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On the well-posed coupling between free fluid and porous viscous flows

Philippe Angot
Université de Provence & LATP - CMI, UMR CNRS 6632, 39 rue F. Joliot Curie, 13453 Marseille Cedex 13 - France.

Abstract

We present a well-posed model for the Stokes/Brinkman problem with jump embedded boundary conditions (J.E.B.C.)
on an immersed interface. It is issued from a general framework recently proposed for fictitious domain problems.
Our model is based on algebraic transmission conditions combining the stress and velocity jumps on the interface
separating the fluid and porous domains. These conditions are well chosen to get the coercivity of the operator. Then,
the general framework allows to prove the global solvability of some models with physically relevant stress or velocity
jump boundary conditions for the momentum transport at a fluid-porous interface. The Stokes/Brinkman problem with
Ochoa-Tapia & Whitaker (1995) interface conditions and the Stokes/Darcy problem with Beavers & Joseph (1967)
conditions are both proved to be well-posed by an asymptotic analysis. Up to now, only the Stokes/Darcy problem
with Saffiman (1971) approximate interface conditions was known to be well-posed.

Keywords: Jump embedded boundary conditions, Stokes/Brinkman problem, Stokes/Darcy problem, Fluid/porous
coupled flows, Well-posedness analysis, Asymptotic analysis, Vanishing viscosity
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1. Introduction

Notations. Let the domain Q ¢ R (d=2 or 3 in practice) be an open bounded and Lipschitz continuous domain.
Let an interface X ¢ RY"!, Lipschitz continuous, separate Q into two disjoint connected subdomains: the fluid domain
Qy and the porous one Q, such that Q = Q U X U Q,. The boundaries of the subdomains are respectively defined
by: 0Qf =Ty UZX for Qs, 0Q, =T, UX for Q, and 0Q =Ty UT, for Q, see Fig. 1, assuming no cusp singularity
at ¥ N 0Q. Let n be the unit normal vector on X oriented from Q, to Q; and 7 any unit tangential vector of a local
tangential basis (71, - ,74-1) on Z. For any quantity ¢ defined all over Q, the restrictions on Q and ,, are denoted
by ¥/ and y” respectively. For a function  in H'(Q rUQ,), letyy~ and y* be the traces of Yo, and o, on each side
of X respectively, le = (Y" +y¢7)/2 the arithmetic mean of traces of ¢, and [¥/]]s = (W* — ™) the jump of traces of ¥
on X oriented by n.

There exist in the literature different models with physically relevant stress or velocity jump boundary conditions
for the tangential momentum transport at the fluid-porous interface X, see e.g. [21, 14]. When the homogeneous
porous flow is to be governed by the Brinkman equation, cf. [9, 15], the interface condition below linking the jump of
shear stress with a continuous velocity was derived with volume averaging techniques by Ochoa-Tapia and Whitaker
[20] instead of the usual stress and velocity continuity boundary conditions at the interface [1]:

(/JVVf-Il - ’%Vv”-n T = ’LM vser and v =v’=vs on I (D
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Figure 1: Configuration for fluid-porous flows inside the domain Q = Q, UZ U Q,,.

We prove in Section 3, as a by-product of our general framework recalled in Section 2, that stress jump boundary con-
ditions of this type yield a well-posed fluid-porous Stokes/Brinkman problem whatever the dimensionless parameter
Bonw = 0; see [24] for the characterization of 8,,, of order one. This was not already stated up to our knowledge.
When the porous flow is governed by the Darcy equation, see e.g. [15], the well-known Beavers and Joseph
interface condition [7] must be used. It links the shear stress at the interface with the jump of tangential velocity:

