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Abstract

We modelize the chaotic dynamics of charged test-particles in a turbulent electric
field, across the confining magnetic field in controlled thermonuclear fusion devices
by a 1% degrees of freedom Hamiltonian dynamical system. The external electric
field E = — VV is given by a some potential V' and the magnetic field B is considered
uniform. We prove that, by introducing a small additive control term to the external
electric field, it is possible to create a transport barrier. The robustness of this
control method is also numerically investigated.

1 Introduction

The confinement properties of high performance plasmas with magnetic confinement are
governed by electromagnetic turbulence that develops in microscales [1]. In that frame-
work various scenarios are explored to lower the turbulent transport and therefore improve
the overall performance of a given device. The aim of such a research activity is two-fold.

In this paper, we propose an alternative approach to transport barriers based on
a macroscopic control of the F x B turbulence. Our theoretical study is based on a
localized hamiltonian control method that is well suited for £ x B transport. In a previous
approach [3], a more global scheme was proposed with a reduction of turbulent transport
at each point of the phase space. In the present work, we derive an exact expression to
govern a local control at a chosen position in phase space. In principle, such an approach
allows one to generate the required transport barriers in the regions of interest without
enforcing large modification of the confinement properties to achieve an I'TB formation
[2]. Although the application of such a precise control scheme remains to be assessed, our
approach shows that local control transport barriers can be generated without requiring
macroscopic changes of the plasma properties to trigger such barriers. The scope of the
present work is the theoretical demonstration of the control scheme and consequently the
possibility of generating transport barriers based on more specific control schemes than
envisaged in present advanced scenarios.
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In Section 2, we give the general description of our model and the physical motivations
for our investigation. In Section 4, we explain the general method of localized control for
Hamiltonian systems and we estimate the size of the control term. Section 5 is devoted
to the numerical investigations of the control term, and we discuss its robustness and its
energy cost. The last section 6 is devoted to conclusions and discussion.

2 Physical motivations and the £ x B model

2.1 Physical motivations

Fusion plasma are sophisticated systems that combine the intrinsic complexity of neu-
tral fluid turbulence and the self-consistent response of charged species, both electrons
and ions, to magnetic fields. Regarding magnetic confinement in a tokamak, a large ex-
ternal magnetic field and a first order induced magnetic field are organised to generate
the so-called magnetic equilibrium of nested toroidal magnetic surfaces [4]. Experimen-
tal strategies in advanced scenarios comprising Internal Transport Barriers are based on
means to enforce these two control schemes. In both cases they aim at modifying macro-
scopically the discharge conditions to fulfill locally the Chirikov criterion. It thus appears
interesting to devise a control scheme based on a less intrusive action that would allow
one to modify the chaotic transport locally by the choice of an appropriate electrostatic
perturbation hence leading to a local transport barrier.

3 The FE x B model

For fusion plasmas, the magnetic field B is slowly variable with respect to the inverse of
the Larmor radius p;, i.e: p;|VIn B| < 1. This fact allows the separation of the motion of
a charged test particle into a slow motion (parallel to the lines of the magnetic field) and
a fast motion (Larmor rotation). This fast motion is named gyromotion, around some
gyrocenter. In first approximation the averaging of the gyromotion over the gyroangle
gives the approximate trajectory of the charged particle. This averaging is the guiding-
center approximation.

In this approximation, the equations of motion of a charged test particle in the presence
of a strong uniform magnetic field B = Bz, (where z is the unit vector in the z direction)

and of an external time-dependent electric field E = — V1] are:
X
d cE xB c N
- y =7 —EE(X,Y,T)XZ
c
-5 (1)
oxVi(X,Y,T)

where V] is the electric potential. The spatial coordinates X and Y play the role of
canonically-conjugate variables and the electric potential Vi(X,Y,T') is the Hamiltonian
for the problem. Now the problem is placed into a parallelepipedic box with dimensions
L x ¢ x (27 /w), where L and ¢ are some characteristic lengths and w is a characteristic
frequency of our problem, X is locally a radial coordinate and Y is a poloidal coordinate.
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A phenomenological model [5] is chosen for the potential:

N
Vo cos Xom
VX, Y, T) = > (25 m2)32 (2)
n,m=1

where V4 is some amplitude of the potential,

2 2
Xom = 01X + =

Y —wT

w is constant, for simplifying the numerical simulations and ¢,, ,,, are some random phases

(uniformly distributed).
We introduce the dimensionless variables

(x,y,t) = 27 X/L, 27Y /L, wT) (3)

So the equations of motion (1) in these variables are:

dfz\ _(-9,V(zy,t) @)
dt \ y 9;V (2,y,1)
where V' = (V1 /V}) is a dimensionless electric potential given by

V(z,y,t) =¢

N cos (nx +my + G — t)
Z (n2 + m2)3/2 (5)
n,m=1

Here
e = 47 (cVo/B) /(Liw) (6)

is the small dimensionless parameter of our problem. We perturb the model potential
(5) in order to build a transport barrier. The system modeled by Eqs.(4) is a 1% degrees
of freedom system with a chaotic dynamics [5, 3]. The poloidal section of our modeled
tokamak is a Poincaré section for this problem and the stroboscopic period will be chosen
to be 27, in term of the dimensionless variable t.

