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Abstract

In this paper, we study the discrete-time approximation of multi-dimensional
reflected BSDEs of the type of those presented by Hu and Tang [16] and generalized
by Hamadéne and Zhang [I5]. In comparison to the penalizing approach followed by
Hamadéne and Jeanblanc [I4] or Elie and Kharroubi [I2], we study a more natural
scheme based on oblique projections. We provide a control on the error of the
algorithm by introducing and studying the notion of multidimensional discretely
reflected BSDE. In the particular case where the driver does not depend on the

variable Z, the error on the grid points is of order % —€,€e>0.
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1 Introduction

The main motivation of this paper is the discrete-time approximation of the following
system of reflected Backward Stochastic Differential Equations (BSDEs)

Yti = gi(XT) + ftT fi(Xsa Ysiv Z;)ds - ftT Z;dWS + K%“ - Kz’ 0<t<T )
Vi > maxjer{¥y - (X))}, 0<t<T, (1.1)
STy — maxjer{Y/ — ¢9(X,)}JdK{ =0, €T,

where Z := {1,...,d}, f, g and (c¥); jer are Lipschitz functions and X is the solution
of a forward Stochastic Differential Equation (SDE).

These equations are linked to the solutions of optimal switching problems, arising for
example in real option pricing. In the particular case where f does not depend of (Y, A ),
a first study of these equations was made by Hamadéne and Jeanblanc [I4]. They derive
existence and uniqueness of solution to this problem in dimension 2. The extension of
this result to optimal switching problems in higher dimension is studied by Djehiche,
Hamadéne and Popier [9], Carmona and Ludkovski [5], Porchet, Touzi and Warin [24]
and by Pham, Ly Vath and Zhou [23] for an infinite time horizon consideration. In this
last paper, the resolution of optimal switching problems relies mostly on the link with

systems of variational inequalities.

Considering deterministic costs, Hu and Tang [16] derive existence and uniqueness of
solution to this type of BSDE and relate it to optimal switching problems between one
dimensional BSDEs. Extensions developed in [15] and [§] cover in particular the exis-
tence of a unique solution to the BSDE (|1.1). Recently two of the authors related in
[11] the solution of to corresponding constrained BSDEs with jumps. As presented
in [12], this type of BSDE can be numerically approximated combining a penalization
procedure with the use of the moonwalk scheme for BSDEs with jumps. Unfortunately,
no convergence rate is available for this algorithm. We present here a more natural dis-
cretization scheme based on a geometric approach. For any ¢ < T, all the components
of the Y; process are interconnected, so that the vector Y; lies in a random closed convex
set Q(X;) characterized by the cost functions (c¢); jez. The vector process Y is thus
obliquely reflected on the boundaries of the domain Q(X) and we plan to approximate

these continuous reflections numerically.

As in [19, I, 6], we first introduce a discretely reflected version of (1.1f), where the

reflection occurs only on a deterministic grid ® = {r¢:=0,...,r, :=T}:



Yr=Yp:= 9(X7) € Qp, and, for j <k —1and t € [r),rj41),

(1.2)

Y, = Y., + [/ f(Xu, Y, Z)du — [ Z,dW,
Vi = Yilpewn) +P(Xe, Yi)1lpeny,

where P(Xy,.) is the oblique projection operator on Q(X;), for ¢ < T. Extending the
approach of Hu and Tang [16], we observe that the solution to interprets as the
value process of a one-dimensional optimal BSDE switching problem with switching
times belonging to 3. This allows us to prove a key stability result for this equation.
We control the distance between (Y, Z) and (Y, Z) in terms of the mesh of the reflection
grid. Due to the obliqueness of the reflections, the direct argumentation of [II, 6] does
not apply. Using the reinterpretation in terms of switching BSDEs, we first prove that
Y approaches Y on the grid points with a convergence rate of order 1 — &, € > 0 uni-
formly in R, whenever the cost function is Lipschitz and f is bounded in z. Imposing
more regularity on the cost function, we control the convergence rate of (Y, Zi)o<t<r
to (Yt,Z.t)Ogth'

We then consider an Euler type approximation scheme associated to the BSDE (|1.2])
defined on 7™ = {tg,...,t,} by Y = ¢(X7) and, fori e {n—1,...,0},

Zgz = (ti‘H o ti)_l]E |:Y;577;T+1(Wti+l - Wti)/ ‘ ‘Fti] )
Y7 = E {Ytll \ J:tz} + (tigr — t) F(XT, YT, ZT) (1.3)
Y= Y lyeny + POXE, YD) Lgeny

where X7 is the Euler scheme associated to X. It is now well known, see e.g. |2 25],
that the convergence rate of the scheme ((1.3) to the solution of (|1.2)) is controled by the
regularity of (Y, Z) through the quantities

tit1 tit1 _
Z/ Y; — Y, |?dt| and E Z/ |Zy — Zy,|*dt
t; t:

<n v <n v

E

)

with Zy, = i [ [ Zedt | 7], for i < n.

tir1—ti
Using classical Malliavin differentiation tools, we prove a representation for Z, extending
the results of [II, [6] to the system of discretely reflected BSDEs . We deduce
the expected regularity results on (Y, Z) and, using the technics of [7], Chapter 3, we
obtain in a very general setting the convergence of to . However, due to the
obliqueness of the reflections, the projection operator P(X,.) is only L-lipschitz with

1/4

L > 1, leading to a convergence rate of order L”|w|'/* where we recall that k is the



number of points in the reflection grid . The term L" can be very large even for small
k and leads to a poor logarithmic convergence rate when passing to the limit Kk — oo
for the approximation of . In the particular case where f does not depend on z,
we are able to get rid of the L” term.

Our innovative approach relies on on the use of comparison results to get a control of

the involved quantities:

e we interpret the solution of (1.2]) as a value process of an optimization problem,
which allows to get a control of the distance between the continuously and dis-
cretely reflected BSDEs,

e we introduce a convenient auxiliary process dominating both solutions (|1.2) and
(1.3), to get a control of the distance between these quantities.

Combining the previous estimates, we deduce the convergence of the discrete time
scheme to the solution of 1) with a convergence rate of order |71'|%7E on the
grid points, whenever R = 7 and f is independent of Z. Whenever the cost functions
are constant, all the previous estimates hold true with ¢ = 0. We want to emphasize
that all these results are obtained without any assumption on the non-degeneracy of the

volatility matrix o.

The rest of the paper is organized as follows. In Section [2] we introduce the notion of
discretely obliquely reflected BSDEs, connect it with optimal switching problems and
give the fundamental stability result. Section [3]focuses on the regularity of the solution
to this new type of BSDE. This analysis leads to precious estimates allowing to deduce
the convergence of the associated discrete time scheme, see Section Afterwards,
Section [5] focuses on the extension to the continuously reflected case and provides a
convergence rate of the discretely reflected BSDE to the continuously one, whenever the
driver f is bounded in the variable Z. The global error of the scheme is provided at the

end of this section. Some a priori estimates are reported in the Appendix.

Notations. Throughout this paper we are given a finite time horizon T" and a prob-
ability space (€2, F,P) endowed with a d-dimensional standard Brownian motion W =
(Wi)¢>0. The filtration F = (F;)i<7 generated by the Brownian motion is supposed to
satisfy the usual conditions. Here, P8 denotes the o—algebra on [0, 7] x  generated by
F—progressively measurable processes. Any element z € R with £ € N will be identified
to a column vector with i-th component z* and Euclidian norm |z|. For z,y € Rf, z.y

denotes the scalar product of z and y, and 2’ denotes the transpose of . We denote by



> the component by component partial ordering relation on vectors. M@ denotes the
set of real matrices with m lines and d columns. We denotes by le the set of functions
from R?% to R with continuous and bounded derivatives up to order k. For a function
f € C', V,f denotes the Jacobian matrix of f with respect to x. Finally, for ease of
notation, we will sometimes write E;[-] instead of E[-|F], ¢t € [0, T]. In the following, we
shall use these notations without specifying the dimension nor the dependence in w € 2
when it is clearly given by the context. Finally, for any p > 1, we introduce:

e the set SP of real-valued cadlag P-measurable processes Y = (Y;)o<i<r satisfying

1Y llgp = Esuppeier [YilP]» < oc.

o the set HP of I[?d—valued ‘B-measurable processes Z = (Z;)o<i<7 such that || Z]],, :=
E|(Jy 1Zi2anE]" < .

e the closed subset AP of SP consisting of nondecreasing processes K satisfying Ky = 0.
In the sequel we denote by Cf, a constant whose value may change from line to line but
which depends only on L. We use the notation Cﬁ whenever it depends on some other

parameter p > 0.

