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ABSTRACT

In this paper, direct numerical simulation databases have been generated to analyze the

impact of the propagation of a spray flame on several subgrid scales (SGS) models dedi-

cated to the closure of the transport equations of the subgrid fluctuations of the mixture

fraction Z and the progress variable c. Computations have been carried out starting from

a previous inert database [22] where a cold flame has been ignited in the center of the

mixture when the droplet segregation and evaporation rate were at their highest levels.

First, a RANS analysis has shown a brutal increase of the mixture fraction fluctuations

due to the fuel consumption by the flame. Indeed, local vapour mass fraction reaches

then a minimum value, far from the saturation level. It leads to a strong increase of the

evaporation rate, which is also accompanied by a diminution of the oxidiser level. In a

second part of this paper, a detailed evaluation of the subgrid models allowing to close

the variance and the dissipation rates of the mixture fraction and the progress variable

has been carried out. Models that have been selected for their efficiency in inert flows

have shown a very good behaviour in the framework of reactive flows.

1 INTRODUCTION

Many industrial devices involve the turbulent combustion of an evaporating liquid phase.

Numerous physical phenomena interact in combustion chambers. It begins with the at-

omization of liquid sheets at the injector outlet, followed by the dispersion of droplets

generally embedded in a turbulent stream, to end with strongly coupled evaporation and

combustion processes. One of the main challenge of turbulent combustion modelling is

to account for the presence of the evaporating liquid phase in every stage of the physical

process.

1Corresponding author: reveillon@coria.fr

1



A major input parameter of the non-premixed turbulent combustion models is the

mixture fraction variable (denoted Z in this paper), which characterizes locally the mix-

ing between the evaporated fuel and the gaseous oxidizer. Indeed, in Reynolds averaged

formulations (RANS) or large eddy simulations (LES), the filtered or averaged mixture

fraction Z, its variance Zv and the corresponding dissipation rate χZ are necessary to esti-

mate the local characteristic mixing delays and to generate presumed probability density

functions [2] able to close the chemical source terms. It also allows for the localisation in

flamelet libraries [18] or for the use of conditional moment closure methods [12].

Many works have been dedicated to the prediction of the mixture fraction evolution

in purely gaseous flows where Z is an inert scalar: the evolution of its averaged value 〈Z〉

is classically established through an advection/diffusion equation although the determi-

nation of its variance 〈Zv〉 and dissipation χZ is less straightforward; see for instance the

works of [17, 16], and references therein. However, the difficulties are now well under-

stood and many closures exist. But, when two phase flows are considered, the mixture

fraction is no longer an inert scalar. Indeed, the appearance in the gas phase equations, of

mass source terms due to the evaporation of the liquid phase modifies deeply the mixture

fraction field. With respect to the local droplet density, Z fluctuations appear during the

turbulent mixing and the local rise of mixture fraction gradients affects the dissipation

rate. The formalism of these new source terms and their effects on the gas phase have been

described in some recent studies: [21, 23, 6, 3] where new closures have been suggested.

These models evaluate the new source terms appearing in the transport equations for

mixture fraction mean and variance. They also take into account the evaporation effects

on the dissipation rate and, thus, the mixing delay.

In a previous work [22], the authors have studied the links between the preferential

segregation of the droplets and the mixture fraction evolution. Indeed, the presence of

droplet clusters due to preferential segregation is important for global variables such as

the mean vapour mass fraction 〈Z〉 and variance Zv. Within a turbulent flow, three stages

have been observed for droplet evaporation. First, there is no influence of clusters and an

almost d-square law whose rate depends on isolated droplet characteristics is observed.

Then, a cluster evaporation mode appears. Indeed, droplets are embedded in vapour

pockets close to saturation. The evaporation rate of the droplets inside the cluster is

strongly diminished, if not stopped. Finally, two evolutions are possible : either the

lightest droplets are not able to leave the saturated area because of their lack of inertia.
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Their evaporation rate is thus strongly related to the diffusion rate of the pocket of vapor

toward the fresh gases. Either the turbulent motion contributes to dispersing the heaviest

droplets, which may reach non-saturated areas to finish their evaporation process.

Mixture fraction variable is generally introduced when non-premixed combustion is

implied. But in the case of spray combustion, the flow is mostly partially premixed.

Then, it is necessary to introduce the progress variable c. It defines the reaction progress

within the premixed mixture. In fresh gases, c = 0 whereas in burnt gases, c = 1. Note

that the progress variable is not able to give any information about the initial equivalence

ratio of the mixture. One of the difficulty of two-phase combustion modeling is that both

Z and c may be necessary to feed turbulent combustion models if partially premixed

combustion appears [24].

The objective of this paper is to use direct numerical simulation databases to analyze

the impact of the propagation of a spray flame on several subgrid models dedicated to

the closure of the balance equations of the subgrid fluctuations of Z and c. Computations

are carried out starting from a previous inert database [22] and a cold flame is ignited in

the mixture when the droplet segregation and evaporation rate are at their highest level.

A first RANS analysis allowing to observe the general impact of the propagation of

the flame on the mixture fraction properties is carried out. It is followed by a detailed

subgrid evaluation of the models allowing to close the variance and the dissipation rates

of the mixture fraction and the progress variable.

