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OPDAM FUNCTIONS: PRODUCT FORMULA AND
CONVOLUTION STRUCTURE IN DIMENSION 1

J.-PH. ANKER, F. AYADI AND M. SIFI

ABSTRACT. Let G(Aa’ﬁ)(ac) be the eigenfunctions of the Dunkl-Cherednik oper-
ator T(®P) on R, with a > 8 > f%. In this paper we express the product

G&a’ﬁ)(z)GE\a’ﬁ)(y) as an integral in terms of Gf\a’ﬁ)(z) with an explicit kernel.
In general this kernel is not positive. Furthermore, by taking the so-called ratio-
nal limit, we recover the product formula for the Dunkl kernels proved in [[13].

We then define and study a convolution structure associated to G(Aa”ﬁ ),

1. INTRODUCTION

The Opdam hypergeometric functions Gg\a’ﬁ ) on R are normalized eigenfunctions
TN G (2) = iING ()
GYP(0) =1
of the differential-difference operator

fl@) = f(=x)

5 —pf(—x).
(1.1)

Here oo > § > —%, o # —%, p=a+ F+1and X\ € C. In Cherednik’s notation,
T(@P) writes

TR f(z) = f'(z) + ((Qa +1)cothz + (26 +1) tanhx)

2k 4k
Tk, ko) () = £/0) (7o 1 ) U @) = (=) = (o 200) (),
with o = ky + ky — % and § = kg — % The function Gg\a’ﬁ) can be expressed as
follows in terms of the Jacobi functions go(;"ﬁ )
« a, 1 0 a,
G5 @) = 3 a) = =g @) (12)

As main references we use the primary articles [T}, ] and the lecture notes [d, [[J].
This paper deals with harmonic analysis for the eigenfunctions Gg\a’ﬁ ). We derive

mainly a product formula for Gf\a’ﬁ ), which is analogous to the corresponding result
of Flensted-Jensen and Koornwinder [{] for Jacobi functions, and of Ben Salem

Key words and phrases. Dunkl-Cherednik operator, product formula, convolution product,
Opdam-Cherednik transform, Kunze-Stein phenomenon.
Acknowledgements. Authors partially by the DGRST project 04/UR/15-02, the cooperation
program PHC Utique/CMCU 10G 1503 and by the ”Laboratoir MAPMO” (UMR 6628).
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2 J.-PH. ANKER, F. AYADI AND M. SIFI

and Ould Ahmed Salem [[] for the Jacobi-Dunkl functions. The product formula is
the key information needed in order to define an associated convolution structure
on R. More precisely, we deduce the product formula

G (@) G (y) = / GO ()dpeP () Yo,y R, YAEC,  (13)
R

from the corresponding formula for gof\a’ﬁ ) on R*. Here ;L;(,;C,Z}B) is an explicit real

valued measure with compact support on R, which may not be positive and which
is uniformly bounded in z,y € R. We conclude the first part of the paper by
recovering as a limit case the product formula for the Dunkl kernel proved in [[I[3].

In the second part of the paper, we use the product formula ([7J) to define and
study the translation operators

) f(y) = / F(2) ) (2).

We next define the convolution product of suitable functions f and g by

f o g(x) = / 70 F(—)g () Ams(ly])dy.

where A, 5(|y|) = sinh(]y|)?**! cosh(y)?**1. We show in particular that f .59 =
g *ap [ and that F(f %, 9) = F(f)F(g), where F is the so-called Opdam-
Cherednik transform. Eventually we prove an analog of the Kunze-Stein phenom-
enon for the x, g-convolution product of LP-spaces.

In the last part of the paper, we construct an orthonormal basis of the Hilbert
space L*(R, A, s(|z])dx), generalizing the corresponding result of Koornwinder
[ for L*(R*, A, p(x)dr).. As a limit case, we recover the Hermite functions
constructed by Rosenblum [[4] in L*(R, |z|**Tdz).

Our paper is organised as follows. In section 2, we recall some properties and
formulas for Jacobi functions. In section 3, we give the proof of the product formula
for Gg\a’ﬁ ). Section 4 is devoted to the translation operators and the associated
convolution product. Section 5 contains a Kunze-Stein type phenomenon. In the
last section 6, we construct an orthonormal basis of L*(R, A, s(|z|)dx).

2. PRELIMINARIES

In this section we recall some properties of the Jacobi functions. See [f] and [{]
for more details, as well as the survey [[L0].

For a > 8 > —% with a # —% and \ € C, let @S\a’ﬁ) be the Jacobi function
defined by

. | .
P00(@) = o (50 +iX), 5o — iV + 15 —sink(@)).
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where p = a++1 and 5 F} denotes the hypergeometric function. For o > g > —%,
and x,y > 0, the Jacobi functions satisfy the following product formula

1 i
AP ) = [ [ A argeosh (o ) dmaatro), @21)
0 JO

where
v(z,y,r, 1) = cosh x cosh yy + re' sinh z sinh g,
and
dme,s(r, ) = 2My 5(1 — 72 P (r sin o) rdrdy (2.2)
with
Fa+1)
VIl (a = B)T(B+3)

When a = 8 > —%, the product formula becomes

Mo =

(@) (y) = M, / o\ (arg cosh [y(z, y, 1, ¥)|) sin® (¥)dey,  (2.3)
0

o F(a+1) . e . _ 1 _ 1
where M, = NCYrTEsE Notice that the limit cases a > 8 = —; and a = 8 > —3
a,—3 o,
are connected by the quadratic transformation gof\ ’ 2)(56’) = oy )(g)

For a > g > —% and fixed x,y € R*, we perform the change of variables
(r,) — (z,x) defined by

cosh z X = ~(z,y,7,v), (2.4)

ie.
cosh z cos x — cosh z cosh y ) cosh z sin
rcosy = - - , rsiny =

sinh z sinh y

This implies in particular that

cosh(|z| —[y|) < cosh(z) < cosh(|z[ + [y]),

sinh z sinh

and therefore z, y, z satisfy the triangular inequality
2| = Iyl < |2 < [l + lyl]-
Moreover, an easy computation gives