_ H®%j oy fop = —
(,uVVf-n)z-T— v —vP) .1 and v.n=v’n=v-ny on X. 2)
| VK ( )z

The approximate Saffman interface condition [22], derived by homogenization techniques in [16], is also written when
the porous filtration velocity can be neglected with respect to the fluid velocity at the interface: |V§- T < |V£' 7|, i.e.
for a permeability value K or Darcy number Da = K/H? sufficiently small. The global solvability of the Stokes/Darcy
problem with the Saffman condition for vg- T =~ 0 is proved with a mixed hybrid formulation in [17] whatever the
dimensionless parameter a;; > 0, and then by many others with various formulations, see e.g. the recent review [12].
The only result of well-posedness for the full form of Beavers and Joseph condition is recently established in [10] for
a/,fj sufficiently small. We prove in Section 4 by a singular perturbation in our general framework with a vanishing
viscosity that the above Beavers and Joseph interface condition yields a well-posed Stokes/Darcy problem whatever
the parameter ay; > 0. This is useful for a thin fluid layer as for conducting fractures in porous media flows [5, 6, 10].

We first begin in the next Section 2 by describing the general framework with jump embedded boundary conditions
studied in [4]. It is derived by a generalization to vector elliptic problems of a previous model stated for scalar
problems [2, 3].

2. A well-posed Stokes/Brinkman problem with jump embedded boundary conditions

Leto(v, p) = —pI+2fid(v) denotes the Newtonian stress tensor defined with the effective viscosity /1 in the porous

1
domain Q,, with i = u in the fluid domain Q; and d(v) = = (Vv + Vv') being the strain rate tensor. We consider

the following Stokes/Brinkman problem including jump embedded boundary conditions (J.E.B.C.) on the interface
which link the trace jumps of both the stress vector o (v, p)- n and the velocity vector v through the interface X:

-V-o(v,p)=f in Qy, 3)
—Veov,p)+uK'lv=f inQ,, 4)
Vev=0 inQ,uUQ, ®)

v=0 onl',UT,, (6)

[o(v, p)-n]ls = MV onx, @)
o(v,p)ng =S[vls on X, (3)

2



where the viscosity coefficient u and effective viscosity f in the porous medium are such that o = min(y, ) > 0, the
uniformly positive definite and symmetric permeability tensor K = (K;;)i<; j<a, and the transfer matrices S, M on
are measurable and bounded matrices verifying ellipticity assumptions:

K e (L2@Q)™; 3Ky >0, VEeRY, K@) &€= Kl ae. inQ,. (A1)

M, S e (L°E@)™; AMy, S0 >0, VE€R?, M(x)-& &> MyleP, S(x)-& &> Solé? aeonE.  (A2)

With usual notations for Sobolev spaces, e.g. [19], we now define the Hilbert spaces:
H(')rf(Qf)d = {w e H'(Qp)?% wr, =0 on I“f}, H(l)r,,(Qp)d = {w e H'(Q,)" wrr, =0 on Fp},
W = {w e LX(Q), wy, € Hyy (@) and wig, € Hjp (Q,)%; V-w=0in QU Q,}

equipped with the natural inner product and associated norm in H'(Q, U Q,)".
Let us note that for v € W satisfying (3) or (4) with f € L?>(Q)? such that V- o (v, p) € L*(Q)?, we can define
. 1 . . .
a(v,p)- nl“; in H2(2)¢, see [18, 8]. The model with the J.E.B.C. (7-8) also allows a possible pressure jump [p]lx # 0

in H™? (Z) with additional regularity assumptions.

Then, as a consequence of the general framework stated in [4], the problem (3-8) satisfies in Q the nice weak
formulation below:
Find v € W such that Yw € W, a(v,w) = [(w) with

a(v,w)sz ,ud(v):d(w)dx—i—Zf ﬂd(v):d(w)dx+f ,uK_1V~wdx+fMV|g‘W‘zds+fS[[V]]Z- [wlsds
Qs Q, Q, b =
l(w):ff-wdx. &)
Q

Besides, the following well-posedness result is ensured by [4, Theorem 1.1].

