 1 and

(T G 1), | = {0, il + Fheliglhes} i,

And this completes the proof of the proposition. O

In the following, we also need the following estimate on thenmutator of the weight
function W, and the nonlinear collisional operatb¢-, -) that follows from Proposition
2.17in11.

Proposition 2.5. Assume thad < s< 1andy + 2s> 0. Then, for any > 0, one has

](vv[r(f, ) - T(f,W,Q), )22

<
<{ifie gz, +lighelfle, Jilhilo,

3. LoCAL EXISTENCE

First of all, the Leibniz formula gives

Fr, 0= D, ChppT (@ f, 89 1),
B1+B2+B3=p

with
T(F, G, ;) = Qlug, F. G) + f f O(Iv - V. |)b(Cos8)((g,) — (up,), )F.G'dv.dor,
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wherews, = pg, (V) Vu(v) = %(\z) is a Maxwellian type function of the variab¥en the
sense that it is a product of a polynomial and a Gaussian. feinio the previous parts in
this series, one can check tHafF, G, y, ) enjoys the same properties 8@, G) stated
above. Therefore, we will apply those estimates obtainefif®, G) to 7 (F, G, g, ).

Define the norm associated with the collision operator invilméables §, v) by setting
formeN, ¢ eR,

BY(R,) = {g € S' B 10l5pee = D fR W g%, Il dx < +oo} :

|Bl<m
First of all, recall
Lemma3.1. (Lemma 4.1[ff) For any¢ > 0,a,8 € N,
W Pallgggee) + IIPOWdES G)llgoee) < Crlldslizges),
Collgif3o cs) = CallgliEzzsy < (£- 9), ey < NOMEgies):
where G and G, are some positive constants, and
||g||flz+s%(R6) + ||g||ﬁ2(R§;Hi L6 S ol Zoqee) ||g||ﬁ2(R§;Hi e
HereP is the projection to the null spac¥.
We are now ready to prove the following estimate.
Proposition 3.2. Lety +2s> 0,N > 6,£ > 3/2+ 2s+v. Then, for anys € N® |3 < N,
(W (f, g). )

Proof. By using the Leibniz formula, we have

(Wlaﬁr(f’ 9, h)LZ(RG) = Z Cﬁl»ﬁzsﬁs{(T(aﬁlf» We aﬁzg’ Hgs ) h)
Bi+B2+B3=p

+ (W, T F, 99, g,) = T (0, We 979, g, ). )}
If |81l < N — 3, we get from Propositio@.?, that
(7@ 1, WedFg, ug,), )

L2(85) S {||f||H}“(R6) llgllgy(gs) + ||f||3[N(R6) IIQIIH}u(Re)} ||h||Bg(R6)-

L2(R%)

1/2
< ( fR (1P R, )NVl + 161G, I P2l y/z(Rg))dx) IIhllgoges)

3
2 2 2 2 12
S (17 11 g 2, qoaplWe PG50y + 107 FI e ey MO O ) sy

g (L [ [P [ et

On the other hand, i3] > N - 3, then|8;| < 2 < N — 4. In this case, Propositidn 2.4
implies,

(7@ 1, We oG, py5,), )

L2(R%)

< Wl (1l ooy lIWe 972Gl pmizsngagyy + IWe PGl ey 10 Fllgg)
< (1Pl . e I Pl oy + 1l Il

3/2+2s+y+e

< (1 F ey Nl + 11 by )Ilses) -
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Finally, Propositior] 2]5 yields
|(W€ T (P f, 0729, pg,) — T (O F, W 8729, g, ), W) 2 gy
< (I lhapces) 9y + 11l 19lscesy Il sges) -
The combination of the above estimates completes the pfab&groposition. O
For the linear operataf,, Proposition 4.5 of|]7] and the commutator estimate give
Proposition 3.3. We have for ang e N®,

’(Wfa‘f(,vlz( f), h)

1/10%
L2(RS) < Cf, IBI”f“H%Bl(Re) “ﬂ h||L2(R6) .

By using the interpolation inequalities
gy, < ellgl .+ Celidllny

for any small constard, the following proposition follows from the same argumeiveg
in Proposition 4.8 of[]7].