2 — (sinh x sinh y)_29($, Y, 2, X),

1—r
where
g(x,1,2 %) =1 — cosh® x — cosh? y — cosh® z 4 2 cosh x cosh y cosh z cos x. (2.5)

Furthermore, the measure sinh? zsinh?y rdrdiy becomes cosh z sinh z dzdy, and
therefore the measure dm, s given by (B.9) becomes

dmag(r, ) =2M, g g(z, vy, 2, X)O‘_ﬁ_l ( sinh z sinh y sinh z) T2 gin28 X Ao p(2) dzdy,

where
Aq5(2) := (sinh 2)?*™* (cosh 2)27 . (2.6)
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Hence, the product formula (R.0]) reads

P (@) (y) = / O (W sy, 2)Aaplz)dz,  z,y>0, (2.7)
0

where

Was(z,y, z) := 2M, g(sinh x sinh y sinh z)za/ g(x,y, 2, )% " sin?? ydy
0

(2.8)
if z,y,2z > 0 satisfy |z —y| < 2z <z +y and W, g(x,y, 2) = 0 otherwise. Here

g if g>0,
g+ =
0 «f g<o.

We point out that the function W, s(z,y, 2z) is nonnegative, symmetric in the
variables x, y, z and that

+o00
Was(z,y, 2)Anp(z)dz = 1.
0

Furthermore, in [f, Formula (4.19)] the authors express W, 3 as follows in terms
of the hypergeometric function o F; : For every z,y, z > 0 satisfying the triangular
inequality |z —y| < z < x + ¥,
r 1
Wap(x,y,2) = Mot D) (cosh x cosh g cosh )P~ (sinh 2 sinh y sinh ) 72

Vil(a+3)
x (1— BQ)O"%QFl (a +6,a—B;a+

1.1—B>
2" 2 ’

(2.9)

where

5. cosh? z + cosh? y 4+ cosh? z — 1

2 cosh x cosh y cosh z
Notice that

(cosh(z + y) £ cosh z)(cosh z + cosh(z — y))
2 cosh x cosh y cosh z

1+ B =

)

hence

1B — (cosh2(z +vy) — 0052h 22)(0(;sh 2z _QCOSh 2(x —y)) (2.10)
16 cosh” x cosh” y cosh” 2z
sinh(x 4+ y + 2) sinh(z + y — 2) sinh(z — y + 2) sinh(—z + y + 2)

4 cosh? z cosh? y cosh? =

In the case a = g > —%, we use instead the change of variables

cosh z = |y(x,y,1,7)| = | coshz cosh y + €™ sinh 2 sinh |,



and we obtain the same product formula (B.7), where W, , is given by
I'(a+1) gda+1

Val(a+3)

x [sinh(z + y + 2) sinh(z + y — 2)]*" /2

X [sinh(z — y + 2) sinh(—2 + y + 2)]*" /2. (2.11)

Waalz,y,2) = (sinh 2z sinh 2y sinh 22) ~2*

In the case o > = —=, we use the quadratic transformation

P (20) = o3 (@),
and we obtain again the product formula (B.7), with
zy 2y
272727
As noticed by Koornwinder [g] (see also [[]]), the product formulas (B.1)) and (B.7)

are closely connected with the addition formula for the Jacobi functions, that we
recall now for later use:

w _%(:p,y,z) = Z_QO‘WOW(

«,

(pg\a,ﬁ)(argcosh\fy(:c,y,r,w Z SO(Aasz go(a)\ﬁlzl(y)xl(fl, )( ’l/})H](:{lB)7 (2.12)
0<I<k<oo
where
(6% 167 _)\ . N o
SOE\ kﬁl)<x> Cap(=) (2sinh z)F7(2 coshx)kﬂgof\ +k+1,B+k— l)<x)

Ca+k+l,6+kfl<_)‘)
are modified Jacobi functions with
207 (o + 1T (i)
T(2 +id)T(25H 432y’

Cap(A) =

o _ a—pB—1,8+k—1 gL -1
X](glﬁ)< 7,1/}) — Tk lRl( B—1,8+ )(2T2 . 1)R](§_12 2)(COS’¢),

with

1 —
R1(1a75)(;p):2F1<_nan+p;a+1; 21‘)7

= ([ [ o vramasn) (213)

and

are normalizing constants.
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3. THE PRODUCT FORMULA FOR G\

For z,y,z € R and x € [0, 7], let

cosh x cosh y—cosh z cos x .
sinhz sinhy Zf ryY # 07

X = (3.1)
0, if vy = 0.

Furthermore, if « > 5 > —%, let us define IC, 5 by

™

Kop(z,y,2) = M,p(sinh |z|sinh |y| sinh |z|)_20‘ g9(z,y, 2, X)‘j‘:ﬁ_l
0
X\ 1—oy, . toX,, +ok, .+ 5 j_ 7 cothz cothy coth z(sin X)z]
2

x (sin x ) dx

if z,y,z € R* satisfy the triangular inequality ||| — |y|| < |2| < |=| + |y|, and
Kop(z,y,2) = 0 otherwise. Here g(z,vy, z, x) is as in (R.9)

Remark 3.1. The following symmetry properties are easy to check:

ICa,ﬁ<x7 Y, Z) = Ka,ﬁ(:% z, Z),
Ka,ﬁ(xa Y, Z) = ’Ca,ﬁ(_za Y, _:L‘)a
Ka,ﬁ(xa Y, Z) = ’Ca,ﬁ(xa —Zz, _y)

Recall the eigenfunctions G(Aa’ﬁ ) from the introduction. This section is devoted
to the proof of the following main result.