Theorem 2.1 (Global solvability of Stokes/Brinkman model with J.E.B.C.). If the ellipticity assumptions (A1,A2)
hold, the problem (3-8) with £ € L*(Q)“ has a unique solution (v, p) € W x L*(Q) satisfying the weak form (9) for all
w € W and such that p/ = pg +CY+C'"/2and p* = pg +C% - C'/2 where py € LS(Q) ={q € L}*(Q), qudx = 0}
and C°, C' are constants defined by:

1 1 —
C’ = ] <a’(v, po)yng —S[vls, n>_%’2 and C'= 3] (lo(v, po)-nlls = M¥iz, m)_s 5.

Hence, to satisfy (7-8) in the sense of H - (Z)%, the pressure field p € L*(Q) must be adjusted from the zero-average
pressure py € Lg(Q) such that: (p — po)s = C%and [p - polls = C".
Moreover, there exists a constant ao(S2r, Q,, Ko, o) > 0 such that:
c(Q, Qp it 1, 1K loo)
Qo

[Ivllw + llpolloa < [fllo.c2-

Remark 1 (Generalizations). For practical problems, the case of a nonhomogeneous Dirichlet boundary condition:
v=vponl'yUl',withvp € H> Ty Fp)d and the compatibility condition fr,»ur, vp-nds = 0, can be treated as well
by defining an ad-hoc divergence-free extension of vp, e.g. [23], and adding its] contribution in the source term f of
the present problem (9). The generalization to unsteady Stokes/Brinkman problems is also straightforward.

3. The Stokes/Brinkman problem with Ochoa-Tapia & Whitaker interface conditions

We now consider that i = u/¢, where ¢ €]0, 1] is the porosity of the porous medium, and stress jump interface
conditions of Ochoa-Tapia & Whitaker’s type [20] like in (1), the original ones reading with 8; = B,,, and 8, = 0:

. up: . HPBn
ov,prn]y =Mv withM;; = s j=1,--,d-1, My, = and Vvl =0 onZX, 10
[o(v, p)-n]s = J ad No [vls (10)
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where M is a positive diagonal matrix with 8,8, > 0 a.e. on X and K, K,, permeability coefficients. Then, as a
consequence of the general framework stated in [4], the problem (3-6,10) satisfies in Q the weak formulation below:
FindveV={ue H(l)(Q)d; V-u = 0} such that,

2f pd(v):d(w)dx+2f Ed(v):d(w)dx+f
Q; ¢

uK—‘v-wdx+va-wds=ff-wdx, YweV. (11)
Q, Q, z Q

Besides, the following well-posedness result is ensured as a corollary of Theorem 2.1.

Corollary 3.1 (Global solvability of Stokes/Brinkman problem with OT-W). Ifthe ellipticity assumptions (Al,A2)
hold, the problem (3-6,10) with £ € L>(Q)? has a unique solution (v, p) € V x L*(Q) satisfying the weak form (11) for
all w € V and such that pf = pg +C'/2 and p* = pg — C'/2 with py € LS(Q) and the constant C' defined by:

o1

cl =
DY

([o(v. poy nlly ~Mv. m)_y 5.
SkEeTcH oF PrROOF. The existence and uniqueness of v € V satisfying (11) is ensured by the Lax-Milgram Theorem. The
pressure field py € Lg(Q) can be also recovered by the De Rham theorem [23, 8] which involves the inf-sup condition
between the velocity and pressure spaces [13]. Then, by constructing an ad-hoc divergence-free extension as for [4,
Theorem 1.1] (see also [8]), this allows to verify the stress jump condition (10) in H ‘%(Z)d with the pressure field
p € LA(Q) fitted such that we have formally [p — polls = C' and (p — po)x = 0. O
We can also interpret this solution as the limit solution of the problem (3-8) with penalized velocity jumps on
when the penalty parameter € > 0 tends to zero and we have the following convergence result.

Theorem 3.2 (Convergence to Stokes/Brinkman problem with OT-W). For any & > 0, the solution (v, p.) of the
1

problem (3-8) from Theorem 2.1 with M defined in (10) and S = -1 strongly converges to the solution (v, p) of
e

Corollary 3.1 in W x L*(Q) when & — 0. Moreover; there exists a constant C(Qy,Qp, u, ¢, Ko, K=Y > 0 such that

1
the following error estimate holds, ¥ being the weak limit of —[v,]x in L*(Z)%:
e

Ve = Vllw + llpos = polloa < Clgllos Ve  and  NIIvelsllos < [Wllos &.
With additional regularity assumptions such that y € H 2 (X)¢, then the previous estimate becomes optimal in O(g).