In the subsequent sections, a brief description of the numerical procedures and the

control parameters are detailed together with a description of the governing equations

and the various hypotheses that have been used. Then, the evolution equations of the

mixture fraction mean and variance as well as the progress variable equations are presented

and the modeling of their various unclosed terms is discussed.

2 NUMERICAL PROCEDURE AND STATISTICS

The gaseous carrier phase is a forced isotropic homogeneous turbulence, which is resolved

in a cubic domain with periodic boundary conditions. A discrete Lagrangian description

allows for describing the vaporizing droplets. Various sets of governing equations are

thus coupled together to carry out the computations. Because of the forcing procedure

restrictions, the gas phase velocity is evaluated in spectral space. The evolution of the
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fuel and oxidizer mass fractions is described in physical space so that it can be easily

coupled with the Lagrangian description of the evaporating spray. The complete resolved

equations may be found in [22], which was dedicated to inert flows. In the following, a

brief summary of the configurations and the numerical procedure is presented. Then, an

extension to reacting flows with constant density is used to study the impact of the fuel

consumption on the turbulent mixing. This approach allows for an accurate forcing of

the turbulence in the spectral space but a drawback, as far as combustion is concerned,

is that flow dilation is ignored. Of course it is a major phenomena, but it is current to

neglect it in basic studies to focus on some specific physical interaction effects. This work

concentrate on the effect of temperature variation on cluster evaporation and on mixture

fraction and progress variable evolution while a front flame propagates.

2.1 Numerical procedure

To maintain statistically stationary the main properties (energy, dissipation rate, integral

scale) of the spectral turbulence, a controlled amount of energy must be transferred into

the spectral simulation through a fully controlled deterministic forcing scheme [9] with

an efficient convergence rate towards the model spectrum; this reduced drastically the

fluctuations of the prescribed properties generally observed in other methods. Then, the

following equation is resolved :
∂û

∂t
= â +

fκ
τf

û , (1)

where â represents the classical Navier-Stokes contributions. The forcing function fκ is

detailed in [9] and τf is a relaxation time smaller than the Kolmogorov time scale.

A one-way momentum coupling determines the droplet motion. However, to study the

evolution of the mixture fraction released by the droplet evaporation, a two-way coupling

is considered from the mass exchange point of view. The time evolution of species mass

fractions is thus considered in a physical space to simplify their coupling with the dispersed

phase:
∂Yα

∂t
+

∂Yαui

∂xi

= Dα
∂2Yα

∂x2
i

+
1

ρ
ṡα (2)

where Dα is the species diffusion coefficient and ṡα a mass source term due to the evap-

oration of the dispersed liquid phase. These equations are solved thanks to a third order

Runge-Kutta procedure, which is already used for the spectral space. Similar sub time-

steps are applied for both spectral and physical solvers. A sixth order Pade scheme [14]
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is applied to determine the spatial derivatives.

A classical discrete Lagrangian approach is adopted to follow the monodispersed spray

evolution within the gaseous oxidiser. By denoting vk and xk the velocity and position

vectors of every droplet k, the following relations:

dvk

dt
=

1

β
(v)
k

(u (xk, t)− vk) , (3)

dxk

dt
= vk , (4)

are used to track the evolutions of the droplets throughout the computational domain.

The vector u represents the gas velocity at the droplet position xk. The right hand side

term of equation 3 stands for a drag force applied to the droplet where β
(v)
k is a kinetic

relaxation time:

β
(v)
k =

a2k
a20

τp
Ck

. (5)

ak is the diameter of the droplet k and a0 is the initial diameter of any droplet of the

initially monodispersed spray. The characteristic kinetic time τp is defined by the relation

τp =
ρda

2
0

18µ
, (6)

and a corrective coefficient Ck [5] is introduced to allow for the variation of the drag

factor.

The characteristic evaporation time of the droplets is controlled by selecting an appro-

priate value for the saturation level Y s [22]. The evaporation of every droplet in the flow

accounts for the fuel mass fraction at the droplet surface Y s
k and the local vapor level at

the droplet position, YF (xk). Saturation conditions mainly depend on the properties of

the flow at the droplet’s surface: temperature, pressure. In our simplified configuration,

a constant saturation level such as Y s
k = Y s is considered.

The following relation for the surface evolution of every “k” droplet may be written:

da2k
dt

= −
a2k

β
(a)
k

. (7)

A classical model (d-square law) is to consider β
(a)
k = cte. It leads to a linear relation

between droplet surface and time. However, in our simulation, saturation is accounted

for and the characteristic relaxation time is defined by:

β
(a)
k =

Sc

4Shc

ρd
µ

a2k
ln
(
1−YF

1−Y s

) , (8)
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where Sc = 0.7 is the Schmidt number and Shc the convective Sherwood number, which is

equal to 2 in a quiescent atmosphere; however, a correction must be applied in a convective

environment. In this context, the empirical expression of Faeth and Fendell ([13]) has been

used. The mean evaporation delay is controlled by selecting an appropriate value for the

saturation level Y s corresponding to the prescribed temperature level in the domain.