Proposition 3.4. Lety +2s> 0,8 N® |8 > 0,£ > 0. Then
(LW, #u0) - We & L1(9), h)

L2(R®)
< (19l es) + N9l se)) Nl -

and for anye > 0 there exists a constant.G 0 such that

(£:We @) = We £(9). ), | < liglls

t+y/2

L2(&S) @) 1Nl 50(zs)

<{ellgllz, , @ + Celldlizes) ) Nlggges)

< {ellgllsoes) + Cellgllzqgey | INllggges) -

We are now ready to show the local existence of solutions inesaeighted Sobolev
spaces. Consider the following Cauchy problem for a linegitzBhann equation with a
given functionf,

3.1) 0g+v - Vig+ L1g=T(f, g) - Lof,  dlo=0o.
which is equivalent to the problem:
G +V - V,G = Q(F, G), Gli=0 = Go,

With F =pu+ ufandG=pu+ \uo.
We shall now study the energy estimates pn|(3.1) in the funcﬂpacdﬂ}\‘(RG) for a
smooth functiorg. ForN > 6,¢ > 3/2 + 2s+y andB € N8, |8 < N, taking
‘p(t» X, V) = (_1)Vgla§(,vw2€a§,vg(t» X, V)»

as a test function oR3 x R3, we get

120705l ] 009

= (Wi (f, g), W,o"g)

+ (Wzaﬁ L1(9), W,0* 9)

L2(R%)

- (8BL2(f)» szﬁﬁg)

L2(R%)

L2(RS)
where we have used the fact that

(v . VX(Wgaﬁ g), Wgaﬁg)

L2(RS)’

0.

L2(8)
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Applying now Propositionf 3.2, 3.3 ahd 3.4, we getNop 6, ¢ > 3/2+2s+yand|g| < N,

Zwmem (La(We 3u9). W 500)

L2(RS)
< {“f“HN(]RG) ||g||BN(Re) + 11l ge) 191N @s) 19l 8 o)
+ ||g|| sy ||f||H Ngsy T ||g||s(N—1(R6)||g||3y(R6)}.

By induction ong from |3| = 1 to N, the Cauchy-Schwarz inequality implies that

Mmm mmwpmmmmwwm+mmwm@m%
10 qesy + 11 s, + 101505 ) -

On the other hand, taking= 0, we have

MWMM(MWQMQ

L2(R%)
{||f||H3(]R6) Hg”Bo(Re) + ||f||B§(]R6) ||g|||_g(R6)||g||Bg(R6)
02 ey + 112y + € N01E00es)

which together with the coercivity estimate implies that

0
memw) 10050 ey < {1 lhiaces) 19150(es,

+IIFIZ +||f|||_2

ey 1012 gy + 119172 e &)

In summary, we have shown that there exists a congtant O such that folN > 6,¢ >
3/2+ 25+,

Mwwﬁwmmwpwwwmwww)
2
+ ”g”H}\‘(RG) ||f|| Re) + ”g”HN(]RG) + ”f”HN(RG)}

With the above dierential inequality, the same argument for the soft poaéafplies
and it leads to the following theorem.

Theorem35. LetO< s<1,y+2s> 0,N > 6,£ > 3/2+2s+y. Assume thatge H(R®)
and f e L*([0, T]; H(R®) N LA(0, T]; B)'(R). If g € L*([0, T]; H'(R®) N LA(0, T];
B’é}‘(]l@)) is a solution of the Cauchy proble@.l), then there exists 0 such that if

2 2 2
I o3 ey * 1Tz o 1, ey < €0-

we have
2 2
191 o 13 ey + 19020 11 sy < CE T (IG0lineey + €6 T):
for a constant C> 0 depending only on N .

And this yields the local existence of solution by the cocticm mapping theorem
through the standard argument. Therefore, we omit theldétaithe brevity of the paper.



GLOBAL EXISTENCE FOR HARD POTENTIAL 9

4. GLOBAL EXISTENCE

In this section, we derive a global energy estimate for tHat®m in the weighted
function spaces. In the soft potential case consideredrinl Rae could obtain two types
of global energy estimates, one for oylerivatives without requiring any weight in the
variablev and one for botlx andv derivatives with weight iv whose order varies with the
order ofv derivative. On the other hand, in the hard potential cagegttergy estimate can
be closed only when botkandv derivatives are taken into account together with weight
in v. This is due to the upper bound estimate on the nonlineasiciloperator given in
Section 2 where some weighted norms are used. However,deeafrweight can be fixed
in contrast to the case of soft potential.

