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Valérie Le Blanc*
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Abstract

The purpose of this article is to study the persistence of solution of a
hyperbolic system under small viscous perturbation. Here, the solution of the
hyperbolic system is supposed to be periodic: it is a periodic perturbation
of a roll-wave. So, it has an infinity of shocks. The proof of the persistence
is based on an expansion of the viscous solution and estimates on Green’s
functions.

Keyword: vanishing viscosity, roll-waves, Green’s function.

1 Introduction
In this paper, we consider a one-dimensional system
ug + f(u)e = g(u”) + cug, (1)

with a smooth flux f : R — R" and a smooth function g : R® — R". We assume
that the corresponding system without viscosity

up+ f(u)e = g(u) (2)

is strictly hyperbolic.

We consider a piecewise smooth function w which is a distributional solution
of (f) on the domain R x [0;7*]. We assume that u is periodic in the z variable,
with a period L and that u has m noninteracting Lax shocks per period.

*Université de Lyon; Université Lyon 1; INSA de Lyon, F-69621; Ecole Centrale de Lyon; CNRS,
UMRS5208, Institut Camille Jordan; 43, boulevard du 11 novembre 1918; F-69622 Villeurbanne-
Cedex, France. E-mail address: leblanc@math.univ-lyonl.fr.
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INTRODUCTION

We show that u is a strong limit of solutions u® of ([l) as ¢ — 0. This work is of
course motivated by the conjecture that the admissible solutions of () are strong
limits of solutions of (fl) with the same initial data.

In the case of scalar conservation laws, the proof of this conjecture uses the
maximum principle [[[(], and in the case of special 2x2 systems, R. J. DiPerna proved
it by a compensated compactness argument [[[]. For the general case of shocks,
there is a first paper of J. Goodman and Z. P. Xin which proves this conjecture
for small amplitude Lax shocks [f]. This conjecture is also proved for a single non-
characteristic Lax shock or overcompressive shock by F. Rousset [[]. Here, we only
consider Lax shocks but we have an infinity of shocks.

An other motivation of this work states in the study of roll-waves, in fluid me-
chanics or in general hyperbolic systems with source terms. Indeed, P. Noble proved
the existence of roll-waves for this kind of system under assumptions on the source
term [[]. Specifically, in the case of inviscid Saint Venant equations

ht—|— (hU,)x = 0,
h2

hu)y + (g cos 0— + hu?), = ghsinf — c;u?,
2 f

one can prove that there exist roll-waves which are persistent under small perturba-
tion [§. So, there exist solutions of inviscid Saint Venant equations, near roll-waves.
Here, the idea is to prove that there exists a family of solutions of the viscous Saint
Venant system

he + (hu), =0,

h (3)
(hu); + (g cos 97 + hu?), = ghsinf — c;u® + e(huy).,

which tends to a solution of inviscid system as € goes to 0. We prove this result in
the case of full viscosity.

We can now give the full set of assumptions and formulate our main result. First,
we suppose that

(H1) system (B) is strictly hyperbolic.

That means that there exist smooth matrices P(u), D(u) such that

where D(u) = diag(A;(u), ..., A\, (w)) is a diagonal matrix and \; # A; for all ¢ # j.

(H2) u is a distributional solution of (B) on [0;7*]. Moreover, we suppose that u is
piecewise smooth, periodic, and has m noninteracting and non-characteristic
Lax shocks per period.
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Figure 1: Allure of solution u over one period when wu is scalar and m = 4. The
periodic roll-wave is drawn in dotted line. The solution which checks our assumptions
is represented by continuous line. One also placed the shocks for the two solutions.

That means that w is smooth except at the points (z,t) of smooth curves x =
X;(t)+iL,j=1,...,m,i € Z and that for all j, k,t,|X;(t) — Xx(¢)| > 2r > 0 (see
Figure ).

Moreover, following limits are finite:

O (t) .= OMu(X;(t) £0,t) =  lim  OFu(x,t).

=X °
Since the shocks are non-characteristic k-Lax shocks, we have:
MW7) << s (W) < Xi(t) < Me(w? ™) < - < N(ud ),

M) << (W) < Xi(t) < Mepr(Wh) <o < A (W ).

This assumption ensures the existence of at least one sonic point between two shocks.
We refer to [f] for the existence of such a solution in the case of Saint Venant
equations. This result can be extended to general hyperbolic systems.
These assumptions imply that there exists a viscous profile for each shock. More
precisely, for all j, there exists V7 such that

Vee = (fF(V?) = XjV7)e = 0 (4)
and
Vi(+oo,t) = u/=(t).

