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Abstract—In this work, the problem of fault detection and
identification in systems described by Takagi-Sugeno fuzzy sys-
tems is studied. A proportional integral observer is conceived in
order to reconstruct state and faults which can affect the system.
In order to estimate actuator and sensor faults, a mathematical
transformation is made to conceive an augmented system, in
which the initial sensor fault appears as an actuator fault.
Considering actuator fault as an unknown input, one can use
an unknown inputs estimation method. The noise effect on the
state and fault estimation is also minimized.

I. I NTRODUCTION

Observers with unknown inputs [9] are used to estimate
actuators faults which can be assumed to unknown inputs.
This estimation can be made using a proportional integral
observer [5], [8], [13], [12]. In often cases, process can be
subjected to disturbances which have as origin the noises due
to its environment, uncertainty of measurements and faults
of sensors and/or actuators. These disturbances have harmful
effects on the normal behaviour of the process and their
estimation can be used to conceive a control strategy able
to minimize their effects [16]. In the case of sensor faults,
Edwards [3] proposes for linear systems to use a new state
which is a filtrate version of the output, to conceive an
augmented system in which the sensor fault appears as an
unknown input. This formulation was used by [17] to make
sensor faults estimation. Khedher and al. [7] were proposed
an extension of this method to nonlinear Takagi-Sugeno Fuzzy
systems.

The main contribution in this paper is to estimate simultane-
ously actuator and sensor fauls, affecting Takagi-Sugeno fuzzy
systems. Sensor faults estimation is made using the extension
of the mathematical transformation proposed in [3] to this kind
of models.

The paper is organised as follows. Section 2 recalls an
elementary background about the Takagi-Sugeno fuzzy model.
The proposed method of faults estimation is the subject of
section 3. A numerical example which shows the performance
of the proposed approach is presented in the last section.

II. ON THE TAKAGI -SUGENO FUZZY SYSTEMS

Approaches using nonlinear Takagi-Sugeno Fuzzy systems,
(sometimes named multiple model [6], [11]) are the object of
many works in different contexts dealing with the presence

of unknown inputs or parameter uncertainties [2], [4], [5],
[7], [12], [14]. This model, known as Takagi-Sugeno multiple
model, has been initially proposed, in a fuzzy modelling
framework, by Takagi and Sugeno [15] and in a multiple
model modelling framework by Johansen and Foss [6].

Each nonlinear dynamic system can be simply, described
by a Takagi-Sugeno fuzzy model [15]. A Takagi-Sugeno fuzzy
model, is the fuzzy fusion of many linear models, each of them
represents the local system behaviour around an operating
point. A Takagi-Sugeno model is described by fuzzy IF-THEN
rules which represent local linear input/output relationsof the
non-linear system. It has a rule base ofM rules, each having
p antecedents, where theith rule is expressed as

Ri : IF ξ1 is F i
1

and ... and ξp is F i
p

THEN :

{

ẋ(t) = Aix(t) +Biu(t)
y = Cix(t)

(1)

in which i = 1, ...,M, F i
j (j = 1, ..., p) are fuzzy sets and

ξ = [ξ1, ξ2, ..., ξp] is a known vector of premise variables [10]
which may depend on the state, the input or the output. The
final output of the normalized Takagi-Sugeno fuzzy model can
be inferred as:















ẋ(t) =
M
∑

i=1

µi(ξ(t))(Aix(t) +Biu(t))

y(t) =
M
∑

i=1

µi(ξ(t))Cix(t)

(2)

The weighting functionsµi(ξ(t)) are nonlinear and depend
on the decision variableξ(t).

The weighting functions are normalized rule defined as :

µi(ξ(t)) =
T

p
j=1

ωi(ξ(t))

M
∑

j=1

T
p
j=1

ωj(ξ(t))

(3)

whereωi(ξ(t)) is the grade of membership of the premise vari-
ableξ andT denotes a t-norm. The weighting functions must
satisfy the sum convex property expressed in the following
equations :

0 ≤ µi(ξ(t)) ≤ 1,

M
∑

i=1

µi(ξ(t)) = 1 (4)



If, in the equation which defines the output, we impose
that C1 = C2 = ... = CM = C, the output of the mutiple
model (2) is reduced to:y(t) = Cx(t) and the multiple model
becomes:

ẋ(t) =

M
∑

i=1

µi(ξ(t))(Aix(t) +Biu(t)) (5a)

y(t) = Cx(t) (5b)

This model has been largely considered for analysis, mod-
elling, control and state estimation of nonlinear systems [1].