Theorem 3.2. Assume o > 3 > —%. Then G’E\a’ﬁ) satisfies the following product
formula

+oo
GG W) = [ G Eduls ),
forx,y € R and A\ € C. Here
) Kap(r,y,2)Aap(|2)dz  if zy#0,
dg”(2) = § 0a if y=0, (3.2)
0y if =0,
and Aap is as in (B.9).

Let us split the eigenfunction Gf\a’ﬁ ) as

into its even and odd parts:

Q,B Q,B
G (@) = (),



and
1 0
G(ayﬁ) — (avﬁ)
A0 (.T) p— i\ axgo)\ (.T)
pHiN . a+1,8+1
= R sinh 2z gpf\ )(z).

For z,y € R*, the product formula (P7) for the Jacobi functions yields

||+ |y|
G (@) G y) = / G (N Was(|2], [yl 2) Aap(2)dz

x| —yl|
1 (@.8)
-3/ G\ (2)Wa (2], [yl 12]) Aa,s(|2])dz,
where
Loy = [=|z] = [y|, =ll=| = [yl[] U [llz] = |y, =] + |y]]. (3.3)

Next let us turn to the mixed products. The following statement is Lemma 2.2
in [

1

Lemma 3.3. For a > 8> —35 and z,y € R*, we have

G @GP y) = Mg / G5 (2) (sinh || sinh [y] sinh | 2]) 2
Iz,y

{ [ gtez05 0 fsinPdi A2z
0

where g(x,y, 2,x) s given by (R.7), ox ., is given by (B, and I.,, is as in (B.3).
We consider now purely odd products, which is the most difficult case.

Lemma 3.4. Fora > > —% and x,y € R*, we have

G4 (006 (5) = Mas [ G(2) (s o] s |y sinh |2 >
Iy,y

X {/ g(:p,y,z,x)fﬁ_ﬁ_l <_0-3:<,y,z __7 - coth x coth y coth 2 sin? X)
0 (B+3)

X (sin X)zﬁdx}Aa,Bﬂdez.

Proof. For x,y > 0, we have

@By (@) (p+1iA)? - (a+1,8+1)(_y (a+1,8+1)
Gy ()G (y) m sinh(2z) sinh(2y) ) (x)p) (v)
= 2% (w,y) + T (2,9),
where
(a,6) N4pt ' (+1,8+1)\ (a+1,8+1)
Iy (x,y) = — sinh(2z) sinh(2y )y (x)py (y), (3.4)

T 16(a+ 1)
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and

1057 o) = G sinh(20)sinh 20) V@) ). 69

We can rewrite Igal’ﬁ ) as

I(O‘ B) / / gpA arg cosh |y(z,y, r,¢¥)|)r cospdmey s(r, ). (3.6)
Indeed, by means of the addition formula (R.13) for the Jacobi functions, we have
1 T
|/ A gt o AR Whimecte
0o Jo
— (a,8) d
= P10 )‘P ,\10 Xlo ¥)dma,s(r, )

= SOE\alﬁo)( )‘P&\,l{@(?/)a

where X‘fjoﬁ(r,w) = rcos, cpial’ﬁo) (x) = 4@1’; sinh 2xcp (o 1.5+1) (x) and H1 o is the

constant (R.13). Now (B.6) follows from the fact that cp (o1, BH)(x) cp(aﬂ BH)(x).
Moreover, by performing the change of variables (r,1) — (z, x) defined by

cosh ze™X = Yz, y, 7, 9),

and applying the same arguments as in the preliminary section for (B.1), the iden-
tity (B.6) becomes

T+y
I(a A) (x,y) = —QMQ,B/ Gg\?‘e’ﬁ)(z)(smhxsinhysinh z) 2
|z—yl

x{/ 0x,.9(x, Y, 2, X)4 A= 1(sinx)25dx}Aa75(z)dz.
0
Using the evenness in (z,y, z) of g(z,y, z, ), and the following symmetries

%7 (2, y) = sign(zy) L5 (|, ly)),

X 3 X
Oy = SIEN(TY)OT 12

we get for all z,y € R*

TN (ay) = Moy / G (2) (sinh || sinh [y sinh [2]) >

z,y

{ [ otegtem =08 s Aa (el
0
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On the other hand, in order to handle the expression Ig?‘z’ﬁ ) (x,y) for z,y > 0, we

use the product formulas (2.7) for go(aH P 4o get
75 (,9)
A
:78,0((2111)) sinh 2z sinh 2y P (2) T ()
M, Tty A (a
P at1,5+1 / sinh(2z) sinh(2y)(sinh z sinh y sinh z)_zo‘_2L ( +1,6+1)(Z)
(O[ + ]') lz—y| 4(0[ + 1)

X {/ g(z,y, 2, )57 (sin X)QﬁHdX}AaHﬁH(Z)dZ

=2 p Ma B / )(sinh x sinh y sinh 2) ~>* coth = coth y coth z
|z—y|

X{/ g(z,y, 2, )" (Smx)zﬁ“dx}fla,ﬁ(?«“)d?«“-
0

Arguing again by evenness and oddness, and using the fact that I(a’ﬁ ) (x,y) =

sign(zy)Zy (aﬁ (], ly|) for z,y € R*, we conclude that for all z,y € R*

I/(\fgﬁ)(x,y) 5+ Mag/ G’( B( )(s1nh\x|smh\y\s1nh\z|)

(coth z coth y coth z){ / g(z,y, 2,x)7 " (sin X)25+2dx}Aa75(|z|)dz
0
This finishes the proof of Lemma 3.4, and therefore the proof of Theorem 3.2. [J

Next we turn our attention to the case o = [ > —%. For z,y,z € R, let

cosh 2z cosh 2y—cosh 2z .
sinh 2z sinh 2y ’ Zf Y 7£ 07

Opyr = (3.7)
0, if xy = 0.