We will give more details on the properties of V7 in Section 2.1 Now, we only need
to expose some assumption of linear stability. Consider for 7 < T™, the operator

Liw =w.. — (df(Vi(z,7)) — XA(r))w..

J
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INTRODUCTION

We assume that the viscous shock profiles are linearly stable. This assumption is
equivalent to an Evans function criterion [IT].

(H3) V7 € [0;T*],7=1,...,m, LI is such that DI(\) #0 VA, R\ > 0, # 0, and
Di'(0) # 0, where D7 is the Evans function of £7.

We can now state our main theorem:

Theorem 1. Under assumptions (H1)—(H2)—(H3), for all ¢ > 0, there exists a
unique solution u® of (M) on [0;T*] such that

u(t=0,2) =u(t=0,x). (5)
Moreover, we have the convergences
|u® — ul| oo oy, 21 (0;2)) — 0, ase — 0.
And for any n € (0,1),

sup |u®(x,t) —u(z,t)] =0, ase—0.
0<t<T* |x—X;(t)|>en

The proof of this theorem is done in three steps: construction of an approximate
solution (which gives us an expansion of u° in ¢), estimates on the semigroup gen-
erated by linearized operator around this approximate solution and a Banach fixed
point argument to deal with the full problem.

The paper is organized as follows. In Section [], we build an approximate solution
ug,, of the full problem ([) close to u, solution of (f]) up to order 2 with respect to
e. This is done separating slow parts where ug,, is close to u and shock parts where

ugpp\ X,+ev 18 close to V;. More precisely, one expands v in the slow part as
uf(z,t) = u(w,t) + eui(z,t) + 2un(w, t) + o(e?)

where u is the solution of (B) and u; are solutions of the linearized equation of (J)
around wu, which is well-posed thanks to assumption (H3). In shock parts, the
expansion at shock j is

u(z,t) = VI(E (a,t,e),t) + V] (€ (w, t,0), 1) + VS (€ (2, t,€), 1) + 0(e?)

where the stretched variable is &/ (z,t,¢) = %J(t) + 67(t), V7 is solution of viscous

equation ([l) and V7, i = 1,2, are solutions of the linearized equation of (f]) around
V3. Moreover, the functions u;, V7 are related by matching conditions which ensure
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regularity on the approximate solution uf
expansions:

e $ () (B

where

app> Duilt by convex combination of the

(z) = 0if |z] > 2,

Y= 1t 2] < 1,

ez, 1) = VI(&(w, t,e), ) + V] (& (2, 1,2), 1) + V5 (¢ (w, 1, €), 1),
O%(z,t) = u(x,t) + cuy (z,t) + *uy(w, t).

With this construction, we prove the theorem:

Theorem 2. There exists an approzimate solution ug,, of () defined on [0;T*]. If
@ 1s a smooth change of variable which fizes the shocks (Vt,1, j, p((j — 1)% +il,t) =

X;(t) +iL), and U, (2,t) = ug,,(p(z,1),1), then U, verifies the equation

(tapp)t + [ Ugpp)e — (Uapy)aa — 9(Uay,) = G (2,1)

with the following estimates on §°

1o, 1165 11 zoes G5l < CE®, (6)

112 050 1G5 1 0:ys 1G5l iy < Ce™, (7)

1G] oo, @l < C M@ Ny, 120y < Ce* (8)
1G22 < OG22 0sn) < CE. (9)

Here, ug,, is constructed as a perturbation of u going to order 2, which allows
us to have estimates on ¢5, in L' in 7. This property will be useful to prove the
convergence of ug,, —u® to 0.

In Section [, we linearize ([[) in the neighbourhood of the approximate solution
ug,, and we compute estimates on the Green’s function. To do so, we use the method
of iterative construction of the Green’s function, which was first used by E. Grenier
and F. Rousset in [[]. So, we consider approximations of the Green’s functions in
neighbourhood of the shocks (given by K. Zumbrun and P. Howard in [[1]) and
we build our own approximation far away from the shock, using the characteristic
curves.

