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Abstract

In a regression model with univariate censored responses, a new estimator of the
joint distribution function of the covariates and response is proposed, under the as-
sumption that the response and the censoring variable are independent conditionally
to the covariates. This estimator is based on the conditional Kaplan-Meier estima-
tor of Beran (1981), and happens to be an extension of the multivariate empirical
distribution function used in the uncensored case. We derive asymptotic i.i.d. rep-
resentations for the integrals with respect to the measure defined by this estimated
distribution function. These representations hold even in the case where the co-
variates are multidimensional under some additional assumption on the censoring.
Applications to censored regression and to density estimation are considered.
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1 Introduction

Under random censoring, estimation of the distribution of a single variable Y is tradition-
ally carried out using the Kaplan-Meier estimator (Kaplan and Meier, 1958). A vast scope
of approaches has been developed to study the theoretical behavior of this estimator, and
of Kaplan-Meier integrals (K M —integrals in the following). See e.g. Gill (1983), Stute
and Wang (1993), Stute (1995), Akritas (2000). A crucial identifiability assumption to
obtain convergence is the independence of Y and C|, the censoring variable. In presence
of (uncensored) covariates X, it seems natural to extend Kaplan-Meier’s approach, but
now to estimate a multivariate distribution function, that is F(x,y) = P(X < z,Y <y).
However, traditional approaches to this kind of problem typically face two major kind
of drawbacks, that is either they do not allow to handle multivariate X, or they rely on
strong identifiability assumptions which restrain the field of applications. The aim of this
paper is to propose a new approach which circumvents these two important limitations,
and to provide a version of the uniform strong law of large numbers and of the uniform
central limit theorem which apply to this framework of censored regression.

Indeed, a crucial point in censored regression is to extend the identifiability assump-
tion on the independence of Y and C' (needed to ensure the convergence of K M —integrals
in absence of covariates) to the case where explanatory variables are present. In the
spirit of K M —estimator, one may impose that Y and C are independent condition-
ally to X, which seems to be the slightest identifiability assumption. Under this as-
sumption, Beran (1981) provided an estimator of the conditional distribution function
F(y|z) = P(Y <y| X =2z). In this approach, kernel smoothing is introduced into
Kaplan-Meier’s approach to account for the information on the interest variable con-
tained in the covariates. Asymptotic behavior of Beran type estimators has been studied
by Dabrowska (1987,1989, 1992), Mielniczuk (1987, 1991), Mc Keague and Utikal (1990),
Gonzalez Manteiga and Cardoso Suarez (1994), Li and Doss (1995), Li (1997), Van Keile-
gom and Veraverbeke (1997). See also Linton and Nielsen (1995) who use similar tools for
estimating the cumulative hazard function. Van Keilegom and Akritas (1999) proposed,
with some additional assumptions on the regression model, a modification of Beran’s ap-
proach and derived asymptotic properties of their estimator in the case X € R. A major
difficulty in studying this kind of estimator stands in the non-i.i.d. sums that may be
involved in. To circumvent this problem in the case of the (unconditional) product-limit
estimator, Lo and Singh (1986) provided a representation as a sum of i.i.d. terms with

some remainder term which is asymptotically negligible. Their result was then extended



by Major and Retjo (1988) to a more general setting. For the conditional Kaplan-Meier
estimator, representations similar to Lo and Singh (1986) were derived, all in the case
where z is univariate, see e.g. Van Keilegom and Akritas (1999), Van Keilegom and
Veraverberke (1997). In particular, Du and Akritas (2002) proposed an uniform i.i.d.
representation that holds uniformly in y and .

When it comes to the multivariate distribution function F(z,y), Stute (1993, 1996)
proposed an extension of K M —estimator, and furnished asymptotic representation of
integrals with respect to this estimator that turned out to have interesting practical ap-
plications for regression purpose in some situations, see also Stute (1999), Sanchez-Sellero,
Gonzalez-Manteiga and Van Keilegom (2005), Delecroix, Lopez and Patilea (2008), Lopez
and Patilea (2009). Moreover, in this approach, the covariates do not need to be one-
dimensional. Nevertheless, consistency of Stute’s estimator relies on assumptions that
may be unrealistic in some situations, especially when C' and X are not independent. On
the other hand, under the more appealing assumption that Y and C' are independent con-
ditionally to X, Van Keilegom and Akritas (1999) used an integrated version of Beran’s
estimator to estimate F'(z,y). Van Keilegom and Akritas (1999) also provided some al-
ternative estimator in their so-called “scale-location” model. To our best knowledge, i.i.d.
representations of integrals with respect to these estimated distributions have not been
provided yet. Moreover, it is particularly disappointing to see that, in the uncensored
case, the empirical distribution function of (X', Y") can not be seen as a particular case of
these approaches. On the contrary, K M-estimator is a generalization of the (univariate)
empirical distribution function. As a large amount of statistical tools are seen to be re-
lated to integrals with respect to the empirical distribution function, it is still of interest
to produce some procedure that would generalize this simple and classical way to proceed
to the censored framework. In fact, an important preoccupation in the study of censored
regression is to extend procedures existing in the uncensored case. For this reason, it is
of real interest to use the most natural extension of the uncensored case’s concepts.

The main contribution of this present paper is to propose a new estimator of F'(x,y)
which is an extension of the notion of the multivariate empirical distribution function, and
can also be seen as a generalization of the univariate Kaplan-Meier estimator. To perform
the asymptotic analysis of this estimator, we rely on the asymptotic representation derived
by Du and Akritas (2002), but the new proof of this result that we provide improves
the convergence rate of the remainder term. Our main theoretical result (Theorem 3.5)

provides a general asymptotic representation of our estimator of F'(z,y). Unlike the other



existing results on this issue, our results apply not only to the estimation of F(x,y),
but also to the more general case of integrals with respect to the underlying probability
measure. Therefore Theorem 3.5 can be seen as a generalization of the uniform CLT in
this censored regression framework. Furthermore, we propose a reasonable modification
of the identifiability assumption of the model that may allow us to consider multivariate
covariates.

The paper is organized as follows. In section 2, we present the model and motivate
the introduction of our new estimator of F'(x,y). In section 3, we present the asymp-
totic properties of integrals with respect to this estimator. Section 4 is devoted to some

applications of these results, while section 6 gives the proof of some technical results.