To account for masse exchange between both phases, droplet mass source terms have

to be dispatched over the Eulerian nodes and the organisation of an accurate projection

of those Lagrangian sources to the Eulerian mesh is still an open problem. In our sim-

ulations, each Lagrangian source is instantaneously distributed over the Eulerian nodes

directly surrounding the droplet. This classic procedure leads to a grid dependence of the

repartition. It induces a numerical dispersion that remains weak because of the small size

of the DNS grid and the small turbulent Reynolds number [23], which leads to a weak

slip velocity between the droplets and the carrier phase.

3 CONFIGURATION

The following four-stage procedure has been employed to analyse all the interactions

between the turbulent flow and the dispersed phase [22] . Flame and dispersing particles

have been plotted in Fig. 1 to illustrate the final configuration.

Stage 1: statistically stationary turbulence

In this preliminary stage, the turbulent gaseous phase evolves alone in a 1293 Cartesian

grid until its statistical properties reach a steady state thanks to the forcing procedure

that keeps the mean kinetic energy k = 3.375m2/s2 at the prescribed level. The maximum

energy length l0 is thus equal to l0 = L/7 and remains constant. L is the cubical domain

dimension equal to 3 mm. The velocity root mean square u′ = 1.5 m/s is used as reference

parameter along with the eddy turn-over time τ0 = l0/u
′ and the characteristic time of

the velocity fluctuations τκ of the smallest structures (η ≈ 1.8 10−5m). The turbulent

Reynolds number of the simulation is Rel0 = 43.

Stage 2: spray dynamical equilibrium
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(a)

(b) (c)

Figure 1: Spray concentration areas : black dots, (a): St = 0.17, (b): St = 1.05, (c):
St = 5.6, isosurfaces : progress variable
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Several eddy turn-over times after the turbulent flow reaches its stationary state, Nd ≈

2150000 mono-dispersed non-evaporating particles are randomly embedded throughout

the computational domain with a zero initial velocity. The drag force sets particles in

motion. Then, the spray reaches a dynamical equilibrium with the turbulence. It cor-

responds to a stationary slip velocity standard deviation. Droplet dispersion is usually

characterised by Stokes number St = τp/τκ [26], which indicates the ability of droplets to

capture local variations of the carrier phase velocity. Turbulence properties being fixed,

simulations have been carried out by modifying the τp parameter. Three stokes numbers

have been considered : 0.17, 1.05 and 5.6 corresponding to droplet diameters varying

between 2 and 70 µm.

Stage 3: liquid phase evaporation and micro-mixing

Once the particles have reached a dynamical equilibrium with the surrounding tur-

bulence, they are allowed to evaporate according to a specific characteristic evaporation

delay τv prescribed by setting the saturation level in the surrounding atmosphere.

To describe the mixing between the gaseous fuel and the oxidiser, the usual definition

of the mixture fraction Z is chosen [15, 20] leading to Z = YF in an inert flow. A passive

scalar is defined [15] as

ϕ = srYF − YO

where the stoichiometric mass ratio is sr = 11 when considering the single step reaction

C7H16 + 11O2 → 7CO2 + 8H2O . Normalizing ϕ yields to the mixture fraction

Z =
Φo(YF/YF,o)− (YO/YO,o) + 1

Φo + 1
(9)

with YF,o = 1, YO,o = 0.23 and Φo = srYF,o/YO,o. Note that in the case of spray evapora-

tion, Z cannot reach unity, but a local maximum level depending on saturation conditions.

Consequently, a normalisation of Z is introduced by using the saturation limit Zs. Z/Zs

is thus bounded between 0 and 1 and it is of practical interest for analysing correlations

between the evaporating spray and the turbulent mixing.

Stage 4: flame ignition and propagation

8



To mimic the ignition of two-phase flow mixtures, a spherical kernel (diameter : 1 l0)

of burnt gases is generated at the centre of the domain. At the considered ignition time,

gaseous fuel and oxidiser engulfed in this sphere are instantaneously transformed in burnt

gases according to the chemical equilibrium defined by the above simple kinetic. Following

a spray specific one-step Arrhenius law [25, 24] such as the maximum of the reacting rate

corresponds to a stoichiometric mixture, the flame is then able to propagate. Because of

the limitation of our numerical system, gas dilatation (due to the temperature elevation

in burnt gases) has not been considered. Thus the propagating flame does not affect the

carrier phase momentum. The Arrhenius law is activated with an artificial temperature

field that is linearly estimated from the mass fraction of burnt gases (or products) YP :

T = Tu + YP (Tb − Tu) (10)

The choice of the time of ignition is not arbitrary. It is made accordingly to the delay

of evaporation of the spray. Indeed, there must be enough fuel in the domain to ignite the

mixture but the evaporation process must be still active. Thus for an evaporation delay

equal to τv = 0.25τ0, the mixture has been ignited at τig = 0.11τ0, which corresponds to

a maximum of the fluctuations of the mixture fraction level.

Premixed flame front propagation depends on the fresh gases temperature and equiva-

lence ratio. The flame profile may be described thanks to the progress variable, which may

be defined through mass fractions or temperature. We chose the temperature expression :

c =
T − Tu

Tb − Tu

(11)

where Tu and Tb are the fresh gases and burnt gases temperature, respectively.

When necessary, the Reynolds averaging operator is applied following two procedures:

• 〈A〉 is the average of the field A(x, y, z) over the three directions of the Cartesian

grid.