III. FAULTS ESTIMATION

Consider the following nonlinear Takagi-Sugeno system
affected by a sensor fault, actuator fault and a measurement
noise described by :

ẋ(t) =

M
∑

i=1

µi(ξ(t))(Aix(t) +Biu(t) + Eif(t)) (6a)

y(t) = Cx(t) + Fg(t) +Dw(t) (6b)

wherex(t) ∈ Rn represents the system state,y(t) ∈ Rm is
the measured output,u(t) ∈ Rr is the system input,f(t) and
g(t) represent respectively actuator and sensor faults which are
assumed to be bounded andw(t) is the measurement noise.
Ai, Bi andC are known constant matrices with appropriate
dimensions.Ei, F andD are respectively the actuator faults,
the sensor faults and the noise distribution matrices whichare
assumed to be known. The scalarM represents the number of
local models.

Let us consider the new statez ∈ Rp given by :

ż(t) =

M
∑

i=1

µi(ξ(t))(−Āiz(t) + ĀiCx(t) + ĀiFg(t)) (7)

where−Āi, i ∈ 1, ..,M are stables matrices.
One introduce the augmented stateX =

[

xT zT
]T

, this
state is given by :

Ẋ(t) =

M
∑

i=1

µiξ(t))(AaiX(t) +Baiu(t) +Waie(t)) (8a)

Y (t) = CaX(t) +Daw(t) (8b)

with :

Aai =

[

Ai 0
ĀiC −Āi

]

, Bai =

[

Bi

0

]

, Da =

[

D

0

]

Ca =

[

C 0
0 I

]

, Wai =

[

E 0
0 ĀiF

]

, e =

[

f

g

]

(9)

The structure of the chosen observer is :

˙̂
X(t)=

M
∑

i=1

µi(ξ(t))(AaiX̂(t) +Baiu(t) +Waie(t)+

Ki(Y (t) − Ŷ (t)))

ê(t)=
M
∑

i=1

µi(ξ(t))(Li(Y (t) − Ŷ (t)))

Ŷ (t)= CaX̂(t)

(10)

whereX̂(t) is the estimated system state,ê(t) represents the
estimated fault,̂Y (t) is the estimated output,Ki are the local
model proportional observer gains andLi are the local model
integral gains to be computed.

Let us define the state estimation errorx̃(t) and the fault
estimation error̃e(t) :

x̃(t) = X(t) − X̂(t) and ẽ(t) = e(t) − ê(t) (11)

The dynamics of these errors can be expessed as follow :

˙̃x(t) =

M
∑

i=1

µi(ξ(t))((Aai−KiCa)x̃(t)+Waif̃(t)+KiDaw(t))

(12)

˙̃e(t) = ė(t) −
M
∑

i=1

µi(ξ(t))(LiCax̃(t) − LiDaw(t)) (13)

The following matrices are introduced :

ϕ =
[

x̃T ẽT
]T

and ε =
[

wT ėT
]T

(14)

The equations (12) and (13) can be written :

ϕ̇ = Amϕ+Bmε (15)

with :

Am =

M
∑

i=1

µi(ξ(t))Ãi and Bm =

M
∑

i=1

µi(ξ(t))B̃i (16)

where :

Ãi =

[

Aai −KiCa Wai

−LiCa 0

]

, B̃i =

[

−KiDa 0
−LiDa I

]

(17)

The matrixI is the identity matrix with appropriate dimen-
sions. In order to analyse the convergence of the generalized
estimation errorϕ(t), let us consider the following quadratic
Lyapunov candidate functionV (t) :

V (t) = ϕ(t)TPϕ(t) (18)

whereP denotes a positive definite matrix.
The problem of robust state and fault estimation is reduced

to find the gainsK and L of the observer to ensure an
asymptotic convergence ofϕ(t) towards zero ifε(t) = 0 and
to ensure a bounded error in the case whereε(t) 6= 0, i.e. :

lim
t→∞

ϕ(t) = 0 for ε(t) = 0

‖ϕ(t)‖Qϕ
≤ λ‖ε(t)‖Qε

for ε(t) 6= 0 ande(0) = 0
(19)

whereλ > 0 is the attenuation level. To satisfy the constraints
(19), it is sufficient to find a Lyapunov functionV (t) such that

V̇ (t) + ϕTQϕϕ− λ2εTQεε < 0 (20)

whereQϕ andQε are two positive definite matrices. In order
to simplify the notations, the time index(t) will be omitted
henceforth. The inequality (20) can also be written as :

ψT Ωψ < 0 (21)

with :

ψ =

[

ϕ

ε

]

, Ω =

[

AT
mP + PAm +Qϕ PBm

BT
mP −λ2Qε

]

(22)



The inequality (21) holds ifΩ < 0. The matricesAm and
Bm can be written as :

Am = Ãm − K̃mC̃ and Bm = −K̃mD̃ + Ĩ (23)

with : Ãm =
M
∑

i=1

µi(ξ)Ãmi and K̃m =
M
∑

i=1

µi(ξ)K̃mi

where :K̃mi =

[

Ki

Li

]

and Ãmi =

[

Aai Wai

0 0

]

With the following changes of variablesGm = PK̃m and
m = λ2, the matrixΩ can be put in the following form :

Ω =

[

PÃm + ÃT
mP −GmC̃ − C̃TGT

m +Qϕ −GmD̃ + P Ĩ

ĨTP − D̃TGT
m −mQε

]