2 Discretely obliquely reflected BSDE

In the beginning of this section, we define and study discretely obliquely reflected BSDESs
in a general setting. In particular, we show how their solutions relate to the solutions of
one-dimensional optimal switching problems, where the switching times are restricted to
lie in a discrete time set. This allows to prove a stability result for obliquely RBSDES,

which will be use several times in the paper.

2.1 Definition

A discretely obliquely reflected BSDE is a reflected BSDE where the reflection is only
allowed on a discrete time set.

We thus consider a grid £ := {ro =0,...,7, = T} of the time interval [0, T] satisfying

L
R| = — | < = 2.1
R g,g;!m Te—1] < - (2.1)

We also consider a matrix valued process C' = (C%)1<; j<m such that C%/ belongs to S?

for 7,5 € {1,...,d} and satisfies the following structure condition
L}'iZO, for1<i<d and0<t<T;
infocicr Cf > 1, for 1 <i,j<d, withi#j; (2.2)

infocicr CH+CI—Cil >0, for 1 <i,j,1 <d, withi#j, j#L.



We introduce a random closed convex set family associated to C:
Qp:{yeRdH/ZHQﬂM—C?L 1§i§d}, 0<t<T,
J

and the oblique projection operator onto Oy, denoted P; and defined by

PiiycR?Y — (max{yj—qu}> .
jer 1<i<d
which is ¢ @ B(R?)-measurable.

Remark 2.1. (i) It follows from the structure condition (2.2)) that P is increasing with
respect to the partial ordering relation >, where y = 3/ means y* > (y)’ for all i € T.

(ii) An easy calculation leads to

Pu(yr) — Pe(y2)| < Vd [y — yal - (2.3)

Thus P is L- Lipschitz continuous with L > 1, recalling that d > 2.

Finally, we are also given a random variable & € [L?(Fr)]? valued in Qr, representing
the terminal value of the BSDE and a random function F :  x [0, 7] x R? x M%7 — R4
which is P ® B(R?) ® B(M®%?)—measurable and satisfies the Lipschitz property:

|F(ty,2) = F(t,y', 2)| < L(ly — /| + 12 = 2')),

for all (t,y,y/,2,2) € [0,T] x (R?)? x (M?)?, P—a.s.

We shall also assume that

(HF)  The component i of F(t,y, z) depends only on the component ¢ of the vector
y and on the row i of the matrix z, ie. Fi(t,y,2) = F'(t,y, 2%).

Given this set of data (R, C, F, ), a discretely obliquely reflected BSDE, denoted D(R, C, F, §),
is a triplet (Y,Y, Z) € (82 x 82 x H2)T satisfying Yy = Y7 := & € Q(T), and defined in
a backward manner, for j < x —1 and t € [rj,rj41), by

i;t = 1”]+1 + frj+l U }71/,7 Zu)du - ftTjJrl Zuqu Y (2 4)
Y, = Ytl{tgggﬁ} + Pt(Yt)]-{tE%‘:}‘ .
This rewrites equivalently for ¢ € [0, 7] as
Kt = Z’/‘E?R\{O} AK 1{r<t} with AKt = E/t }/t (Y;t }/15—)7 .



Observe that K € (A?)T, since C¥ is positive and valued in S?, for any 4,j € Z.

We shall also use the following integrability condition for some p > 2

T
(Cyp) &P + SUPT ‘Ct‘p-i-/o |F(s,0,0)[Pds < 3,

tel0

]

where f is a positive random variable satisfying F3] < Cr. Importantly, § does not
depend on R.
The proof of the following a priori estimates is postponed in Section of the Appendix.

Proposition 2.1. Assume that (Cy,) holds for some given p > 2, there exists a unique
solution (Y,Y, Z) to @A) and it satisfies

Yllso + 1121 + 1Bl < CF -

2.2 Corresponding optimal switching problem

In this subsection, we interpret the solution of the discretely obliquely RBSDE ([2.5)
as the value process of a corresponding optimal switching problem, where the possible
switching times are restricted to belong to the grid R. Our approach relies on similar
arguments as the one followed by Hu and Tang [16] in a framework with continuous

reflections.

A switching strategy a is a nondecreasing sequence of stopping times (6;);en , combined
with a sequence of random variables (c;)jen valued in Z, such that a; is Fp, —measurable,
for any j € N. We denote by A the set of such strategies. For a = (6}, o) en € A, we

introduce N* the (random) number of switches before T':
N =#{keN" : 0, <T}. (2.6)

To any switching strategy a = (6}, a;)jen € A, we associate the current state process

(at)¢cjo,r) and the compound cost process (Af).c(o,r] defined respectively by

N@ N@
L a . o0
a; = a01{0§t<90} + E aj_11{9j71§t<9j} and At = g C@j] Jl{@jStST}v
Jj=1 Jj=1

for 0 <t <T. For (t,i) € [0,T] x Z, the set A;; of admissible strategies starting from i
at time t is defined by

A ={a=(0;,07); € Al =t, ag =i, E[|A4*] < o},



similarly we introduce .A??i the restriction to f8=—admissible strategies
ARy = {a=00p0))jen €A | 6, €R, Vj<N"},

and denote A® := J,, A?fi.
For (t,i) € [0,T]xZ, and a € .Afi, we consider as in [I6] the associated one dimensional

switched BSDE defined by

T T
Ue = ¢or +/ Fas(s, U, Va)ds — / VadW, — A%+ A, t<u<T. (2.7)

u

Theorem 3.1 in [16] interprets each component of the solution to the continuously re-
flected BSDE as the Snell envelop associated to switched processes of the form
(2.7)), where the switching strategies a are not restricted to lie in the reflection grid .
The next theorem is a new version of this Snell envelop representation adapted to the
consideration of discretely obliquely reflected BSDE .

Theorem 2.1. Assume that (Cs3) is in force. For anyi € I andt € [0,T], the following
holds:

(i) The process Y dominates any R-switched BSDE, i.e.

Ut < Y P—as., foranyace .A?ft . (2.8)

(ii) Define the strategy a* = (07, a)j>0 recursively by (65, of) == (t,7) and, for j > 1,

~ak " -
0; = infiselg, TINR| V< max {TF -l
k#ai_4
o = minql#aj ‘ 17@*—06?716: max {?k—C'aE*lk} )
J j—1 0 0 kAl s 03

Then, we have a* € AiRZ- and

17? =U" P—as.. (2.9)

(iii) The following “Snell envelop” representation holds:

Y, = esssup U, P— a.s. . (2.10)
aEAE&



Proof. Observe first that Assertion (iii) is a direct consequence of (i) and (7).

Step 1. We first prove (7).

Fix t € [0,T] and i € Z. Set a = (O, ag)k>0 € .A?i and the process (Y%, Z%) defined,
for s € [t,T7], by

}/Tsa = Zysak1{0k§8<0k+1} + gaTl{S:T} and Zg = Z Z?k1{9k§8<€k+1} * (211)
k>0 k>0

Observe that these processes jump between the components of the discretely reflected
BSDE (3.5) according to the strategy a, and, between two jumps, we have

v a Uk [e4A Or1 o8 Vo o Ort1 a 7O PR
Y o= Yek = Y + ; FY% (s, Y%, Z3%)ds — Z&dW, + ngH_ — Kak
k

0
k+1 0,

- 9k+1 — 9k+1 ~ ~a
a ag a a a
= Y, +/9 Fo (s, Y% Z%)ds — / ZeAW, + Kot — K
k

O
055, — Y50 k0. (2.12)
Introducing
_ Ne—1 N -
k=Y | f AR + 110, (Y, ~ Tt 4 G|
k=0 (ekAs,9k+1As) - k+1 k+1 k+1

for s € [¢t,T], and summing up (2.12)) over k, we get, for t <u < T,

Yo = gor 4 / Fo(s,Y® Z%)ds — / Z0dW, — A% + A® + K% — K® |
u u

Using the relation Yy, = ng(f/@k) for all k € {0,..., N}, we check that K is increas-
ing. Since U solves (12.7), we deduce by a comparison argument (see Theorem 1.3 in
[22]) that U8 < Y. Since a is arbitrary in Afi, we deduce ([2.8).