Moreover, we define the kernel K, by
1

5(1 — 04yt 0oz yt 0.y .+2(1—B?) cothx cothy coth 2)W,, o (2,7, 2)
if ||z — |y|| < |2| < |z|+|y|, and Ko (z,y, 2) = 0 otherwise. Recall the expressions

of 1 — B? and W, from (2:10) and (B-I7)) respectively. The symmetry properties
of Ko p (see Remark 3.1) remain true for /C,.

Ko(z,y,2) =

Theorem 3.5. In the case « = 3 > —% the product formula reads

Gg\ma) <x>Gg\a,a) (y) _ / Gg\aﬂ) (z)dlu(;g (Z), (38)



10 J.-PH. ANKER, F. AYADI AND M. SIFI

forx;y € R and A\ € C. Here

Koz, y, 2)Ana(|2])dz, if xy#0,
dul*)(2) =< 6, if y=0, (3.9)
dy, if x=0.

Proof. Applying the same arguments as for the case a > 3, we obtain

G ()G (y) = 1/2 / G () Waall2], ], 12]) Anal|2])dz,

z,y

and

GG ) =12 [ G (2)0m 0y WaaJ2], [yl 12]) Aaa(|2])dz,

Iw,y

where L., = [—[a| — yl, — Il — lyl[]U [lla] — [y]], |2] + [y]] and 0,.,. is as in (B20).
On the other hand, for z,y > 0, we have

G @G () = T (.y) + T3V (2, w),
where I/(\?"a) and I;?ga) are as in (B4) and (B.5§) with o = 3. Applying the same

arguments as for Iﬁﬁ’ﬁ ), we can show that

75 (w,y) = —M, /O G2 (arg cosh |y (, y, 1, 1)) cos ) sin® g
T+y
— —/ Gg\?‘e’a)(z)%vy,ZWava(:p,y,Z)Aa,a(z)dz.
lz—yl

Here we have used the change of variables ¢ — z defined by cosh z = |y(x, y, 1,1)|.
Thus, for x,y € R*, we have

a,a 1 a,a
I)(\,l, )<1’7y) = _5/1 GE\ )<z>0-:v,y,zWa,a(|‘r‘7 ‘y‘a ‘z|)Aa,a(|Z‘)d’Z'
z,Y
On the other hand, by using the product formula (P.7) for gpf\aﬂ’aﬂ), we get for
z,y >0
200 +1  [*HY sinh 2z sinh 2y

7% = Gl et Agitam1(2)dz.

A2 (z,y) 2a+1) /|my| Mo (2) sinh 22 +1041(%, Y, 2) Aay1,at1(2)d2

. o _R2 .
Since Woi1.a41(2,7y,2) = (a—:i}Z) (SinhxslinfysmthWma(:v,y,z), it follows that for
z,y >0

75"(x.y)

200 +1 o) 2
= — G, (2)(1 = B*) cothz cothy coth z W, o (2, y, 2) An.a(2)dz
(Oé + 1/2) |lz—y| A

= / Gg\a’a)(z)(l — B?) cothx cothy coth |2|Wo o (7, ¥, |2]) Aa.a(|2])d2.

Izvy

This finishes the proof of the theorem. O
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For € > 0, we have

G (ex) = o0 (ex) +

Using the fact that

I'(z+a)
I'(z+ )

2+ 1+1i)/e

3 (a7a)
ot D) sinh(2e)y = (e).

=21+ 0z} as 2 — 00,
and the fact

1 A
—(2a+1-— Z—);oz + 1; — sinh? z—::p),
5

(a,a) B 1 A
Py (eT) = 2F1(§(2a +1+ ?), 5

we deduce that

hm gof\/ )(e:c) = Ja(xA),

where j,(x) is the normalized Bessel function

ZF a+1+/<: k'($)2k
k=0
Thus
hmG ( x) = ja(zA) + Mixjaﬂ(az)\). (3.10)
e—0 2(a + 1)

The right hand side of (B.10) is the so-called Dunkl kernel E, (i), z) in dimension
1. Moreover, it is proved in [L3] that

E (N ) EL (i) y) = / EL i\, 2)ko (2,9, 2)| 2> dz, (3.11)
R
where
e T(a+1)
ka77 :22a—1_xz 2, 2,Y,T
(l’yZ) ﬁf‘(a+%)[ g,y7+§”y+g,y7]
ol
y ((x+y)? =)= (x—y)?)" ®
(zyz)*™ ’
and
L if ay £0,
Seyz = (3.12)
0 if zy = 0.

Proposition 3.6. For a > —%, the following limit holds

lim 8_2a_21Ca(EIL', gy, 52) = ka(l‘a Y, Z)

e—0
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Proof. For € > 0, we have
1
ICa(‘ng &y, 5'2) = 5 <1 - Usm,ey,ez + Usz,em,ey + Usz,ey,em +
+2(1 — B?) coth ez coth ey coth ez) Wa.alex, ey, e2),

_ sinhe(x +y + 2)sinhe(z +y — 2) sinhe(x — y + z) sinhe(—2 +y + 2)
B 4 cosh? ex cosh? ey cosh? ez

We may rewrite o, , ., as:
12 12 N S 12
sinh” x 4 sinh® y + 2 sinh” x sinh” y — sinh” 2

2 cosh x cosh y sinh x sinh y

0-1.7y7z =
Thus
2% 4y — 22
2xy
where ¢, . is as in (B.I9). Moreover, it is easy to see that

lim o, = =g
=50 EX,EY,EZ T,Y,2)

4
1 —Bf ~ EZ((aﬁLy)Q —2) (P~ (z—y)?) as £—0

and therefore
lim(1 — B?) coth ez cothey cothez = 0.

e—0

By using the expression (B.11) of W, ., we conclude that

W e eyen) g 20 LOED o (49 = 2)(E2 = (0= y)) "

Val(a+ 1) (zyz)**
as e — 0. O

Remark 3.7. If we replace A by \/e and (x,y) by (ex,ey) in Theorem 3.5, then
we recover the product formula (B.11]) for the Dunkl kernels from (B.§) as ¢ — 0.
Theorem 3.8. Let z,y € R.