SKETCH OF PROOF. The solution v, € W satisfies with (9) the weak form below:

2[ ,ud(Vg):d(w)dx+2f
o Q, ¢

- — 1

B d(v,) :d(w)dx + f /,LK_1 VeeWdx + vagm- Wi ds + — f [velse [wlsds

p Q, p) € Js
= ff-wdx, YweW. (12

Q
By choosing w = v, we get using the Korn and Friedrichs-Poincaré inequalities in Q, 2, together with the inequality:
ab < (a* +b*)/2, Ya,b € R:
— 1 c(Qf,Qp)
o f Vvl dx + o Ko f v, dx + f My T ds + f IvdsPds < S0 g2

QuQ, Q, p) € Js Ho

With this bound, there exists v € W such that, up to a subsequence, v, tends to vin W or H Q U Q,,)d weakly when
& — 0 and strongly in L?>(Q)?. Indeed, since the trace application is continuous, we have: vir,ur, = 0. Moreover we
have: [|[[velsllox < c(Qf, Qp, po, F) /€ and thus [v]y = 0, viz = vz and v belongs to the subspace V of W. Then po,
defined by Theorem 2.1 is bounded in Lg(Q) since we have using the Necas theorem [23, 13]:

lIPosllo < c(€2f, Qp) (”VpOs”—l,Qf + ”VpOs”—l,Q,,) < Clivellw + lifllo.c- 13)
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Thus, there exists pg € Lé(Q) such that, up to a subsequence, pg, tends to po weakly in L*(Q). Now taking the limit

1

of (12) when & — 0, there exists ¢ € L*(£)? such that —[[v, ]y tends weakly to  in L*(£)? and we get that v is the
£

unique solution in V (the uniqueness being proved directly with f = 0 and w = v € V ¢ W) satisfying:

Zf ,ud(v):d(w)dx+2f l—ld(v):d(w)dx+f ,uK_lv-de+fMV‘z-W‘zds+fw-l[w]]zds
Qg Qp¢ Q z )

P

=ff-wdx, Vw e W. (14)
Q

Hence, v € V also satisfies (11) for all w € V. Besides, using test functions w = ¢ € C_° compactly supported either
in Q; orin &, and such that dive = 0 in Q; or in Q, respectively, and using the Stokes formula, we get with the De
Rham theorem [23, 8] the existence and uniqueness (¢ and Q, being connected) of the pressure restrictions pojo,
and pojo, in L(%(Qf) and L%(Qp) respectively. This defines the pressure field py = poo, + pojo, in L%(Q) over the whole
domain Q such that (v, py) verifies the Stokes/Brinkman equations (3-5) a.e. in Qy U Q,,.

Then, we can define the pressure field p € L*(Q) with py and the constant C! as in Corollary 3.1 such that the
stress jump condition (10) is verified in H ‘%(E)d. Moreover, the constant C| defined in Theorem 2.1 with (v, poe)
satisfies: llg(l) C! = C" with the weak limits of (v, po,) and the continuity of the trace applications. We can also give an

interpretation of . By writing the difference between the weak form of problem (3-6,10) with test functions w € W

using the Stokes formula and the limit weak form (14), it yields: <0'(v, po)yng -y, I[w]]z>7 L =0, Yw € W. By

constructing an ad-hoc divergence-free extension in W of any function u in H : (2)¢, as for [4, Theorem 1.1] (see also
[8, chap. III] for the Stokes/Neumann problem with a stress boundary condition), we define the constant C° = lin(]) CS

below, cf; defined in Theorem 2.1 with (v,, py.), such that we have ¢ = o (v, pg + C9)- n;; in the sense of H -3 )4

| S 1
0 _ _ 5 d
C° = 5l <a'(v, Po) s — ¥, n>7%’2, such that <a’(v, po+COng -y, u>7%’2 =0, VYueHix)".