Step 2. We now prove (ii). Consider the strategy a* given above as well as the

associated process (Y%, Z%") defined as in (2.11]). By definition of a*, we have

*

az o ~ (o7 o ~ozz+1 B aza:+1
YGZH B (POZ“(YGZ‘HD - YQZH CHZH , k=0,
which gives
[ a0 wma v T O 0 e
(07,05 11) k+1 k41 k41
for all k € {0,...,N% —1}. We deduce from (2.2 that
~ . . o . T ) )
Yy = §aT+/ Fas(s,na,Z;‘)ds—/ ZY AW, — A% +AY, t<u<T.
u u

9



Hence (Y, Z%") and (U*", V") are solutions of the same BSDE and satisfy Y;i = U2".
To complete the proof, we only need to check that a* € A%, i.e. E|A% |2 < co. By

definition of a* on [t,T] and the structure condition on the cost (2.2)), we have |A¢ | <
’]

maxy4; ]CZ’k| which gives E[|A¢ |?] < Cp. Combining

T T
AY = YV —YY + / F% (s, Y2, 2% )ds — / Z3 AW, + AL
t t
with the Lipschitz property of F and the fact that (17, Z) € (8?xH?)Z, recall Proposition
m we get the square integrability of A“T* and conclude the proof. O

Remark 2.2. Although the optimal strategy a* depends on the initial parameters ¢

and 7, we omit the script (¢,4) for ease of notation.

Combining the previous representation with the a priori estimates of Proposition 2]
and the structure condition ([2.2]), we deduce the following estimates, whose proof is
postponed to Section (6.1)) in the Appendix.

Proposition 2.2. Assume that (Cp,) holds for some given p > 2, then

T £
| sup 0277+ ([ Ve Pau) g+ v < o
t

s€t,T)

for the optimal strateqy a* € A¥,, (t,i) € [0,T] x T.

ti7

2.3 Stability of obliquely reflected BSDEs

We now study the dependence on the solution with respect to the parameters of the
BSDE. In the ‘abstract’ setting considered, we obtain precious estimates for the analysis
of the regularity of the solution to the discretely obliquely reflected BSDE as well as the

convergence of the discrete-time scheme.

We consider two discretely reflected BSDEs, with the same reflection grid R but different

parameters. For £ € {1,2}, we consider an Fp-measurable random terminal condition te,

a random L-lipschitz continuous map (y, z) — ‘F(.,y, 2), satisfying (HF), and a matrix

of continuous cost processes (‘C% )i<ij<d satisfying the structural condition ([2.2)).

We suppose that the coefficients satisfy the integrablity condition (Cy). For ¢ € {1,2},

we denote by (1Y,%Y,1Z) e (8% x 82 x H2)T the solution of the obliquely discretely

reflected BSDE D(R, ‘C, ¢ F, %¢).

Defining 6Y = 1Y — 2Y, §Y =1y — 237, 67 =17 —-27, 6¢ .= 1€ — 2¢ together with
16Cs|oo == max ['CY —2CY|(s), [0Fs|oo := max sup ILF? —2F(s,y, 2),

1,j€L 1€l y,2E€ERAx Md-a

for s € [0,T], we prove the following stability result.

10



Proposition 2.3. Assume that (Cy) holds. Then, we have, for any t € [0,T],

2 2], 1 g 2 ’ 2 2 4 :
E[|6Yy| ]—i—E[[dYtl }+KE[/I: |0 7] ds] < CL(E[/:& |0 Fg|5.ds+]d¢| :|+E|:Slel£’(50r’oo:| )a

Proof. The proof divides in three steps and relies heavilly on the reinterpretation in
terms of switching problems. We first introduce a convenient dominating process, and
then provide successively the controls on the JY and §Z terms.

Step 1. Introduction of an auxiliary BSDE.

Let us define F := 'F VvV 2F, ¢ := 16 v 2€ and C by C¥ := 1C% A2C%. Observe that
F satisfies (HF'), C satisfies the structure condition and that (C4) holds for the
data (C, F,&). We denote by (Y, Y, Z) the solution of the discretely obliquely reflected
BSDE D(R, C, F, €), recalling (2.4).

Using (HF), the definition of F' and the monotonicity property of P, see Remark (1),
we easily obtain by a comparison argument on each interval [rg, rp4+1), k € {0,...,k—1},
that

Y=Y vy, (2.14)

Recalling Theorem we introduce the switched BSDEs associated to 'Y, 2Y and Y
and denote by a = (éj, aj)j>0 the optimal strategy related to Y starting from a fixed
(i,t) € T x [0,T]. Therefore, we have

~ . o - T -~ - - T ~ ~ ~
Y =U =7 +/ Fe (s, U, V¥)ds — / ViAW, — AT + A} . (2.15)
¢ ¢
Step 2. Stability of the Y component.
Since a € Afw we deduce from Theorem (iii) that
~ . ~ -~ T ~ -~ - T -~ ~ ~
EY? > KUtas — éé-aT +/ ZFaS(S’KUg’EVSa)dS _/ szadws _ZA% —i—gA? , (e {1’2}7
¢ t

where A% is the process of cumulated costs (‘C% )ijez associated to the strategy a.

Combining this estimate with (2.14) and (2.15)), we derive
'Y =Y < |UR U+ (U U (2.16)

Since both terms on the right hand side of (2.16) are treated similarly, we focus on the
first one and introduce the continuous processes I'* := U% + A% and 'T'% .= 1U% + 1 A%,

Applying Ito’s formula, we compute, for all ¢t < u < T,
~ ~ T ~ ~
B0+ [ v - tvepas] < 217)
u

T
Et[\r‘% ST 2 [ (08 = s, U, ) = U2 Vs
u

11



Since F = 'F v 2F and 'F is Lipschitz continuous, we also get
‘Fés (87 U;i’ 1Vsé) - 1F[15 (87 1Ug7 1Vsé)’ <
[0Fu]oo + L(ITS — 'T5[+|AS — TAS + VI = 'V]), 0<s<T.

Using classical arguments, we then deduce from the last inequality and (2.17) that

T
rf —'T{PP <Gy <Et[|5faT’2/ |5Fs|§od5:| + sup Byf|AS — IA?’2]> (2.18)
t

t<s<T

Moreover, using the inequality |z Vy — y| < |z — y| for z,y € R and the convexity of

the function x — $2, we compute

7 2
N(l
Ef|AL - TAYP] = By||D [PO%-18k AL 0Okrfn 1 08ra®e] (f)1 5
k=1
< Et[\Ndl sup \5@\30] ,  t<s<T. (2.19)
refR

Plugging in (2.18) and recalling the definition of I'* and 'T'%, we get
. . . T
U = U < CLEt[|Na| sup |6C; |2, +/ |0F |2 ds + |5§|2] :
reR t

The exact same reasoning leads to the same estimate for |U% —2U22. Therefore, we
deduce from ([2.16)) and Cauchy Schwartz inequality that

~. ~. | 3 T
BP9 - W) < cu(BINP) Elsuplociit| + 8| [ 5REds + o6 ).

reR t

(2.20)
Using Proposition [2.2] we compute, since ¢ is arbitrary,
SO T 3

IE[\QYt—lYt\Q] < C’L<E[/ 5F8|gods+|5g|2] +E[sup|50r|ﬁo} ) (2.21)

t refR

Step 3. Stability of the Z component.
Applying Ito’s formula to the cadlag process |6}7|2, we obtain

. T 5 " T T B
E y(szH/ 6Z:ds + ) |ASK, [ :E[|5YT\2+2/ 6Y55F5ds+2/ (5YTd6KT} :
t t<r<T t t

12



where we used the fact that [§Y[2 — [§Y]2 — 20Y (§Y — 6Y) = |ASK|?. Since 6K is a

pure jump process, we compute

T
- 1 -
< 2, * 2
E[/t md(m] < Ela Y [V + = > MK, >0,

t<r<T,reR t<r<T

which, for « large enough and using standard arguments, leads to

T T
B [ z.fast S 100k P| <0y (Blae]+u| [ rRdse Y onp
t

t t<r<T t<r<T,reR

Since (2.21)) holds true for any ¢ € [0,T], we deduce

T T 1
E / 0Z,?ds+ > |ASK,[*| < Cpk (E[|5§|2} —HE[/ ]5F8|§Ods] +E[Sup\50rio]2) ,
t t refR

t<r<T

which concludes the proof of the proposition. O

3 Regularity of discretely obliquely reflected BSDESs

This section is dedicated to the derivation of regularity properties for the solution of
discretely reflected BSDEs. These results will be obtained in a Markovian diffusion
setting. This means that the randomness of the parameter (C, F,§), is due to a state
process X, which is the solution of a Stochastic Differential Equation (SDE). In this
framework, we focus on the H2-regularity of the Z component of the solution of the
BSDEs. The main results are retrieved by means of kernel regularization and Malliavin
differentiation arguments. Finally, we extend this result to the case where the diffusion

X is replaced by its Euler scheme.