(i) For a > > —3 with a # —3, we have supp (i) ¢ L.

29
(ii) For a > > —1 with a # —1, we have w&P(R) = 1.
(iii) For a > 8> —1
iv)

29
a,f I'(a+1 F(ﬁ-f—l)
L, we have [l < 4+ FEEB .

1

(iv) Fora= > —3, we have|| s || < 3

Proof. (i) is obvious.
(ii) This claim follows from Theorems 3.2 and 3.5 and the fact that GES"B) =1.

(iii) From the proof of Theorem 3.2, we may rewrite the product formula for Gg\a’ﬁ )
as follows:

G ()G y) = / G\ (2)Kap(w,y, 2) Aap(|2)dz + 157 (2, y),
sY

x
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where Ig?;’ﬁ ) is given by (B3) and
Kos(,y, 2) :=M, g(sinh |z| sinh |y| sinh | 2]) =
| =0t 0% o gl 2005 i 0P
0

By [fl, Proposition 2.7], we have

/ Ko s(2, 9, 2)| Aap(|2])dz < 4.
I,y

On the other hand, using the product formula (R.1) for the Jacobi functions, we
may rewrite I/(\?‘Z’B ) as follows :

A N N
= f sinh(2x) s1nh(2y)<p( +h 5“)(1»)@5\ LA (1))

——~sinh(2z) sinh(2y) / / (a1 BH (arg cosh(|y(z,y,r, ¥)|)dmai1 pr1(r, 1)

argcosh(|’Y(3j y, 7, 0)]))
h(22) sinh( dm
Ta s o e 29// e e s P T

where (z,y,r,1) = coshz coshy + re® sinh zsinh y. In order to conclude, it re-
mains for us to prove the following inequality

P : LT dmay1,541(r,0) T(a+1)T(B+3)
ila+1) Smhmmh?y/ / Fe ool -1 Ta+ DTG+ 1)

By expressing |y(z,y,r, ¢)| and dma41 p+1, the left hand side becomes

1 T d
Lsinh 2x sinh 2y/ / ma+176+1(77¢)
4(a+1) v(x,y,r ,1/1|\/|7:Ey,r¢))|2—
p

2l (a + 2)
(04+1)[\/_F(a— )+(ﬁ %)] smh2xsmh2y/ / (1—17?)

x 1203 (sin ¢) 22

a+1,6+1(T7 @/)),

v/ (cosh z cosh y + r cos 1 sinh x sinh y)2 + (r sin 1 sinh 2 sinh y)2

1
X drdy
cosh x cosh y + r cos ¢ sinh x sinh )2 + (7 sin ¢ sinh z sinh )% —
V/(cosh z cosh sz sinh )2 + (rsin g sinh 2 simh y)? — 1
IN¢ 1 drd
:\/— F<p a+ 3 / / (TSin¢)26+2 : 77Z) 3
a—pf +3) VU + cos P/V + cos

where , ) ) )
cosh” x cosh® iy + r?sinh” z sinh” y

2r cosh x cosh y sinh x sinh y
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and
v cosh? z cosh? iy 4 72 sinh? z sinh? y — 1
B 2r cosh x cosh y sinh x sinh y
Since
U1V —1— (cosh x coshyy — 7 sinh x sinhy)? — 1 >0,

2r cosh z cosh y sinh x sinh y

we can estimate

Lsinh 2 sinh e dmot1,6+1

4(a * 1) i 2y/ / {L‘ ?/77“7@/))|\/|7($ayj7“7¢)|2 -
pI(a+1) 2y0= 81 (1 gip 4)) 20+ cos )~ Ldr

VAT(a—ATG+ // (i sin §)22(1 + cos ) Ndrdyp

£F<a+1)r</3+ )< (@+1)T(B+1)

2P+ T(F+1) ~ Dla+y) I(B+1)

using classical formulas for the Beta and Gamma functions.
(iv) is proved in a similar way, using use the product formula (.3) for cpg\a’a) instead

of (E). O

Remark 3.9. For alla > 3 > —5, the measures ,u;(,; > are not positive in general.

Indeed, we may rewrite the kemel lCaﬂ as

IN

Kapg(w,y,2) = M,g(sinh|z|sinh |y|sinh |z|)~>* K&{)B(x,y,z)—l—lC&)ﬁ(x Y,2) |,

where
1 " o—f— .
K (@, y, 2) 2/0 g(@,y,2,X) 7" (@, y, 2)(sin x)*Pdy
with
Qx(x7y7 ) - 1 _U§y2+agyl‘y+axvyv$7
and
K@ _ P _othzcothycothz [ =01 (sin x)2*+2d
OC’B(x,y,z) =351 coth x coth y coth z g(x,y, 2, x)5% (sin ) X-
3 0

Assume that x > 0. It is easy to see that iQX(LI: x,—3) <0, for all x € [0, 7], and

therefore oX(x, x, —%) < 0%z, x, —%). Moreover by studymg the gmwth of the func-
tion x — 0°(x, x, —%), on can check that o°(x,x, —%) < —2. Then ICaﬁ(:c r,—3) <

0. Obm’ously lCEf)ﬁ(a:,x, —3) < 0. Hence, there exists a nezghborhood of —3 in the
support of [, (2.5) for which z — Ko 5(z, x, 2) is strictly negative.
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4. THE CONVOLUTION PRODUCT

For a > 8 > —% and f € C.(R), the Opdam-Cherednik Fourier transform is
defined by

_ /R F@)CEP (—2)Ans(a)dz YA EC, (4.1)

where A, g(x) = (sinh z)?**!(cosh x)***1. The inverse Fourier transform of a suit-
able function g on R is given by:

R @)y 1 _ Ly A
Tote) = [ eI @ - H)— S

where
20~ (e 4 1)L (iN)
PE(p+iN)P(G(a—B+1+iN)

We refer to [[[1] for more details on F.
We may express the Fourier transform F in terms of the Jacobi transform

/ f(x (O‘ B A, p(z)d. (4.2)

Ca,8(A) = AeC\iN.