To prove the strong convergence and the error estimate, we first write the error equation being the difference between
(9) satisfied by v, for all w € W and (14) using the fact that: [v]ly = 0 and vjz = vz. Then, choosing w = v, — v, we
get with the Cauchy-Schwarz inequality:

_ 1
2o f d(v, = VP dx + poKo f v, — V2 dx + Mo f Vo — VP ds + = f Ve — vIsP ds < [WlozllTvs - Vsllos
QuQ, Q, 5 e Js

which simply gives using the Korn and Poincaré€ inequalities in Qr and €,:
Ivelsllos = Ve = visllos < Wlloz e and  [Ive = Vilw < C(Qf, Q,, uo) I¥llox Ve. 5)

If ¢ belongs to H 2 (Z)?, the last error estimate can be improved up to O(g) by constructing some adequate extensions
from ¢ in the subdomains Q¢ and Q,,. Finally, the pressure estimate is obtained using the Necas theorem and we get:

1pos = Polloa < (@, 2p) (IV(poe = polll-1.0, + IV(Pos — po)ll-1.0,) < ClIve = Vilw,

which completes the proof. a

4. The Stokes/Darcy problem with Beavers & Joseph interface conditions

We consider the problem (3-8) with the Dirichlet boundary condition (6) on I', replaced by the stress boundary
condition of Neumann where v is the outward unit normal vectoronI', and q € H - (l"p)d given, e.g. q = —p, V:

v=0 onIy and oW, p’)v=-p’v+iVvl-v=q onT,. (16)
Let us define the Hilbert space Wy equipped with the natural inner product and norm in H'(Q; U Q,)%:
Wy = (w e LX(Q), wi, € Hor (@) and wig, € H'(Q,)%; V-w =0in Q;UQ,).
Then, the following well-posedness result is ensured as a corollary of Theorem 2.1, see also [4, Theorem 2.1].
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Corollary 4.1 (Global solvability of the Stokes/Brinkman model with J.E.B.C. and stress B.C.). With the assump-
tions of Theorem 2.1 and q € H -2 (Fp)d, there exists a unique solution (v, p) € Wy x LX(Q) satisfying the weak form:
a(v,w) =1w)+{(q, W)_%Ipfor allw € Wy with pf = p£+C0 +C')2 and pP = pg +CY—C'/2 where Po € Lg(Q) and
the constants C°, C' are defined as in Theorem 2.1 such that the equations (3-5) hold almost everywhere in QruUQ,
and (7-8) are satisfied in H -3 (X)¢. Then, if the following compatibility condition holds:

1 1
c’—-c'=c’ with CcVN=—
2 IT,|

(@(V.po)»v—4q,V)_1ir,,
the stress boundary condition (16) is also satisfied in H™? (T,) and (v, p) € Wy x LX(Q) is the unique solution of the
problem (3-5,7-8,16).

For any £ > 0, let us now consider the solution (v, p,) € Wy x L*(Q) of the problem (3-5,7-8,16) with a vanishing
viscosity fi = ¢ for the Brinkman problem in ,. The condition (16) avoids the creation of a spurious boundary layer
along I', for the Darcy problem when & — 0. The J.E.B.C. (7-8) are also calibrated as follows to obtain interface
conditions of Beavers & Joseph’s type [7] with a jump of tangential velocity (2) allowing a possible pressure jump:

—_ . . 1B
[o(v,p)»nlly =Mys with M;;=0, j=1,---,d-1, My = X onx, 17
S —— ) Har 1
o(v,p)rng =S[vly with S = ﬁ’ j=1,---,d-1, Su= . onx, (18)

where M, S are positive diagonal matrices with a; = a;;, 8, > 0 a.e. on X and K, K, permeability coefficients.
Let us define the Hilbert spaces

Wsp = {w e L2Q), wo, € Hyr ()", wia, € LX(Q,); V-w=0in Q;UQ,)
equipped with the natural inner product and norm in H'(Q/)? x L*(Q,)? and
Wsp = (W e Wyjpi Vow € LX(Q), [Wlls € L@), [w-n]l; = 0]

equipped with the norm defined by: [[wliyy, , = ||w||§79f + ||w||§’gp + (V- WIlG ¢, + IITWIsllG s
We now prove the following convergence result which also ensures the well-posedness of the Stokes/Darcy pro-
blem with Beavers & Joseph’s type interface conditions (2,17) whatever the coefficients a., 3, > 0 a.e. on Z.