2 Model and estimation procedure

2.1 Regression model and description of the methodology

We consider a random vector (X',Y) € R and a random variable C' which will be
referred to as the censoring variable. If variables X and Y are fully observed, and if we
dispose on a n-sample of i.i.d. replications (X, Y;)1<i<n, a traditional way to estimate the
joint distribution function F(z,y) = P(X < z,Y < y) is to consider the (multivariate)

empirical distribution function,

Femp LE’ y Z]-X <z,Y;<y> (21)

where 1,4 denotes the indicator function of the set A. If we are interested in estimating

El¢p(X,Y)] = [ ¢(z,y)dF(z,y) for some measurable function ¢, we can proceed by using

[ ota )by (o.0) - Zcb X, Y)).

Studying the behavior of these integrals is then more general than simply studying the
distribution function (2.1). Asymptotic results on these empirical integrals may be derived
by applying the classical strong law of large numbers and the central limit theorem. In
a censored regression model, the situation is different since the variable Y is not directly

available. Indeed, instead of Y, one observes
T = YANC,
) = ]-YSCa
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and we will assume throughout this paper that P(Y = C') = 0. Observations consist of a
n—sample (X[, T}, ;) 1<i<n. In this framework, the empirical distribution function can not
be computed, since it depends on unobserved quantities Y;. In absence of covariates X, the

univariate distribution function P(Y < y) can be estimated computing the Kaplan-Meier

ka<y>=1—H<1— Gl ) 22)

1IN
i n=t Y i e,

where Hy(t) = n~! > 0i1r<. The definition (2.2) is valid only for y less than the largest

observation, conventions must be adopted if one wishes to define it on the whole real line.

estimator,

Asymptotics of Fj,, and of integrals with respect to F},, can be found in Stute and Wang
(1993) and Stute (1995). Since F, is a piecewise constant function, this estimator can
be rewritten as F,(y) = > 7| Winlr,<,, where W;, denotes the jump of Fj,, at the i—th
observation. Conditions for convergence are essentially of two kinds : moment conditions
(which can be interpreted as assumptions on the ”strength” of the censoring in the tail of
the distributions, see condition (1.6) in Stute, 1995), and an identifiability condition that
is only needed to ensure that Fy,, converges to the proper function. This identifiability

condition, in the univariate case, reduces to
Y and C' are independent. (2.3)

In a regression framework, an important question is to extend condition (2.3) to the

presence of covariates. A first way to proceed would be to assume that
(X',Y) and C are independent. (2.4)

However, assumption (2.4) is too restrictive, since, in several frameworks, the censor-
ing variable may depend on X. Stute (1996) proposed to replace this assumption by
assumption (2.3) and

PY<C|X,Y)=P(Y<C|Y). (2.5)

Under (2.3) and (2.5), Stute (1996) studied the asymptotics of an estimator based on the
jumps W, of Fj,,, that is

FS (J:» y) = Z Wianigz,TiSy»
=1

where W;,, denotes the jump of Fj,, at the i-th observation. Observing that

1 5;
o nl—ka<ﬂ—)7

W;
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where Gy, (t) denotes the Kaplan-Meier estimator of G(t) = P(C <) (see e.g. Satten
and Datta, 2001), this estimator may be rewritten as

n

1 (5i1Xr<z T;<
. N ey 2.6
5($,y) n; 1—ka (Tz_) ( )

From this writing, one may observe two interesting facts. First, this estimator is a gen-
eralization of the empirical distribution function used in the uncensored case. Indeed, in
absence of censoring, 1 — Gy, (t) = 1 for t < oo, and § = 1 a.s. Second, Fs can be seen
as an approximation of the empirical function

- 1 = 0ilx<om<
F — i ST, LSY
which can not be computed in practice since G is unknown. The identifiability conditions
(2.3) and (2.5) (or (2.4)) are needed to ensure that E[F(z,y)] = F(z,y).
However, conditions (2.4) and (2.5), which impose restrictions on the conditional law
of the censoring, are still too strong for some applications. The slightest condition that

one may wish to impose, in the spirit of (2.3), is
Y and C are independent conditionally to X, (2.7)

see e.g. Beran (1981), Dabrowska (1987, 1989, 1992), Van Keilegom and Akritas (1999).
Inspired by the empirical distribution function, we are searching for an estimator which

puts mass only at the uncensored observations, that is of the form
1 n
- Z OW( X5, Ti)1x,<am <y (2.8)
i=1

where W (X;,T;) is some weight which has to be chosen in order to compensate the bias
due to censoring (Fy is an estimator of the type (2.8), however, under (2.7), it is biased).

An ”ideal” way to proceed would be to use weights such as, for any function ¢,
BISW (X, T)6(X, )] = [ 6. 9)dF (2.3).

so that integrals with respect to the measure defined by (2.8) converge to the proper limit
by the law of large numbers. In this case, (2.8) would appear to be a sum of i.i.d. quantities
converging to F'(x,y) from the strong law of large numbers. Under (2.7), observe that,

for any function ¢,
E[o;W (X3, Ti)p(Xi, Ti)] = E[{1 — G(Y; — [ Xi) }W (X;, Y3)o( X, Vi), (2.9)
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where G(y | ) denotes P(C' < y | X = x). Hence, a natural choice of W would be

1
1-G(Ti— | Xi)

This would lead to the analog of Fg defined in (2.6),

n

~ 1 0ilx,<eTi<y
F(:U,y)—ﬁzl_G(Ti_ X (2.10)

=1

Unfortunately, G(y | x) is unknown. In the uncensored case, conditional distribution
function estimation has been considered by Stute (1986) and Horvath and Yandell (1988)
among others. In this censored framework, G(y | ) can be estimated using Beran’s kernel
estimator (1981). This estimator is defined, in the case d = 1, by

N 1-6;
é<y|x>=1—H<1— win )T ) , (2.11)

e D1 Win(7) 17>,

for y less than the largest observation of the sample (7})1<;<,, where, introducing a positive
kernel function K,

K (%)

- n Xj—x ’
S K ()
and with Hy(t) = n! > (1=0;)11,<;. The definition in equation (2.11) is valid adopting

the convention 0/0 = 0, since the denominator can not be zero unless it is also the case

Win ()

for the numerator. As for the Kaplan-Meier estimator, a convention has to be adopted to
define it above the largest observation. The results we provide are valid for any kind of
convention adopted for dealing with this issue, since they do not focus on the behavior of
Beran’s estimator near the tail of the distribution of Y (Assumption 2 below). With at
hand the estimator (2.11), the estimator of F' that we propose is then

n

~ 1 0ilx, <z 1<
Flz,y)=— Xisolisy 2.12
(2,9) nzl—G(Ti—|Xi) (2.12)

=1

for y < max;<;<,(7;). This type of approach is quite natural in censored regression, see
e.g. van der Laan and Robins (2003) or Koul, Susarla, Van Ryzin (1981). From this
definition, we see that this estimator generalizes the empirical distribution function for

the same reasons (2.6) does. Now if we consider a function ¢(z,y), we can estimate
[ oz, y)dF(x,y) by

/ S, y)dF (z,y) = %Z . _52 E;(_T|)X) (2.13)

i=1



This estimator is more difficult to study than (2.10), since, as it is the case for Kaplan-
Meier integrals, the sums in (2.12) and (2.13) are not i.i.d. In fact, each term depends on
the whole sample since G itself is computed from the whole sample. In section 3, we will
show that

/ o, y)dE (z,y) = / o, )dF(z, ) + 5a (6),

where, from (2.9), the first integral converges to [ ¢(z,y)dF(z,y) at rate n~'/? (conse-
quence of the strong law of large numbers and the central limit theorem), while S, (o),
under suitable conditions, is equivalent to a centered i.i.d sum which only contributes to

the asymptotic variance.