More precisely:

Lemma 4.1. For A € C and f € C.(R), we have

F(HA) = 2Fap(fe)(N) + 2(p + i) Fap(J fo) (V)
where f. (resp. f,) denotes the even (resp. odd) part of f, and

e / £

Proof. Write f = f. + f,. Firstly, if A = —ip, then

F(HAN) = /Rf(w)Aa,ﬁ(lx\)dfc = 2Fa5(fe)(ip).

Secondly, if A\ # —ip, we have

FOW) = 2an £ + = [ fo) S0 @ Au sl

Let A, g be the Jacobi operator given by

Basf (@) = g5 [Aasl) o1
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By integration by parts, we obtain
o d
| @5 @) Austa)ds
0 dz ’

= —/OOO @&a’ﬁ)(x)Aa;(x)%[Aa,g(x)%(Jfo(x)) Ag s(2)dz

= —Fap(Basd fo)(N)
= (N4 ) Fas(Jfo)(N).

g

The following Plancherel formula was proved by Opdam [[1l, Theorem 9.13(3)]:

J @Rz = [ (FOWOF+IFONP e

_— p dA
= [ FOWFDEN - BT

where f(x) := f(—x). The following result can be proved by specializing [[d,
Theorem 4.1].

Theorem 4.2. The Opdam-Cherednik Fourier transform F and its inverse J are
topological isomorphisms between the Schwartz space S, (R) = (coshz) ?S(R)
and the Schwartz space S(R). Recall that p = a + f+ 1.

Definition 4 3. Let f be a suitable function on R and let x € R Foroz > 06> —5

with o # —5, we define the generalized translation operator iop by

/ f dﬂ(a B) (5

where d/,éff) is given by (B.9) for a > B, and by (B.9) for a = p.

The following proposition is clear. However for completeness we will sketch its
proof.

27

Proposition 4.4. For a suitable function f on R, we have

(i) 7 B)f(y) = 7,7 f(x).
< ) = f(y)

(i) m .
iii) 7@ @0 = ef) (@)
(i) 7 G<“ My) = GV @G ).
)
) T

~—
[

(v ( )()\) = Gf\a’ﬁ)(x)f(f)()\), where F is given by ([.)).
(vi ( m)f = 7P (TP f), where TP is the Dunkl-Cherednik oper-

ator ([L]).
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Proof. (i) follows from the property K, g(x,y, 2) = Ko gy, x, 2).
(ii) follows from the fact that ICp 5(0,y, 2) = 0,.
(iii) follows from the fact that the function

H(w1, y1, 70, 42) = / Ko o210, 91, 2)Ko 522, 92, 2) A s (|2])d2
R

is symmetric in the four variables.

(iv) follows from the product formula for Gg\a’ﬁ )
(v) For f € C.(R), we have

FEedfn) = / 70 ()G (=) Awpl|2])d
= [ [ 10Kastoz0 w<|t|>dt} D (=2 Aus(|2])dz

- / FO[ [ 6572 Kapla 20 Ansl1)d] Ansl 1)
Since K, p(, 2,t) = Ko g(z, —t, —2), it follows from Theorem 3.2 that
FEIN0) = / FOGE () Aua(t)
= G& ()

(vi) This property follows from the injectivity of F and the fact that 7. {h) (TP f)
and T(@A)( 7ieP) ¢ ) have the same Fourier transform, namely

A id GO F ()N,

U
Lemma 4.5. For 1 <p<oo, f € LP(R, A, 5(|t|)dt), and x € R, we have
1752 1l < Capllfllp, (4.3)
where
I(a+1) T(B+3) )
A fapreny: W a>8> -3
Cop = (4.4)

N[Ot

, if a=p>-—3.

Proof. For p = oo, the inequality ([.3) follows from Theorem 3.7. For 1 < p < oo,
we use again the boundness of [, |Ks (2, y,t)|Aas(|y|)dy and Hélder’s inequality
to estimate

Il < CZﬁI/R/R|f(t)|p|lca,ﬁ($a?/7t)|Aa,B(|t|)Aa,ﬁ(|y|)dtd?/
CasllFI5-

IA
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Definition 4.6. For suitable functions f and g, we define the convolution product
[ *ap g by
Frag o) = [ 79 H-)g(0) Aasllsl)dy
R

Remark 4.7. It is clear that this convolution product is both commutative and
associative:

(1) f *a,839 = g *a,p f
(i) (f *a,p 9) *a,8 h = f *a,5 (g *a,p h).

Proposition 4.8. Let D,(R) be the space of smooth functions on R supported in
[—a,a]. For f € D,(R) and g € Dy(R), we have f *45 g € Darp(R) and

F(f *ap 9)(A) = F(HN)F(9)(A).
Proof. By definition we have

F(f #ap 0)(N) = / / 709 f(—y) g (1) G (—2) Aa(12]) A s Iy )y,

Using the product formula for Gg\a’ﬁ ) and Remark 3.1, we deduce that

F(f *ap 9)(V) = / /(2) / 9(y) / GO () (=2, —y, —2) Au p(|2] )
X A |y|>dy Aaﬁ<|z|>

- / FAGE At} [ 96 ) Al

= Fg (A)-
0

By standard arguments, the following statement follows from Lemma 4.5.