The particular choice (2) or (5) is not crucial and can be generalized. Generally, w
can be chosen depending on n,m. This would make the numerical computations more
involved. In the following section, V' is chosen completely arbitrary.

4 Localized control theory of hamiltonian systems

4.1 The control term

In this section we show how to construct a transport barrier for any electric potential V.
The electric potential V(x,y,t) yields a non-autonomous Hamiltonian. We expand the
two-dimensional phase space by including the canonically-conjugate variables (F,7),

H=H(E,2y71)=E+V(x,y,7T) (7)

The Hamiltonian of our system thus becomes autonomous. Here 7 is a new variable whose
dynamics is trivial: 7 = 11i.e. 7 = 79+t and FE is the variable canonically conjugate to 7.
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The Poisson bracket in the expanded phase space for any W = W(E, z,y, 7) is given by
the expression:

(WY = (8,W)9, — (8,W)d, + (9sW)d: — (8, W)dg. (8)

Hence {W} is a linear (differential) operator acting on functions of (£, z,y,7). We call
Hy = E the unperturbed Hamiltonian and V' (x,y, 7) its perturbation. We now implement
a perturbation theory for Hy. The bracket (8) for the Hamiltonian H is

{H} = (8xv)ay - (ayv)aa: + a7' - (aTV)aE (9)
So the equations of motion in the expanded phase space are:

y={H}y =0,V (z,y,7)
t={H}x=-0,V(x,y,7)
F = {H}E = -0,V (z,y,71)
T={H}r=1

We want to construct a small modification F' of the potential V' such that
H=E+V(z,y,7)+ F(z,y,7) = E+V(z,y,7) (14)
has a barrier at some chosen position x = xy. So the control term
F=V(x,y,7)—V(z,y,7) (15)

must be much smaller than the perturbation (e.g., quadratic in V'). One of the possibilities
is:
V=V(e+0,f(y,7),y,7) (16)

where

flor) = [ Vit
0
Indeed we have the following theorem:

Theorem 1 The Hamiltonian H has a trajectory x = xo + 0y f(y, 7) acting as a barrier
in phase space.

Proof
Let the Hamiltonian H = exp({f})H be canonically related to H. (Indeed the exponential
of any Poisson bracket is a canonical transformation.) We show that Hhasa simple barrier
at © = xy. We start with the computation of the bracket (8) for the function f. Since
f = f(y,7), the expression for this bracket contains only two terms,

{f} = =10, — fop (17)
where .
f'=0,fand f =0, f (18)
which commute: .
[0, f0] = 0 (19)
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Now let us compute the coordinate transformation generated by exp({f}):

exp({/}) = exp(—f'8,) exp(—[0p), (20)

where we used (19) to separate the two exponentials.
Using the fact that exp(bd,.) is the translation operator of the variable x by the quantity
b: [exp(b0,)W|(x) = W(x + b), we obtain

H=eNH = NE + DV (2,y,7)
_ (E ~ f) + V(e fy.7)
=F — v<(L’0,y,T) + V(x+f/_f/7y77-)
=F - V(x()ayaT) + V<:U7y>7_) (21)

This Hamiltonian has a simple trajectory x = xo, £/ = Ey, i.e. any initial data z = zo, y =
Yo, B = Ey, T = T evolves under the flow of H into x = xg,y = vy;, F = Ey, 7 = 79 + t for
some evolution g, that may be complicated, but not useful for our problem. Hamilton’s
equations for x and E are now

T = {H}ZE - [V(ZE(), Yy, T ) V<SL’, Y, T)] (22)
E = {H}E =0, [V(x07 Y, T) - V(I7 Y, T)] (23)

so that for z = xo, we find # = 0 = F. Then the union of all points (z,y, F, ) at
r=x9y E=FEy:
Zo

o= U | 4 (24)

y9T7E0

is a 3-dimensional surface T2 x R, (T = R/27Z) preserved by the flow of H in the 4-
dimensional phase space. If an initial condition starts on By, its evolution under the flow
exp(t{H}) will remain on B.

