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LINEAR KOSZUL DUALITY AND AFFINE HECKE ALGEBRAS

IVAN MIRKOVIC AND SIMON RICHE

ABSTRACT. In this paper we prove that the linear Koszul duality equivalence constructed in a
previous paper provides a geometric realization of the Iwahori-Matsumoto involution of affine
Hecke algebras.

INTRODUCTION

0.1. The Iwahori-Matsumoto involution of an affine Hecke algebra H.g is a certain involution
of H.g which naturally appears in the study of representations of p-adic groups (see e.g. [BJ],
[BM])). This involution has a version for the corresponding graded affine Hecke algebra (i.e. the
associated graded of H,g, endowed with a certain filtration), which has been realized geometri-
cally by Evens and the first author in [EM]. More precisely, the graded affine Hecke algebra is
isomorphic to the equivariant homology of the Steinberg variety St, and the Iwahori-Matsumoto
involution is essentially given by a Fourier transform on this homology.

In this paper we use the realization of H,g as the equivariant K-theory of the variety St. Using
our constructions of [[MR] for an appropriate choice of vector bundles, we obtain an equivalence
between two triangulated categories whose K-theory is naturally isomorphic to H,g. We show
that the morphism induced in K-theory is essentially the Iwahori-Matsumoto involution of H g
(see Theorem for a precise statement).

Our proof is based on the study of the behaviour of linear Koszul duality (in a general context)
under natural operations, inspired by the results of the second author in [R3, Section 2], and
quite similar to some compatibility properties of the Fourier transform on constructible sheaves

(see [K9, 3.7)).

0.2. Organization of the paper. In Section [] we introduce some basic results and useful
technical tools. In Sections P and [, we study the behaviour of linear Koszul duality under
a morphism of vector bundles, and under base change. In sections {§ and ff we deduce that a
certain shift of linear Koszul duality is compatible with convolution, in a rather general context,
and that it sends the unit (for the convolution product) to the unit. Finally, in section [f we
prove our main result, namely that linear Koszul duality gives a geometric realization of the
Iwahori-Matsumoto involution of affine Hecke algebras.

0.3. Notation. If X is a variety and F, G are sheaves of Ox-modules, we denote by F H G
the Oy2-module (p1)*F @ (p2)*G on X2, where p1,ps : X x X — X are the first and second
projections. We use the same notation as in [MR]| for the categories of (quasi-coherent) sheaves
of dg-modules over a (quasi-coherent) sheaf of dg-algebras. If X is a noetherian scheme and

Y C X is a closed subscheme, we denote by Cohy (X) the full subcategory of Coh(X) whose
1



2 IVAN MIRKOVIC AND SIMON RICHE

objects are supported set-theoretically on Y. We use similar notation for G-equivariant sheaves
(where G is an algebraic group acting on X).

0.4. Acknowledgements. This article is a sequel to [MR]. It was started while both authors
were members of the Institute for Advanced Study in Princeton. The second author also thanks
the Université Blaise Pascal (Clermont—Ferrand II) and the Massachusetts Institute of Technol-
ogy, where part of this work was done.

1. PRELIMINARY RESULTS

1.1. A simple lemma. Let X be a noetherian scheme, and let A be a sheaf of dg-algebras on
X, bounded and concentrated in non-positive degrees. Assume that H°(A) is locally finitely
generated as an Ox-algebra, and that H(A) is locally finitely generated as an H°(A)-module.
Let D°(A) be the subcategory of the derived category of quasi-coherent A-dg-modules (the
latter being defined as in [MR], 1.1]) whose objects have locally finitely generated cohomology
(over H(A) or, equivalently, over H°(A)). Let K(D°(A)) be its Grothendieck group. Let also
K(H"(A)) be the Grothendieck group of the abelian category of quasi-coherent, locally finitely
generated H°(A)-modules.

Lemma 1.1.1. The natural morphism
{ K(D(A) — K(H(A))
[(M] = ez (CD)" - [HY(M)]

is an isomorphism of abelian groups.

Proof. Let us denote by ¢ the morphism of the lemma. Every object of D¢(.A) is isomorphic to
the image in the derived category of a bounded .A-dg-module. (This follows from the fact that
A is bounded and concentrated in non-positive degrees, using truncation functors, as defined in
[MR], 2.1].) So let M be a bounded .A-dg-module, such that M7 = 0 for j ¢ [[a,b]] for some
integers a < b. Let n = b — a. Consider the following filtration of M as an 4-dg-module:

{O}ZM()CMlCMQC"'CMn:M,

where for j € [[0,n]] we put

M= 0= M*— ... 5 MPHI1 ST Ker(dH) =0 ---).
Then, in K(D°(A)) we have

n

M) = [My/M; ] =D (1) [H (M),

j=1 i€’

where H!(M) is considered as an A-dg-module concentrated in degree 0. It follows that the
natural morphism K(H°(A)) — K(D¢(A)), which sends an H°(A)-module to itself, viewed as
an A-dg-module concentrated in degree 0, is an inverse to ¢. O
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1.2. Functors for G-equivariant sheaves. In the rest of this section we consider noetherian
schemes X, Y over an algebraically closed field k, endowed with an action of an algebraic group
G (over k), and a G-equivariant morphism fy : X — Y. Let A (respectively B) be a sheaf of
Ox-dg-algebras on X (respectively of Oy-dg-algebras on Y'), which is quasi-coherent over Ox
(respectively Oy ), non-positively graded, graded-commutative, and G-equivariant. We assume
that the multiplication morphism A ®p, A — A and the differential d : A — A are morphisms
of complexes of G-equivariant quasi-coherent sheaves on X (and similarly for B).

We denote by Cg(X,.A) the category of G-equivariant quasi-coherent .4-dg-modules, and by
D (X, A) the associated derived category, and similarly for B-dg-modules (see [MR], 1.1] for
details). We denote by D¢ (X, A) the full subcategory of D (X,.A) whose objects have locally
finitely generated cohomology, and similarly for 5. We also consider a morphism of G-equivariant
dg-algebras ¢ : (fo)*B — A, and the associated morphism of dg-schemes f : (X, A) — (Y, B).
This morphism induces natural functors

I+ :CG(X"A) - CG(Y’B)’ f* :CG(Y’B) - CG(X"A)

These functors should admit derived functors, which should satisfy nice properties (similar to
those of [RJ, Section 1]) in a general context. Here for simplicity we will only prove these facts
under strong assumptions, which are always satisfied in the situations relevant to us.

We refer to [R] and [MR] for the definitions of K-flat and K-injective dg-modules (see [Bg] for

the original definition), and to [Kd] for generalities on derived functors.

1.3. Inverse image. Assume that Y is a quasi-projective variety. We will assume furthermore
that for every G-equivariant quasi-coherent Oy-module F there exists a G-equivariant quasi-
coherent Oy-module P, which is flat as an Oy-module, and a surjection of G-equivariant quasi-
coherent sheaves P — F. (This assumption is satisfied in particular if Y is normal, see [[CG,
Proposition 5.1.26].) As in [R3, Theorem 1.3.5], one deduces:

Lemma 1.3.1. Let F be an object of Cq(Y,B). Then there exists an object P in Cq(Y, B), which

is K-flat as a B-dg-module, and a quasi-isomorphism of G-equivariant B-dg-modules P L& F

In particular, it follows from this lemma that f* admits a derived functor
Lf*:Dg(Y,B) = Da(X, A).