Set

Ene = 100 ey ~ NG ey + 1920 oy ~ 1A o) + 11G2llFn ey
D = V30 sz + 182l ~ IVx AN 1oy + 102l sy

whereA = (a, b, c) with Pg = g1 = (@ + v- b+ M2c)u?, andg, = g - Pg.
Letg = g(t, x,v) be a smooth solution to the Cauchy probl(1.3). The maah gb
this section is to establish

Proposition 4.1. (Energy Estimate) Assumé < s< land2s+vy > 0, and let N> 6,
> 3/2+2s+y. Then,

d

gione T Dne s ENEDNes
holds as long as the solution g exists.

With this proposition, the standard continuity argumerd #re local existence assure
the global existence of solution when the intial dggasatisfies thaby(0) is suficiently
small. And the above energy estimate will be obtained bygitia coercivity, upper bound
and commutator estimates through the macro-micro decatigrostroduced in EB] as
follows.

4.1. Macroscopic energy estimate. Asin [E], the macroscopic componeft= (a, b, c)
satisfies

Vi|v2ut? Vi€ = —=0ifc+ e+ he,
Vizlul/2 . oc+ by = -0 +1i +h,
(4.2) ViVj,ul/2 : oibj+ oy =-orij+lij+hy, i#]
Vi,ul/2 . atbi +dja = —0rpi + |bi + hbi»
Iul/z (918 = _6tra + |a + ha,
where
r= (92’ e)Le’ | = _(V : ngZ + ng? e)L§7 h= (F(g’ g)? e)LZ(R§)7
stand forrg, - - - , hg, while

e € spanvi|vi?u', V22, viviut2, vipt?, ut2),
Same as Lemma 7.2 iﬂ[S], we have the following property7bn
Lemmad.2. Letd” =05, a=a1+ a2 € N8, ol < N,N > 3. Then,

@A) O Az < NIVxAlpy-2 ANy
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The following lemma is similar to Lemma 7.3 ifj [5] with some dification regarding
to the hard potential assumption. Here, we include its pfmathe completeness.

Lemma4.3. Letd” = 84,0 = dx, la| < N—-1,N > 3. Then, one has

(43) ”aiaar ”LE + ”60[' “L% < HgZ”HN(Rg;LZ(Rs)) = A]_,
(4.4) 10Nz < IV Al 2 Allgp-s + (Al 92l gy sy
+ |Igzlngy/2(Re)||gzl|By(R6) = Ao

Proof. By the Cauchy-Schwarz inequality,
10i0°T lILogzy = 10 VD2, €) Loy ll2ms) < 1109 VxGallzgs) < IG2llings, L2z
and
101 Iz < (V0" 92, VO 23 llL2rz) + 1(07 02, L7€) 23l 2wy
< 110°Vx@allizgey + 110° QallLzesy < 192l s, L2(r2)-

Then [4.B) follows becausd™, (R®) c BY(R®) holds by virtue of Propositioh 2.2. We

y/2+s

shall prove ) as follows. By Propositi .3,
ohi < > ICERg. 020, &l s > 9%l Il asgil el

a1+az=a a1+az=a

S D (BRA+ 100Gl )0A + 1105gl).

a1taz=a

Hence
loghllz < 11105 A 105 Al Iz + H,
where
H = 1195 A 105Gl iz + 1163 Gzl 2,
+ 1195 Gz, 1957l llz-

The first term on the right hand of the above inequality canvaduated by using Lemma
B.2. As forH, whenjay| = 0, 1, by using Propositioh 2.2, we have

H < 105 AlvellGallgy ey + 105 Golliz. oAy + 108 GalluzeoI02lsy ey

< ||~7(||HXN||92||BQ(R6) + ||92||HSN+V/2(R6)||gz||3g(R6)-

102 A ll.2

Similarly, when 2< |a;] < N, we have
H < 1105 All 2105 Gollnzre;gyee) + 103 Gallmg, o) (Al + 11G2lly )
< ||ﬂ||HQ'||92||Bg(R6) + ”ganng(Rs)”gZHBQ(RB)'
Thus, the proof of the lemma is completed. O

The following lemma about the energy estimate on the maomscomponent which
is also similar to the corresponding oneEh [5] for the Maxiael molecule.

Lemma4.4. For|a| < N -1, we have
d
(45) ||VXaaﬂ”ﬁ2(R§) S _Et{(aarv antl(a _b9 C))LZ(]RQ) + (a(lb’ anaa)Lz(Rﬁ)}

2
+ ||92“HN(]R§;L2(R3)) + EN,lDN,O,
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where

Ene = IMGues) + 192 gszwsy One = IVx AR s + D 10582lste.