The last section is dedicated to the proof of theorem

Theorem 3. Under assumptions (H1)—(H2)—(H3), for all ¢, there exists u® solu-
tion of (M)-@) on (0;T*). And this u® verifies the convergences:

[u® — g, |l Lo (0:7)xr) = 0,

5



CONSTRUCTION OF THE APPROXIMATE SOLUTION

15 15
10" = ugpp | oo 07,21 ) — 0
when ¢ goes to zero.

This is done using standard arguments for parabolic problems. Indeed, we com-
bine estimates on ¢, and estimate on the Green’s function to obtain estimates on
u®—u: . and its derivatives, depending on £ and uniform in time for € small enough.

app’
Then, using the convergence of ug,, to u, we immediately deduce Theorem .

2 Construction of the approximate solution

The purpose of this section is to prove Theorem P on the existence of the approximate
solution ug,, of ([). In a first step, we compute formally this approximate solution
using outer and inner expansions of order 2. Indeed, in slow part, where Vu is
bounded, the solution u¢ of ([l) may be approximated by truncation of the formal
series

uf(z,t) ~ O (1,t) = u(z,t) + euy (@, 1) + 2uy(, t)

where u is the solution of (P]) we want to approach. Similarly, near the shocks j, we

search for ug,, with the inner expansion

Pz, t) = VI (x,t,e),t) + VP (€ (x,t,€),t) + 2V (€9 (x, t,€), 1)

where &(x,t,e) = T=22 4 () + £67(t) is the stretched variable an ' is the
here ¢/ L0 4 8] h hed variable and V7 is th

viscous shock profile, solution of (). We match this expansion by continuity of U
and its spatial derivatives.

In this section, we formally substitute these expansions in ([l) to find equations
satisfied by wu; and Vij, 1=1,2,7 =1,...,m, and matching conditions. Then, we
prove the existence of the u; and V;j on (0; 7*). Furthermore, we give rigorous esti-
mates on the error terms. We can remark here that we search for an approximation
of order 2, this will be useful to obtain good estimates on the second derivatives of
the error term.

2.1 Formal calculation and derivation of the equations

Substituting O° into ([l) and identifying the power of € in the expressions, we get
for = # X;(t):
O(e") t u + (f(u))e — g(u) =0,
O(e") s upy + (df (u) - ur)e — dg(u) - uy = Ugy,
1
O(e?) : ue + (Af () - uz)e — dg(u) - uz = urpe — §(d2f(u) - (u1,u1))a
1

+ 3 d?g(u) - (ug,uy).



Ezistence of solutions of the outer and inner problems

A similar calculation for I’¢ yields the set of equations:
O(e™) Vi = (F(V/) = XjV7)e =0,
O(e") + Vige — ((df (V) = X]) - Vi )e = VI + V{65, — g(V7),
O(e") : Viee = ((Af (V) = X)) V3)e = Vi + Vigh, + Vi o1, + S (@ F(V7)- (V] Vi)
— dg(Vj) . V1j-

We remark that the equations for w; are hyperbolic equations: the first one
is (B), so nonlinear, and the others are the linearization of (f]) around w. Similarly,
the equations for the shock profiles are ordinary equations: nonlinear for Vi, we
recognize (H), and its linearization around V7 for V{ and VJ. To maximize the

order of the approximation, we couple these equations with boundary conditions,
connecting u; and V. First, we note

O ult () = Fuy(X;(t) £0,8) =  lim | Fu(x,t), i=1,2.
{L'*)Xj(t):t
Then, we rewrite O° and I¢ with the variable &, in a vicinity of shock 7, and we ask
the two functions to coincide as € goes to 0. Therefore, we make Taylor expansion
of order 2 with respect to €. For example, for £ > 0, large enough,
O°(X;(t) +e(€ = (1) — e8] (1)), ) = W (1) + e (ul" (1) + uJ* (€ - &)
2
= (1" () + 2u1; ()€ — &) — 20370 + u L (£)(§ — 8)°) + o(e”)

and

(X () +e(€ = () —ed1(1)), 1) = VI (&, 1) + eVI (€,1) + 2V (€, 1) + o(<?)

Identifying the terms of same order on €, we get as £ — Foc:

Vi(+o0,t) = u!=(t), (10)
VI (€, 1) = ui™ (8) +ui (1)(€ = 6(t)) + o(1), (11)
V3 (€, 1) = ug™ (8) +ul; (1)(€ = G(t) + %ui’i(t)(& = 05(t))* — ufF ()8} () + o(1).

(12)

For more details on the computation of these conditions, we refer to [].