〈A〉 =
1

L3

∫ L

0

∫ L

0

∫ L

0

A(x, y, z)dxdydz

• When a spherical flame propagates, averaging may be carried out over a fixed radius:

〈A〉r =

∫ 2π

0

∫ π

−π

∫ r+dr

r
A(r, θ, ϕ)dθdϕdr

∫ 2π

0

∫ π

−π

∫ r+dr

r
dθdϕdr
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St = 0.17 St = 1.05 St = 5.6
τv = ∞ A B C
τv = 1/2τ0 A1 B1 C1

τv = 1τ0 A2 B2 C2

τv = 2τ0 A3 B3 C3

Table 1: Configuration names, St : Stokes number, τv : evaporation delay. Non evapo-
rating case : τv = ∞

4 RANS ANALYSIS

Although homogeneous turbulence is a straightforward configuration, the addition of an

evaporating dispersed phase allows us to be at the midpoint of many poorly understood

interactions between turbulence, spray, mixing and combustion. To begin with, evapora-

tion is considered in a classical RANS analysis. Once dynamical equilibrium is reached

between the turbulent gaseous flow and the dispersed phase, evaporation is activated.

Mixing between the fuel vapour and the gaseous oxidiser is characterised by the mixture

fraction Z. Three cases have been chosen with three different initial Stokes numbers. They

are recapitulated in table 1: cases B has a Stokes number close to unity when segregation

is maximum, cases A and C correspond to low and high Stokes numbers, respectively.

The liquid density fluctuations are the same but the characteristic cluster size and the

droplet dynamics are very different. Various characteristic evaporation delays τv have

been considered : (1) τv = 0.5τ0, (2) 1τ0, (3) 2τ0. Configuration names are summarized

in table 1. More analysis concerning inert flows may be found in [22].

The evolution of 〈Z〉/Zs is plotted in Fig. 2-(a) for cases A1, B1 and C1. It is clear from

this figure that the most segregated case B1 takes the longest time to evaporate although

a first order estimation (obtained thanks to the tangent of the curve at t/τ0 = 0) would

give the same results for the three cases. Note that both configurations A1 and C1 start

with exactly the same evolution of the mean mixture fraction. Indeed, the initial droplet

dispersion level being the same in both cases, the evaporation rate is similar at first. No

matter what the Stokes number of the droplets is, the mean mixture fraction evolution

depends only on the initial segregation level of the particles. If the segregation level is

small enough to avoid the creation of saturated pockets of fuel vapour, the evolution

of 〈Z〉 may be easily estimated by a classical d-square law. On the other hand, if the

segregation level and mass of liquid fuel are high enough for the pocket of vapour to reach
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Figure 2: Evolution of mixture fraction statistics in the domain, characteristic evaporation
time : 0.5τ0. Left : mean mixture fraction, right : deviation

the saturation limit, the evolution of 〈Z〉 is affected. Indeed, clusters containing a large

number density of droplets are quickly surrounded by a high level of vapour concentration.

Consequently, the gaseous fuel diffusion flux from the droplet surface to the surrounding

gas is reduced because the saturation level is reached. It strongly decreases the evaporation

rate for each droplet embedded in any cluster. Evaporation may even stop if the vapour

concentration reaches locally the saturation limit. Consequently, the droplets need more

time to evaporate. Some of them, generally the heaviest ones, do not follow the global

motion of the cluster and reach areas where vapour concentration is low enough for them

to evaporate. On the other hand, the smallest ones are in the cluster. In that case, the

driving mechanism of the evaporation is linked to the global diffusive flux of vapour from

the saturated cluster towards areas with low vapour concentration.

A different behaviour may be observed in Fig. 2-(b) where the evolution of the standard

deviation of the mixture fraction : Z ′ has been plotted for cases A1, B1, C1. From a

general point of view, the global shape of the curves is the same: starting from Z ′/Zs = 0

when evaporation starts, the curves reach a maximum value long before the characteristic

evaporation delay (when t/τv ≈ 0.2). It is at this point that the dissipation of the mixture

fraction fluctuations due to molecular diffusion becomes greater than the production due

to the evaporation. Consequently, the mixture fraction fluctuations decrease continuously.

Details of the competition between evaporation and dissipation may be found in [23].

Spray combustion involves three main phenomena : droplets dispersion, liquid evap-

oration and then combustion. This phenomena are coupled through strong interactions.
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Figure 3: Mixture fraction time evolution, inert cases (black lines) and reactive cases (red
lines).

As we have seen previously, the topology of the mixture fraction field is srongly related

to the Stokes number of the considered droplets. This dependance is still visible when

combustion takes place and the flame structure and properties may be affected by the

spray preferential segregation.

Evolution of 〈Z〉/Zs has been plotted in Fig. 3-(a) for the reference cases. Two con-

figurations are plotted: with combustion and without combustion. As it was shown

previously, the most segregated spray (St = 1) needs the longest time to be evaporated.

Indeed, saturation prevents evaporation in the highly segregated areas. When combustion

occurs, fuel pockets disappear and evaporation delay is reduced. Moreover the ends of

the evaporation process takes place at the same time whatever the initial Stokes number.