Moreover, the following diagram commutes by definition, where the lower arrow is the usual
derived inverse image functor (i.e. when G is trivial):

DoV, B) — DX, A)
lFor lFor
DY, B) — . p(x, A).

It is not clear to us under what general assumptions the functor Lf* restricts to a functor
from DE (Y, B) to D¢ (X, A). (This is already not the case for the natural morphism (X, Ox) —
(X, Ao, (V)) induced by the augmentation Ap, (V) — Ox; here V is a non-zero locally free sheaf
of finite rank over Ox, and Ap, (V) is its exterior algebra, endowed with the trivial differential
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and with generators in degree —1.) We will prove this property by ad hoc arguments each time
we need it.

1.4. Direct image. In this section, X and Y can be arbitrary noetherian G-schemes (over
k). Let C}(X,.A) be the subcategory of Ci(A) of bounded below dg-modules. Recall that
the category of G-equivariant quasi-coherent sheaves on X has enough injective objects. (This
follows from the fact that the averaging functor Av : F — au(px)*F is a right adjoint to the
forgetful functor QCoh%(X) — QCoh(X), hence sends injectives to injectives. Here a,py :
G x X — X are the action map and the projection.) One easily deduces the following lemma,
as in [R2, Lemma 1.3.7].

Lemma 1.4.1. Let M be an object of CJGF(X, A). Then there exists an object T of CJGF(X, A),

which is K-injective in the category Cq(X,.A), and a quasi-isomorphism M as, 7 of G-equiva-
riant, quasi-coherent sheaves of A-dg-modules.

Assume now that A is bounded. Let Dg(X,.A) be the full subcategory of Dg(X,.A) whose
objects have locally finitely generated cohomology. In particular, an object of D¢ (X,.A) has
bounded cohomology, hence is isomorphic to a bounded A-dg-module (use a truncation functor).

As K-injective objects of C(X, A) are split on the right for the functor f,, it follows in particular
from Lemma that the derived functor Rf, is defined on the subcategory D¢ (X, A):

Rf.: DL(X, A) = Da(Y, B).

In the rest of this subsection we prove that Rf, takes values in the subcategory Dg (Y, B), under
some assumptions. More precisely we assume that A is K-flat over A°, that H(A) is locally
finitely generated over H°(A), and that H(B) is locally finitely generated over H°(B). There
exist G-schemes A, B, and G-equivariant affine morphisms px : A — X, py : B = Y such
that A = (px).04, B® = (px)«Op. We assume that A and B are noetherian schemes. The
morphism f induces a morphism of schemes fy: A — B. As A is concentrated in non-positive
degrees, the morphism A° — HO(A) is surjective. Hence H"(A) is the structure sheaf of a (G-
stable) closed subscheme A’ C A. Our final (and most important) assumption is the following:

the restriction fy : A’ — B is proper.

Lemma 1.4.2. Under the assumptions above, Rf, : D&(X, A) — Dg(Y, B) takes values in the
subcategory Dg(Y, B).

Proof. The natural direct image functor (px). : PQCoh%(A) — Dg(X, A°) is an equivalence
of categories (because px is affine). Hence there is a forgetful functor For : Dg(X, A) —
DPCoh®(A). (The fact that this functor takes values in D*Coh%(A) follows from the fact that
H(A) is locally finitely generated over H°(A).) The same is true for B. As A is K-flat over A°,
a K-injective A-dg-module is also K-injective over A° (see [RJ, Lemma 1.3.4]). It follows that
the following diagram commutes:

c Rf*
Dg (X, A) Dg(Y, B)
lFor lFor
R(fo)«
DPCoh®(A) — T pQCont (B).



LINEAR KOSZUL DUALITY AND AFFINE HECKE ALGEBRAS 5

Moreover, as H(B) is locally finitely generated over H°(B), an object M of Dg(Y,B) is in the
subcategory DE(Y, B) if and only if For(M) is in the subcategory D*Coh®(B) € DQCoh%(B).
Hence, as the left hand side functor For takes values in the subcategory DbCOhAq, (A), it is
sufficient to prove that the restriction R(fg). : D?Coh§,(4) — DQCoh®(B) takes values in
the subcategory DbCOhG(B). The latter fact follows from the assumption that the restriction
fo: A = B is proper. O

2. LINEAR KOSZUL DUALITY AND MORPHISMS OF VECTOR BUNDLES

2.1. Definitions. In this section we consider a smooth quasi-projective variety X over k en-
dowed with an action of a k-algebraic group G. Let E and E’ be two vector bundles over X,

and let
) o
X

be a morphism of vector bundles. Let us stress that the morphism X — X induced by ¢ is
assumed to be Idx. We consider subbundles F;, F, C E and F}, F, C E’, and assume that
¢(F1) C F, P(Fy) C .

Let &, F1, Fa, £, F|, F be the respective sheaves of sections of E, Fy, F», E', F|, F},. We
consider X as a G x Gy,-variety, with trivial Gy,-action. We also consider F and E as G X Gy,-
equivariant vector bundles, where ¢ € k* acts by multiplication by ¢~2 in the fibers. Consider
the G X Gp-equivariant O x-dg-modules

X=0-F—>F =0, X:=(0-(F)" - (F) —0),

E

where the (possibly) non-zero terms are in bidegrees (—1,2) and (0, 2), and the differentials are
the natural maps. Consider also

Vi=(0—=F —=E/F —0), V=0 Fy,—=&/F —0),

where the (possibly) non-zero terms are in bidegrees (—1, —2) and (0, —2), and the differentials
are the opposite of the natural maps. As in [MR] we will use the following G x G,-equivariant
(sheaves of) dg-algebras:

and the categories

R

c R
D&y, () Oy (F3)*

= DexGm
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Then we have linear Koszul duality equivalences (see [MR], Theorem 4.3.1])
K D (P15 Fa) & Dy, (Fi- (e Fy),
Kt D (F N F) = D, (F) O (F3)Y).
We also define the following “regrading” equivalences as in [MR], 3.5]:
£:CoxGm(X, §) = Coxem(X, R),
£ Coxom(X, §') = Coxem(X, R).
We denote similarly the induced equivalences between the various derived categories.

The morphism ¢ induces a morphism of dg-schemes ® : Fj F%E F, — F| F%E/ Fj. Consider the
(derived) direct image functor

R®, : Dy, (Fi Mg Fy) = Daxen (X, T').

(Note that this functor is just a functor of “restriction of scalars” for the morphism 7' —
T.) If we assume that the induced morphism of schemes between non-derived intersections
Fy Ng F» — F| Ngr F} is proper, then by Lemma the functor R®, takes values in the

subcategory D¢, g, (F] A F}). We also consider the (derived) inverse image functor

L®* : D&y, (Fi O F3) = Daxen (X, T).
Similarly, ¢ induces a morphism of vector bundles
¢V : (E')* — E*,

which satisfies ¢V ((F/)*) C Fi* for i = 1,2. Hence the above constructions and results also
apply to ¢V. We use similar notation.