3.1 A diffusion setting for discretely RBSDEs
Let X be the solution on [0, 7] to the following SDE:

Xy = Xo + /Ot b(X,)ds + /Oto(Xs)dWS . 0<t<T, (3.1)
where Xy € R™ and (b,0) : R™ — R™ x M™94(R) are L-Lipschitz functions.

Under the above assumption, the following estimates are well known (see e.g. [18])

;
E| sup |X¢?| <CF and sup [E sup | Xs — Xul? <C?Vh, (3.2)
te[0,T] s€[0,T] u€[0,T],|lu—s|<h

13



for any p > 0. In the sequel, we shall denote by ¥ a positive random variable, which
may change from line to line, but which depends only on sup,cjo ) |X¢| and which
satisfies EUBX\”] < C7 for all p > 0. Importantly, BX does not depend on R.

Remark 3.1. Observe that, as in [Il [7] and contrary to [19], we make no uniform
ellipticity condition on ¢. This allows us to treat the case of non homogenous diffusion
by setting e.g. X} =t, ¢t €[0,T).

In this context, we are given a matrix valued maps ¢ := (¢”) where ¢ : R™ — RT | are
L-Lipschitz continuous and satisfy:

() =0, for1 <i<d;
infcpm ¢ (x) >0, for 1 <i,j <d, withi#j; (3.3)
infyepm {c¥ (z)+c(z)—cl(x)} >0, for1<i,jl<d, withi#j,j#L

We then introduce a family (Q(x))zerm of closed convex domains:
Qx) == {y eR? |yl > mazx(yj —d(z)), Vie I} , where Z:={1,...,d}. (3.4)
je
We introduce the oblique projection operator P(x,.) onto Q(z) defined by
jeT

P:(z,y) ER™ x R s <max {y/ - c”(x)}) .
1<i<d

Finally, we are given
- an L-Lipschitz function g : R™ — R such that g(z) € Q(x) for all z € R™,
- a generator function, i.e. an L-lipschitz map f : R™ x R? x M%7 — R,

From now on, we shall appeal to the following assumption:

(Hf)  the component i of f(¢,y,z) depends only on the component i of the vector y

and on the column i of the matrix z i.e. fi(t,y,z) = f'(t,v", 2%).

We denote by (Y, Y, Z) the solution of the discretely reflected BSDE D(R, ¢(X), (X, .,.), 9(X))

which reads on each interval [rj,rj41), for j < & :

Y, = Yo+ [/ f(X Yo, Zo)du — [ Z,dW, (35)
Yy = Yilgewy + P(X0, V) Ljeny. '
Or equivalently on [0,7] as
Yo = 9(Xp)+ [ f(Xu, Y, Zo)du — [ Z,dW,, + (Kp — K;), 0<t<T, 36
Ki = Yengo AKr 1<y and AK =Y, — Y, = (Y, - Y,-), 0<t<T.

14



From , it follows that the data (¢(X), f(X,.,.), g(X)) satisfies the integrability con-
dition (C,) for all p > 2. We thus deduce from the proof of Proposition and Propo-
sition the following estimate on (Y,?,Z ) and their associated optimal switched
BSDEs, recalling Theorem

Proposition 3.1. There exists a unique solution (}7, Y, Z) to (3.5) and it satisfies

T
E,| sup |Ys\p+(/ Za2ds)k + Ky — Ko P| < 65 vi<T. (3.7)
t

s€t,T)

Moreover, for all (t,i) € [0,T] x Z, the optimal strategy a* € Afl- satisfies

p+’Na*

T
Et[ sup U P + (/ Ve Pds)s + | A%
s€t,T) t

P] < px. (3.8)

3.2 Malliavin differentiability of (X, Y,}~/, Z)
We shall sometimes use the following regularity assumption on the coefficients:

(Hr)  The coefficients b, o, g f, and (c¥7); ; are C® in all their variables, with the
Lipschitz constants dominated by L.

We denote by ID? the set of random variables G which are differentiable in the Malliavin
sense and such that ||G|112Dl,2 = |G}z + fOT |D;G|3,dt < oo, where D;G denotes the
Malliavin derivative of G at time t < T'. After possibly passing to a suitable version, an
adapted process belongs to the subspace L5? of H? whenever V,eDD'2 forall s <T
and HVHZ’Q = [|VI5: + fOT | D¢V [[3,2dt < oo. For a general presentation on Malliavin

calculus for stochastic differential equations, the reader may refer to [20].

Remark 3.2. Under (Hr), the solution of (3.1)) is Malliavin differentiable and its deriva-

tive satisfies

[['sup [Ds X{|[5, < o0, (3.9)
s<T

and we have

sup || Ds X; — Dquan + SUPT |D¢ X — Dy X HLP < Cﬂt - u|1/2 , (3.10)
t<s<

s<u

forany 0 <u <t <T. Let G € IDLQ(Rd). Since X belongs to £E2 under (Hr), and
P is L-lipschitz continuous, we deduce that P(X;, G) € IDV?(R?). Using Lemma 5.1 in
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1|, we compute
[, p

Dy(P(X:, @) = (3.11)
d

D (DG = Dicij (X)) L{Gi—eii (X)>maxs—; (G-t (X))} L{GT -t (X1)mae; (G- (X))}

j=1

Combining (3.11]), Proposition 5.3 in [10] and an induction argument, we obtain that
(Y,Y, Z) is Malliavin differentiable and that a version of (D,Y, D,Z) is given by

Tj+1 Tj+1

Dy(Yy)' =Dy (Yy, )+ Vaf'(Xs,YE, Z)D, de+ Vi fH(Xs, Y, ZE) Dy (Ys)'ds
t

Ti+1 7”J+1 " k
+/ V. (X, Y, ZE)D, ds—Z/ )W, (3.12)
t
for 0 <u <t <rj1 and j < k. Here, V. f? denotes 25:1 Ve f%, recalling (Hf).

3.3 Representation of Z

For a € A®, we introduce the process A% defined by

Af, = exp { /t V.o (X, Y ZT)dWT—/tS (;\vzf‘“(XT, Yo, Z)[P =V o (X, Y, ZT)>dr} :
(3.13)

for0<t<s<T.

For later use, we remark

sup || sup Af(ller <C7, 0<t<T, p>2, (3.14)
aEAR  t<s<T

and deduce from the dynamics of A that

sup (IIA?,t — Afuller + 1| sup [AG o — AL Hm) <Civt—u, u<t<T, p>2.
a€AR t<s<T

(3.15)
Proposition 3.2. Under (Hr), there is a version of Z such that,
T
(Z)i = Et[VIg“T(XT)AﬁTDtXT + / Vo (X, Ve, Zo) AL Dy Xods
t

Na®

=D Va1 (Xor)Afg (DiX)g: |, (3.16)

]

j=1

for (t,i) € [0, T], with a* = (07, a});j>0 € ‘Atz the optimal strategy given in Theorem.
and recalling ([2.6)).
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Proof. We fix j < k and, observing that the process a* is constant on the interval

07,07 1), we deduce from (3.12) and Ito’s formula that
a* v ok a* a* 6;_"1 o v a*
AF DUV = By [Afy: (DuY)g:  + / Vo (Xa, Vo, Z0)AL, Dy Xods|
t

for 07 <u <t <6j,,. Combining (3.11) and the definition of a* given in Theorem

(ii), we compute

a (DUYO‘J) = A?’Q;+1(Duyaj+1)9;+l — Vmcajaj+l(X9;+l)A(tlvg;+1 (DtX)ea»l’ ] < K.

t79;+1 9;+1 - J
Plugging the second equality into the first one and summing up over j concludes the

proof. |

We conclude this section by providing a 'weak’ regularity property of Z in the general
Lipschitz setting. In order to get rid of the previous Assumption (Hr), we make use of
kernel regularization arguments. Since this procedure is very classical, we do not detail

it here precisely, see e.g. the proofs of Proposition 4.2 in [7] or Proposition 3.3 in [1].

Proposition 3.3. There is a version of Z satisfying
t
IE[/ |Zu|2du] <Cplt—s|, s<t<T. (3.17)
S

Proof. Combining (3.9), with (3.14)), (3.16) and Doob’s inequality, we observe that

sup || Z],, <CT, p>2,
t€[0,T

holds under (Hr). Therefore (3.17) is satisfied under (Hr). As in the proof of Propo-
sition 4.2 in [7], the stability results of Proposition allow us to use classical Kernel
regularization arguments. Since the previous estimate holds uniformly for the sequence

of approximating regularized BSDE, the proof is complete. O

3.4 Regularity results

We consider a grid 7 := {tp = 0,...,t, = T} on the time interval [0, 7], with modulus

|7| := maxo<i<n—1 |[ti+1 — t;i|, such that & C 7.