So we can say that B, act as a barrier for the Hamiltonian H: the initial conditions
starting inside B, can’t evolve outside 2B, and vice-versa.

To obtain the expressmn for a barrier B for H we deform the barrier for H via the
transformation exp({f}). A

H=e¢UH (25)
and exp({f}) is a canonical transformation, we have
{H} = {e VT HY} = e VH{HY el (26)
Now let us calculate the flow of H:
oHHY — (e UHHEYUY) {1} (I} {f} (27)
Indeed: o R
e UMD _ Z t" (e~ H}elfhn (28)
n=0

For instance when n = 2:

(e VHHYUN? = e U Yo U HY eV
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= tze_{f}{ﬁ}2e{f} (29)

and so by P
=~ 2 e~ S {H}rel! =
tH{H} _ _ Yt} {f} 30
e nz_:o o e e e (30)
As we have seen before:
x x—f
Al Y| = vy
F E—f
T T
and
i ZTo
t{H} Y _ Yt
¢ BT E (31)
T T+

Multiplying (27) on the right by e~#/* we obtain:
MY T} I} )

Zo Zo + f,<y7 7-)
Mt~y | Y| Z il y 32
EU EO + f(y> T) ( )
T T
and
Zo Zo
—{f} t{H} Y _ —{f} Y
e e Ey e o
T T+
xo+ f'(ye, 7+ 1)
Yt
= : 33
Eo+ f(y, 7+ 1) (33)
T4+t

So the flow exp(t{H}) preserves the set

Zo + f/(ya T)
_ Y
b= ygo Eo+ f(y.7) (34)
-

B is a 3 dimensional invariant surface, topologically equivalent to T? x R into the 4
dimensional phase space. 8 separates the phase space into 2 parts, and is a barrier
between its interior and its exterior. B is given by the deformation exp({f}) of the
simple barrier By.

The section of this barrier on the sub space (x,y,t) is topologically equivalent to a
torus T2.

This method of control has been successfully applied to a real machine: a traveling
wave tube to reduce its chaos [6].
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Figure 1: Uncontrolled and controlled potential for ¢ = 0.6, t = 7, 29 = 2

4.2 Properties of the control term

In this Section, we estimate the size and the regularity of the control term (15).

Theorem 2 For the phenomenological potential (5) the control term (15) verifies:

2 26_3
< 2N (35)

1 1
NN 41

£

if € is small enough, i.e. if |e| < W\/jﬂ where N is the number of modes in the sum (5).

Proof The proof of this estimation is given in [7] and is based on rewriting

F=V(+f)-V(z) = /0 ds 0,V (x +sf',y,7)f (y,T)
= O(V?) (36)

and then use Cauchy’s Theorem.

5 Numerical investigations for the control term

In this Section, we present the results of our numerical investigations for the control
term F'. The theoretical estimate presented in the previous section shows that its size is
quadratic in the perturbation. Figure 1 shows the contour plot of V(x,y,t) and V(x,y, t)
(‘7 =V + F) at some fixed time ¢, for example ¢ = 7. One can see that the contours of
both potentials are very similar. But the dynamics of the systems with V and V are very
different.

For all numerical simulations we choose the number of modes N = 25 in (5). In all
plots the abscissa is  and the ordinate is y.

5.1 Phase portrait for the exact control term

To explore the effectiveness of the barrier, we plot (in Fig. 2) the phase portraits for the
original system (without control term) and for the system with the exact control term
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Figure 2: Phase portraits without control term and with the exact control term, for
g = 09, To = 2, Ntraj =200

F. We choose the same initial conditions. The time of integration is 7' = 2000, the
number of trajectories: Ny,; = 200 (number of initial conditions, all taken in the strip
—1—7m <z < -m0<y <27 and the parameter ¢ = 0.9. We choose the barrier
at position zop = 2. And to get a Poincaré section, we plot the poloidal section when
t € 2nZ. Then we compare the number of trajectories passing through the barrier during
this time of integration for each system. We eliminate the points after the crossing. For
the uncontrolled system 68% of the initial conditions cross the barrier at o = 2 and for
the controlled system only 1% of the trajectories escape from the zone of confinement.
The theory announces the existence of an exact barrier for the controlled system: these
escaped trajectories (1%) are due to numerical errors in the integration.

One can observe that the barrier for the controlled system is a straight line. In fact
this barrier moves, its expression depends on time:

r=ux+ f(y,t) (37)

But when ¢t € 277 its oscillation around x = z vanishes: f’(y, 2k) fo 0,V (zo,y,t)dt =
0. This is what we see on this phase portrait. In fact we create 2 barrlers at position
xr = xo, and x = 9 — 27 (and also at x¢ + 2nm) because of the periodicity of the problem.
We note that the mixing increases inside the two barriers. The same phenomenon was
also observed in the control of fluids [8], where the same method was applied.