Proposition 4.9. Assume that 1 < p,q,r < oo satisfy 1—1) + % -1 = % Then,
for every f € LP(R, Ay 5(|z|)dx) and g € LI(R, Ay g(|z|)dx), we have f 4,59 €
LT(R7 Aaﬁ(‘l’Ddl’), and

1f *a.8 9llr < Capll fllpllglla:
where Cy 5 is as in (£4).

5. THE KUNZE-STEIN PHENOMENON

This remarkable phenomenon was first observed by Kunze and Stein [g] for the
group G = SL(2,R) equipped with its Haar measure. They proved that

LP(G)* L*(G) C L*(G) Vi<p<2.

By such inclusion, we mean the existence of a constant C}, > 0 such that the
following inequality holds:

1f * gllz < Gyll fllpllglla - Vf € LP(G), Vg € L*(G).
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This result was generalized by Cowling [J] to connected non compact semisimple
Lie groups with finite center. We prove the following analog in our setting (we
understand that Trimeche has recently extended this result to higher dimensions).

Theorem 5.1. Let 1 <p <2< qg<oo. Then

LP(R, A p(2))da) %05 L*(R, A (|2l)dz) C L*(R, Aqs(lal)dz)  (5.1)
and

LA(R, Ag pJ2))de) #0p LR, Ags((2)dz) © LR, Agp(le)dz).  (5.2)
Proof. (i) Let f,g € C.(R). Then, by the Plancherel formula, we have

/R (f o ) (&) Aa s (2]

= [ U s 0O P g+ L U s 9P

) s d) e dA
< )\eR,Sz};leP{:l:l}‘F<w.g>()\)‘ [/W IF (] T6x]c(VP +/R+ [F(H] 7167T|c()\)\2]
= AeRS;lgﬂ}If(w-g)(k)\zllf!\g-

Here we have used the fact that F(f *..5 g) = F(f)F(g). Next, if p and ¢ are dual
indices, we estimate

|F(w - g)(\)| < / |9(w2)[|G7 (—2)| Aa s () da

Q,B
< gl 1G5

using Holder’s inequality. Thus it remains for us to show that ||G(Aa’ﬁ ) || is bounded
uniformly in A € R. This follows from Schapira’s inequality [I{]

GSP(2) < GYP(z)  VreR, VAER,
and the well-known estimate [
o () < C(1+ |a))e " vz R,
which yield
G () < C(1+|z)e ™ vVzeR, VieR
As a conclusion

1S *ep gll2 < cpll fllllgllp-
(ii) Let f, g,k € C.(R). Using the Cauchy-Schwartz inequality and (5.1), we get

/R(f *a,6 9)(@)k(2) A p(|2])dz| < Cllgllallf + k2

< el fll2llgllallElp-
Hence |[f *a,5 glls < ¢ql[fll2ll9]l2- .
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The following results are deduced by interpolation and duality from Theorem
5.1 and Proposition 4.8.

Corollary 5.2. (i) Let 1 <p < q<2. Then
LP(R, Ag g(l])dx) %05 LU(R, Ao p(|2])dz) C LY(R, Ag,g(|2])d).
(i) Let 1 <p <2 andp<q§ﬁ. Then
LP(R, Ag p(|])dr) *a,5 LP(R, Ao g(|2|)dz) C LU(R, A g(|x])d).
(iii) Let 2 < p, g < 0o such that £ < p < q. Then

LP(R, Aas(jo])dz) %5 LY (R, Aq(al)dz) C L(R, Ag s(|a)da).

6. A SPECIAL ORTHOGONAL SYSTEMS

In this section we will construct an orthonormal basis for L*(R, A, 5(|z|)dz). We
will also prove that by applying a certain limit argument we recover the Hermite
functions for L*(R, |x|**™'dz), constructed by Rosenblum in [[3].

Proposition 6.1. Fiz a, 3 and 6 such that o > 5 > —% and 6 > —1. We set
HY (t) := (cosh t)—a—ﬁ—é—QPf"”(l — 2tanh??),

g —a—B—6-2 p(at+1,0) 2 (6.1)
HS, () == (cosht)=>F=0=2 "% (1 — 2 tanh*t) tanh ,

where P (r) =oF, ( —n,n+a+o+1;a+1; %) denotes the Jacobi polynomial.
Then {H2}>% is an orthogonal basis of L*(R, Ay 5(|7|)dx).

Proof. Firstly, by oddness we have
/ HY, () H3, . (t)(sinh [t|)**H (cosh )T dt = 0.
R
Secondly, using the change of variable x = tanh ¢, we obtain
/Hgn(t)HSm(t)(sinh |t)2*+ (cosh )% dt
R

1
= 2/ P (1 — 222 P9 (1 — 22%)(1 — 2%)°2**Hdx
0
1

— 2—5—“/ P (PP (r) (1 +1r)°(1 — r)*dr
-1
FNa+n+1)I'(0+n+1)

90—l Snm.-
(a+o6+2n+1)I'(n+ D' (a+0+n+1) ™
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Above we have used the orthogonality of the Jacobi polynomials. The same argu-
ment gives

/ Hgn—i-l (t)HQ(Sm+1 (t) | sinh t|2a+1 (COSh t)25+1dt
R

g—b—a=2 MNa4+n+2)T0+n+1)
(a+d6+2n+2)T(n+ Dl(a+5+n+2) ™

Further, it is known that {P\**}7 span a dense subspace of LQ(] — 1,1, (1 —
r)*(1 + r)°dr) (see for instance [[§]). Hence {H3,},% and {HS,., no% span a
dense subspace of L*(R, A, s5(|z|)dz). and L*(R, A, 5(|z|)dz), respectively. O

Proposition 6.2. The Opdam-Cherednik transform of the basis { HZ},, is given by
(—1D)"  T(a+ T3 —iA+1)DE (6 +ix+ 1))