Hence, the dominant factor on evaporation is the combustion rather than the preferential

segregation. At least in the cases studied in this work. The flame propagation has also

an impact on the mixture fraction fluctuations Z ′/Zs whose evolution has been plotted

in Fig. 3-(b). Indeed, a secondary peak appears on the curve, corresponding to a strong

increase of the evaporation rate that may double the mixture fraction fluctuations. Be-

cause the combustion has a major effect on evaporation, it creates a mean gradient of the

mixture fraction through the flame front. Thus the mixture fraction field is not homge-

neous any more and an additional production term starts to play a role in the fluctuation

of Z equation. This is the production by the mean scalar gradient that is well known in

single phase flow. This term, combined with the production of fluctuation by evaporation,

causes the second pic of mixture fluctuation.
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Figure 4: Progress variable evolution during the spherical flame propagation. From con-
tinuous line to symbol : positive time evolution.

An example of flame propagation issued from the DNS is shown in figure 1. Flame front

propagation is strongly affected by the turbulent motion. The presence of the droplets

modifies locally the mixture fraction and affect the flame shape as well. Figure 4-(a) shows

the radial evolution of the progress variable which reaches a value of 1 only when all the

droplets have been evaporated and the vapour of fuel is burnt. Combustion and evapora-

tion are clearly interacting. Droplets affect flame propagation through their evaporation

delay which control the flame. When evaporation is slow, compared to combustion delay,

fuel vapour production is not enough and extinction occurs (figure 4-(b)).

5 a priori SGS ANALYSIS

To carry out an a priori analysis of the DNS fields, it is necessary to define a filtering oper-

ator. From a mathematical point of view, it is done thanks to a convolution between any

turbulent signal Φ and a normalised filter function G(x,∆), where ∆ is the characteristic

size of the filter function:

Φ = G ⋆ Φ =

∫ +∞

−∞

Φ(x′)G(x− x′; ∆)dx′ (12)

In our work, a top hat filter has been applied :

G(x,∆) =

{
1/∆ if |x| ≤ ∆/2
0 otherwise

(13)
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with ∆ = 5δx where δx is the DNS grid step. Generally, a Favre filtering process is

defined in the framework of compressible flows :

Φ̃ = ρΦ/ρ (14)

In this paper, Favre filtered expression of the equations are presented to give the reader

the complete compressible formulations of the equations and models. However, in this

study, a constant density approach has been selected and Φ̃ = Φ.

5.1 Subgrid variances

The mixture fraction subgrid variance is defined by :

Z̃v = Z̃2 − Z̃2 (15)

To obtain a clear picture of the phenomena controlling the subgrid variance, it is

necessary to develop its balance equation. To begin with, the evolution equation of Z̃2 is

written:

∂ρZ̃2

∂t
+∇.(ρũZ̃2) = −∇.τZ2 +∇.(ρD∇Z̃2)− 2ρχ̃Z

+2ρZ̃Ẇ − ρZ̃2Ẇ (16)

where the dissipation χ̃Z is defined by:

χ̃Z = ρD|∇Z|2/ρ (17)

and,

τZ2 = (ρuZ2 − ρũZ̃2) (18)

Unclosed mass source terms due to the liquid phase evaporation appear in the second line

of equation 16. From the modelling point of view, a possible way is to solve the evolution

equation 16 of Z̃2 and then to define the mixture fraction variance by combining the result

with equation 15.

On the other hand, it is possible to resolve directly:

∂ρZ̃v

∂t
+∇.(ρũZ̃v) = −∇.τZv

+∇.(ρD∇Z̃v)− 2τZ .∇Z̃ − 2sχZ

+2ρ(Z̃Ẇ − Z̃˜̇W )− ρ(Z̃2Ẇ − Z̃Z̃˜̇W ) (19)
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Figure 5: Radial contribution to the mixture fraction variance evolution 〈−2sχZ
〉r : −−;

〈ρ˜̇W
+

〉r : −·−; 〈ρ˜̇W
−

〉r : line. without symbol : St = 0.17, (∇): St = 1.05, (×): St = 5.6.

where

τZv
= (τZ2 − 2Z̃τZ)

sχZ
is the sugrid part of the scalar dissipation rate. It is defined by

ρχ̃Z = ρD|∇Z|2 = ρD|∇Z̃|2 + sχZ
(20)

Again, the presence of evaporating droplets introduces two terms involving the evapora-

tion rate:

ρ˜̇W
+

= 2ρ(Z̃Ẇ − Z̃˜̇W ) (21)

ρ˜̇W
−

= −ρ(Z̃2Ẇ − Z̃Z̃˜̇W ) (22)

To evaluate the order of magnitude of these terms in the subgrid variance equation, they

have been plotted in figure 5 and compared to the dissipation term. It appears that ρ˜̇W
−

is several order of magnitude smaller than both ρ˜̇W
+

and the subgrid mixture fraction

dissipation 2sχZ
. Note that, ρ˜̇W

+

is of the same order of magnitude than the dissipation.

Similar conclusions have already been showed in the framework of inert simulations carried

out in Pera al [1] and Reveillon and Vervisch [23]. In this study, one has to keep in mind

that a turbulent spherical flame, fed by the vapour of fuel, is propagating along the radius.

A first conclusion may be drawn. As for the inert case, a closure of the subgrid variance

Z̃v equation is mainly based on a successful modelling of both ˜̇W
+

and sχZ
, which strongly

depend on the Stokes number as it may be observed in figure 5. A unitary Stokes number,
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which leads to a highly segregated flow, has the strongest impact on the mass source terms

but also on the dissipation term. The smallest droplets (St = 0.17) have a weak effect

and the heaviest ones (St = 5.6) offers intermediary results. Indeed, at first, droplets are

dispersed because of the ballistic trajectories before they reach a unitary Stokes number

during their evaporation.