2.2 Existence of solutions of the outer and inner problems

In this section, we show that the solutions u; and Vij of the previous equations exist
under assumption (H3) on the spectral stability of the viscous shock profile. We
first remark that the leading-order outer function w is exactly the solution of (B)
which we want to approximate. Therefore, we first prove the existence of the Vi,
and then we prove the existence of u; and all the V7. Simultaneously, we prove the
existence of the §). Similarly, we prove the existence of uy, V3§ and &7.
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CONSTRUCTION OF THE APPROXIMATE SOLUTION

2.2.1 Construction at order 0

In this section, we deal with the existence of u, V7 which satisfy equations (J)-([)
and matching condition ([[J). The existence of u is exactly assumption (H2). Since
u is a distributional solution, u verifies Rankine-Hugoniot conditions at each shock

VR
F@™) = f(7) = X(t) (w”* — 7).

This property ensures the existence of the viscous shock profile V7 which verifies

Ve = (F(V) = Xj(t)V7)e = 0 (13)
and the asymptotic conditions:
Vi(+o0,t) = uE(t).

For the existence for all ¢ of such a profile and its properties, we refer to N. Kopell
and L. N. Howard [{]. In this section, we just recall the convergence rate of the
profile and its derivatives as £ — £o0o. Since v/* and u/~ are hyperbolic rest points
for the ordinary differential equation ([[3), we have for some w > 0 and for any
a €N

el veeR, (14)
e vkl veeR. (15)

|07 V(8. 1) — O w’= (1))

<
|0EVI(E )] <

2.2.2 Construction at order 1: existence of V{ and u,

In this section, we prove the existence of uq, Vlj, 56 on (0; 7%) such that

uie + (df (u) ul)x — dg(u) UL = Uggy | (16)
Vige = ((df (V7)) = X3) - Vi)e = Vi + V{65, — g(V7), (17)
VI (€, 1) = ul™ (1) + ul(£)(€ = 8(t)) + (1), € — oo, (18)

We first remark that these equations are linear. As in [[], it is convenient to deal
with bounded solutions. Therefore, we write

Ui = V¢ - i
where D{ is a smooth function such that:

pio su () i< -1,
1T ewt(t) ifE > 1,

Consequently, Uf solves:
Ulee = (df (V) = X)) - Ud)e = 8,V + W (&, 1), (19)
U (00, 1) = uf™(t) — 6 (t)ul*() (20)

8



Ezistence of solutions of the outer and inner problems

with
W(&,t) = =Dig + V) + ((df (V7)) = X)) D})e — g(V7).
From estimates ([[4), ([F), we deduce that h satisfies:
W(&,1) = T (0) + (Af () = Xul=(t) — 9(w*) + O(e™), a > 0.
And, since u is a smooth solution of (), we have h € L'(R) and: h7(¢,t) = O(e™¢l).
Integrating ([[9) with respect to £ yields

3
Ule = @F07) = X)U] = 87+ [ Woag+ciey @
0
where CY(t) is a constant, only depending on t.

Let us solve the problem ([1d)-(BI) with matching condition (R0). Following [{],
we construct the solution of this system in two steps. First, for all 7, we fix ¢ and
58, we find U7 solution of (BI) with finite limits at dco. Since these limits are
explicit and only depends on ¢, 58, and C7, we use the matching condition (BQ) to
rewrite ([[d) as a hyperbolic boundary value problem where u; and 58 are the only
unknowns. After solving this system, we use the previous construction to obtain U{
solution of (BI]) with matching conditions (20).

So, we fix ¢ and 58 for all j. With exactly the same arguments as in [{], we prove
the existence of U7 for all j. Hence, using assumption (H3) on the viscous shock
profile and theory of Fredholm operators, we show that Uf exists and the limits
satisfy: . .

Jm Ui, 1) = —(df () = X)) TG’ + HF + )
where H/* = foioo h(n,t)dn.

We now use matching conditions (R0) to eliminate CV in these relations. Indeed,
we have

(df (/™) = X))t = Gul")

J

(df (™) = X)) (u” — &ui,)

J

— (8™ + HI™ 4+ CY),

and their difference is
At — AT (w0 =) = AT — ATl ) — (HOY - HIT) (22)
where A7* = df(u/*) — X/(t).