2.2. Compatibility.

Proposition 2.2.1. (i) Assume that the induced morphism of schemes Fy Ng Fo — F{ Ng: F} is

proper. Then L(®Y)* takes values in D, ((F{)* r%(E/)* (F3)*). Moreover, there is a natural
isomorphism of functors L(®V)* orx = k' o R®,.

(ii) Assume that the induced morphism of schemes (F{)* Mgy (F3)* — Fi- N F5- is proper.

Then L®* takes values in Dngm(Fl r%E Fy). Moreover, there is a natural isomorphism of
functors ko L®* = R(®V), ok .

In particular, if both assumptions are satisfied, there is a commutative diagram:

K

R R
DCG’XGm(Fl Ne Fh) ~ IDé’x(Gm(FlL Mg FQL)

Lo+ NR@ R(®Y) TJ/L(<I>V)*

R K R
D, (F1NE Fy) ~ D¢, (FD)F Dy (F1).
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Proof. We only prove (i). ((ii) can be proved similarly.) Recall that we have seen in Subsection
R that the functor R®, takes values in D, g (F] A F}). In this proof (as in Subsection

P1]) we consider L(®Y)* as a functor from DCGX(Gm(FlL A F5b) t0 DG (X, R'). As k is an
equivalence of categories it is enough, to prove both assertions of (i), to check that L(®Y)* ok is

isomorphic to the composition of ’o R®, and the inclusion Incl : DE, ¢ ((F])* r%(E,)* (F)) —
Dexg,, (X, R).

To prove this fact, it is sufficient to consider objects of the category D¢, g, (F1 A g Fy) satisfying
the assumptions of [MR], Lemma 3.7.2]. For such an object M, Inclo k' 0 R®,(M) is the image
in the derived category of the R’-dg-module

¢'(S" ®oy Homo, (M, Ox)),

with differential the sum of four terms: the differential induced by dg/, the one induced by da4,
and the two “Koszul differentials”. The first Koszul differential is induced by the composition
of the natural morphisms

(2.2.2) Ox — Fy @0y (F5)Y = Fh @0y (F2)Y,
and the second one is defined similarly using £'/Fj.
On the other hand, L(®Y)* o k(M) is the image in the derived category of the dg-module
R @r £(S ®oyx Homoy (M, 0x)) = ¢(S s (S ®oyx Homoy (M, Ox)))
> (S ®oy Homoy (M, Ox))).

Via these identifications, the differential is also the sum of four terms: the differential induced
by ds/, the one induced by daq, and the two “Koszul differentials”. The first Koszul differential
is induced by the composition of the natural morphisms

(2.2.3) Ox —= Fa @ox F5 = F3 @0y Fo
and the second one is defined similarly using £/F.

These two dg-modules are clearly isomorphic (both (2.2.9) and (R.2.3) encode the morphism
Fy — Fb induced by ¢), which finishes the proof. O

2.3. Particular case: inclusion of a subbundle. We will mainly use only a very special
case of Proposition P.2.1, which we state here for future reference. It is the case when E = E,
¢ =1d, Fy = F| (and F} is any subbundle containing Fb). In this case we denote by

FiROpR— FNgF, g FfOg (B = FOpe Bt

the morphisms of dg-schemes induced by Fy « Fj, ()~ < F3-. The assumption that the
morphisms between non-derived intersections are proper is always satisfied here (because these
morphisms are closed embeddings). Hence by Proposition we have functors

Rf.: e (Filin Fo) — Diye, (Fi(p F),
Lf*: Dy, (Fi e Fy) = Dig, (Filp ),

and similarly for g. Moreover, the following proposition holds true.
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Proposition 2.3.1. Consider the following diagram:

R R
Dgvg,, (1N F) = Dé,, (Fi-Npe Fy-)
Lf*NRf* Rg*NLg*
C i / K’ C 1B 7\ L
Dty (F10E F3) < D¢, (F1 Ne= (F3)7).

There are natural isomorphisms of functors

k' o Rf,
koLf*

Lg* ok

e 11

Rg oK'

3. LINEAR KOSZUL DUALITY AND BASE CHANGE

3.1. Definition of the functors. Now let X and Y be smooth quasi-projective varieties over
k, endowed with actions of a k-algebraic group G, and let 7 : X — Y be a G-equivariant
morphism. Consider a G-equivariant vector bundle £ on Y, and let F}, F» C E be G-equivariant
subbundles. Consider also EX := E xy X, which is a G-equivariant vector bundle on X, and the
subbundles FiX =F, xy X Cc EX (1 =1,2). If &, F1, F2 are the respective sheaves of sections
of E, Fy, Fy, then 7*&, n*Fy, 7" F, are the sheaves of sections of EX, F1X, FZX, respectively.
We consider X and Y as G x Gp-varieties, with trivial Gm-action. We also consider E and EX
as G x Gy-equivariant vector bundles, where ¢ € k* acts by multiplication by ¢t~2 in the fibers.

As in [MR] we consider the G x Gp-equivariant Ox-dg-modules
X:=(0—F—=F =0

where the (possibly) non-zero terms are in bidegrees (—1,2) and (0,2) and the differential is the
natural map, and
Y= (0—>f2—>5/f1 —>0)

where the (possibly) non-zero terms are in bidegrees (—1,—2) and (0, —2), and the differential
is the opposite of the natural map. Consider the following sheaves of dg-algebras:

Ty == Sym(X), Tx i= Sym(r*X) = °Ty,
Ry := Sym(}), Rx := Sym(n*)) = "Ry,
Sy :=Sym(Y[-2]), Sx :=Sym(r*Y[-2]) = 7*Sy.

As in [MR)], 4.3] we define

Dy (P11 F) = D, (Y, Ty),

D (FI Agx F5X) = Derxem (X, Tx),
D (Fi- O Fi) == D, (Y Ry),

D (Fi¥)* m(EX (F5)h) = Dgyen (X, Rx).
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Then there are equivalences of categories
R D (Y Nipx F5) 75 Dy (F) Nye (F5)1),
Ky D (Fi (1 F2) = D, (Fi- - Fy)
(see [MR], Theorem 4.3.1]). We also denote by
Ex 1 Coxem(X, Sx) = Coxem(X, Rx)
&y 1 CaxGm (Y, Sy) — Caxem(Y; Ry)

the “regrading” equivalences defined in [MR)], 3.5]; we denote similarly the induced equivalences
between the various derived categories.

The morphism of schemes 7 induces a morphism of dg-schemes
T FlX f}%EX FQX — F1 r}%EFQ.

Via the equivalences above, it is represented by the natural morphism of dg-ringed spaces

(X, Tx) = (Y, Ty).
Lemma 3.1.1. (i) The functor
L7* : Dy, (F1 AEF) = Daxgm(X, Tx)
takes values in D, g (Ff* F%Ex F5%).
(ii) Assume m is proper. Then the functor
Bt D (P (px FEY) = Do (V: Ty ),

takes values in D¢, (F1 (I%E ).