5.2 Robustness of the barrier

In a real Tokamalk, it is impossible to know an analytical expression for electric potential V.
So we can’t implement the exact expression for /. Hence we need to test the robustness of
the barrier by truncating the Fourier decomposition (for instance in time) of the controlled
potential.
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Fourier decomposition

Theorem 3 The potential (16) can be decomposed as V = > kez Vi, where

N
~ Ji(np)
\/k:eZ—cos(n+k‘@+(k‘—l)t) (38)

= (n? + m2)3/2

with

Npm(Y) = N +my + ¢, ,, + nek, (39)
N
B m cos(Kpmy)
N )
B m sin(Kp m,y)
Km,n,y =Nnro +my + (bn,m (42)

and Jy s the Bessel’s function
1 [7 )
Ti(np) = —/ cos (ku — npsinu) du (43)
™ Jo

Proof We rewrite explicitly the expression (16) for our phenomenological controlled
potential V(z,y,t):

N cos (n(x + f'(y,t)) +my + ¢, — t)

V(z,y,t) = - (n? +m2)3/2 (44)
with
N m <cos Koy — cos(Kpmy — t))
!/
fly,t)=¢ - (n2 + m2)3/2 (45)
With the definition (40) and (41) we have:
F'(y,t) = e(Fe(y) (1 —cost) = Fy(y) sint) (46)
Let us introduce
p=c(E+ F)"? (47)
and © by
psin® = —cF.(y) pcos© = —cFy(y) (48)
so that
a cos (n —t + npsin(© + 1))
Z (n? + m2)3/2 (49)
Using Bessel’s functions properties [9]
cos(psin ©) Z Ji(p) cos kO (50)

keZ
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Figure 3: Exact Control Term and Truncated Control Term with € = 0.6,¢ = %
sin(psin ©) = ij sin kO (51)

keZ
we get
cos (N —t +npsin(© +t)) = Z Jr(np) cos (&) (52)
keZ
where £ =1+ kO + (k — 1)t, and we finally obtain (38). The theorem is proved. B
During numerical simulations we truncate the controlled potential by keeping only its
first 3 temporal Fourier’s harmonics:

V= 52 Ao+ Ajcost + Bysint + Ay cos 2t + By sin 2t (53)

2 2\3/2
) (n? +m?2)3/

Jo(np) cos(n + ©)
= Jo(np) cosn + Ja(np) cos(n + 20)
= Jo(np) sinn — Ja(np) sin(n + 20)
Js(np) cos(n + 30) — Ji(np) cos(n — O)

B, = —\73(71 )sin(n + 30) — Ji(np)sin(n — ©)

Figure 3 compares the two contour plots for the exact control term and the truncated
control term (53). Figure4 compares the two phase portraits for the system without con-
trol term and for the system with the above truncated control term (53). The computation
of V. on some grid has been performed in Matlab and the numerical integration of the
trajectories was done in C.

One can see a barrier for the system with the truncated control term. As for the system
with the exact control term we create two barriers at positions © = z¢g and x = xg — 27
and the phenomenon of increasing the mixing inside the barriers persist.

5.3 Energetical cost

As we have seen before, the introduction of the control term into the system can reduce
and even stop the diffusion of the particles through the barrier. Now we estimate the
energy cost of the control term F' and the truncated control term F;. =V, — V.
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Figure 4: € = 0.3, T' = 2000, Nypq; = 50

Table 1: Squared ratios of the amplitudes of the control term and the uncontrolled electric
potential (.., (,,.; ratios of electric energy of the control term and the uncontrolled electic
potential 7, n,,; for the system with exact and truncated control term.
€ Cex Ctr Nea Ner

0.3 0.1105 0.1193 0.6297 0.1431

0.4 0.1466 0.1583 0.7145 0.2393

0.5 0.1822 0.1967 0.8161 0.3550

0.6 0.2345 0.2137 0.9336 0.4883

0.7 0.2518 0.2716 1.0657 0.6375

0.8 0.2858 0.3038 1.2119 0.8014

0.9 0.3191 0.3439 1.3722 0.9796

1.5 0.5052 0.5427 2.6247 2.3037

The average of any function W = W (x,y, 7) is defined by the formula:

2T 2 2T
< W] >:/ d:c/ dy/ dt W (x, . 1) (54)
0 0 0

Now we calculate the ratio between the absolute value of the truncated control (electric
potential) or the exact control and the uncontrolled electric potential:

Cew =< |F"> [ <|V]" >

and
Cor =< |Fu? > ) < [V? >

We also compute the ratio between the energy of the control electric field and the energy
of the uncontrolled system in their exact and truncated version

New =< |VF]* >/ < |[VV]* >

and
Ny =< |[VF[> >/ <|[VV]? >

for different values of . Results are shown in Table 1.
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Table 2: Number of escaping particles without control term N;ihout, and for the system
with the exact control term MN.,. and the truncated control term MN,.