We want to control the following quantities, representing the H2-regularity of (17, Z):

T ~ T _
E[ / Y, — Yﬂ(t)‘2dt] and E[ / Z, — Zﬂ(t)\th] , (3.18)
0 0
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where 7(t) := sup{t; € 7; t; < t} is defined on [0,7] as the projection to the closest

previous grid point of 7 and

1

Zyy = ——
tit1 — 1

tit1

E{/ Zﬂshﬂi,ie{auwn—l} (3.19)
t;

Remark 3.3. Observe that (Z;)s<r 1= (Zﬂ.(s))ng interprets as the best H2-approximation

of the process Z by adapted processes which are constant on each interval [t;, ti+1), 7 < n.

Proposition 3.4. The following holds

1 T . - -~
TEUﬂn—nwadgwpqm—nmﬂg@m.
0 te[0,T]

Proof. Observe first that

; 2

t ~
]( f(X;,ié,Zg)ds+—j/ Z AW,
W(t) s

E[D?t - }771’(75)|2:| <E "

, 0<t<T.

The proof is concluded combining this estimate with (3.2]), Proposition and Propo-
sition 3.3l O

We now turn to the study of the regularity of the process Z.

Theorem 3.1. The process Z satisfies
T _ 1
E[/ | Zs — ZS]2ds] < Cp(r|2 + k|w]) . (3.20)
0

Proof. A regularization argument as in proof of Proposition [3.3| allows us to work
under (Hr). From Remark [3.3] it is clear that

T T
EUW@—@&% gEU)&—L@%%. (3.21)
0 0

For s < T and a = (Oék, 9].3)].320 S 'A?j,év /e I, we define (Vs(?t)SStST by

T
‘/SC,Lt = Et [ngaT (XT)Ag’TDSXT + / foa“ (Xu, Yu, Zu)Ag’uDqudU
S

N(l
- Z vxcajfhaj (Xek )A(sl,ek (DSX)Gk
k=1

We now fix £ € 7 and denote, for u < T, by a* € A%

u,

to the representation of (Yy)’, recalling (i) in Theorem

, the optimal strategy associated
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Observe that, by definition, we have
Nat:Nauandat:au, ri<t<u<riy, j<kK. (3.22)
Fix ¢ < n, and deduce from Proposition and (3.22) that

(2]

t t; t; t; t; t;
E||zf - 21 =B Ives - Vi ] < 2 (RIver - Vi) + v - P
(3.23)

for t € [t;,ti+1). Combining (Hr), (8.9), (3.10), (8.14), (B.15) and Cauchy-Schwartz
inequality with the definition of V¢ we deduce

E{\fof - VZfiIQ} <Cumlz, ti<t<ti, i<n. (3.24)

. t; . . .
Since V' is a martingale on [t;, f;11], we obtain

t;

tg tg
B |V - Vi 2] < E[jve

istit1

t~2
- Vil

2] 2] 27 tq
< B{IVE o P = VI ] + B[V P = Vi ]
t; t; 1
< E[‘VZH,MHF B |Vg,ti’2} + CL’7r|2 ) t; <t < ti—i—l ) (3-25)

where the last inequality follows from (3.24]). Combining (3.23)), (3.24), (3.25) and

summing up over ¢, we obtain

T 1 Tho— 0 Rl Ti_1 T

B[ 12t - 2 Pat) < Culelt + el (BIvE P - VESF] + 0P - v, ).
0 =

Combined with (3.9) and (3.14)), this concludes the proof since ¢ is arbitrary. O

3.5 Extension

We shall approximate the process X by its Euler scheme X7, whose dynamics are given
by

t t
X = Xo+ / b(XT ) ds + / o(XT ) AW, , 0<t<T.  (3.26)
0 0

Classically, we have the following upper-bound, uniformly in :

1/p
E| sup Xt”|p] < C7 ,p>2. (3.27)

0<t<T
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The control of the error between X and its Euler scheme X7 is well understood, see e.g.

[17], and we have

1/p
E[ sup | X — Xﬂp] < 7 ’7T|% ,p>2. (3.28)
0<t<T

In this context, we denote by (Y%, 176“, Z") the unique solution of the reflected BSDE
D(R,e(X™), f(X7,.),g(X™)). Our main result here is the counterpart of Proposition
[B:4] and Theorem [3.I] when X is replaced by X™.

Proposition 3.5. The following holds
T T
veu  veu |2 eu Zeu|2 1
B [T - i Pae| < Culel and B [ 1250 - 20Pas] < Cullelt + wlal)
0 0

Proof. We only sketch the main step of the proof since it follows formally exactly the
same arguments as the one used to obtain Proposition [3.4] and Theorem [3.1]

Step 1. We use a kernel regularization argument which allows us to work under (Hr).

In this case, we observe that X™ belongs to L£&? and satisfies

DX = o(XJy) L/wawpxwm+/zﬁwﬂwﬂpamm&

for s <t. One then checks, see Remark 5.2 in [I] for details, that
[sup [Ds X™|||sp < 00, (3.29)
s<T

<Ot —ult?, 0<u<t<T.

[ ller :

SUp [ D X7 = DXy + | sup [DiXT — DX
>85>

s<u

It is also straightforward that (Ye“,f/e“,Ze“) is Malliavin differentiable and satisfies

(3.12) with X™ instead of X.

Step 2. In order to retrieve the results of the Proposition, one then follows exactly the
same steps and arguments as the one used in the previous Section and Section
O

4 A Discrete-time Approximation for discretely reflected

We present here a discrete time scheme for the approximation of the solution of the
discretely obliquely reflected BSDE ([3.5)).

20



Recall that 7 := {to = 0,...,t, = T} is a grid on the time interval [0, 7], such that
R C 7 and |r|n < L. In the sequel, the process X is approximated by its Euler scheme
X7, see Section for details.

4.1 An Euler scheme for discretely obliquely reflected BSDESs

We introduce an Euler-type approximation scheme for the discretely reflected BSDEs.

Starting from the terminal condition
YF = Y[ = g(X]) € C(X]) ,
we compute recursively, for 1 < n — 1,
Z7 = (tiy1—t;)'E [K?H(Wtiﬂ - W) | Fil s

Vo= BV, | P+ (e — 6)F(XEL Y ZE) (4.1)
VT = Yilyewy +PXE YT )1 eny-

s
i tit1
k2

This kind of backward scheme has been already considered when no reflection occurs,
see e.g. [2], and in the reflected case, see e.g. [I, 19, [7]. See also [4] for a recent survey

on the subject.

Combining an induction argument with the Lispchitz-continuity of f, g and the projec-
tion operator, one easily checks that the above processes are square integrable and that

the conditional expectations are well defined at each step of the algorithm.

Remark 4.1. (i) This so-called "moonwalk“ algorithm is given by an implicit formula-
tion, and one should use a fixed point argument to compute explicitly Y™ at each grid
point.

(ii) In the two dimensional case, Hamadene and Jeanblanc [I4] interpret Y! — Y?2 as
the solution of a doubly reflected BSDE. It is worth noticing that the solution of the
corresponding discrete time scheme developed by [7] for the approximation of doubly
reflected BSDE exactly coincides with Y7™! — Y72 derived here.

For later use, we introduce the piecewise continuous time scheme associated to (Y™, Y™, Z7).

By the martingale representation theorem, there exists Z™ € H? such that

™
Y;’H»l i+1

tit1

:Eti[ytﬂ } +/ Zrdw, , i<n-—1,
ti

and by the It6 isometry, for ¢ <n —1,

_ 1 tit1
Zr=—— _F [/ Z7ds | ]-'ti] . (4.2)
Coti b t;

21



We set Z := Z;r(t) for t € [0, 7], define Y™ by

" » B tivr1
V7 = Y7+ (s — O F(XT Y 27) — / ZTAW,, t<t<ty, i€, (43)
t

and introduce Y™ on [0,T] by Y™ := ﬁ”l{tgm + P(XT, f?)l{te%} .
This can be rewritten as
Y7 o= (XD + ] F(XE G Vi, Z0)du — [ Z2dW, + (K7 — KT)
Kf = Yoemo ORI 1<y and AKT =Y - Y7 = —(¥7 - Y1),  (44)
Y7 o= Y lugwy + PO Y ) jeny, 0<t<T.
We finally provide a useful a priori estimate for the solution of the discrete time scheme
whenever f does not depend on Z, whose proof is postponed Section [6.2]of the Appendix.