2.2 Comparison with other approaches

Under (2.7), most of the efforts have been concentrated in estimating F'(y | z) = P(Y <y |
X = z). Dabrowska (1987, 1989) studied uniform consistency and asymptotic normality
of Beran’s estimator. Van Keilegom and Veraverberke (1997), in the case of a fixed
design, provided an asymptotic i.i.d. representation of F(y | ), that is a representation
of F(y | ) as a mean of i.i.d. quantities plus a remainder term which becomes negligible
as n grows to infinity. More recently, Du and Akritas (2002) provided an analogous
representation holding uniformly in y and x for a random variable X. Van Keilegom and
Akritas (1999) proposed an alternative to Beran’s estimator under some restrictions on

the regression model. In particular, they assumed
Y=m(X)+o0o(X)e, (2.14)

for some location function m, some scale function o, and ¢ independent from X.
When it comes to the estimation of the estimation of F(z,y), the only approach that

has been used consists of considering

/m Py | wdF (u), (2.15)

—00

where F(x) denotes the empirical distribution function of X. Instead of (2.11), any
other estimator of the conditional distribution function may be used, see for example
Van Keilegom and Akritas (1999) who provided asymptotic i.i.d. representations for
two different estimators based on this principle. To connect another drawback of these
procedure with this incapacity to generalize the empirical distribution function, we must

mention that none of these approaches has been extended successfully to the case d > 1.



Of course, the definition of Beran’s estimator could be extended to multivariate kernels.
But the use of non-parametric regression methods make estimators of the type (2.15)
very sensitive to the so-called "curse of dimensionality”, that is the loss of performance
of non-parametric techniques when the number of covariates d increases. This drawback
does not affect the estimator (2.1) in the uncensored case. For this reason, parametric
estimators which can be written as integrals with respect to (2.1) do not suffer from the
curse of dimensionality. It is still the case using the estimator (2.6) under (2.3)-(2.5) (see
Stute, 1999, Delecroix, Lopez and Patilea, 2008). Unfortunately, this is not the case if
we use (2.15). For this reason, parametric regression has only been considered in the case
d =1, see e.g. Heuchenne and Van Keilegom (2007a, 2007b).

On the other hand, the estimator proposed in (2.13) is not of the type (2.15). It still
relies on Beran’s estimator, so that its asymptotical behavior will only be carried out
for d = 1. However, in section 2.3 below, we propose a modification of this estimator to

handle the case d > 1, by slightly strengthening the condition (2.7).

2.3 The case d > 1

In (2.12), a non-parametric kernel estimator appears. Therefore, considering a large num-
ber of covariates raises theoretical and practical difficulties. For this reason, we propose
a slight reasonable modification of the identifiability assumption (2.7) which happens to
be a good compromise between (2.7) and (2.4)-(2.5), and under which we will be able to
modify the definition of F using only univariate kernels. Let g : R? — R be some known

function. The new set of identifiability conditions we propose is
Y and C independent conditionally to g (X), (2.16)

P(Y<C|X,Y)=P(Y <C|g(X),Y). (2.17)

In particular, condition (2.17) will hold if £(C' | X,Y) = L(C | g(X),Y), that is if C
depends only on ¢g(X) and Y. As an important example, denote X = (XM, ..., X)),
In some practical situations, one may suspect the censoring variable to depend only on
g(X) = X® for some k known.

Another interesting advantage of this model is that it may permit us to consider
discrete covariates. If we refer to the approach of Van Keilegom and Akritas (1999), we
can only consider continuous covariates. Here, we will only have to assume that g(X) has

a density (but not necessary all components of X). Under this new set of identifiability



conditions, we propose to use

n

- 1 0ilx, <z i<y
F(z,y) = nzl_Gm_‘g(Xi)), (2.18)

=1

F(z,y) = ! > Olxigaticy (2.19)
nig - G (Ti— | 9(Xy))

Note that using the set of condition (2.16)-(2.17) does not permit to prevent the
estimators of type (2.15) from the curse of dimensionality. In fact, using estimators

(2.15), we still need to estimate F'(y | ), no matter the identifiability conditions.

3 Asymptotic properties

In this section, we present the asymptotic properties of integrals with respect to F.In
section 3.1, we discuss the different assumptions under which our asymptotic results hold.
Section 3.2 presents an uniform strong law of large numbers for F, while section 3.3
provides some new results on the asymptotic i.i.d. representation of Beran’s estimator
by improving the convergence rate of the remainder term. In section 3.4, we provide
uniform asymptotic representations of integrals with respect to F , with different rate
of convergence for the remainder term, depending on the assumptions on the class of
functions considered. These representations can be used to obtain uniform CLT results

for general classes of functions.

3.1 Assumptions

To simplify the notations, we denote Z; = g(X;) in the following.
We list here some assumptions that are needed to ensure consistency and asymptotic
normality of our estimator. We will use the following notations to refer to some (sub-

)distribution functions,

H(t) = P(T<1),
H(t)z) = P(T<t|Z=2),

Ho(t|z) = P(T<t,6=0|Z=2),
Hi(t|z) = P(T<td6=1|Z=2z)

Assumptions on the model.
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Assumption 1 The variable Z = g(X) belongs to a compact subset Z C R. The distri-
bution function of Z has four bounded derivatives on the interior of Z. Furthermore, the
density [z (z) satisfies

inf fz (2) > 0.

z2€Z

Assumption 2 Let 7y, = inf{t | H(t | z) < 1}. There ezists some real number T < Ty .
forall z € Z.

Assumption 2 has to be connected with the bad performances of Beran’s estimator in
the tail of the distribution of Y. This assumption is present in Du and Akritas (2002). In
Van Keilegom and Akritas (1999), this assumption is avoided only through the specific
form of their scale-location regression model (2.14).