Proof. (ii) follows from Lemma [[.4.3. Let us consider (i). As Tx = 7*Ty and Ty is K-flat over
T =2 S(FY), the following diagram commutes:

L7*

D¢, (F1 A5 ) DG xGm (X, Tx)

\L For ‘/ For

D (Vs S(FY)) — > D, (X, S(7°FY)).

On the bottom line, 7 is the morphism of dg-schemes (X, S(7*Fy)) — (Y, S(Fy)) induced
by m. But Dg, ¢ (Y, S(Fy)) is equivalent to DPCoh®*®m (Fy), and Dgyg,, (X, S(r*Fy)) to
DQCohF*Cm (F5%). Moreover, via these indentifications, L7* is the inverse image functor for
the morphism F5¥ — F, induced by 7. Hence L7* takes values in D, (X, S(7*Fy)). Our
result follows.

Similarly, 7 induces a morphism of dg-schemes
~ XL R X\ L 1A i
hence a functor

. R R
L7 : DGy (Fi N F3) = Dy, (FF)" Nipxy- (F3)1),
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and, if 7 is proper, also a functor

Ry : Dy () Ogxy (B)Y) — D, (FiDp- FfH).

3.2. Compatibility. We denote by dx and dy the dimensions of X and Y, respectively, and by
wx and wy the canonical line bundles on X and Y. If M is an object of D¢, ¢ (F¥ rﬁwEx F5%),

then M ®0,, wy' is also naturally an object of Désyo (Fi F%Ex F5%) (with dg-module structure
induced by that of M). The same is true for other derived intersections.

Proposition 3.2.1. Consider the diagram

R KX R
Dy (Fi¥ Npx F5Y) ~ Dy (F{) - Nipxye (F5) 1)
L#* N Rit. L N Rt
R Ry R
D (F10E F2) ~ Dég,, (Fi- Npe FyH).

(i) There is a natural isomorphism of functors

Lﬁ'* O Ry = RX OL7¢('>‘<

(ii) Assume m is proper. Then there is a natural isomorphism of functors

Ky o Rm, = (Rﬁ'* okx(— Koy w;(l)) Koy w;l[dx —dy].

The first isomorphism is easy to prove (see below). The second one is not very difficult either,
but to give a rigorous proof we need to take some care. We prove it in Subsection below.

Proof of (i). It is sufficient to consider a sufficiently large family of well-behaved objects of

D¢y, (F1 rl%E Fy). More precisely, any object of D¢, ¢ (F1 F%E F5) is isomorphic to the image in
the derived category of a Ty-dg-module which is K-flat over Ty and which satisfies the conditions
of [MR], Proposition 3.1.1] (see loc. cit. and its proof). For such an object M, L7* o ky (M) is
the image in the derived category of the dg-module

T 0 &y (Sy ®o, Homo, (M, Oy)),
endowed with a certain differential. Now we have natural isomorphisms of dg-modules
7 0 &y (Sy ®o, Homo, (M,0y)) = &x o™ (Sy ®o, Homo, (M, Oy))
Ex (SX ®oy T (Homoe, (M, (’)y)))
Ex (Sx ®oy Homoy (7 M, Ox)).

(On each line, the differential is the natural one, defined as in [MR].) The image in the derived
category of the latter dg-module is kx o L7*(M); hence these isomorphisms prove statement (i)

in Proposition B.2.1] O

I

12
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3.3. Proof of (ii) in Proposition B.2.1. From now on we assume that 7 is proper. Recall the
notation of [MR], 2.4, 3.2]. We also denote by C.(Y, Ty) the category of G' x Gpy-equivariant Ty-
dg-modules, bounded below for the cohomological grading, and by Dg}(Y, Ty ) the corresponding
derived category. We use similar notation for the other dg-algebras.

By definition, the category D¢, ¢ (Fi A g+ Fi5b) is a full subcategory of Dgxg,, (Y, Ry). Hence

we can consider ky as a functor from Dg, ¢ (F A £ Fy) to Dexg,, (Y, Ry). Then ky is built
from the functor Ay : CéxGm Y, Ty) — Cé’xGm(Y, Sy) (see [MR|, 2.4]), which is a composition
of two functors. The first one, which we denote by % here, takes M in CéxGm(Y, Ty), and
sends it to MY = Home, (M, Oy), which we consider as an object of Cj(Y, Ty). The second
one, denoted %3, takes an object N of Cfi ¢ (Y, Ty) and sends it to Sy ®o, N (with the
differential defined in loc. cit.), an object of ngGm(Y, Sy).

By the arguments of the end of the proof of [ME], Corollary 3.2.1], the functor %% is exact, i.e.
it sends quasi-isomorphisms to quasi-isomorphisms. Hence the derived functor %y of %y is the
composition of the derived functor

B DC’}X@m(Y, Tyv) = DL(Y, Ty)

of %) (which exists by the arguments of the proof of [MR], Corollary 3.2.1]), and the functor
induced by %% between the derived categories (which we denote similarly). (Beware that the
notation “%” in [MR]] does not exactly refer to the same functor as here.)

The same remarks apply to the functor kx, and we use the same notation (simply replacing Y
by X).

Now, let M in Dngm(le r}%EX F5X). Then sy o R, M is isomorphic to £y o %2 o%(Rﬁ*M).
By duality (see [[Ha]), there is an isomorphism in DY, Ty):

BL(RtM) =2 Rt (BYL (M) @0y mwy! ®oy wx[dx — dy]).
Statement (ii) in Proposition easily follows, using the projection formula.

4. CONVOLUTION

4.1. First definition. Let X be a smooth projective variety over an algebraically closed field
k, endowed with an action of a k-algebraic group G. Let V be a finite dimensional G-module,
and F C E :=V x X a G-equivariant subbundle of the trivial vector bundle with fiber V' on
X. Consider the diagonal AV C V x V. As in Sections f and | we consider X, FE, F, AV as
G X Gy-varieties. We denote by F,E the sheaves of sections of I, F.

We want to define a convolution product on the category

D, (AV x X x X) Apup (F x F)).

Let S(V*) @k S(V*) @k A(V*) be the Koszul resolution of the diagonal AV C V' x V. Here V*
is identified naturally with the orthogonal of AV in V x V| i.e. with the anti-diagonal copy of
V*in V* x V*. Consider the inverse image of this dg-algebra under the morphism

FxF—FExFE—-SVxV.
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This inverse image is a representative for the structure sheaf of the derived intersection (AV x

X x X) r%ExE (F x F). Finally, taking the direct image of this dg-algebra to X x X, we obtain
the description

D (AV X X x X) Agup (F x F)) 2 Deyg (X X X, Soy, x (FYBFY) @ Ag(V*))
(see [MR], Lemma 4.1.1]).
For (i,7) = (1,2), (2,3) or (1,3) we have the projection p;; : X* — X? on the i-th and j-th
factors. There are associated morphisms of dg-schemes
Pra: (AV x X3) Apyxpxx (F x F x X) = (AV x X2)Apyp (F x F),

P23, P13, and functors L(p12)*, L(P23)*, R(p13)« (see Section ). For i = 1,2,3 we also denote
by pi : X2 — X the projection on the i-th factor.

Next we consider a bifunctor
(4.1.1)
CoxGm (X?, S0 5 (1 o(FY BFY)) @k AVY)) X Caxem (X, So ., (p33(F BFY)) @k A(VF))
= CaxGm(X?, S0, (Pi3(FYBFY)) @x AVH)).