Proposition 4.1. If f does not depend on Z and |w|L < 1, the following bound holds
Bl s 7P| < cn 22 (15)
0<i<n

recall that C7 neither depends on R nor on 7.

4.2 Convergence Results

The next proposition provides a control on the error between the discrete-time scheme
(4.1) and the solution of the discretely reflected BSDE ([3.5]).

Proposition 4.2. The following holds
T
sup IE[|Y,5 Y712+ |V - Y/ } —HE[/ |Zs — Z§|2ds} < C’LLQ"‘(]W|% + k|7|) . (4.6)
te[0,T] 0
Proof. Asin Section we consider (Y, }76“, Z°*) the unique solution of the reflected
BSDE D(R,e(X™), f(X7,.),9(X™)). Using Proposition the Lipschitz property of
f, g, c and (3.28]), we obtain
SO 1 T
sup IE[|Y} ~ VP 4V - Yf“ﬂ + E[/ |Zs — Z§“|2ds} < Cplrl . (4.7)
te[0,7] K 0

Using the same arguments as in the proof of Proposition 3.4.1 Step l.a in [0] e.g., we

get the following inequality:

~ ~ tit1 _
sup BT - 7P v - veP) ) [ iz - z5pas) <
t;

tE[ti,tH_l)

tit1 . _
( @ v | <|Yi;“—n<s)\2+|Z:“—Zﬂ<s>|2>ds]) (4.8)

i
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There are two differences with the proof of Proposition 3.4.1 in [0]. First, P here depends
both on  and y: but this is not a problem since (Y%, Y% Z¢%) and (Y™, Y™, Z™) are
parametrized by the same forward process X™.

Second, P is not 1-Lipschitz but only L-Lipschitz, with L > 1, in its y component. This
explain the term L%* in . Indeed, we have, for ¢ < n,

Vit =i P = P(XT Y ) = POXT Y P < LYY, - Y

2
it+1 tit1? tit1 tit1 ’

This leads, using an induction argument (see e.g. Step 1.b in the proof of Proposition
3.4.11in [6]), to

T
sup. B[[Fi - TP+ v - o] v | [ 1250 - Z2Pas] <
te[0,7 0

T ~ ~ —
CLL* (IWI +/0 (Y = Yoo P+ 28" = Za()P)ds) -

Combining the last inequality with Proposition and (4.7) completes the proof. O

The term L?*, even when & is small can be very large. Moreover, we shall see in the next
section that it yields to a poor convergence rate for continuously reflected BSDEs. This
term is due to the “geometric” approach, used in the proof of Proposition and the
fact that P is only L-Lipschitz with L > 1. We obtain below a better control, using the
stability results proved at the end of Section [2] but unfortunately under the assumption
that f does not depend on Z.

Theorem 4.1. If f does not depend on Z, the following holds

sup E|[Y; — V7 + i = Y71?] < Culnl,
t€[0,T]

T
]E[/ | Z — Zﬂth] < Cr(k|m| + ‘W‘%) ,
0
for |7| small enough.

Proof. We use here the stability results of Proposition setting (Yl,EN/l,Zl) =
(Y,Y,Z) with F! : (s,y,2) — f(Xs,Ys) and (Y2,Y2, Z2) = (Y™, Y™, Z"), with F? :
(s,y,2) — f(X;T(s),}Zf(S)). Combining (4.5) and Proposition with the Lipschitz

property of f, it is clear that (C4) holds. Applying Proposition and (3.28), we
derive, for t € [0, T,

L 1 /7 T T B
BIY: - 7+ [ B2, 25 Pds < Cu(fnl+ [ BIV. Vo Pds + [ BITZ, - Fugo ).
t t t
(4.9)
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Applying the discrete version of Gronwall’s lemma to estimate (4.9)) rewritten at time

t =t; € m, we deduce
~ ~ T ~ ~
EY;, - Y7 < C’L<|7r| +/ E|Y, - Yﬂ(s)|2ds> L 0<t<t;<T, tyem (410
t

Plugging this estimate into (4.9), we compute

~ o~ 1 T T L
E|Y; — Y/ |? +/ E|Zs — ZT|2ds < CLOTF‘ +/ E|Y; — Y,,(S)Pds) , 0<t<T,
KJt t
which combined with Proposition leads to the first claim of the Theorem.
Observe from the representations (3.19) and (4.2)) that

T T T
E[/ | Z; — ng|2dt] <Cp (IE[/ | Z, —Zt|2dt] +E[/ | Z; — ng|2dt]> :
0 0 0

Plugging ([3.20)), estimate (4.9) written at time ¢ = 0 and the first claim of this Theorem

into this expression concludes the proof. O

5 Extension to the continuously reflected case

In this section, we extend the convergence results of the scheme ({4.1) to the case of
continuously reflected BSDEs. To this end, we show that the error between discretely

and continuously obliquely reflected BSDEs is controled in a convenient way.

5.1 Continuously obliquely reflected BSDEs

In the sequel, we shall use the following assumption on f:

- (Hz) The function f is bounded in its last variable : sup,c a4 |f(0,0,2)] < CL.
and the following assumption on the cost c:

- (He) Fori,j € Z, the function ¢ is equal to ¢ —2¢% | with 1¢¥ is C? with bounded
first and second derivatives and 2¢¥ is a convex function with bounded first derivative.
This last assumption is needed to retrieve some regularity on the reflecting process K
(see Lemma [5.1| below).

We denote by (Y, Z,K) € (82 x H? x A?)? the solution of the continuously obliquely
reflected BSDE C([0,T],¢(X), f(X,.),g9(X7)) defined by

Vi = g (X) + [ FUXG YL Zi)ds — [ Ziaw, + K - K
Vi > manez{Y}j — (XY, 0<t<T, (5-1)

STV — maxjer (V) — ¢ (X)}JdK} =0, ieZ.
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Under the assumption on f, g and ¢, the existence and uniqueness of such a solution is

given in [I5] 16].

The solution of ([5.1) has also a representation property in term of switched BSDEs,
recalling (2.7)). Here of course the switching times of the strategy are not restricted to

take their values in . We refer to [§] for more details.

Theorem 5.1. There ezists, for any fixed initial condition (t,i) € [0,T] xZ, an optimal
switching strateqy a := (Gk, A)k>0 € A, such that

Y} = Ul = ess sup UP, P—a.s. . (5.2)
(lGAt,i

We deduce from (5.2)), Theorem (iii), the monotonicity property of P and (5.1)):

Y=Y=Y. (5.3)

Moreover, most of the estimates presented in Section [2] for discretely reflected BSDEs
hold true for continuously reflected BSDEs. For the convenience of the reader, we collect
them in the following proposition. The proof itself is postponed to Section of the
Appendix.

Proposition 5.1. The following a priori estimates holds. For any p > 2,
. T . p . .
V[P + Et[(/ \Zs\st)z} n ]Et[u(T - Kt|p] <E[pX], o<t<T, (5.4)
t

and, for all (t,i) € [0,T] X Z, the optimal strategy a € A, satisfies

E;| sup |U§\p

+E|NP] < EyBF]. (5.5)
s€t,T)

5.2 Error between discretely and continuously reflected BSDEs

We first provide a control of the error on the grid points of & between the solutions of

the obliquely discretely and continuously reflected BSDEs (3.6 and (5.1)).

Theorem 5.2. Under (Hz), the following holds
qm{m—ﬁFHK—Mﬂ]SCWW*,6>O (5.6)
reR

Moreover, if the cost functions are constant, the last inequality holds true with ¢ = 0.
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Proof. The proof of this result relies mainly on the interpretation in terms of switched
BSDEs provided in Section[2.2] For a fixed (t,) € [0,T] x Z, we associate to the optimal
strategy a = (ék,dk)k € A:; not restricted to lie in the grid R, the corresponding
"discretized’ strategy a := (O, ag)r>0 € .A?fi defined by

0, = inf{rZék; TE%} and  ay = dy , k>0. (5.7)

Step 1. We first derive two key controls on the distance between A% and A®.
We fix p > 2 and, since ), < ), k > 1, we compute

. 2 P
T 5 TN o i
([ 1 —agas) = [ 3 et g, - e (X oy
t t k=1 -
T| N P
< cv / S [t (Xp,) - 9 (X )] g, s
b k=1
T | N 2 :
+CY / D et (X )1 o | ds (5.8)
t k=1
Using the convexity inequality (3" p_; |zx])? < nP~1 3 1_, |zk[P, we obtain
b
T |N® ? :
/ DX )y g | ds | < CL(L+ sup [XP)INCPIR[Z . (5.9)
t =1 te[0,7