The important situation that we have in mind in which Assumption 2 holds, is when,
for all z, the support of the conditional law L(Y | Z = z2) is [a(z),7y] C] — o0, +00],
where the upper bound 75 does not depend on z and can be finite or not (for example,
this condition is fulfilled when Y is Gaussian conditionally to Z = ¢(X)). In this case, 7
can be chosen arbitrary close to 74.

Assumptions on the regularity of the (sub-)distribution functions.

Assumption 3 o Functions Hy and Hy have four derivatives with respect to z. Fur-

thermore, these derivatives are uniformly bounded for y < .
o Let Hy(t|z) = H(t|2)f2(2), and let

B U, (s,2) 02Hf(s|z)
 fz(2)? 0z2 7’

where Y,(s,2) = 1y<p[l — H(s — |2)]72. Assume that sup, V(®(-|]z)) < oo, where

V(g(+)) denotes the variation norm of a function g defined on | — oo; T].

d(s]2)

Assumptions on the kernel.

Assumption 4 The kernel K is a symmetric probability density function with compact

support, and K 1is twice continuously differentiable.

Assumptions on the family of functions. To achieve uniform consistency over a

class of functions, it is necessary to make assumptions on the class of functions F.

11



Assumption 5 The class 6[1 — G(T — |X)]™' x F is P-Glivenko-Cantelli (cf. Van der
Vaart and Wellner, 1996, page 81) and has an integrable envelope ® satisfying ®(t,z) =0

fort > 7, for some T as defined in Assumption 1.

For asymptotic normality, we will need more restrictions on the class F. First, we
need some additional moment condition on the envelope, and some differentiability with

respect to z.

Assumption 6 Assume that

o The envelope ® is square integrable and sup,cz. [ ®(x,y)d|0?F.(zx,y)| < oo, where
F.(z,y) =P(X <az,Y <y|Z = 2).

o We have ®(x,t) =0 fort > 1 or g(x) € Z—Z5, for some T as defined in Assumption
1, and Zs the set of all points of Z at distance at least 0, for some § > 0.

o Let Ky(z,t) = fz,ygt o(x,y)dF,(x,y). The functions K, are twice differentiable with
respect to z, and
b 10Kz )l + 02K (2, y)| < 0.

The reason for introducing the set Z;s is to prevent us from some boundary effects which
happen while obtaining uniform convergence rate for kernel estimators, see the proof of
our Theorem 3.5 and Theorem 3.6 below. The order of the bias terms corresponding to our
kernel estimators will be O(h?) if we restrain ourselves to points in Zs, while considering
the boundaries leads to increase the order of the bias. However, § can be taken as small
as required.

For the sake of simplicity, we restrain ourselves to a class of smooth functions with
respect to z (but not necessarily smooth with respect to y). But our result can eas-
ily be generalized to the case of functions with a finite number of discontinuities. In-
deed, for some fixed K' > 0, let (I;)1<i<x be a sequence of subsets of Zs, and define
o(X,Y) = Zfil ¢i(X,Y)1yx)er,, where I; C Z5, and ¢; € F;, where F; satisfies the same
assumptions as the class F.

We also need an assumption on the complexity of the class of functions. We consider
two cases, the case where F is related to some Donsker class of functions, and the more
restrictive assumption on its uniform covering number under which we obtain a faster rate

for the remainder term in the asymptotic expansion. Let N (g, F, L?) denote the covering

12



number (cf. Van der Vaart and Wellner, 1996 page 83) of the class F relatively to the

L?—norm.

Assumption 7 Let Cy be the set of all functions from | —oo; 7] to with variation bounded
by M. Let Cy be the set of the functions f from Zs to [—M, M| with twice continuous
derivatives bounded by M, for some M > 0, with sup, ez |f"(2) — f"(Z)||[z = 2|77 < M
for some 0 < n < 1. Let G = {(z,t) — g(z,t) : Vz € Z5,9(2,-) € C1,0.9(z,-) € C1Vt <
7,9(-,t) € Co}. Assume that (z,t) — G(t|z) € G and that the class of functions FG is

Donsker.

It is natural to assume that, to obtain our uniform CLT, the class F has to be Donsker.
Indeed, by definition of a Donsker class, the uniform CLT will not hold in absence of
censoring if F is not Donsker. Our Assumption 7 is a little bit more restrictive, but is
close to optimality. Indeed, the class of functions G contains the functions G and G, seen
as functions of two variables. As pointed out in Lemma 6.1, the bracketing number of
this class can be obtained, which shows that G is a uniformly bounded Donsker class.
Hence, Assumption 7 will be fulfilled in a large number of situations, for example if F is
an uniformly bounded Donsker class (see Van der Vaart and Wellner, 1996 page 192 for
additional permanence properties of Donsker classes), or by elementary arguments if the
bracketing number of F can be computed.

We now give a more restrictive assumption under which the convergence of our esti-

mators can be improved.

Assumption 8 For all ¢ > 0, and for a class of functions C, define N(e,C,L"(P)) be
the smallest number of balls with respect to the norm || - ||op in L*(P). We say that a
class of function C with a square integrable envelope C is a VC-class of functions if
supp N (g||C|lap, C, L*(P)) < Ae™V for some A and V > 0, where the supremum is taken

on all probability measures such as ||C|l2p < 00. Assume that F is VC.

3.2 Uniform Strong Law of Large Numbers

1/2

Theorem 3.1 Under Assumptions 1 to 5, and with h — 0, and nh/[logn]'/* — oo,

sup
PEF

[oGae e~ [ow.yar <x,y>' u D

Remark 3.2 In all the proofs below, we will assume that we are on the set A = {f5(z) #
0, H(t|z) # 1,G(t|z) # 1,¥t < 7,z € Z}. This allows us not to discuss any problem caused
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by the presence of these functions at the denominator. From the uniform convergence of
nonparametric estimators (see Einmahl and Mason, 2005, and Van Keilegom and Akritas,
1999) and our Assumptions 1, 2, and 5, there exists some ng (almost surely) such as we are

on the set A for all n > ng. This is sufficient for deriving our asymptotic representations.

Proof. Write, from the definition (2.13) of I(¢),

n

1 86X TG, — | Z) — G(T, — |2)
i nZ 1—G(T—1Z)1 - C (T, - |2)
= Iy, + Iip.