Here, in the first category the morphism V* ®k Oxs — pj 5 (FVHFY) involved in the differential
is the composition of the anti-diagonal embedding V* — V* x V* with the morphism induced
by FXFxX < VxVxX* =V xV,so that So_,(p,(FY B FY)) @ AV*) is the

structure sheaf of (AV x X3) A ExExx (F x F x X). Similarly, the second category corresponds
to the dg-scheme (AV x X?3) AxxExE (X X F x F), and the third one to the dg-scheme (AV x

X3) ABx X xE (F x X x F). The bifunctor ([E1.])) takes the dg-modules M; and My to the
dg-module Mi ®g,, _ (psrv) Ma, where the action of Sp (pf 5(FY B FY)) is the natural one
X k)

(i.e. we forget the action of the middle copy of Sp, (F)). To define the action of A(V*), we
remark that M1 ®s,, (p;7v) Ma has a natural action of the dg-algebra A(V*) @k A(V*), which
X

restricts to an action of A(V*) via the morphism of dg-algebras A(V*) — A(V*) @k A(V*) which
sends an element x € V*toz ® 1 +1® x.

The bifunctor (f.1.1]) has a derived bifunctor (which can be computed by means of K-flat reso-
lutions), which induces a bifunctor (— & 73 =)
D (X%, 80,4 (07 2(F BFY)) @1 A(VF)) X Dy (X%, S0, (035(FY BFY)) @k A(VY))
— DCG’XGm (X3’ SOX3 (pT,B(]:\/ = ]_-\/)) Rk A(V*))-
(This follows from the fact that the projection m1 3 : F' xy F' xy F' — F Xy F is proper).

Finally, we obtain a convolution product

(=% =) : Déne. (AV x X x X) (pxe (F X F)) X Déyg. (AV x X x X) (gyp (F x F))

— D, ((AV x X x X) Apxp (F x F))
defined by the formula

Mi* Ms = R(pa)«(L(p1z) Ms Gps L(az) M),
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This convolution is associative.
There is a natural G X Gpy-equivariant projection

p:(AV x X x X)Apgxp(Fx F) = F x F
corresponding to the morphism of Ox2-dg-algebras
S0, (FYBFY) = So,(F'BFY) @k A(V7),
and an associated direct image functor Rp,. The image of Rp, lies in the full subcategory

DgrOpCoh(F x F) of D*Coh(F x F) whose objects are the complexes whose support is contained

in a subvariety Z C F x F such that both projections Z — F' are proper. This category
D} ,pCoh(F x F) has a natural convolution product (sce [R1]), and
Rp. : D, (AV x X x X) (g (F x F)) = Db, Coh(F x F)

is compatible with the two convolution products.

4.2. Alternative definition. Before studying the compatibility of convolution with linear
Koszul duality we give an alternative (and equivalent) definition of the convolution bifunctor.
Consider the morphism

)

- { xX: o xd
(,y,2) = (2,9,9,2)
and the vector bundle E* over X*. In Section ] we have defined a “base change” functor
Li* : Dy, (AV x AV x X*) Aips FY)
R
= Doy, (AV x AV x X*) Mgy (mxxmyxs (F x (F xx F) x F)).

Next, consider the inclusion of vector subbundles of F x (E xx F) x E
FxFYe <y Fx(FxxF)xF,
where F4128 © ' x yx F is the diagonal copy of F. In Subsection we have defined a functor

LI : D (AV < AV x X3) Ay my cmyxp (F % (F xx F) x F))
R ia;
= Dy (AV X AV x X3 Npy (mxpyxm (F % Fie x 1)),

Finally, consider the morphism of vector bundles over X3
p:Ex(ExxEYxE=2VixX? -5 ExXxE=2V?xX?

induced by

%6 — V2

(a,bye,d) — (a—b+ed)
We have ¢(AV x AV x X3) = AV x X3, and ¢(F x FU8 x F) = ' x X x F. In Section [ we
have defined a functor
R®, : Déyg,, (AV x AV x X%) (g (g iy (F x FI28 5 )

- Dé’xGm((AV XXg)r%ExXxE(FXX XF))
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Consider two objects My, My of D¢, g ((AV x X?) F%ExE (F x F)) The external tensor

product My X M; is naturally an object of the category DCGX(Gm((AV x AV x X*4) r%Ezl F4).
Then, with the definitions as above, we clearly have a (bifunctorial) isomorphism

(4.2.1) My x My = R(pr3)« o R®, o Lf* o Li*(Ma R M;)

in D, . (AV x X2) fipup (F x F)).

4.3. Compatibility with Koszul duality. Consider the same situation as in Subsections [i.1]
and [£.9, and assume in addition that the line bundle wy has a G-equivariant square root, i.e.

there exists a G-equivariant line bundle w;(p on X such that (w;g?)@z = wx. We denote by dx
the dimension of X.

The orthogonal of F x F in E x E is F+ x F+. On the other hand, the orthogonal of AV x X2
in E x E is the anti-diagonal AV* x X? C E* x E*. There is an automorphism of E x E sending
AV* x X2 to AV* x X2, and preserving F= x F+ (namely multiplication by —1 on the second
copy of V*). Hence composing linear Koszul duality

K Dy, (AV x X x X) Npwp (F X F)) 5 Deye, (AV* x X x X) Agerpe (FX x FL))
with the natural equivalence
2 Doy (AVF x X x X) Ageyp- (F+ x FL))
2 Deg ((AVF X X % X) Aoy (F- x FL))
provides an equivalence
R Degn (AV X X % X) Apyp (F x F)) 5 Dee (AVF x X x X) Agexp- (F- x FY)).

The two categories related by % are endowed with a convolution product (see Subsection [L.]).
We denote by R the following composition:

D, ((AV x X x X) (pxp (F x F))

R
l®ox2 (w;(I/Qﬁw;l/Q)[N

R R
D, (AV x X x X) Opxp (F x F)) === Doy, ((AVF x X x X) Npexpe (FX x F1)).
The main result of this section is the following proposition. Its proof uses all the results proved
so far.