Using once again the same convexity inequality with p = 2, the Lipschitz property of
the maps (c"/); jezr and the definition of 0, and 0, we get

p

T | N® Né
[ feten ) - etvin (), ds < GNP Y X, — X,
bolk=1 ' B k=1 ’
< C£|Nd|pXI§R\,p ’
where %P .= S SUD ey 1 re] | X7 — X [P
Plugging this estimate and (5.9)) in (5.8]), we deduce
T 3
([ 1as-apas)” < cper ((1  sup [XIRE + x'%"p> (50
t s€[0,T7
Observe also that, for r € i, we have lék < = lo<r which gives
Né o P
AL — AP < [ Y| (X ) = M (X, )| Lgeer | < CLINAPXTRIP L (5.10)
k=1
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Step 2. We now prove the main result of the theorem.
We introduce the processes I' := U* — A and I := U% — A%, so that

U —U% < |I —T|+|A* — A?Y|. (5.12)

Applying Ito’s formula to the continuous process [I' — I'|2 on [t,T], using Gronwall

Lemma and the Lipschitz property of f, we obtain

. . 2 T, 2
Py — T2 < CLE,{/ 1% — 0, U2 v as +/ a2 aefas]. (513)
¢ ¢
Elevating this expression to the power §, we deduce

2 5 T,
ds> +</ ‘Ag—Ag
t

Combining the definition of # with the Lipschitz property of f and (Hz), we compute

|Ft — TP < C?Et[ </tT )[fds — fas](XSaUgaVsd) 2d5> } .

(5.14)

. 2
T T|N®
as__pas a yran|? 1. g a 1ra
/t Hf _f ](X&Us"/s )‘ ds _[ Zf k 1(X87U57Vs )(1ék,1§s<9k_10k71§3<9k) ds
k=1

< CrIN%? sup (1+ X2+ USR]
s€[0,7T

Plugging the last inequality and (5.10) in (5.14)), we deduce

T, — TP < CPE
s€[0,7T

(NP ( sup (14| X[+ [UZ)|R]2 +x'%"p>] :

Restricting to the case where t € R, we deduce from (5.11)) and (5.12]) that

P 2

V=V < OF | Be|IN'P sup (14X + V)| R +Ee [[VOPx ™)

s€[0,T

Using Cauchy-Schwartz inequality and Proposition [5.1|with the last inequality, we obtain
1
A R

Using again Cauchy Schwartz inequality and defining M; := E; U X|§R|’p|2], we get

S

E [supmi - f@ﬂ < CP(IR|+E
teR t€[0,T)

sup \Mt|§] ). (5.15)
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Combining Burkholder-Davis-Gundy and convexity inequalities with (3.2)), we compute

1 1
sup |Mt|i] < ¢ (IMol? +E[IMr?]7) < CRE ™71 < Chlufr R
te[0,T]

E

Plugging this expression in (5.15]), we deduce ((5.6]) from the condition x|R| < L and the

arbitrariness of 1.

Step 3. We finally consider the particular case where the cost functions are constant.
Following the same arguments as in Step 1., we observe that ([5.10]) turns into

T 5 .
(/ |43 —A?‘2d3> < CRIN*P(1+ sup |X,[)[R]>
t s€[0,T]

and that A* — A% = 0 for r € R. The same reasoning as in Step 2. then leads to

2
P
V) = Y[? < CLE |IN®P sup (1+|XPP+[YsP)| [R].
s€[0,T]
Using Cauchy Schwartz and Proposition [5.1] concludes the proof. O

We now present the main result of this section, which allows to control the error between
the solutions of the continuously and the discretely obliquely reflected BSDE at any time
between 0 and T'.

Theorem 5.3. Under (Hz)-(Hc), the following holds

T
sup IE|K§—Yt|2+|}Q—Yt2]+E[/ |Z5—Zs|2ds} < C’Em\%_e, e>0.
t€[0,T] 0

If furthermore the cost functions are constant, the previous estimate holds true for e = 0.

In order to prove this theorem, we first state the following lemma discussing the regu-
larity of K.

Lemma 5.1. Under (Hz)-(Hc), there exists some positive process 0 satisfying ||n||y2 <
Ct and such that, for alli € T, dK; < nsds in the sense of random measure.

Proof. We follow here the main idea of the proof of Proposition 4.2 in [I0] and divide
the proof in three steps.
Step 1. Fix i,j € Z. We first observe using It6-Tanaka Formula, that, under (Hc),

t t t
cij(Xt):cij(Xo)—i—/ bgjds+/ u;'fdws—/ dAY . 0<t<T,
0 0 0
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where A% is an increasing process and
167112 + [l |l32 < Cr. (5.16)

We then introduce T'/ := Y? — Y7 + ¢ (X) > 0. Using once again Ito-Tanaka Formula,

we compute
.. .. t . o . . . . . . . . ..
[T+ = [+ +/0 (= FH (X, Vi, Z2) 4 7 (X, VI, Z0) + 0001 sy ds
to t . . 1ot
b [ 2 B g Wt [ L (AR 4 AR - an) + 5 [and,
0 S 0 S 0

for 0 < t < T, where L% is the local time at 0 of the continuous semi-martingale I,

Since I'” > 0 and AY, L% are increasing processes, we compute
M )

1{rgj:0}dK§ < (_fi(XSa Ysi, Z;) + fj(Xs,Ysj, Zg) + bij)l{rgj:o}ds + 1{1“?:0}ng
< Op(14 | X4 +sup |V + sup [b%|)ds + 1{F¢j_0}df(g ) (5.17)
LeT LkeT s
for 0 < s < T, where we used (Hz) in order to obtain the last inequality.
Step 2. We now prove that
1{Féj:0}df(g =0, (5.18)

in the sense of random measure. We first observe that 1

{Fijzo}l{Ysj_Pj(Xsys):O}. Indeed, if l{Ysj_'Pj(Xs’l'/s)>0} '
dom measure on [0, 7], this would contradict the minimality condition (5.1)) for K.

{ngzo}dkg = ’y;]ng with

fyéj =1 dK] were a positive ran-

Suppose the existence of a stopping time 7 smaller than 7', such that
'Y =0 and Y/ — P/(X,,Y;) =0. (5.19)
By definition of the projection P, we have
Y] —PIX,,Y.) =Y —YVF + P (X,) (5.20)

where k, takes value in Z. Moreover Y — Y7 + ¢*r(X_) > 0, which leads, combined

with (5.19) and (5.20), to ¢ (X,) + /% (X;) — ¢*7(X,) < 0 and contradicts then (3.3)).

Thus vij = 0 for any stopping time 7 smaller than 7" and we deduce that v is undis-
tinguishable from 0, which proves (5.18)).
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Step 3. To conclude, using once again the minimality condition for K in ([5.1]), observe
that dK} = 37, 1pii_g dKE < nsds , with 1 := Op (14| X | +supger [Y] +supg ez [6%)
which satisfies ||n||y2 < Cr, recalling (3.2), (5.4) and (5.16). O

Proof of Theorem [5.3]
Fix ¢ € [0, 7] and introduce §Y :=Y Y, §Y :=Y-Y,§Z := Z—Zand f = f(X,Y,Z)—
f(X,Y,Z). Applying Ito’s formula to the cadlag process |§Y |2, we get

~ T . .~ .~ .~ .~ .
|6Yt|2+/ |0Z42ds = ]6YT|2—2/ 0YedoY, — > |0V, —8Y4*. (5.21)
t (.17 t<s<T

Recalling that §Y,_ = 5Ys, | (1] §Y,dK, > 0 and the Lipschitz property of f, standard

arguments lead to
.~ T . T . .
E[\éYt|Z+/ ]5Zs]2ds] < CLE[/ mdm} < CLY E
t t ,
I<K

Using the expression of Y and Lemma we obtain

Ti+1 . .
/ SY,dK,| . (5.22)

J

) ) Tit1 Ti+1
(5Y8§5Y}j+1+/] (5fu—|—77u)du—/] 02y AWy, 1 <s<rjy1, Jj<k.

Combining (Hz), (3.2)), (3.7)), (5.4) and the fact that ||n||y2 < CL, we deduce

Ti+1 . Tj4+1 fTj+1 . Ti+1 | .
ZE/] §Y.dk,| <E Z/J /j (8fu +nu)dudK, | +E Z/J 5, dK,
J ' B s

J<w r j<k T j<kvTi

< Cr|®R| + IE[KT sup |6le] .
rei

Plugging this expression in (5.22)) and using Cauchy Schwartz inequality together with
(5.6) and Proposition concludes the proof. O

5.3 Convergence of the discrete-time scheme

Combining the previous results with the control of the error between the discrete-time
scheme and the discretely obliquely reflected BSDE derived in Section [ we obtain the
convergence of the discrete time scheme to the solution of the continuously obliquely
reflected BSDE. In the next theorem, we detail the corresponding approximation error

for different choices of reflection time step |f| with respect to the discrete time step |r|.