Similarly to the mixture fraction, the mixture fraction variance may be defined by:

c̃v = c̃c− c̃c̃ (23)

From the evolution equation of the progress variable c:

∂ρc

∂t
+∇.(ρuc) = ∇.(ρD∇c) + ρω̇c (24)

where ω̇c is the chemical source term, it is possible to develop an evolution equation for

the subgrid variance of the progress variable:

∂ρc̃v
∂t

+∇.(ρũc̃v) = −∇.τ cv +∇.(ρD∇c̃v)− 2τ c.∇c̃− 2sχc

+2ρ(c̃ω̇c − c̃ ˜̇ωc)− ρ(c̃2Ẇ − c̃c̃˜̇W ) (25)

As for the subgrid variance Z̃v equation, a new source term due to the droplet evaporation

appears in the equation. Another one is directly linked to the chemical sources terms.

ρ ˜̇ωc

+
= 2ρ(c̃ω̇c − c̃˜̇ωc) chemical term (26)

ρ˜̇ωv

−

= −ρ(c̃2Ẇ − c̃c̃˜̇W ) evaporation term (27)

In figure 6 the radial evolution of the chemical source term ρ ˜̇ωc

+
has been plotted along

with the one due to the droplets evaporation ˜̇ωv

−

and the corresponding subgrid dissipa-

tion term sχc
. It appears that the impact of the evaporation source term on the evolution

of the variance of the progress variable is minimal. Indeed, prevalent terms are the chem-

ical subgrid correlations ˜̇ω+
and the dissipation sχc

. From the mixture fraction point of

view, the scalar dissipation balances the vaporisation source terms. However, as far as

the progress variable is concerned, an equilibrium takes place between the chemical source

term and the scalar dissipation whereas vaporisation impact is weak. These terms need

closures in order to estimate the progress variable variance evolution during an effective

LES computation. An important point is the fact that the Stokes number of the droplets

and therefore the preferential segregation of the droplets has no noticeable effect on the

subgrid terms of the progress variable contrary to the mixture fraction.
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Figure 6: Radial contribution to the progress variable variance evolution 〈−2sχc
〉r : −−;

〈ρ˜̇ω+
〉r : − · −; 〈ρ˜̇ω−

〉r : line. without symbol : St = 0.17, (∇): St = 1.05, (×): St = 5.6.

5.2 Subgrid variances modelling

One of the first models that has been developed to close the mixture fraction subgrid vari-

ance in the framework of gaseous combustion has been developed by Cook and Riley [4].

They used a scale similarity assumption to develop a simple expression for Z̃v:

Z̃v = Z̃Z − Z̃Z̃ = Cs
v

[̂̃
ZZ̃ −

̂̃
Z
̂̃
Z
]

(28)

where Cs
v is an unknown coefficient to be determined.

This model has been successfully employed in purely gaseous flows, even if the deter-

mination of the coefficient remains a stumbling block. However, it seems difficult to apply

this model as far as two-phase flows are concerned. Indeed, Cs
v is generally considered

as a constant. If this hypothesis may be applied in gaseous flows because of some direct

correlations between large and small scales fluctuations, it is not the case if evaporating

droplets are present. Local preferential segregation of evaporating droplets leads to peaks

of small scales fluctuations that may not appear at the large scale level. This hypothesis

has been confirmed by the work of Pera et al [1]. Knowing that no satisfactory dynamical

procedure has been found, it is suggested to resolve the subgrid variance transport equa-

tion. A few years later, Domingo et al [8] have tested a scale similarity model to mimic

progress variable variance c̃v in the framework of a turbulent V flame. They showed also

that the presence of a chemical source term has a prevalent effect on the progress vari-

able field. Results were not encouraging and the c̃v field was not properly captured. A

17



possible alternative, proposed by Pierce et Moin [19] for a purely gaseous flow is to use

the following model:

Z̃v = CZ∆
2|∇Z̃|2 (29)

where CZ is a dynamical coefficient classically determined thanks to a test filter. If an

evaporating liquid phase is present, it is possible to write

Z̃v = Czs

(
CZ∆

2|∇Z̃|2 +
ρ̄˜̇W

+

C2
s |S̃|

)
(30)

with Cs, the Smagorinsky coefficient and Czs a new dynamical coefficient. But, in the

framework of DNS analysis, this model does not give satisfactory results neither for the

mixture fraction variance [1] nor for the progress variable variance [8].

These difficulties are mainly due to the model concept. Indeed, these models are

strictly based on the local properties of the turbulence but they do not really take into

account the presence of the evaporating liquid phase.

Therefore, the resolution of a transport equation for the mixture fraction variance and

the progress variable variance seems to be the more promising solution although it is the

more complex. To do so, standard terms issued from the gas phase evolution may be

closed with models developed in the framework of purely gaseous combustion. However,

four main terms need specific closure as far as two-phase flows are concerned:

• the mass source term ˜̇W
+

,

• the dissipation sχZ
of the mixture fraction variance equation,

• the chemical source term ˜̇ω+
,

• the dissipation sχc
of the progress variable variance equation.