Proposition 4.3.1. The equivalence K is compatible with convolution, i.e. for any objects My,
Mz of Dy, ((AV x X x X)) ApxE (F x F)) there is a bifunctorial isomorphism

ﬁ(./\/h *Mz) = R(Ml) *R(Mz)

in Dy . (AV* x X x X) (pexpe (F- x FL)).
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Proof. On the left hand side we use isomorphism ([.2.1]). First, consider the natural projection
p13: X3 — X?. In Section f] we have defined functors

Rpi3, : Do, (AV x X3) Apuxup (F x X x F)) = Dgye. ((AV x X) Apyp (F x F)),

Rpis, Dé‘xGm((ZV* X X3) r%E*xXxE* (Fl X X X FL))
— D (BV* x X2) Apepe (FX x FL)).
We denote by

k13 : D (AV X X2) Apxxxe (F x X x F))

% D (BVF x X2) Apesxxps (FL x X x FL))

the linear Koszul duality functor. By Proposition we have an isomorphism of functors
koRprs, = (Rpis,oki3(— @0, Wy')™) @0, W) *Pdx],

i.e. an isomorphism

(4.3.2) K O Rﬁl-,\g* = Rm* (K1,3(—) ®(9X3 (OX X wx X Ox))[dx]

Next consider, as in Subsection f.3, the inclusion i : X3 < X*. In addition to the functor Li*,
consider also

Li* : Dy, (AV* x AV* x X1 (O geys (FH))
C AN Yk ATk R
— DGXGm((AV X AV X X3) mE*X(E*XxE*)XE* (FJ- X (FJ— X x FJ_) % FJ_))
We denote by
ka s Do (AV X AV x XN (5 FY) 5 D, (AVF x AV x X1 geys (F1)D),

R
k3 : D%xGm((AV x AV x X3) mE><(E><XE)><E (F X (F XX F) X F))
~ — —r % R
= D (AVF X AV* X X3) Apes (e x oy (FH x (FF xx F1) x F1))
the linear Koszul duality functors. By Proposition we have an isomorphism of functors
(4.3.3) Li*oky = k3o Li*.

As in Subsection .4 again, consider now the inclusion F x F488 x [ < F x (F xx F) x F, and
the induced morphisms of dg-schemes

f:(AV X AV x X3) Apy (x ymyxi (F X F8 x F) —
(AV x AV x X3) Ay (x ymyxs (F X (F xx F) x F),

9: AV X AV* x X2) Ao (e g ioyeie (FX % (FY xx FHY x FY) -
ATk ATk R ia,
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In addition to the functor Lf*, consider the functor
Rgy : D, (AV* X AV* % X3) Ao (moxx meyxie (FE X (FX xx FY) x FH)
= D, (AVF X AV* X X3) (s (ewx moywp (L x (FI28) L 5 Fhy).
We denote by
Ky : D, (AV X AV x X%) (s iy (F X FI28 5 )
% D, (BV* X AV x X3) Ages ey poywize (F x (FU8)L )
the linear Koszul duality functor. Then by Proposition we have an isomorphism of functors
(4.3.4) k3o Lf* 2 Rg, o ks.

Finally, consider the morphism of vector bundles
p:Ex(ExxEYxE—>FExXxEFE
defined in Subsection [.3. By Proposition R.2.1], the dual morphism ¢V induces a functor

* ¢ AV* « AV* B ia
L(®Y)* : D, (AV* x AV % X%) O (s oy pe (FH x (FUE) L Fhy)
— Diygn (AV* % X2) Apexxwpe (FX x X x FL)),

and we have an isomorphism of functors

(4.3.5) K130 R®, = L(®Y)" okj.

Combining isomorphisms (£.2.1), (£3.2), (£33), (E:3:4) and ({3.5) we obtain, for M; and My
in D, . (AV x X2) (pup (F x F)),

k(M) * My) = ko R(p13)« 0 R®, 0 Lf* o Li*(My X M)

R(pr3)« ((L(®Y)" o Ry o Li* 0 k(Mo B M) @0, (Ox Rwx K Ox))[dx].
It is clear by definition that ry(Mg B M1) = k(M) K k(M1) in DE, o ((AV* x AV* x
X4)r%(E*)4 (F1)%). Hence, to finish the proof we only have to check that for N, N in
D¢y, (AV* x X?) A (F+ x F1)) there is a bifunctorial isomorphism

I

(4.3.6) = o L(®Y)* 0 Rg. o L' (N1 BIANG) = (EM) ©piys (ENR),

where Z’ is defined similarly as Z in the beginning of this subsection, and (— é( FL)3 —) is defined
as in Subsection [L.1]

The functor L(®Y)* is induced by the morphism of dg-algebras

Sym(FHBFWEBHF — (VH/AV x AV) ® Oxs) — Sym(p}s(FBF) = (V2/AV) @y Oys)
induced by ¢. There is a natural exact sequence of 2-term complexes of O ys-modules

niF F e P F ia(FE )
i} — 1 —» I ;
Vv Rk Ox3 (V4/AV X AV) Rk Ox?: (VZ/AV) Rk OXB
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where the surjection is induced by ¢, and the bottom arrow of the inclusion is induced by the
morphism
vV - V4
v — (0,v,v,0)
On the other hand, the functor Rg, is induced by the morphism of dg-algebras
Sym(FBFE@MF — (VI/AV x AV) @ Oxs)
— Sym(FB(FoF)BF — (VI/AV x AV) @k Oxs),

which makes the second dg-algebra a K-flat dg-module over the first one. The isomorphism
(E3:9) follows from these two facts. O

5. LINEAR KOSZUL DUALITY AND THE DIAGONAL

5.1. Image of the diagonal. As in Subsection [L.J we consider the duality

~

7 Do, (AV x X x X) Apyp (F X F)) = D ((AVF x X x X) Ageype (F- x FL))

and the functor &. Let us denote by ¢ : E?> — X? the projection. Consider the structure sheaf

of the diagonal copy of F in E?, denoted Oar. Then ¢,Oar is an object of the category
D, ((AV x X x X) Apup (F x F)),

where the structure of Sp_,(F¥ B F") @k A(V*)-dg-module is given by the composition of
S0, (FYBFY)@k A(V*) = ¢.Opx, F (projection to the 0-cohomology) and ¢:Opx, r — ¢+OaF
(restriction). For simplicity, in the rest of this subsection we write Oap for ¢.Oap. Similarly

we have an object Oppy in Dg ¢ ((AV* x X x X)) Ao = (F+ x F1)).

The main result of this section is the following proposition. The idea of its proof is, using
isomorphisms of functors proved in Propositions and B.2.1, to reduce to an explicit and
very easy computation.

Proposition 5.1.1. We have R(Oar) = Oppr.

Proof. Consider the morphism A : X < X x X (inclusion of the diagonal). We denote by

~

ka Doy (AV X X) Npxyp (F xx F)) = Doyg, ((AVF x X) Opexype (FX xx FL))

the linear Koszul duality obtained by base change by A (see Section [J). By Proposition B.2.1),
there is an isomorphism of functors

(5.1.2) ko RA, = (RA, o ka(— ®0x wy')) ®0x, x Wk x[—dx],
where the functors RA* and RA, are defined as in Subsection @
Consider the object S, (FY) of the category
Déyg,, ((AV x X)) Apxx e (F Xx F)) = Dgyg,. (X, Sym((AV*) @ Ox — FY @ FY)),

where the dg-module structure corresponds to the diagonal inclusion 7 — F & F. Then by
definition Oap = RA, So, (F"). Hence, using isomorphism (p.1.9),

(5.1.3)  K(Oap) & Eor(Oar ®o,, Wy Koy ?)[-dx]) = ZoRA, ora(Sox(FY)),
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where = is defined as in Subsection @

Now consider the diagonal embedding F' < F xx F. This inclusion makes F' a subbundle of
F x x F. Taking the derived intersection with AV x X inside E' x x F, we are in the situation
of Subsection P.3. We consider the morphisms of dg—schemesﬂ

Fi(AV x X)ApusF — (AV x X)Apx e (F xx F),
g: (ZV* X X) %E*XXE* (Fl X x FL) N (Zv* % X) r%E*XXE* Fl,EXxE’
and the diagram:

KE _

D (AV x X) Apyyn F) ~ D (AV* X X) ey e FLEXXE)

oo e

DS, (AV X X) Ops i (F xx F)) === D (AV* % X) A e (FL xx FL)).