<N
Proof. (a) Estimate orV.d?a. Let Ay, A; be those defined in Lemna }t.3. Frdm[4.2) (iv),
V30" a7, ) = (Vx07@, Vxd"8)Lors)

= (3“(—6tb —Or + |+ h), anwa)Lz(Rg)
< Ry + C, (A2 + A2) + 7l|Vxd?alf?

L2(RY)
Here,
R = —(6Q61b + 6“61r, anaa)LZ(Ri)
d
=~ (0" (04 1). Vi @)y + (V0" (0 + 1), 00" Q)2

d
<~ (0" 0+ 1), V" Ay + CyIVx3" DIl sy + AD) + ll0D @I, sy
(b) Estimate orv,d°b. From {4.P) (iii) and (ii),
A0 + 6?6"bi = Zaja‘*(ajbi + (9ibj) + 9,0%(20ib; - Z 6ibj)

j#i j#i
= 0;0%(—0¢ + 1+ h),
V3Bl ) + 10107DIE, ) = ~(Axdby + 370701, 37D) 253 = Re + Re + Ra,

where
Ro = (6i0°T, 0i0"D) 2(z3) = dgt (01, 0i0°D) 2zz) + (8i0°T, 00 D) L2z
< dgt (67, 0i0°b) 2zz) + C,AZ + n||ata“b||fz(R§),
R = —(0"1, 3:0"D) 2r) < CoAL + 00" bllYs e,
Ry = —(0"N, 8i0°0) 23 < C,AS + n||aia“b||f2(R§).
(c) Estimate orv,d°c. From (4.D) (i),

||Vx6”c||ﬁ2(R§) = (Vx0"C, Vxd"C) o gg) = (0" (=0T + | + 1), Vxd“C) 2 (g3

< Rs + Cy(AT + A)) +11lIVx0"Cl, sy

where
d
Rs = —((9"‘6tr, an(tC)Lz(Ri) = —a((i“r, an(tC)Lz(Rg) + (an"r, 6t6aC)|_2(R§)

< - ST Dy + CoAL I I,
(d) Estimate ord;0"A. We directly have
10:0" All 2(r3) = ”6Q61Pg”L2(RiV)
= ||6”P( -v-Vyg-Lg+TI(g, g))IILzaRgv)
= 10°P(V- VxQ)ll2(ge,y < IVx0* Allz@z) + 1IVx0" Gall 2(ge -
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Combining all the above estimates and taking 0 suficiently small, we deduce
(03 d (03 104 (03 104
”an ﬂ”EZ(Ri) < _d_t{(a r, an (a» _b» C))LZ(RE) + ((9 b, an a)LZ(Ri)}
+ AL+ AS + (VX0 Gl s -
Finally, by choosinge| < N — 1 and using Lemm@.& we obtain
AL+ A+ V30" GallEoes ) S 192lEn e, 2y + ENaDio:
which completes the proof of the lemma. O

4.2. Microscopic energy. The energy estimate on the microscopic component will be
given in two parts, that is, one without weight and another with weight as follows.

Microscopic energy estimate without weight. In this subsection, we shall prove the fol-
lowing estimate with only-derivatives of the solution.

Lemma4.5. Let N> 3. Then,

d
(46) d_tEN’O + DN,O < E]l\-l/,;y/ZDN’O‘

Notice that this is not a closed estimate because of the pres#Ey s.,,2> on the right
hand side. Since + y/2 > 0, this is exactly why we can not prove global existence with
only differentiation inx variable.

For the proof, letr € N3, |a| < N, and apph@” = 2 to ([.3) to have,
04(0"9) + V- Vx(0"9) + L(6"9) = 6"T (9, 9)-

Then take theLz(R?(,\,) inner product of the above equation wiifig. By Propositiol,
we have

d @ @
(4.7) G Az, + 110 GallZg e < Jov

where

2
3o = (9T(9 0), Qe = ) (3°T(Gir 9), 9" G2)1ogey

ij=1
2
= ) a0,
ij=1

Remember that we are dealing with the case when 8 < 1,y + 2s > 0. Firstly,
considerd®V. Fory;j e N,

089 [ w00, g
R
According to Theorem 1.2 oﬂ[?], we have,

T ). 0°8) 2yl < (Wllz Il + iz 6“2l
S+y/2 S+y/2
< N18°galll,
and hence
3] < 110 A2 107 Gall ey < IV Ayl | Allg-1 ) 10" Gall gogesy