Now, we have to solve ([[6), (B2). In order to find a solution of this system, we
rewrite it by fixing the shocks. Since the shocks do not interact, we can define a
change of variable Z (see Figure Bl) which is bijective, continuous in (z,t), piecewise
linear in « and piecewise smooth:

2(t2) = 5 K m H U 1)% it @ € [X;(t): X (B)]i=1,...,m.




CONSTRUCTION OF THE APPROXIMATE SOLUTION

3L

2L

3l

X, X, X3 X, X, +L"

Figure 2: Example of the change of variable Z in the case m = 4, for some t.

We also define vy by
ui(x,t) = vi(Z(t,x),t).

It follows from these definitions that v; solves
v+ (Zp df () + Z)(Z71(L, 2), t)vr. + h(2, t)vy — h(z,t) =0 (23)

where z — = = Z~!(t, z) is the inverse of z — z = Z(t, ), and, h and h only depend
on Z,u, Uy, and .
We now use the fact that df(u) is diagonalizable, df(u) = P(u)"*D(u)P(u) so

(Zpdf(u) + Z)(Z71(t, 2), 1) = P(z,t) " D(z,t)P(z,1).

Since zeroth order terms do not play any role in the wellposedness issue, we consider
the simplified system

w4 D(z, t)wiy = k(z, 1), (24)
AP T ]t = A (PI) el G (w7 =) = P () (25)

with & and I/ known functions. Therefore, we have to solve this system on [0; L]
under periodic boundary conditions. Since 0 and L correspond to the same shock,
the periodic boundary conditions are in fact the shock conditions (B5) for j = 1.
Equation (B4) is a linear transport equation on wy;,i = 1,...,n. Since, gener-
ically, the existence of u smooth on [0;7*] ensures that the characteristics do not
intersect on [0; 7], they can be used to build w; ; smooth between shocks, using the

10



Ezistence of solutions of the outer and inner problems

initial condition. So, it suffices to verify that the conditions (BJ) at the shocks are
well-posed. We must therefore count the incoming and outgoing information at the
shock. As we can see in Figure ], for i < k, the incoming characteristics come from
the right, so we obtain the value of w!’. For i > k, the incoming characteristics
come from the left, so we get w{; And for ¢ = k, the sign of the eigenvalue change
between two shocks: negative on the right of a shock and positive on the left, so,
using again characteristic construction, wy is defined on the whole interval delim-
ited by the shocks: we obtain w{;: and w{;.By this method we have built wy; on the
right or left side of each shock. We now use the boundary conditions () to obtain
all the components of w], and &},.

t A

Figure 3: Characteristic curves between two shocks, example with m = 2. We also
plot s; and s, which are sonic points for k-th eigenvalue, that means Ay (s;) = 0.

~ Indeed, if we note by r; the i-th eigenvector of df(u), and w, = }321 a;r;, then
al™ is known for i < k and @~ for i > k by our construction and we rewrite (23) as

S AT =N A el el 4 6, (w7 — ) = ()

i=1 i=1
or equivalently

ST = XDal it = SN - XD al T 4 B (w0t — ) = B (1),

i=1 i=1

11



CONSTRUCTION OF THE APPROXIMATE SOLUTION

This yields the linear system on the unknowns a *fori >k, a ~ for i < k, and 5

Z(Af — XNaltrit — Z(Agf — XDal T+ 8, (wt — i)

J 7 7 J 7 7
>k i<k

= F() = S = Xpal ]+ 3 = Xpal

i<k i>k

These equations have unique solutions if and only if the system obtained is invertible
for all ¢, that is the Majda-Liu condition:

- - P TR B i+
Vi=1,...,m, det(ri ,...,;m_, v/ —w" .. r7) #0.

Using [[7], our assumption (H3) implies Majda-Liu condition. To finish the con-
struction of the approximate solution, we use again the characteristics. By this way,
we have built a solution on the whole space R. To ensure the regularity of the so-
lution far away from the shocks, we only need suitable compatibility conditions on
the initial data.

Finally, we have proved the existence of u; and 5& for all 7 and for 0 < ¢ < T™.
The previous construction give us V7 for all j. We can then apply the same method
to obtain the existence of V5, 5{15 and usq, since the linear system has the same terms
of maximal order.

Remark 1. Since the construction of viscous shock profile only depends on the
shock, we can use the previous construction even if u is not periodic. However, we
will see in the following that the periodicity of u allows us first to obtain bounds on
uy and secondly to build the Green’s function in Section [.