(Here, FHF*xE is the orthogonal of F' as a diagonal subbundle of E xx E.) The structure
(dg-)sheaf of (AV x X) %EXXEF is A(V*) @k So, (FY), with trivial differential (because F' C
AV x X). In particular, Sp, (F") is also an object of the top left category in the diagram, which
we denote by Op. Then, by definition, Rf,OF is the object Sp,, (FV) of (B.L.3). By Proposition
.31, there is an isomorphism of functors
kao Rfy &2 Lg* o kp.

In particular we have ka(So, (FY)) = Lg* o kp(OF).

Now direct computation shows that Lg* o kp(Op) identifies with the structure sheaf of the
anti-diagonal copy AF+ C F* xx F*. (The latter is naturally an object of the category

DCGX(Gm((ZV* x X) %E*XxE* (F* xx F1)), for the same reasons as above.) One easily deduces,
using isomorphism (5.1.3), that R(Oar) = Opp.. O

5.2. Image of line bundles on the diagonal. From Proposition one immediately de-
duces the following result.

Corollary 5.2.1. Let L be a G-equivariant line bundle on X. Then Oar ®o, L is naturally
an object of D, g, ((AV x X x X) ApxE (F X F)). We have R(Oar @0y L) = Opp1t @0y LY.

6. LINEAR KOSZUL DUALITY AND IWAHORI-MATSUMOTO INVOLUTION

6.1. Reminder on affine Hecke algebras. Let G be a connected, simply-connected, complex
semi-simple algebraic group. Let T' C B C G be a torus and a Borel subgroup of G. Let also
t C b C g be their Lie algebras. Let U be the unipotent radical of B, and let n be its Lie algebra.
Let B := G/B be the flag variety of G. Consider the Springer variety N and the Grothendieck
resolution g defined as follows:

N:={(X,gB) €¢" xB| X3y =0},  §:={(X,9B) €g" x B| X|g, = 0}.

1Beware that f and g do not exactly denote the same morphisms as in Subsection @
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(The variety N is naturally isomorphic to the cotangent bundle of B.) The varieties N and §
are subbundles of the trivial vector bundle g* X B over B. In particular, there are natural maps
N — g* and g — g*. Let us consider the varieties

Z::./\N/'xg*/\N/, Z =g Xg g
There is a natural action of G x Gy, on g* x B, where (g,t) acts via:
(9,t) - (X,hB) = (t7%(g- X),ghB).
The subbundles A and g are G X Gy,-stable.

Let R be the root system of G, R* the positive roots (chosen as the weights of g/b), ® the
associated set of simple roots, X the weights of R (which naturally identify with the group of
characters of T'). Let also W be the Weyl group of R (or of (G,T)). For a € ® we denote by
54 € W the corresponding simple reflection. For o, 8 € ®, we let n, g be the order of 5,55 in W.
Then the (extended) affine Hecke algebra H,g associated to these data is the Z[v, v~ !]-algebra
generated by elements {T,,, o € ®} U{0,, x € X}, with defining relations

(i) ToTg---=TgTn--- (nap clements on each side)

(i) Hp=1

(ili) 0,0y = Opypy

(iv) Tob, =0,T, if so(z)=2x

(V) 0p=Ta0,- Ty ifsq(x)=2—a
(vi) (To+v H(Ty —v)=0

for a, 3 € ® and x,y € X (see e.g. [CG], [Lu)).

We will be interested in the Iwahori-Matsumoto involution IM of H,g. This is the involution of
Z[v,v~1]-algebra of H.g defined on the generators by

{IM(TCM) = _Ta_l’
NM(G,) = 0

For o € ® we also consider t, := v - T,. Then we have IM(t,) = —q(t) "', with ¢ = v2.

Let o € ®. Let P, D B be the minimal standard parabolic subgroup associated to «, let p,
be its Lie algebra, and let P, := G/P, be the associated partial flag variety. We define the
following G X Gp,-subvariety of Z:

Ya = {(X,ng’g2B) € g* X (B XPq B) | X|9'Pa = 0}

For any variety X — B over B and for x € X, we denote by Ox (z) the inverse image to X of
the line bundle on B associated to . We use a similar notation for varieties over B x B.

There is a natural isomorphism of Z[v, v~!]-algebras
(6.1.1) Hag — KGCm(2),
where K&*®m(Z7) is endowed with the convolution product associated to the embedding Z C

N x N (see [CQ], [Ld). It is defined by

{ To = —v Oy, (=p,p—a)] —v 1 AO]
0, (2.0 ()]
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for « € ® and z € X. Here, A is the diagonal embedding, and for F in CthXG‘“(Z) we
denote by [F] its class in K-theory. Moreover, the action of v is induced by the functor (1) :
Coh®*Cm(Z) — Coh®*Cm(Z) of tensoring with the one-dimensional Gp-module given by Idg,, .

For a € @, let
aa = {(X’gpa) € g* X Pa | X\g-pg = 0}’
where p? is the nilpotent radical of p,. There is a natural morphism g — g,.

Consider the embedding of smooth varieties i : N’ x § < § X §. Associated to this morphism,
there a morphism of “restriction with supports” in K-theory

n: KOO (2) —» K9 Cm(7)

(see [CQ, p. 246]). As above for K¢*Cm(Z), convolution endows K“*Cm(Z) with the structure
of a Z[v,v~!]-algebra. (Here we use the embedding Z C g x g to define the product.) The
following result is well-known. As we could not find a reference, we include a proof. Recall that
if X is a scheme and Y C X a closed subscheme, Cohy (X) denotes the category of Ox-coherent
sheaves supported set-theoretically on Y.

Lemma 6.1.2. The morphism 1 is an isomorphism of Zv,v~']-algebras.

Proof. Let us denote by j : N x N < N x g and k : N < § the embeddings. Let also I'y be
the graph of k. Then 7 is the composition of the morphism in K-theory induced by the functor

Lj* : D’Cohz (g x §) — D’Cohz (N x §)
and by the inverse of the morphism induced by
ix : D’Cohz (N x N') = DCohz (N x §).

(It is well known that i, induces an isomorphism in K-theory.) By [R, Lemma 1.2.3], i, is
the product on the left (for convolution) by the kernel Or,. By similar arguments, Lj* is the
product on the right by the kernel Or,. It follows from these observations that 7 is a morphism
of Z[v,v~1]-algebras.

Then we observe that Z and Z have compatible cellular fibrations (in the sense of [CQ, 5.5]),
defined using the partition of B x B in G-orbits. The stratas in Z are the transverse intersections
of those of Z with N x § C g x §. It follows, using the arguments of [CG, 6.2], that 7 is an
isomorphism of Z[v, v~!]-modules, completing the proof. O

It follows in particular from this lemma that there is also an isomorphism
Hag — KOCm(2),

which satisfies
T, — —Uﬁl[O'gVXEa'gV]—i-U[A*Oﬁ]
0, +— [ALOf(z)]

(see e.g. [RI] for details).