(3.1)

From the strong law of large numbers, the first term converges almost surely to [ ¢ (z,y) dF (z,y)

(uniformly over F from Assumption 5), while, for the second,

n

Ln| < Op(1) x Glt—l2) -Gt —|z)| x '
[inl < Op(1) x sup |G(t—2) — G gl nX; L - G(T; - |2,

The empirical sum converges almost surely, while the supremum tends to zero almost

surely from Proposition 4.3 in Van Keilegom and Akritas (1999). m

3.3 An i.i.d. representation of the conditional Kaplan-Meier es-

timator

Theorem 3.3 Lei

. []_ — (5 ]]—T7<t t ]-TizsdHO(S|Z>
) = ol (1 5 o)

(t2) = wy(e) (L0 =G =2y T L = G(s — |2)]1n55dHo(s]2)
ol 2) w2 ( [1 =G|l - H(T;|2)] /_oo [1— G(sl2)][1 — H(T; - |z)]2> |

Under Assumptions 1 to 4, for h such as nh* — 0,

Ro(t]s) — Aa(t]s) = % S it 2) + Ralt,2), (3.2)
Gtl2) = Gtl2) =~ nailt.2) + Ralt.2), 33)

with SUD¢<r ze 25 |RG(t7 Z>| = OP([log n]nilhil)‘

14



The proof of this result follows the lines of Du and Akritas (2002), but using our
Lemma 3.4 below which replaces their Proposition 4.1. The difference between the results
of Du and Akritas (2002) and the present one only comes from the faster convergence
rate for the remainder term, but the main terms of the expansion are rigorously the same.

The proof of Lemma 3.4 is technical and is postponed to the Appendix section.

Lemma 3.4 Let ¢t(872) = 18§t[1 - H(S - |Z)]72’ and \I[t(svz) = wt(saz)fZ(Z)ia fOT’
t <7, and assume that sup, V (V. (-, 2)) < co. Let

L(the, 2) = /wxs, 2)H (s — |2) — H(s|2)]d[Ho — Ho(s]2)
Under Assumptions 1 to 4, for h such as nh* — 0,

sup | Iu(¢r, 2)| = Op([lognjn™"n 7).

t<T,2€Z5

Proof of Theorem 3.3. As in the proof of Theorem 3.1 in Du and Akritas (2002),

we first decompose Ag(t|x) — Ag(t|z) into

A 1 ¢ [:_it—z—Ht—z2dﬁ0tz
Ag(t]2) — Ag(t]z) = EZI"W’ z) +/_OO [[1(_ [f[|(t)_ ‘2)]([1 _|h)r](t— 12)52)

PH(—|2)—HE—2) -
+/—oo 11— H(t—|2)]? d{Ho(t|z) — Ho(t|2)}.

The second term is of rate Op([logn]n='h™') uniformly over (¢, z) € [—oo; 7] x Zs, from
Lemma 4.2 in Du and Akritas (2002). On the other hand, the last term is covered by
oirx2; | BA(t, 2)| = Op([lognjn="h~"), which proves (3.2).
To prove (3.3), we follow the proof Theorem 3.2 in Du and Akritas (2002), but using

our Lemma 3.4 instead of their Proposition 4.1. Using a representation of conditional

Lemma 3.4, so that SUD(¢ )

Kaplan-Meier estimator which is the conditional version of Lemma 2.4 in Gill (1983) and
the decomposition proposed in the proof of Theorem 3.2 in Du and Akritas (2002), we
get

(Aa(tl2) = Ac(t]2)) + Ra(t]2),

Gl - Gl:) = -6t [ B

With SUD(; . e[—ooir]xz; Ra(t]2) = Op([logn]n="h~"). Then (3.3) follows from integration
by parts and (3.2). m
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3.4 Uniform Central Limit Theorem

Theorem 3.1 is not sufficient when it comes to proving asymptotic normality of integrals
of type (2.13). As in the case of Kaplan-Meier integrals (see Stute, 1996), the i.i.d.
expansion introduces an additional term if we need a remainder term decreasing to zero
at a sufficiently fast rate. The representation of Du and Akritas (2002) which has been
recalled in Theorem 3.3 can be rewritten, analogously to the expansion of Kaplan-Meier’s
estimator in absence of covariates,

G(t)2) - G(tlz) [ dM,.(y) »
L=Gllz) /-oo -GNl - Fy—f] T 50 (34)

where

M) = Y [0t - [ €]

As a by-product of representation (3.4), the weak convergence of the process [G(t|z) —
G(t]2)][1 — G(t|z)] " can be obtained, retrieving the results of Theorem 1 in Dabrowska

1/2 a5 for usual kernel estimators.

(1992). The rate of convergence is slower than n~
The representation (3.4) can be compared to the representation derived by Stute (1995)
and Akritas (2000) for the Kaplan-Meier estimator. Indeed, (3.4) is similar to equation
(13) in Theorem 6 of Akritas (2000), except for the presence of the kernel weights, and
of conditional distribution functions. On the other hand, a crucial difference with the
asymptotic representation of Kaplan-Meier estimator comes from the fact that the integral
in (3.4) does not have zero expectation. Indeed, M,, , is not a martingale with respect to
the natural filtration H; = o({X;17<¢, Tilr,<t, 0i1r,<i, i = 1,...,n}), since it is biased. In
fact, we have, for all ¢,

Enei(Zi,t)| 2] = 0, (3.5)

but E[n; ¢(z,t)] # 0. However, there exists a martingale which is be naturally related to
the asymptotics of F, as shown in our Theorems 3.5 and Theorem 3.6 below. Define

| b 155, dG (Y| Z;
Mz(t) — (1—51‘)1Ti§t_/ 171>é(y(—y||z>)7

which can be seen as a corrected version of M, ..

Theorem 3.5 Under Assumptions 1 to 7, assume that h € H, = [Amin, hmax], where

logn]'nh>t" — oo, and nhi,, — 0,
. 1 &
Jowvar-Rn = L300+ o).
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with

o Q;Zz(s>dMl<8)
w0 - [t T

Gu(s) = /Z Lecydlo )dF(o,1),

and where sup,e x| Ry, (¢)] = op(n™"/?).

Proof. First, using the uniform convergence rate of G, observe that

[ ¢ wdlF ) -F) = nZ Z(b(X“T)[[l_( <JZ>rzz>] L=V opog nln=1h71).