5.2.1 Subgrid source terms modelling

Modelling the prevalent source terms in both equations of the mixture fraction and

progress variable variances consist into mimicking correlations between the mixture frac-

tion and the evaporation rate Z̃Ẇ and the progress variable and the chemical source

term c̃ω̇c. As it has been exposed since the beginning of this paper, three phenomena

are strongly coupled : spray dispersion (and preferential segregation) , droplet evapora-

tion and chemical reactions. Our objective is to be able to characterise the prevalent

correlations.
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Following a RANS formulation of Hollmann et Gutheil [10], Pera et al [1] suggested

a new model to estimate the mass source term Z̃Ẇ . The principle of the model is to

separate Z̃Ẇ into a correlated and an uncorrelated term:

Z̃Ẇ = α˜̇W Z̃2

Z̃
+ (1− α)(Z̃˜̇W ) (31)

where α is a correlation coefficient. In this work, we suggest to write a similar expression

for the chemical source term of the progress variable equation:

c̃ω̇c = αc
˜̇ωc

c̃2

c̃
+ (1− αc)(c̃˜̇ωc) (32)

Therefore for both variance equations, we have :

˜̇W
+

= 2(Z̃Ẇ − Z̃˜̇W ) = 2αZZ̃v(
˜̇W
Z̃
) (33)

and

˜̇ω+
= 2(c̃ω̇c − c̃˜̇ωc) = 2αcc̃v(

˜̇ω
c̃
) (34)

Comparisons between the exact correlation terms and its corresponding model are

presented in Fig. 7 and Fig. 8. In fact, when αc = 1, closure of the chemical source term

(Eq. 8) in the progress variable variance equation offer a very good agreement and results

very close to the one offered by the DNS have been found. A similar conclusion may be

drawn concerning the mixture fraction variance closure.

5.2.2 Dissipation closures

The dissipation term is as important as the various source terms in the variance equations.

Of course, there exist classical closures developed in the framework of gaseous combustion.

However, as soon as an evaporating spray is present in the gas phase, the local gradients

of vapour of fuel generally increases and the dissipation is the results of two counteracting

phenomena : droplets evaporation and the usual gaseous diffusion. Thus, to close properly

the dissipation term, the presence of the liquid phase has to be accounted for. Among

the various possible approaches, we chose to evaluate the linear relaxation model and the

equilibrium model.

19



0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
x 10

−4

t = 2τig

r/l
0

t = 6τig

(a) - St = 0.17

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

1

2

3

4

5

x 10
−4

t = 2τig

r/l
0

t = 6τig

(b) - St = 1.05

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

1

2

3

4

5

x 10
−4

t = 2τig

r/l
0

t = 6τig

(c) - St = 5.6

Figure 7: Mixture fraction mass source term : model (〈Z̃Ẇ 〉r, eq.33, dashed lines) com-
parisons with exact data from DNS (continuous line).
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Figure 8: Progress variable chemical source term : model (〈c̃ω̇c〉r, eq.34, dashed lines)
comparisons with exact data from DNS (continuous line).
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Figure 9: Mixture fraction dissipation : relaxation model (〈sχZ
〉r, eq.43, dashed lines)

comparisons with exact data from DNS (continuous line).
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5.2.3 Linear relaxation model

The linear relaxation hypothesis is very usual in the framework of RANS simulations.

It allows to estimate the dissipation rate from the local mixing characteristic delay. An

adaptation of this model to the LES formulation gives:

sχZ
= ρ̄

Z̃v

τ̃Z
(35)

This equation is a straightforward description of the micro-mixing thanks to a character-

istic mixing time τ̃Z , which is supposed to be proportional to the turbulent characteristic

time. Jimenez et al [11] suggested to consider that τ̃Z is proportional to the subgrid kinetic

energy k̃ and its corresponding dissipation rate ǫ̃. They used a Smagorinsky formulation:

ǫ̃ = 2(ν + C2
s ∆̃

2|S̃|)S̃S̃ (36)

and the Yoshizawa expression for the subgrid kinetic energy:

k̃ = 2CI∆̃
2S̃S̃ (37)

Eventually, they obtained:

2χ̃Z =
(ν + C2

s∆
2|S̃|)

ScCI∆2
Z̃v (38)

where CI and CS are constant to be determined. In a similar approach, Pera et al[1]

suggested to write:

sχZ
= C∗

χ

ρZ̃v

(∆2/νt)
(39)

and then, they used the Smagorinsky expression for the turbulent viscosity:

νt = (Cs∆)2|S̃| (40)

where |S̃| = (2S̃ · S̃)1/2 is the contraction of the stress tensor

S̃ =
1

2
(∇ũ+∇T ũ) (41)

and, eventually

sχZ
= Cχ|S̃|ρZ̃v (42)

Very recently, Domingo et al [7] used a similar approach to determine the scalar dissipation

rate in a gaseous configuration. They applied it for both the mixture fraction and the
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progress variable. In this part, we propose to test them in our two-phase configuration.

Formulations of the models are:

sχZ
= CχZ

|S̃|ρZ̃v (43)

and

sχc
= Cχc

|S̃|ρc̃v (44)

where CχZ
and Cχc

are two constants to be determined.