1/2
< EN/,ODN»O'
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On the other hand,
209~ [ @ A 5702) 05ge)
In view of Theorem 1.2 of}7], we obtain
(T W0590). 330y < Wiz, 052Gl + 1032l il
+ min(Wdlzllof* gz Wiz, |I3“292||L2)}|I|3 glll

S+/2

< (lloszgell + 105Gzl osgel
< 195Gl Nl galll

Here and hereafter, we will use freely that

llglle < gz, < liglll-

Sty/2

The first inequality above holds since we assisrey/2 > 0 and the second one follows
from Theorem 1.2 of[[7]. By using PropositinP.3,

1309 < f 165 A 1185 galll [1052llldx < E/5Dno.
A similar argument applies to
900~ [ @A 00 . 082N

In fact, Theorem 1.2 0[[7] gives,
(M@0, 9, 300) 2| < (192 @alliz, Il + Iz, 15 gl

+min (105 alliz kdlcz, , > 105 Galliz |Il/fk||L2))|||3 Q|ll
S (103 Glliz + |I|3“192|I|)I|I5 Qlll

Sty /2

< llogta:lll 0%zl
Therefore, similar td*?, we have

131 < E/eDo-

For the estimation 0d®?, from Theorem 1.2 of[j7] again, we have
I(T(0%'92,05°02), 05 G2) 23| S {Ilﬁ‘”gzIIL MO Galll + N10% Galll 1037 Gllez
+min (195 Gallz 1937 Galliz_ 1105 Glliz, /zllﬁazgzllu)} 0% 9lll
< (IlﬁilgzllLéy/z|||5§292||| + |||5§192||| 0% Qallz ) ll10%9lll-
Firstly, suppose thatr;| < N — 2. Then
3@ = [(T(95: g2, 83202), 9592) L2(es)|

< 116% 92||L°°(L2 f 165Gl 1105 G2llld X + | 11165 Qll Il f3||3izgzllL2 ll16%llldx
R
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Similary, whenla;| > N — 2, we havda,| < 1 so that

3@ < 1020l sz f 110Gl 185G l1dx + 11 16222l s f 1602 glle  lI62galldx
Sty /2 R3 R3 sty /2
12
S EN,s+y/2DN»°'

Taking the summation of (4.7) overl < N,N > 3 gives [4}6).

Microscopic energy estimate with weight. In order to close the estima@ﬁ), we need
the estimates aof-v derivatives of the solution with weight. Firstly, Iég = aga‘j, la+ ] <
N, N > 6, and applyw;d3(l - P) to [@.3). We have

On(W;d302) + V- Vx(Wr3502) + L1(W,d5g2) = M,
where, witheg € N", |g| = 1,

N
Ma’ﬁ = Wfégl“(g, g) + Wf&E[P, V- Vx]g - Z a)Q (W€6g—e. gz) - [Wf(?”, Ll] O2 — Wgaz.l:zgz

i=1

=M1+M2+M3+M4+M5.
Take theLz(Rﬁ’v) inner product of this equation Winﬁggg to deduce
d
(4.8) G5 Galllzee) + D S M,
whereD is the dissipation rate given by
_ 4 2 o4 2
D= fR I = PYWed5 alliPdx > W Gallsges) — ClIg2lly ey
Here, we have used
IPW,d5Glll < 110°Goll 2.

And M is defined by

5 5
M = " (M), Wedgo)oms) = D, M.

j=1 j=1

Firstly, note that from Propjositions 2.3and 2.5, W(]e have

(4.9) (WL (0, f. 05,9), D) L2a)] < (||Ws+y/23ﬁ1 fllL2(za) W,
+ [[Wsiy/205,0llL2z2) |I|W56ﬁ1f|II)II|hI|I.
Write
M; = Z (WedgT (i, 9j), Wed5 Qo) L2ms) = Z Mujj.
i,j=12 i,j=12

We have

Mi11 = (WedgT' (91, 91), Weds92)12(ms)
~ fRs(Wl&’l)(@"?ﬂ)(WfaﬁF(wj, l//k),Wf6ggz)|_2(R3)dX

Recall that by Leibnitz formula, the flierentiation o involves the nonlinear operatdrs
and7 . Since these two operators share the same upper bound antutator properties,
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for brevity, we only consider the nonlinear operadtoBy using [4.p), since is a function
with an exponential decay factor, we obtain gy + |32| < |8,