The function d¢(X, T)G(T — |Z)[1 — G(T — |Z)]~? belongs to a Donsker class C, from
Assumption 7 and a permanence property of Donsker class (see Example 2.10.10 in Van
der Vaart and Wellner, 1996). It is also the case for d¢(X, T)G(T — |Z)[1 — G(T — | Z)] 2

with probability tending to one from Lemma 6.2. Using the asymptotic equicontinuity of

Donsker classes (see e.g. Van der Vaart and Wellner, 1996), we get, from Assumption 7
that

; 6(x,9)[Gly — l9(x)) — Gly — lg(«)|dF (x,y
[ ote e -Fte = | () = Gy o) }dF (2.
1 =Gt —lg(x))
where Sup, e ooz e 7 | REo(t, )] = op(n~'/?). Now using the i.i.d. representation of
G from Theorem 3.3, it follows that

/cb 2. y)[Gly — l9(«)) — Gy — |g()]dF (z.y) _
1= G(t = |g(x))

+RF7¢(t, l‘),

Zi—g(x)
;/ ZjKlEf< )( )> o(x,y)na.i(g(x), y=)dF (v, y) + Ry,

where sup,cr |Ry| < E[|®|] x Op(n~'h™"). Let fz(z) = n~th! S K ([Z; =2k,

The main term can be decomposed into three parts, that is

1 Zi — 9(@)\ (2. y)nci(@,y=) 10
ay [ x (B g e 6o

~

L& Zi— g(2)\ o, v)nei(9(), y—)F2(9(@) — f2(g(x))

=Y / K( . ) ey dF(z,y) (3.7)
1 & Zi — g(2)\ ¢, y)neala(@), y—)iz(9(x) — F2(g(@))]?

= K LAY dF(x,y). .

WE/ ( h ) F2(9(2)) f2(9(x))? ) 58
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Using the uniform convergence rate of f; (see Einmahl and Mason 2005), (3.8) is easily
seen to be Op([logn]n~'h~!) uniformly over ¢ € F. On the other hand, (3.7) can be
rewritten as [ ¢(z,y)U,(g(x), y)dF (z,y), where

e = e n () R e (52 )

) <%2K (Zih—z) ng;z(zy)é—)) (%;K (Zjh_ Z) _fz(z)> .

The right parenthesis is Op(h? + [log n]'/?n=/2h=1/2) uniformly over z € Z; using the uni-

form rate of consistency of f. On the other hand, the first parenthesis is E[ne1(z, t—)|Z, =
2)f2(2)7t + R(z,t), with sup, , |R(z,t)| = Op(h? + [logn]/*n~1/2h71/2) (see Einmahl and
Mason, 2005). Moreover, as pointed out in equation (3.5), E[ngi(z,t—)|Z1 = z] = 0.
Hence (3.7) can be bounded by E[®(X,Y)] x Op(h* + [logn|n~th™'). Now let w;(z,y) =
o(z,y)nc.i(g(x),y—). From Assumption 6, w; is twice differentiable with respect to z =
9(z), and sup, <, y@)ez, [07wi(@, y)| < M|P(2, y)+8UPyer y<rgmez; 10:0(z,y)+2 (2, y)|.
A change of variables and a second order Taylor expansion, Assumption 4 and Assumption
6 lead to rewrite (3.6) as

%Z/(b(Xi?y)WG,i(g(Xi),y—)dFZi(x,y) + Op(h?).

In Theorem 3.5, the remainder term is op(n~'/2). However, one could be interested in
a more precise rate for the remainder term. This can be obtained if we strengthen the
assumptions on the class of functions F, that is if we replace Assumption 7 by the more

restrictive assumption 4.

Theorem 3.6 Under Assumptions 1 to 6, and Assumption 8, assume that h € H, =
4

max

3
Inh +n

[Ponin, Pmax), where [logn]~'nh " — oo, and nh

— 0,

[olwndE =Py = Y wio)

+R. (9),
with W;(¢) defined in Theorem 3.5 and supyex | Ry, ()] = Op([logn]n™'h~" + h?).

Proof. Write
[ otedif o) - Pl = 550 2 Tﬁ[[f_(?é (TJ%EE@ - 12)]

+ R(9),

i=1
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where supyer |[R(¢)| < Op(1) X sup,<, ez, |Gt — [2) — G(t — |2)[> = Op([logn]n~'A71).
Using the i.i.d. representation of G, this can be rewritten as

LN g (B 2 800 T (% 1)
n*h ;K ( h ) 1 — G(T, — |Z)f2(Z) + R(9),

with sup,er |R(¢)| = Op([logn]jn~th~!). The main term can be decomposed into

1 Zi — Z;\ 0:0(Xi, Ti)ne,;(Zs, Ti—
ﬁZK( J) ( 6. ) (3.9)
,J

h (1= G(T3 = |2:)]f2(Z:)

e S 1 -G~ 1Z)113(Z) (310
1 Zi = 25\ 0i0(X, Ti)nG7j(Ziaﬂ—)[fZ(Zi) — f2(Zy))?
Fn 26 ( h ) A

Using the uniform rate of convergence of the kernel estimator of the density, it is easy to
see that (3.11) is of rate Op([logn]n~'h™!). We now consider (3.9). First observe that the
sum of the terms for ¢ = j is negligible. Consider the U—process

_ 1 Zi — Z;\ 6;0(X;, Ti)ne,j(Z;, T;—)
Ulg.h) = n(n —1) ;K ( h ) f2(Z;)[1 — G(T; — | Zy)]

D Ue(Xi, T, 05 X, T, 65).

i#]

The class of functions {z — K([z — u]/h) : h > 0,u € Z;5} is VC from Assumption 4
(see Pakes and Pollard, 1989). Hence, using Lemma A.1 in Einmahl and Mason (2000),
the class of functions v, for ¢ € F is VC. the U—process U(¢, h) is indexed by a VC-
class of functions. Denote by P(¢, h) the Hajek projection of U(¢, h). Defining R(¢, h) =
U(p,h) — P(¢, h), it follows from Sherman (1994) that sup,, |R(¢, h)] = Op(n~"'). To

compute the Hajek projection, observe that

-
n(n —1)

E[U(¢,h)] = Op(h?),

Zz'_Zj 5i¢(Xi7Ti>77G,j(ZiaTi_) TS = (r
E{K( h )fz<zz->[1—Gm—|Zz->1’X“T“5l “’*5)}

which can be proved by similar arguments as those developed in the proof of Theorem 3.5

sup = Op(h?),

z,t,0

(change of variables and Taylor expansion, using the regularity Assumptions 6). Hence,

we can write

Ll Zy — Z;\ 0:p( Xy, Ti)ne j(Zs, Ti—)
(3.9) = EZIE{K( 7 )fz<zi>[1—g(n—|Zi>]'X”"]}’5j}

+R(9),
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with supyex |R'(¢)| = Op(h? + [logn]n~'h™'). Using again the same arguments as in
Theorem 3.5, the conditional expectations are equal to W;(¢) + R;(4), where Sup; 4 |R;| =
Op(h?). The negligibility of (3.10) can be obtained using similar arguments, but with a

third order U—process. m

4 Applications

4.1 Regression analysis

To simplify, assume that d = 1. Consider the following regression model,
E[Y ’ X>Y < 7—] = f(907X)?

where f is a known function and 6, € © C R* an unknown parameter, and 7 is as in
Assumption 1. Once again, introducing 7 is a classical way to proceed for mean-regression
under (2.7). See e.g. Heuchenne and Van Keilegom (2007b). If we assume that 6, is the
unique minimizer of

M) =E[{Y — f(0,X)}1y<, xez,] .

we can estimate 0y by

d—agmin [ [y fO.0)PdF ()
0eO TE€EZ5,Y<T

As a consequence of Theorem 3.1 and Theorem 3.5, the following proposition furnishes

the asymptotics for 6.