FH)N) = = TI@E+a+8+2)+n)(LE +a—56+2)+n)
xPn(—/\ZQ;<5_2H>,<5_2H>,<&+§+1>,<a_§+1)>,(6.2)
and
Fu ) = PP <€£Zl+)rﬁ(ﬁ>_ +1>+ <1))<Ic;(+(j i?:;))ln)
XPn(_)\ZQ;(5;1)’(5;1)’(a+§+3)’(a—26+1)>’ 63
where

P.(z%a,b,c,d) = (a+b),(a+c)p(a+d),

™ n+a+b+c+d—-1, a—2z, a+uz;
4 a—+b, a+ c, a+ d;

)

Proof. Since H3, are even functions, and therefore F(HJ,) coincides with F,, 5(HJ3,)
(see (I.2) for the definition of F, ), it follows that (6.2) is nothing other than the
identity (9.4) given in [[[0] without details. However, for completeness and since

we shall use the same arguments in the proof of F ( 9.s1), we will give all the
details. For (6.2), we have

HS (t) = (=1)"(cosht) @ F=972pe)(gtanh?t — 1)

denotes Wilson polynomials.

= (=1)"(cosht)=@F=0~ QMQFl(_n §+a+n+1;0+1;1—tanh?t)

1
= (=1)" <57+, )n( ht)_a_ﬁ_s_QQFl(—n, §+a+n+1;8+1;cosh™> t)
n!
1 1
— 5 + Z 5 ta+n + ) ( osh t)f2mfa757672.

(0+1),m

m=
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Hence
F(Hs,)(\) = Hgn(t)gog\a’ﬁ)(t)\Sinht\QaH(cosht)%“dt
R
:(_DA5+Dn"(—mmw+a+n+nm

n! (6 +1),m!

m=0

g / (cosh #)~2m=0=#=0=25) (1) sinh 2+ (cosh 1) dt.
R
By [0, formula (9.1)], we have:

/ (cosh t)_“_“—ﬁ—lsp(;‘ﬁ) (£)(sinh £)22+ (cosh ¢)25+1dt
0

_ Do+ DG — iN)T(5(k+ M)
20 (5(a+ B+ pu+ D)5l —F+p+1)

Thus
/Hgn () (4| sinh |2+ (cosh )2+ dt
B (04 1), (=) S+ a+ 1),
= (=" o “T(a +1); (6 + 1)l
y D(m+3(6+1—iA)T(m+3(6+1+iN)
T(m+3(a+B8+6+2)0(m+i(a—B+0+2)
B (_1)n(5+1)nf(a+1) (L(6 — iA + DT(L(S + X + 1))
B n! TG +a+8+2) (50 +a—5+2))
i ™ d+a+n+1, (0 —ix+1), F(O0+ir+1), 1
NS4, L6t a+B+2), S0+a-pF+2), -
Similarly :

Hy, . (t) = (=1)"(cosht) > #=0=2pletl)(2 tanh®¢ — 1) tanh ¢
= (-1 0

XoFy(=n,mn+6 +a+1;8 + 1;cosh 2 t)

(D) = () m(n+ 5+ a+2),

(cosht) ™ #=0=2tanht

(cosht)~2m=a=A=0=3ginht.

m=0
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Thus
F(Hsni1)(N)
= —% / H, (1) sinh(26)p T ()] sinh ¢]22 (cosh £) 20+ dt
Oz
A
_ O:: . / 3, (00 (1) (sinh £)%2 (cosh )52
B p+z)\( 1) + Dn = () m(n 4+ 6 +a+2),,
a1 n! (0 +1),,m!

m=0

[ costity e g i ) cosh 7
0

o+, L0+ D) = (m)m(n+ 0+ a+2),
T a+1 (=1) n! Z (0 +1),m!
Da+2)0(E2m+6+1—i\)DE2m+ 6+ 1+14N)
2M(A(a+B+2m+0+4)T(3(a— B+2m+0+2))
“1, 1\ (D) & () m(n+ S Fa+2),
= —27(=)"T(a+ Do +id)— 1;::0 5T T
L(ER2m+6+1—i\)DER2m+6+1+1iN)
P(3(a+B+2m—+0+4)(5(a—B+2m+6+2)
1V 0+ 1), T(a+DI(E0+1—iX)D(5(6 + 1+ iX))
= =M+ nl TGE(a+B+0+4)(5(a—B+0+2))

oG d+a+n+2, (0 —ix+1), F(O0+irx+1);
IO+ 0o+ B+4), 3(0+a—pB+2);

m=0

1) )

Remark 6.3. Let ¢ > 0. In the definition of HS(t) we replace 6 by =2 and we
make the change of variable t — et. Then (B.]) becomes

H, (et) = (coshet) A= -2p* (1 _ 2 tan?et),
H3, 1 (et) = (cosh 5t)_a_6_872_2p1§a’€_2)(1 — 2tan? et) tan t.
Using the fact that

1)n
P@Y (1 — 2tanh?t) = (a +| )
n

2F1(—n,n+a—|—b+1;a+1;tanh2t),

then we may express H, (et) and Hggil(st) in terms of the hypergeometric func-
tion 2F1( —n,n+a+e 2+ 1;a+ 1; tanh? 8t). Moreover, it is easy to check that

-2 &2
cosh(et)® " ~e 2 ase — 0,
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and that ;
lim o F(a,p;b; =) = 1F1(a;b; 2).
pP—00 p
Hence
- 1), 2
lim §n2(5t) = we71ﬂ(—n,a +1;1%)
e—0 n'
2 42
=e 2z Lo(t%),
and

B 2
lim eTVHS L (et) = e 2t LA (2),
E—

where LY denotes the Laguerre polynomial. Thus we recover the even and the
odd Hermite functions constructed by Rosenblum in the rational Dunkl setting [[[3,
Definition 3.4].
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