Finally, we define N := #(R") = dim(B).
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6.2. Main result. From now on we consider a very special case of linear Koszul duality, namely
the situation of Sections f] and [l with X = B, V = g* and FF = N. We identify V* = g with g*
using the Killing form. Then F-- identifies with g. We obtain an equivalence

~

~ R ~ ~ R ~ ~

R Dgyg,. ((Ag* x B x B) Nig=xB)2 (N X N)) = Déye,, ((Ag* x B x B) N(g=xB)2 (§ % 9).
and its shift K. Here the actions of Gy, on g* are not the same on the two sides. (They are
“inverse”, i.e. each one is the composition of the other one with ¢ — t~1.) We denote by s\

the composition of & with the auto-equivalence of Dg, . ((Ag* x B x B) rFﬁ(g* «B)2 (8% 8)) which
inverts the Gy-action. (In the realization as Gy, -equivariant dg-modules on B x B, this amounts
to inverting the internal grading.)

By Lemma [[.1.], the Grothendieck group of the triangulated category Dty ((Ag* X B x
B) r%(g*xg)g (N x ./\N/')) is naturally isomorphic to K%*®m(Z), hence to the affine Hecke algebra
Hag (see (BL.1)). Similarlyf], the Grothendieck group of the category D¢y, (Ag* x B x
B) r’%(g*xg)g (3 x 9)) is isomorphic to K¢*®m(Z), hence also to Hag (see Lemma [.1.2). Let us
consider the automorphism [kiv] : Hag — Hag induced by k.

In the presentation of H.g using the generators ¢, and 0,, the scalars appearing in the relations
are polynomials in ¢ = v2. Hence we can define the involution ¢ of Hag (as an algebra) that
fixes the t,’s and 6,’s, and sends v to —v. Our main result is the following.

Theorem 6.2.1. The automorphism [k of Hag is the composition of the Twahori-Matsumoto
involution IM and the involution ¢v:

[kim] = toIM.

We will prove this theorem in Subsection [p.3. Before that, we need one more preliminary result.

Let « be a simple root. The coherent sheaf Oy, (p — a,—p) on Z has a natural structure of
G X G-equivariant dg-module over Sym(Ag Rk Ok — T H ’7}3), hence defines an object in

the category Dg ., ((Ag* x B x B) (}%(g*xlg)z (./\7 X ./\7)) Similarly, Oz 7 is naturally an object

X5, 9
of D¢y, ((Ag* x B x B) r%(g*xlg 2 (g x ﬁ)) The strategy of the proof of the next proposition is
the same as that of Proposition

Proposition 6.2.2. We have R(Oy, (p — a,—p)) = O 3[1].

9X5,9

Proof. Consider the inclusion ¢ : X, := B xp, B — B x B. Applying the constructions of Section
f, we obtain the diagram

R ~ ~ Ka — R ~ ~
%xGm((Ag* X Xa) m(g*)QxXa N XPq N) ~ %xGm((Ag* X Xa) m(g*)QxXa g Xp, g)
L%*NR%* LE*N/RE*

R ~ -~ K —_ R ~ ~
Dy, ((Ag* x B?) OgexB)2 N X N) — GGy (AgF X B?) O(g*xB)2 8 X 8)-

2In this case, a simple dimension counting shows that the derived intersection (Ag" x B x B) rBw(g* x5z (8 X 9)
is quasi-isomorphic, as a dg-scheme, to g X 4= g. Hence we do not really need Lemma here.
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By Proposition there is an isomorphism of functors
ko Ri, = (Riy 0 ka(— @0, Ox,(a,2p))) ®0,, Op2(2p,2p)[1 — NJ.
In particular we obtain an isomorphism
R(Oy. (p—a,—p)) = Eo Riy 0 ka(Oy,)[1].
Here on the right hand side Oy, is considered as an object of D¢, o ((Ag*xXy) r%(g*)z "Xy Nxp.

N ), with its natural structure of dg-module, and Z is defined as in Subsection [.1].

Now Y, is a subbundle of A/ Xp, N. Taking the derived intersection with Ag* x X, we can
apply the results of Subsection R.3. Denoting by

R " R ~ ~
f: (Ag* X Xy) M(g*)2 x Xa Yo — (Agh x X,) MN(g*)2x Xy N Xp, N,
—_ R ~ ~ ~N % R
g: (Ag* X Xa) m(g*)QXXa gXxXp, 8 — (Ag X on) m(g*)2><Xa YO{J—
the morphisms of dg-schemes induced by inclusions, we obtain a diagram

RY

* R N % R
Dfy (Ag* X Xo) D(gry2x, Ya) — D (Ag* X Xo) gz, Yih)

oo s

Ko

R ~ ~ — R ~ ~
D%xGm((Ag* X Xa) m(g*)2><XaN XPq N) ~ D%xGm((Ag* X Xa) m(g*)QxXa g Xp, 9)-

(Here, in the top right corner, Y;- is the orthogonal of Y, as a subbundle of (g*)? x X,.)
Let Y, denote the sheaf of sections of Y,. The structure sheaf of (Ag* x X,) r%(g*)zxxa Y, is
A(g) @k Sox, (Vy), with trivial differential (because Y, C Ag* x X,). In particular, Sp,_ (V)
is naturally an object of the top left category, and Rf.(So,, (Vy)) is the object Oy, considered
above. By Proposition we have an isomorphism of functors

Koo Rfy = Lg* oky.

In particular we obtain £, (Oy,) = Lg* o ky (So (V).

Now the structure sheaf of (Ag* x X,) r}%(g*)g wx, Yo is Aoy, (Vo) ®KSk(g), with trivial differential.
And direct computation shows that sy (So,_ (Yy)) is isomorphic to the dg-module Oy, ®i S(g).
Then Lg*(Ox, ®kS(g)) is the structure sheaf of the derived intersection of Ag* x X, and g xp, §
inside Y. But (Ag* x X,) N (g xp, 8) =7 X3, 8, and

dim(Ag* x X,) + dim(g xp, §) — dim(Y;") = dim(g x5, 3) (= dim(g)).

Hence the derived intersection is quasi-isomorphic to (Ag* x X,) N (g xp, g). This completes
the proof of the proposition. O

6.3. Proof of Theorem p.2.1. By construction we have (M (m)) = k(M)[m](—m), hence
rn(M(m)) = kv (M)[m](m).
In particular, for a € Ha.g and f(v) € Z[v,v~!] we have [kpu](f(v) - a) = f(—v) - [kmv](a).

By Proposition [£.3.1, the equivalence sy is compatible with convolution, hence also the induced
isomorphism [k1v]. Also, by Proposition it sends the unit to the unit. It follows that to
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prove Theorem we only have to check that [kmnv| and ¢ o IM coincide on the generators ¢,
and 6,.

First, Corollary implies that [kmv](0z) = 0.

Similarly, Proposition implies that [k1]([Oy, (p — . —p)]) = —[Ogx,_gl- Hence
[kiv](Ta) = —v™HOgx, gl +0 7
=Ty —v+ v L

Hence [kmv](ta) = —ta +v? — 1 = —q(to)~!. This finishes the proof of the theorem.
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