Proposition 4.1 Assume that the Assumption of Theorem 3.1 hold with F = {z —
f(0,2),0 € ©}. We have
0 — 0 a.s. (4.1)

Furthermore, let Vg (resp. V) denotes the vectors of partial derivatives with respect to
0 (resp. the Hessian matriz) and assume that F' = {x — V3f(0,x),0 € O} satisfies
the Assumptions for Theorem 3.1. We have, under Assumptions 1 to 6 for ¢(z,y) =

Vo f (0o, )y — f(0o, )],

~

Vn(d —0y) = N(0,Q7'vQ), (4.2)
with

Q = E[Vaf(fo, X)Vaf(6o, X)],

V = Var (/ o(x,y)dF (z,y) + % Z/ 1o C;[(lst){g(_;(éXi)(z))c]iMi(s)> :
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Proof. Let
Mo(0) = / IR ()
rz€Z,y<t

Apply Theorem 3.1 to obtain sup, |M,(0) — M ()| = op(1), and hence (4.1) follows. For

(4.2), observe that, from a Taylor development,
0 — 0y = V2M,(61,,) " VoM, (o),

for some 6y, between 6, and 6. Apply Theorem 3.1 to see that we have V2M,,(01,)"" —
QO 'a.s., and Theorem 3.5 to obtain that VoM, (6y) = N(0,V). m

4.2 Density estimation

In this section, we assume that Y has a Lebesgue density f that we wish to estimate.
Estimation of the density of Y has received a lot interest in the case Y L C. See e.g.
Mielniczuk (1986). This assumption may not hold in several practical situations. In such
cases the estimator of Mielniczuk (1986) is biased. An alternative is to consider that we
are under (2.7) or (2.16)-(2.17), where X represent some auxiliary variables which are
observed. In this framework, our estimator F owill permit us to estimate the density f,
for example through the use of kernel smoothing. Let K be a compact support function,

hi some positive parameter tending to zero, and define

i =nit [ & (L) atey) (1)

Z(;XR 1
Observe that, since K has compact support, if we choose hy small enough, the integral
in (4.3) is only on Zsx] — oo;7] for some 7 < 75. Let Ky, = K((y — .)hy'). As an
immediate corollary of Theorem 3.6, deduce that

f5(y) = hfl Khhy(s)dﬁ(xvy/)

1 Ko, () di(s)
Pl 2 e [T
+Rn(y)7 (4.4)

with
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5 Conclusion

We developed a new estimator for the distribution function F(z,y) = P(X < z,Y <)
in the case where the variable Y is randomly right-censored, with the censoring variable
allowed to depend from the covariates X. Our estimator can be seen as a generalized
version of the empirical distribution function, and we provided asymptotic expansions
uniform over quite general classes of functions. These representations allows us to obtain
uniform law of large numbers and uniform central limit theorem for integrals with respect
to the estimator we propose. Moreover, we indicated how this estimator can be slightly
modified in order to be used in the case where X is multivariate. This becomes achievable
by reinforcing the identifiability assumption of the regression model, by assuming that the
censoring depends from X only through a univariate term g(X'). This property seems quite
interesting, in the sense that most result on regression in this framework were provided
only in the case where X € R. Estimation of the function g from the data is the next step

for improving this technique, and will be investigated elsewhere.

6 Technicalities

6.1 Proof of Lemma 3.4

Let us introduce some notations.

Hog(ul2) = Ho(u|2)fo(2),  Hog(ul2) = Ho(ul2)f2(2),

Hi(ulz) = H(u—|2)fz(2),  Hj(ulz) = H(u —|2)f2(2),

where

We shall decompose

A~

H(u|z) — H(ulz) = I:If(u|z) — Hy(ulz) n [fz(2) — fAZ(Z>][Hf<U’Z) — Hy(u|z)]

fz(2) f2(2)f2(2)
+[fz(2) — fz(2)]Hy(ulz) n [f2(2) = AZ(Z)PHf(UV)’
fz(2)? f2(2)fz2(2)?
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and Ho(u|z) — Hy(u|z) similarly. I, (¢, z) can then be decomposed into 16 terms, of which

the following ones are the hardest to bound,

/ wt(u,; =171y (ul2) — Hiul )l (0]2) — Ho (=), (6.1)

/wt u, z Hf (ulz )[fz( ) — f2(2)|d[Ho.(u|2) — Ho s (ul2)]. (6.2)

For the others, it suffices to observe that sup, . 5, 1f2(2)—f2(2)]f2(2)7| = Op([log n]*/>n=1/2h=1/2),
SUDP, ez, |Hf(u|z) — Hy(u|2)| = Op([logn]/?n~"/2h=1/2) (see Einmahl and Mason, 2005).
Consider the term in (6.1). Let Hy(u|z) = E[H;(u|2)], and Ho(u|z) = E[Ho s(u|2)].

Decompose (6.1) into

1?2(?2’)? [Hp(ulz) — Hy(ul2)ld[Ho g (ul2) = Ho f(ul2)]
[y tule) ~ fip(ul) i (ul2) ~ Ho(ul)

= Al(t, Z) + Ag(t, Z)

To study A;(t, z), by Taylor expansion,
~ h? [v?K(v)dv 0*’H ‘K ‘H z
Hf(u|z) _ Hf(u\z) _ fv (U> vo f(ulz) + h4/ v > (U> 9 f<u|Z(U7u))dv. (6.3)

2 022 4 0z
A similar expansion holds for Hy ;(u|2) — Hy (u|z). Since [ d[Ho ¢ (u|z) + Ho f(u|2)] < 2

¢ O*H
SUp Z?Z(EL )Z> f(;Li('U u))d[Ho flulz) — Ho ¢(u]2)]| < M < 0.
Next we have to study
/_ (ul2)d[Ho s (ulz) — Ho,s(ul2)] / (ul2)d[Ho,z(ulz) — Ho,s(ul2)]

+ [ S(ul)dloul2) - Hoslul2)

[e o]