2.3 Construction of the approximate solution

We complete the construction of an approximate solution of equation ([J). First, we
define a smooth function p such that:

0if 2] > 2,
u(w)z{ i1

Lif |z < 1.

Then, the approximate solution ug,, is defined as

ugpp:iu«_gi)f@) 5(z,t) + <1_Z/~L( >)>O€(:c,t)

. :
and ug,, verifies

(ufzpp>t + f(upr>m - €<u2pp>1'1' - g<u2pp> = qe

12



FEstimates on the error term

where ¢°(z,t) = Z?:1 ¢;(z,t) is an error term given by

gi(w,t) =(1 = p!) [(F(O%) = fu) — e df(u) - ur — * df (u)up — %Qde(U)-(uhul))x

— (9(0°) — g(u) — edg(u) - uy — *dg(u) - us — %ng(u) (ur,ur))
- €3u2mx]a
65(x,8) = [(F(I%) = f(VI) =2 df (V) - V] — & df(vf>-v;'—§ @ FV)- (V] V))a

— (g(I’%) = g(V?) —edg(V7) - V)
+ 2 (0u Vi, + V3, + V3 )],
g5(x,t) =p] (IF — O°) — el (I7° — OF) = 2ep (I'° — O°), + il (f(I7F) = f(O7))
+ [T+ (1= )0 — (1 f(I7F) + (1 — 1) f(O)).a
— g I+ (1= p?)O%) — (W g(I7%) + (1 — 1) g(O7)),

z—X;(t)
Y

and p/ =
We now want to prove that ug,, is a good approximation of u®, that means
u® — ug,, — 0 when € — 0. Therefore, we define w® = u® — ug,, which solves:

w4+ (df (Ugpp) - W)e — EWay — dg(ug,,) - w = —¢ + Q1 (Ugyy, ) — Q2(Ugyy, w)s (26)
with

Q1 (ugpp, w) = g(w + ug,,) — g(ug,,) — dg(ug,) - w
and

Q2(Ugpp, w) = fw +ugy,) — f(ug,) —df(ug,,) -w

which are at least quadratic terms in w.

2.4 Estimates on the error term

To end with the proof of Theorem [}, it remains to compute the estimates on the
error term ¢°. As in [B], we can estimate the support of functions ¢;:

supp(gf) © {(&,1) : |e = X;(8)] > €7},
supp(g5) C {(x,1) : | — X;(1)] < 27},
supp(g5) C {(,1) : &7 < | — X;(1)] < 27},

To obtain estimates on ¢ and their derivatives, we first need to fix the shocks by
a smooth change of variable. This manipulation cannot be avoided for the estimates
on ¢, q;y- So, we define

oet) =2+ (a0 (X0 - G- D2 -9 0) E0

13



CONSTRUCTION OF THE APPROXIMATE SOLUTION

where (-, t) are smooth functions, such that Zj a; = 1, ¢ is increasing, ¢, > 0
and o;(+, ) = 1 on a neighbourhood [(j —1)£ —r; (j —1)£ +7] of (j —1)£. We recall
that in assumption (H2) we have supposed that | X1 — X;| > 2r, which ensures
the existence of such a ¢.

With the notations

UNJ(Z,t) = w(SO(Za t)at) app(z t) app(gp(’z?t)’ t)a Cj&(zat) = qe(cp(z,t), t),

equation (2g) becomes:

th Eﬁpzz ~ 1 ~ ~c ~
1

- _q + Ql( app’w) - @Q2(Ia2pp7w>2' (28>
We now prove estimates ([)-({)-(B)-(0). Using the fact that f and g are smooth
and wu; is piecewise smooth, with discontinuities only at x = Xj;(t), we have the
following estimates for gj:
IG5 ]|z~ < O

where C' is a constant which does not depend on . Integrating this inequality, we
get:
161120y < CE°.