(24)

As Ω =
M
∑

i=1

µi(ξ)Ωi, the negativity ofΩ is assured if,Ωi <

0∀i ∈ {1...M} with :

Ωi =

[

PÃmi + ÃT
miP −GiC̃ − C̃TGT

i +Qϕ −GiD̃ + P Ĩ

ĨTP − D̃TGT
i −mQε

]

(25)
andGi = PK̃mi. Solving LMI’s Ωi < 0 leads to determine
the matricesP andGi and the scalarm. The gain matrices
are then deduced :̃Kmi = P−1Gi. The observer design is
summarized by the following theorem:
Theorem: The system (15) describing the time evolution of
the state estimation error̃x and the fault estimation error̃f
is stable and theL2–gain of the transfer fromε(t) to ϕ(t) is
bounded, if there exists a symmetric, positive definite matrix
P , gain matricesGi, i ∈ {1...M} and a positive scalarm such
that the following LMI are verified:

Ωi =

[

PÃmi + ÃT
miP −GiC̃ − C̃TGT

i +Qϕ −GiD̃ + P Ĩ

ĨTP − D̃TGT
i −mQε

]

(26)
The observer gains (proportional and integral gains) are

computed usingK̃mi = P−1Gi and the attenuation level is
given byλ =

√
m.

IV. I LLUSTRATIVE EXAMPLE

Consider the nonlinear system described by a Takagi-
Sugeno model with two local models, four states and four
outputs, whereξ(t) = u(t). Its structure is given by :

ẋ(t) =

2
∑

i=1

µi(u(t))(Aix(t) +Biu(t) + Eif(t)) (27a)

y(t) = Cx(t) + Fg(t) +Dw(t) (27b)

The system matrices are defined as below :

A1 =









−0.3 −3 −0.5 0.1
−0.7 −5 2 4

2 −0.5 −5 −0.9
−0.7 −2 1 −0.9









, B1 =









1 2
5 1
4 −3
1 2









A2 =









−0.2 −3 −0.6 0.3
−0.6 −4 1 −0.6

3 −0.9 −7 −0.2
−0.5 −1 −2 −0.8









, B2 =









4 6
0 0
−4 2
7 6









E1 = B1, E2 = B2, C = I

D =









0.5 0.5
0.2 0.2
0.1 0.1
0 0.1









and F =









3.25 5
0 0.5

−3.25 1.75
5.75 5









The chosen weighting functions depends on the two inputs
of the system. They have been created on the basis of Gaussian
membership functions. Figure 1 shows their time-evolution
showing that the system is clearly nonlinear sinceµ1 andµ2

are not constant functions.
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Fig. 1. Weighting functions

Consideringu(t) =
[

u1(t) u2(t)
]T

, the signalu1(t)
is a telegraph type signal whose amplitude is belongs to the
interval [0, 0.5].
The signalu2(t) is defined byu2(t) = 0.3 + 0.1 sin(πt).
The actuator faultf(t) is made up of two components :
f(t) =

[

f1(t) f2(t)
]T

with :

f1 =

{

0, t ≤ 6sec
sin(0.5πt), t > 6sec

, f2 =

{

0, t ≤ 10sec
0.4, t > 10sec

and the sensor faultg(t) is defined as follows :
g(t) =

[

g1(t) g2(t)
]T

with :

g1 =

{

0, t ≤ 20sec
sin(0.3πt), t > 20sec

, g2 =

{

0, t ≤ 35sec
0.6, t > 35sec

ChoosingQϕ = Qε = I, Ā1 = 10 ∗ I andĀ2 = 15 ∗ I, the
µ, K1, K2, L1 andL2 can be computed by solving the LMI
(26).

The simulation results are shown in the figures 2 to 4.
the proposed method provides good estimates of the system
state (one present the states error of estimation of system (6)
and simultaneously actuator and sensor faults. The proposed
method allows to estimate faults even in the case of faults
varying in the time. Figures 3 and 4 show the effectivnes of
the method for faults having sinusoidal form.

V. CONCLUSION

This paper has presented an estimation method of sensor
and actuator faults. A mathematical transformation is usedto
considerate sensor fault as an unknown input to an augmented
system. This reconstruction is made for nonlinear systems rep-
resented by Takagi-Sugeno fuzzy models. This work include
the analysis of the noise effect on measures, the proposed
approche let possible to minimise the noise effect in the faults
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Fig. 2. State error estimation
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Fig. 3. Actuator faults and their estimation
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Fig. 4. Sensor faults and their estimation

estimation. The proposed method uses a proportionnal integral
observer which is able to estimate simultaneously the system
state and the faults. The observer design is formulated in
term of linear matrices inequalities (LMI). Small size example

have illustrated the efficiency of the proposed approach. It
is possible to use fault estimates to conceive a fault tolerant
control able to minimise its effect on the system behaviour.
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