Theorem 4.2 (Convergence to Stokes/Darcy problem with B-J). With the data f € L*>(Q)¢ and q = 0, the solution
(Ve pe) in Wy X LX(Q) for any & > 0 from Corollary 4.1 of the problem (3-5,16,17,18) with a vanishing viscosity ji = &
weakly converges to the solution (v, p) in Wgp X L*(Q) of the Stokes/Darcy problem with the interface conditions
(2,17) on X when & — 0. Indeed, in the porous domain Q,, v¥ and p? satisfy the Darcy equation, i.e. Eq. (4) with
fi =0, and p? belongs to H'(Qp) such that p? =0onT,.

With additional regularity assumptions such that vP € H l(Qp)d, then ve Wg_p N Wy and we have the global error

1
estimate with C > 0 depending on the data, ||VV|loq,, Wllos and ¢ defined as the weak limit of —[[ve-n]lx in L*(%):
&

1
2 2 \z
Ive=Vll1 .o, + Ve IVe=Vlli .o, +IIVe—Vllo.o, HIPos—Polloe < Cl¥llos Ve  and  |llvesnllsllos < (21VVIGo + W5s) &
f P P 82, B

SKETCH OF PROOF. The proof is here abridged without explaining most of the arguments already detailed in the proof
of Theorem 3.2. From (3-5,16,17,18) with the Stokes formula, the solution v, € Wy satisfies the weak form below:

2[ ,ud(vg):d(w)dx+2sf
Qf Q

d-1
1
+Zfs,-j[[v€-r,»]]2 [[w-‘rj]]zds+—fl[vg-n]]z[[w-n]]zdssz-wdx, Yw € Wy. (19)
- Jr ' € Jx Q
e

d(v,): d(w)dx + f uK v wdx + f MV, 5 W ds
z

P Q,

6



By choosing w = v,,, we get using the Korn inequality in Q, Q, and Poincaré inequality in Q:
K d-1
po | Vv dx+2¢ f Vv, dx + 20 f V2 dx + My f VermglP ds+So ) f [ve- ;12 ds
Q, Q, 2 Jg, s Iz

1
+= f [ves nli ds < c(Q, Q. 0. Ko) I£ll§ o (20)
z

With this bound, there exists v.€ Wg,p and V € H ‘(Qp)d such that, up to a subsequence, v, tends to v in Wg,p or
H'(Qp)? x L*(Q,)? weakly when & — 0 (strongly in L2(Q)?) and Ve v? tends to ¥ in H'(Q,)? weakly. Indeed, since
the trace application is continuous, we have: vir, = 0. Moreover we have: ||[ve- nllsllos < c(Qy, o, Ko, £) v/ and thus
[ven]ly = 0, vens = v-njs in L*(T). Since [[v.- 7]l is bounded in L*(Z) (for &; > 0 and thus S > 0) and because
v/ € H'(Qy)? has a trace in H 3(X)?, there exists v; € LA(2)? defined as the weak limit of the trace v/, s in L2(Z).
Hence we define the tangential velocity jump: [v-t]y = (vlfg - V; )7 € L*(Z) and we have v € Wg_p.

Then pg. defined by Corollary 4.1 is bounded in Lg(ﬂ) because, using the Necas theorem as for (13), we have:
lpoello.o < (€2, €2p) (”VpOs”—l,Qf + ”VPOs”—I,Q,,) < C, since |[Velliq,» VE(IVellia, and [[Vlo.q, are all bounded. Thus,
there exists pg € Lé(Q) such that, up to a subsequence, po. weakly tends to pg in L2(Q).