€ N without /\/’exact Mr
04  22% 0% 6%
0.5 26% 0%  18%
0.9 68% 1% 44%
1.5 2% 1%  54%

Table 3: Difference AN of the number of particles passing trough the barrier and differ-
ence of relative electric energy An for the controlled and uncontrolled system.

e AN Ap
0.3 8% 0.49
0.4 16% 0.47
0.5 8% 0.46
0.9 24% 0.39
1.5 18% 0.32

One can see that the truncated control term needs a smaller energy than the exact
control term. In Table 2, we present the number of particles passing through the barrier
in function of e, after the same integration time.

Let AN = Nyithowr — Nir be the difference between the number of particles passing
through the barrier for the system without control and with the truncated control and
An =n,, —n,, the difference between the relative electric energy for the system with the
exact control term and the system with the truncated control term. In Table 3 we present
AN and An for differents values of ¢.

For ¢ below 0.2 the non controlled system is rather regular, there is no particles
stream through the barrier, so we have no need to introduce the control electric field.
For € between 0.3 and 0.9 the truncated control field is quite efficient, it allows to drop
the chaotic transport through the barrier by a factor 8% to 24% with respect to the
uncontrolled system and it requires less energy than the exact control field. For € greater
than 1 the truncated control field is less efficient than the exact one, because the dynamics
of the system is very chaotic. For example when ¢ = 1.5, there are 72% of the particles
crossing the barrier for the uncontrolled system and 54% for the system with the truncated
control field. At the same time the energetical cost of the truncated control field is above
70% of the exact one, which allows to stop the transport through the barrier. So for ¢ > 1
we need to use the exact control field rather than the truncated one.

6 Discussion and Conclusion

In this article, we studied a possible improvement of the confinement properties of a
magnetized fusion plasma. A transport barrier conception method is proposed as an
alternative to presently achieved barriers such as the H-mode and the I'TB scenarios. One
can remark, that our method differs from an I'TB construction. Indeed, in order to build-
up a transport barrier, we do not require a hard modification of the system, such as a
change in the g-profile. Rather, we propose a weak change of the system properties that
allow a barrier to develop. However, our control scheme requires some knowledge and
information relative to the turbulence at work, these having weak or no impact on the
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ITB scenarios.

6.1 Main results

First of all we have proved that the local control theory gives the possibility to construct a
transport barrier at any chosen position = x for any electric potential V' (z,y,t). Indeed,
the proof given in section 4 does not depend on the model for the electric potential V. In
Subsection 4.1, we give a rigorous estimate for the norm of the control term F', for some
phenomenological model of the electric potential. The introduction of the exact control
term into the system inhibits the particle transport through the barrier for any € while the
implementation of a truncated control term reduces the particle transport significantly
for e € (0.3,1.0).

6.2 Discussion, open questions
6.2.1 Comparison with the global control method

Let us now compare our approach with the global control method [3] which aims at
globally reducing the transport in every point of the phase space. Our approach aims at
implementing a transport barrier. However, one also observes a global modification of the
dynamics since the mixing properties seem to increase away from the barriers.

Furthermore, in many cases, only the first few terms of the expansion of the global
control term [3] can be computed explicitly. Here we have an explicit exact expression for
the local control term.

6.2.2 Implementation of the control procedure

Let us now consider the implementation of our method to turbulent plasmas where the
turbulent electric field is consistent with the particle transport. The theoretical proof
of an hamiltonian control concept is developped provided the system properties at work
are completely known. For example the analytic expression for the electric potential.
This is impossible in a real system, since the measurements take place on a finite spatio-
temporal grid. This has motivated our investigation of the truncated control term by
reducing the actually used information on the system. As pointed out previously, one
finds that this approach is ineffective for strong turbulence. Another issue is the evolution
of the turbulent electric field following the appearance of a transport barrier. This issue
would deserve a specific analysis and very likely updating the control term on a trasnport
characteristic time scale. An alternative to such a process would be to use a retroactive
Hamiltonian approach (a classical field theory) [10] and to develop the control theory in
that framework.
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