In Fig. 9 and 10, it is possible to see the comparison between these models and the

DNS results. When Cχc
= 1, the closure of Eq 44 is quite accurate. The global shape of

the subgrid dissipation rate of the progress variable is well captured. Similar good results

where observed in purely gaseous flows, with the same value of the constant by Domingo

et al [7].

On the other hand, the closure of Eq. 43 allowing to estimate sχZ
has been carried out

with the following constant value: CχZ
= 0.6. As it is shown in Fig. 9, the global shape

of the dissipation rate of the mixture fraction variance is not well captured for all Stokes

numbers. It means that the local segregation of the droplets affect the model results.

Even if the global value is well captured, a dynamical estimation of the constant would

improve the procedure.

5.2.4 Equilibrium model

In the framework of a purely gaseous flow, Pierce et Moin [19] used an equilibrium hypoth-

esis between production and dissipation terms to estimate the subgrid variances thanks

to the resolved fields. In 2006, Pera et al [1] used this model with inert two-phase flows

estimate the mixture fraction subgrid dissipation. By using a gradient type closure, they

wrote :

sχZ
= −τZ · ∇Z̃ +

ρ˜̇W
+

2
= ρ(νt/Sct)|∇Z̃|2 +

ρ˜̇W
+

2
(45)

with Dt = νt/Sct the turbulent diffusion term, which may be written

Dt = CZ∆
2|S̃| (46)

Eventually, the model expression is

sχZ
= CZρ∆

2|S̃|∇Z̃|2 +
ρ˜̇W

+

2
(47)
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Figure 10: Progress variable dissipation : relaxation model (〈sχc
〉r, eq.44, dashed lines)

comparisons with exact data from DNS (continuous line).
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Figure 11: Mixture fraction dissipation : equilibrium model (〈sχZ
〉r, eq.47, dashed lines)

comparisons with exact data from DNS (continuous line).

With CZ , a constant to be determined. In this work, we propose to use a similar formu-

lation for the estimation of the subgrid dissipation rate of the progress variable.

sχc
= Ccρ∆

2|S̃|∇c̃|2 +
ρ˜̇ω+

2
(48)

Comparisons between DNS and the closure of Eq. 47 and 48 are presented in figure 11

and 12. When CZ = 0.08 and Cc = 0.12, it appears that a good agreement may be

observed. The global shape of the dissipation rate of the progress variable is captured.

However, results are less satisfactory as far as the mixture fraction dissipation sχZ
is

concerned. The error on the mixture fraction dissipation when compared to the DNS is

identical to the one obtained with the algebraic closure (Fig. 9) in the fresh gases : about

15 %. Outside of this zone, in the flame front and in the burnt gases, the equilibrium

model compare well with the DNS. Again, a Stokes number dependance of the model

constants could improve the results.
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Figure 12: Progress variable dissipation : equilibrium model (〈sχc
〉r, eq.48, dashed lines)

comparisons with exact data from DNS (continuous line).
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6 CONCLUSION

Statistically stationary turbulence is used as carrier phase to study spray dispersion, evap-

oration and combustion thanks to a spectral DNS solver that allows a physical forcing of

the turbulence. The evolution of the dispersed liquid phase is modelled using a Lagrangian

description. A one-way coupling is applied between the Eulerian and Lagrangian solvers

as far as the momentum field is concerned. However, for the description of the vapour

mass fraction evolution a two-way coupling has been used. Consequently, turbulent flow

characteristics remain constant while the dispersion of various sprays is studied. The sole

effect of the droplet dynamics has thus been isolated and characterised for various sprays

by prescribing various Stokes numbers.

If the dispersion of non-evaporating droplets is first considered. It shows the formation

of clusters of particles whose size and dynamics are strongly dependent on the considered

Stokes number. When droplet evaporation occurs, the consequences of preferential seg-

regation on the whole evaporation process lead to various mixture fraction fields. Flame

ignition is done thanks to a premixed kernel in the centre of the computational domain.

A joint analysis of the mixture fraction and the progress variable has been carried

out. Following the positive conclusions of former works dedicated to non-reactive two-

phase flows or reactive one-phase flow, we decided to focus on the evolution equations of

the subgrid mixture variances of the mixture fraction and the progress variable. Models

dedicated to the estimation of the production of fluctuations due to evaporation and

chemical reactions have been suggested and tested. These models have a very good

behaviour when compared to the exact value extracted from DNS. Both reactive and non

reactive scalar dissipation models are adressed in the context of LES formulation. Algebric

or equilibrium closures give accurate result as far as the scalar dissipation in reactive flows

is concerned. But the scalar dissipation in inert flows is more sensitive to the evaporation

process. The algebric closure allows only the mean feature of the scalar dissipation to be

recovered. Equilibrium hypothesis leads to a new model that incorporates directly the

effect of evaporation. Some improvments are obtained with this model when compared

to DNS data.

To conclude, two interesting points may be underlined. First, the mixture fraction

evolution depends strongly on the Stokes number of the dispersing droplets. It affects

the result of the various models that use generally constant coefficients or dynamic co-
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efficients that do not depend on the local properties of the spray. However, the error

remains reasonable. On the other hand, because chemical effects are prevalent compared

to evaporation effects, the subgrid variance of the progress variable is not affected by the

droplets dynamics.
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