= A11(s,2) + A1a(s, 2),

where

- 0*H
(I)(U|Z) _ @Dt(U,Z) f(U'Z)

fz(2)? 022
By integration by parts, and expansion like in (6.3), A12(¢, 2) can be uniformly bounded
by

t

sup (1o (t12) ~ Ho (12)8(t12) = [ Fos(ule) — Hog(ul2))dd(ul2)| = 002). (64)

—00
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On the other hand, A;;(t, z) can be rewritten as

An(t, 2) nhZ{ 5:)17,<®(T}|2) K (Zh—Z> g {(1 — 6) 1< ®(Ti|2) K (Zh—zﬂ }

By Theorem 4 in Einmahl and Mason (2005), sup, . |411(t, 2)| = Op([log n]"/2n=1/2p=1/2).
Gathering the results, deduce that sup, . [A1(t, z)| = Op([logn]n~'h™").
To study As(t, z), decompose into

S 0l2) — A aldlo s (ud2) ~ Ho )
[ al2) ~ Ayl o ) — fho )]

= Agl (t, Z) + Agg(t, Z).
By integration by parts,
Ani(t,2) = Wilt,2)[Hy(t]2) — Hy(t]2)][Hos(t|2) — Hos(t]2)]

—/ [ (ul2) — H(ul2)][Ho,s(ulz) = Ho p(ul2)]|d¥,(u, 2)

—00

t
—/ Wi(u, 2)[Ho s (ul2) — Ho,s(ul2)ld[H(u|2) — Hy(u|2)],
where Uy (u, z) = ¢y (u, 2) fz(2) 2. The first two terms are uniformly bounded by Op([logn|n=th™1).
Using the analog of (6.3) for Hy ; — Hy f, the third term in the decomposition of Ay (¢, 2)

can be rewritten as

2,2 n 2 . o
h fv K(v)dv Z (@t(ﬂ,z)a Ho,f(Tz’Z)K <Zzh Z) Lres

nhy : 072
=1

_E [\Ilt(T, z)aQHO’fmz) K <Z - Z) 1T<tD F ARt 2),

022 h

where sup, , |R,(t,2)| = Op(1). Using again Theorem 4 in Einmahl and Mason (2005),
the main term is seen to be Op([logn]'/2h%/2n~1/2) uniformly in ¢ and z, which leads to
sup, . [A21(t, z)| = Op([logn]n~'h™").

The last term to study is Ass(t, 2) which can be rewritten as

1
n2 957192 ;fzth WZ,W) hl (nhl Zgzthl W17W)> = Unl(zata h)"'UnZ(Z?ta h)>
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where Wz = (Z“iri, (51)7 and

21 — %

Goanlinun) = (1= 00 Wltr e (277 ) DonGntat)

v—Zz

—/1u<t(1—5)\11t(u,z)K( ; )Fz7h1(22,t27U)dPW(U,U,(S),

where Py, denotes the law of W;, and where

Z9 — Z v—Z
FZJH(ZQ,tQ,U/) = thSuK( 2h ) _/lt’guK( A >d]P>W(v,t/,5).

By elementary calculus, we have

1 (1 &K, (Zi—= 1
S;}flUnz(z,t,h)léC% (ﬁZK( - )):Op(n hh.

=1

On the other hand, h?Uy,(z,t, hy) is a degenerate second order U—process indexed by a

V (C'—class of bounded functions. Moreover,

E[&n(W,Wa)?] < CE [KQ (?) F27t7h(ZQ,T2,T1)1,
o (e (B) e (%)
+E [f@ (Zlh_zﬂ {/K (S;lz> dPW(s,u,é)}g)

< Ch2.

IN

Hence, by Theorem 2 of Major (2006),

sup |Uni(2,t, h)] = Op([lognjn™'A71).
t,2

6.2 The class ¢

In this section, we give some results on the bracketing number of the class of functions
G defined in Assumption 7. Define the bracket [f,g| as the set of functions h such as
f < h < g, and, for all € > 0, define the e—bracketing number of a class of functions C
in L", as the smallest number of brackets [f;, g;] such as || f; — ¢;||» < € needed to cover C.
This number is denoted by Npj(e,C, L"). We recall that the class C will be Donsker as soon
as fol[log Ny(g,C, L?)]Y2de < oo (see e.g. Van der Vaart and Wellner, 1996). We recall
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some bounds on the bracketing numbers of the classes C; and C5 defined in Assumption
7, see Corollary 2.7.2 and Theorem 2.7.5 in Van der Vaart and Wellner (1996),

log Ny (e, Ch, L?)

IA

log N{}(E, Cs, LDO) < O(E_l).

Lemma 6.1 Let G be the class of functions defined in Assumption 7. We have, for any
e >0,
log Nyj(e,G) < O(e= 21+,

Proof. To shorten the notation, let Ny(g) = log Nj(e, Cy, L?), Na(e) = log Nyj(e, Cs, L*).
Assume, without loss of generality, that M = 1, where M is the constant involved in As-

sumption 7. Let {[¢1;, V2] }1<j<n (o), and {[d1k, Qﬁzk]}lSkSNI(El/(Hn)) be respectively a set
of e— and '/(*7) —brackets covering C;. Let z; = ie/(*7) for 0 < i < ¢=¥/1+7) Define

7;1,1',]',16(2, Z/) = ¢1,j(y) + (Z - Zi)¢1,k(y)-

Let f be a function defined on {0, ..., [e"/(+" | 4 1} taking values in {1,..., N;(g)} x
{1,..., Ny (/0+m)} and define the lower bracket indexed by f,

W (zy) = gz y) forz € [zi;zinl

As in the proof of Theorem 2.7.1 and Corollary 2.7.2 in Van der Vaart and Wellner, it is
clear that for any y € G, there exists some f such as f < 7,@{ and x — @Z){ = ¢. Hence the

number of functions f will provide the order of the bracketing number, that is

exp(e™ + 5_1/(1“7))671/(1“’) = O(exp(e~2/4my),

As a consequence, G is a Donsker class of functions, since 0 < 77 < 1. Lemma 6.2 below
shows that, if G belongs to G, G also belongs to G with probability tending to one (which

allows to use the asymptotic equicontinuity argument of the proof of Theorem 3.5.

Lemma 6.2 Let Z = g(X) and G(t|z) denote Beran’s estimator of G(t|z) = P(C <
t|Z = z). Under the Assumptions of Theorem 3.5, (t,z) — G(t|z) € G with probability
tending to one if h € H,,.

Proof. This Lemma follows directly from the uniform convergence of the G and
its derivative towards G, see Proposition 4.3 in Akritas and Van Keilegom (1999), and
from Proposition 4.4 in Van Keilegom and Akritas (1999) which concerns |8.G(t|z) —
O.GHZ)||z—2|". m
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