Theorem 5.4. The following holds.
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(i) If (Hf)-(Hc) holds, taking |R| ~ —8L_ for ¢ > 0, we have

—elog ||

&7
P
[—log(|7[)]z™*

(ii) If f does not depend on z and |w|L < 1, taking similar grids ® = 7, we have

T
sup B[|¥i— F7P 4 1 - 7] + | [ 12, 25Pas) <
te[0,T 0

supE| |y, — ;72 + Vi, - V72| < Cilnl'™, e>0,

i<n
Moreover under (Hc),

sup E[\Yt — Y72+ |V — 17;”]2} < CZ’T(’%_E , €>0.
te[0,T]

i) Under (He), if f does not depend on z and |w|L < 1, taking |R| ~ |7|%/3, we get
(1i1) p g 9
T . — 1
E[/ ]ZS—Z§|2ds} <Cilr|3™, e>0.
0

(iv) Furthermore, for constant cost functions, the statements (ii) and (iii) hold true with
e=0.

log L
—elog |7|?

Proof. For £ > 0, setting R such that |R| ~
[4.2] and Theorem [5.3] that

we obtain combining Proposition

T 1
. ~ . . _ -1 =—€
sup E|[V; — V7|2 4 [V — Ygﬂ +EU 12, — Z;des] <05 {() Y w%—a] .
t€[0,T] log(|])

Therefore (i) is proved. Furthermore (ii), (iii) and (iv) are direct consequences of The-
orem 1] and Theorem [5.2] or Theorem 5.3 0

6 Appendix

6.1 A priori estimates for discretely RBSDEs

We collect here the proofs for a priori estimates given in Proposition and Proposition

Proof of Proposition 2.1
Observing that on each interval [r;,r;11), (Y, Y, Z) solves a standard BSDE, existence
and uniqueness follow from a concatenation procedure and [2I]. The rest of the proof

divides in two steps controlling separately Y and (Z,K).
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Step 1. Control ofSN/

As in proof of Theorem 2.4 in [I5], we consider two non-reflected BSDEs bounding Y.
Define the R%valued random variable £ and the random map F by (£)7 := 2?21 €|*
and (F)7 =% |(F)f| for 1 < j <d.

We then denote by (}v/, Z) € (8? xH?)T the solution to the following non-reflected BSDE

T T
v, = g+/ F(s,ifs,zs)ds—/ Z,dWs, 0<t<T. (6.1)
t t

Since all the components of Y are similar, Y ecC.
We also introduce (°Y,°Z) the solution to the BSDE

T T
Oy, — g+/ F(s,oy;,ozs)ds—/ 0ZdW,, 0<t<T.
t t

Using a comparison argument on each interval [r;, ;1) and the monotony property of
P, we straightforwardly deduce °Y <Y < Y.

Since ('Y, }V/) are solutions to standard non-reflected BSDEs, usual arguments lead to

sup |Ya[P < sup [PYi|P+ sup [ViP =3, (6.2)
0<s<T 0<s<T 0<s<T

where the positive random variable [ satisfies classically E[B} < Cp, under condition

(Cp) for a given p > 2.

Step 2. Control of (Z,K)
We fix t < T and applying Ito’s formula to the cadlag process |1~/]2 on [0,t] to derive

Vi = Y0l +2 g g VoudVs + [ig g 1255 + S Vol = [V | = 27, AYY)

Since the last term on the right-hand side is non negative we deduce that

T T T
|Yt2+/ |Z,?ds < YT|2+2/ Y, F(s,Ys, Zs)ds + 2 YSsz—l—Q/ (ZsY,)dWs.
t t t

(t,7]

Using standard arguments, together with (6.2)) and (C,) for a fixed p > 2, we compute

T -2 —1 ~ T ~
/ |Zs?ds < Cf <ﬁp + B (Kp — Ky) +/ (ZSYS)dWS> . (6.3)
t t

Moreover, we get from (2.5 and (C,) that

2 T T 2
-2 )
p +/t | Zs|°ds + (/t ZSdW5> ] : (6.4)
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Combining (6.3) and (6.4)) we obtain

T Cp -2 T T 2 T
/ |Z,?ds < ?55 + 5/ |Zs|?ds + </ ZSdWS) + CL/ (ZsYs)dWs, (6.5)
t t t t

for any ¢ > 0. Elevating the previous estimate to the power p/2, it follows from

Burkholder-Davis-Gundy inequality that
T 5

E, (/ stPds>
t

Using (6.2) and (C,), we deduce, for ¢ small enough,

<y (6_§Et[ﬁ_] + 6%Et{(ftT \ZSPdS)g] i Et[(f;T |Zs?s!2d8)gD ,

<Cc? (5_%1&5[5] + 6_%Et[sups€[tﬂ |}~/S|P} + 5§]Et[(ftT |Zs|2ds)§D

Et[( /t T|Zs|2ds)§] < CPE(B] . (6.6)

Taking (6.4) up to the power £, and combining Burkholder-Davis-Gundy inequality with
(6.6) yields Et[|KT — Kt]p} < CfEt[B], which concludes the proof of the Proposition,
recalling (C,). O

Proof of Proposition
Fix (t,4) € [0,T] x Z and p > 2. According to the identification of (U®", V") with
(Y, Z%"), obtained in the proof of Theorem we deduce from Proposition the
expected controls on U% and V¢ . Writing the equation satisfied by (U a* Va*) and
using standard arguments for BSDEs, we observe that

+ AP > :

T 5
Blag ] < 0 (B swp o+ ([ Ve Pas)
s€(t,T) t
, which plugged in the

By definition of a* and |D we have |A¢| < maxgy \C’Zk
previous inequality leads to EtUAi}* |p] < C{Et[ﬂ, recalling (C,).
We finally complete the proof, noticing from |D that Et“N a |p] < CfEt“A%*

Pl O

6.2 A priori estimates for the Euler scheme

This paragraph provides the proof of Proposition [4.1] concerning a-priori estimates for
the Euler scheme associated to RBSDEs.

Proof of Proposition 4.1

The proof follows exactly the same arguments as in Step 1 of the proof of Proposition
above. The only difficulty is the use of a comparison argument for Euler Scheme
that we provide right below in Lemma [6.1] O
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We detail here a comparison theorem for discrete-time schemes of BSDEs in the case
where the driver does not depend on the variable Z.

For k = 1,2, let &, be a square integrable random variable and v, : R™ x R — R? a
L—Lipschitz generator function. We suppose that & > & and ¥ > 19 on R x R<. For

a time grid 7w, we denote by Y™F the discrete-time scheme starting from the terminal

condition Y - &, and computing recursively, for i =n —1,...,0,
k k k
/" = E [Y;t:ll | fti} + (i1 — t)n(XE, Yy, ) - (6.7)

Lemma 6.1. For any m such that |w|L < 1, we have Yt:r’l > er’z, i < n.
Proof. Since the results holds true on the grid point ¢,, = T" and follows from a backward
induction on 7, we just prove Yt:_ll > Yt:_Ql Using l} we compute

tn—1 tn—1

yol _yme g [gl - 52’5”71} (T = tn1)An_1 (Yt’;fl - Yt:’i) FAn_1, (6.8)

where A,_q == 1 (X7 Y?) —o(XT V) >0 and

tn—1"tn—1

)1 ,2
h1 (X7, YtZ—l ) (X7 Yt7;—1)
w1 5,2
ATL—]. = )/tnfl 3/"'77,71

0 else .

. m,1 T2
if Yo Yo # 0, (6.9)

Since v is L—Lipschitz, the condition |7|L < 1, implies (T —t,,—1)An—1 < 1. Plugging
this estimate, A,,_1 > 0 and & > & and 97 in , we complete the proof. ]

6.3 A priori estimates for continuously RBSDEs

This last paragraph is dedicated to the proof of Proposition [5.1

Proof of Proposition [5.1

The proof of is a direct adaptation of the proof of Proposition The only
difference is in Step 1: we approximate (Y, Z, K ) by a sequence of penalized BSDEs
(see proof of Theorem 2.4 in [15] or Step 3 in the proof of Theorem which are
bounded by °Y and Y. Estimate follows from the exact same arguments as the

one used in the proof of Proposition [2.2 O
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