1
Now taking the limit of (19) when & — 0, there exists € L2(Z) such that —[[v,- n]lz weakly tends to ¢ in L*(X)
&

and we get that v is the unique solution in Wy_p, satisfying the weak form:
d-1
2f ud(v) :d(w)dx + f yK‘l v-wdx + fMV|z-W|zds + Z ijj [v-7ls [w-7;lsds + flp [w-n]sds
Q; Q, b oYz b

- f f-wdx, YweWy. 1)
Q

The existence and uniqueness of the solution v € Wy_p to the above problem can be also a priori ensured by the
generalized Lax-Milgram theorem of Necas [19] with an inf-sup stability inequality. Besides, using test functions
w = ¢ € CZ compactly supported either in Q¢ or in Q, and such that divgp = 0 in Q; or in €, respectively,
and using the Stokes formula, we get with the De Rham theorem the existence and uniqueness (€ and Q, being
connected) of the pressure restrictions pog, and poq, in Lg(Qf) and L%(Qp) respectively. This defines the pressure
field po = po, + pog, in L(Z)(Q) over the whole domain Q such that (v, p) verifies the Stokes/Darcy equations (3-5)
a.e. in QrUQ, with i = 0in (4), i.e. the Darcy equation. Because of uniqueness, the whole sequence (v, po.) weakly
converges to (v, po) in Wg/p X L(Z)(Q).

Then, to satisfy the interface conditions (17,18) on X, i.e. in H ‘%(Z)d, the pressure field p € L*(Q) must be
adjusted from the zero-average pressure py € LS(Q) such that: (p — po)z = C° and [p - polls = C', where the
constants C°, C! are calculated as in Theorem 2.1 with (v, po) above defined. Since 7, v¥ € LZ(Q,,)d, we have by the

Darcy equation that p? belongs to H 1(Qp). The limit boundary condition (16) which reduces to: pll; =0in H> T,
can be also satisfied if the following compatibility condition holds:

c_teroev wim o ev=-L pods, (22)
2 Tl Jr,
such that: p/ = pg +C+ C'/2 and p? = ph + CV define the pressure solution p € L*(Qy) X H(])rp(Qp)' We can also
interpret y in a similar way as ¥ in the proof of Theorem 3.2.
Now, if v” belongs to H I(Q,,)d with sufficient regularity assumption, then v e Wg_p N Wy, Vg = vf; eH %(E)d
and we prove the strong convergence and a global error estimate in Q. The difference equation between (19) and (21)
reads: for all w € Wy,

2f ,ud(Vg—v):d(w)dx+25f
Qs Q

d-1

£y fz S i 1(ve = V)7l [w-7;ls ds + é fz [ve nlis [w-nliz ds = —2& fg d(v) : d(w) dx — fz y [w-nlsds. (23)

—1 p

7

d(ve —v):d(w)dx + f

uK (v, —v)-wdx + fM(Vg — V) W ds
Q z

P P

~.



Then, choosing w = (v, — v) € Wy with [[v-n]ls = 0, we get the error estimate for the velocity:

d-1
2 2 2 o o (12 2
20 lld(vs = VB g, + £ ld(ve = VIZg +uoKoIve = V2 + Mo (Vs = VislBs + S0 Y M(Ve = V)71l
J=1

1 1
5 ve nllsligs < 5 (219vl5 0, +Wli5s) & 24

which yields the result with the Korn and Poincaré inequalities in Q/ or Q,,. Finally, the pressure estimate is obtained
using the Necas theorem and we get with the Stokes and Darcy equations:

Ipos = Polloe < C (Ive = Vllig, + Ve = Vllog, + £11V¥sllog, ) (25)

which concludes the proof with (24) since /& IVVelloq, is bounded with (20). We thus obtain the given error estimate,
typical of the existence of a spurious boundary layer in this singular perturbation problem, as for the L2-penalty method
analysed in [1, 11]. O
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