(WL (0p, ¥ 1. Op,¥), W O2) L2(r3)| < IIWeds alll-
Therefore,

M~ [ @)@ I glldx
R
S VAl @) [ Allun @s) 192l g3 ge).-
Now consider
Mi1z = (WedgT' (91, G2), Wedj302) L2(rs)

< [ AW 0.5 W

By (£.9),

|(WeL(0p, ¥}, 052 92), Weds o) L2(e3)|

< (||Ws+y/23ﬁ1¢j||L2(R3)|||W€(92592”| + [[Weiy/20, G2l 2(r2) |||W£5ﬁ1¢j|||)|||W€3§gz|||

< NIWedg2 Gl W G2lll,
where we have used

Wsiy/2052QllL2za) < W2 galll.
Thus,
Ma12 < 1Al el IGell-
Next, notice that

Miz1 = (WedgT' (G2, 01), Wed02) L2(rs)
~ f3 (6azﬂ) (Wgaﬁr(awl o, lﬁj)» Wgaggz) Lz(Rs)d X
R

As above, [(4]9) yields
|(WeT'(0)5; 92, O, ), Wed5 92)12(r3)|
< (Vs 205 GallL 2z IIWE D01l + Wy 20,0 Lzgey W Gl IV Gl
< (Vs 205 llL o) + NIWedg: Gl IWE 5 Gl
< IWedg Glll W G2lll,
where we have usgWs,, 20l 23 < [IIWdlll. Consequently,
M1zt Al e)IG2l Gy sy
It remains to evaluate
Mizz = (WedgT (G2, 92), Wed302) L2(rs).-
For this, we can apply Propositi@S.Z to have
M122 < 1IG2ll ey 192115 e
In conclusion, we have proved

1/2
M; < SN/,ZZ)N’Z‘
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By using integration by parts and taking into account gaty/2 > 0, we get
M, < |(W[(9§[P,V . Vx]g, Wgaggz)LZ(Reﬂ
< (10" VxAll2@3) + 110 VxBall 2re)) 10 el 2re)
S 60”Vﬂ”|2_|N—1(R3) + C60”92”|2-|N(R§,L2(R3))’
wheredg > 0 is a small constant.
Similarly, For 1< |8] < N,
Ms < W35 192l 2eo) IWET3QallLaqes) < Collds 192050 0e) + 012l sy
wheres > 0 is another small constant.
The main ingredients of the estimation &fy are the commutator estimatesand ||

which are defined in the proof of Proposition 4.8|Ih [7]. Ndtattthey are valid in general
for y > —3 so that the estimates there can be used here. That s,

1= 1We, L1]g, WeG)uoges) < IWEDIEe -
1] = [(We[0p, L1]9, W, 09) 2(r3)
< D UWT (@2, 35,9, Opott?), WedpQ)L2e|
Br+B2+B3=P, B2#0

(> Wil IWEAsglla,
B1+B2=B, B2#0

With this, later we also need the following interpolatioeduality
IIWf@ﬁhlng/2 < C6||6Bh||L§+y/2 + 5|IWz(9ﬁhIIL;y/2 < Gsllldghllle, + 6llIW,dghlllo, -
For the termM,, using Propositioh 3.4
My < [([Wedg, L1192, Wed302) L2zs)
< (lgellyen + > 195 Gellgses))IG2llgors
l’|=lal, |8"|=|81-1
Finally, in view of Propositiof 3|3, we have

Ms = [(Wedg L2G2, WeO Go)12(zs)| < 1(05L2G2, WardgG2) L2(zs)

< Cligellersines 112" War 3 G2l 2sy < [
Now interpolation inequality
1Gallyotvsr + lIGllpier-in ey < SlIG2llgarms + Cs Z ||3“:92||39-
lo’|=lal+1,|8’|=|81-1
Plugging all these estimates @4.8) and fix the small comsgtavith respect to the
codficient in front of the dissipation rate, we have f6r 0,

d 2
d—tllwfﬁggzlle(Re) + |IWed592ll 0
S 1920 e 2z + Ene DN
2 @’ 2
F OV AR sy + D, 105 Gl
lo|=lal+L151=I81-1
By induction on|g| and|a| + |8, we have

d
(4.20) e+ Die S 19lngeg Loy + SOIVx AN naeo) + EnlrDre-
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Taking a suitable linear combination of the estimafed (4{%), and [(4.10), we then
conclude Propositioﬂ.l. And this completes the energgast on the solution so that
the global existence follows in the standard way for smatiyrbation.
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