Moreover, if ¢ is small enough (such that 2e7 < r),

. ; z,t) — X,(¢
a0 = (L= ok e (PR
where the [...] is dominated by 3. Therefore we have
IG5l < Ce* @l o) < O

Similarly, we prove the same estimates for ¢j,,. Nevertheless we cannot have such
estimates for ¢i,. Indeed, we have

@mw:u—m»wfwﬂwﬁmﬁ‘X”ﬁLw

Y

so we just have
"qiz"Lw < 083777 ”qiz”Ll(O;L) < 083'

Similarly, we prove
”qithL‘x’ < 083777 ”qizt”LI(O;L) < 0837

14



FEstimates on the error term

||gizz||L°° S 0837277 ||q~‘1€zz||Ll(0;L) S 05377'

Then, we compute estimates for ¢;5:
1G5 10 @3l e, @Bl e < C€2,

1351122 0:)> N @5ell 0y ld5ee | 2 oszy < CE*H
1G5 1200 1520l 20 < C*7 N1 1105 1Bl 2 011y < CE™
||q~§zz||L°° < 0827277 ||q~§zz||Ll(0§L) < 062727
Eventually, we use matching conditions ([[0)-([[1])-([2) to prove the estimates on
G5- Indeed, the properties of viscous shock profiles provide that terms o(1) can be
replaced by el in the matching conditions with « a positive number. So, we have
forz—(j—1)& <
. L i [ 2—( '—1)% 1)E
15(p(z, ), 1) = Vi (F5 ) 4oV (S 1) 4 vy (20 )
= (1) + & [uf (1) + () (FELaR) | e luéi(t)

; 1)L _esi (= 1)L g5\ 2 . ,
i (f) (R ) o () () u;i(t)é{(t)]

l2=G-D &l
+0 <ea = )

and, using Taylor expansion for u;(X; + (z 4+ (j — 1)£ — £6))),

O (p(z,1),1) = u(z+X;—(j—1)E —ed,¢)
teur(z+ X;— (j—1)E —e61)
+etup(z+ X; — (j — 1) & —ed’,t)

= +wE(t) + uwlE(t) (2 — (j — 1)L 1 &6 +525])
+iulE () (z— (j — 1) 65]) + eul®

+eulT(z—(j — 1)L — ) + 2l
+0( 4+ (2 — (j — 1)m £6))%).

< 257},
@ <e3 + (z - (- 1)% - 658)3> = 0(7)

and we obtain the estimates:

Since I
(i1 8
z—(j 1)m o

supp(g3) C {(Z,t) g7 <

we have

1G5 1| zoe 11G5¢l 20w 150l | o= < CE™,

15



ESTIMATES ON THE GREEN’S FUNCTION

1351|202y 1@l 21 05 1 Gae 2 (o) < CE™,
135 zoe s 1G5l ee < CeV M@l Lt 0y |5t | 0sy < C™,
13522l < O 1G22l oy < C€
This ends the proof of Theorem .

3 Estimates on the Green’s function

We now consider the linear operator

S 1 _ 22\ -~ 1
Lfw = wy + — (df(u‘;pp) — o+ 5%) CW, — egwu

z z z

(2 o) o)

The aim of this section is to prove the following theorem:

Theorem 4. There exists a Green’s function G*(t, T, z,y) of the linear operator L*
defined for 0 < 1, t <T* z,y € R such that G*(t,7,z,y) =0 if T >t and

T* T*
sup / /|G€(t,7,z,y)\dzdt+\/5 sup / /|8ZGE(t,T,z,y)\dzdt§C (29)
o Jr o Jr

y,7<T* y, 7 <T*
where C' s positive and does not depend on €.

To find estimates on this Green’s function, we use approximations of the Green’s
function both near the shock and far away from the shocks.

First, we recall the method of iterative construction of the Green’s function of
E. Grenier and F. Rousset []]. Then, to approximate the Green’s function near the
shocks, we recall the result of K. Zumbrun and P. Howard [[[]]] about Green’s function
for pure viscous profile problem. Far away from the shocks, we use characteristic
curves to build some approximate Green’s functions. Finally, we combine all these
Green’s functions to obtain an approximate Green’s function of L and we find
bounds on the error terms.

3.1 Method

Here, we recall the method used by E. Grenier and F. Rousset in [f]]. We want to

construct an approximate Green’s function G, of L in the form

GE <t77—7z7y):

app

Sk<t7 T, Z, y)Hk:(Tu y)7

1M

16



Near the shocks

where Sy, are Green’s kernels which satisfy (29) and II, € C*([0,T*] x R, L(R™)) are
such that
|k (t, 2)v|| < Clv|, Vz>0,te|0;T*],veR"

and

WE
=

k=1
We next define the error Ri(-,7,-,y) = LeSk(r,y) for k = 1,..., N, and the
matrix of errors: M (T4, Ts) = (ox(T1,12))1<ki<n With

ou(Ty, 1) = sup / /|Hk (t,2)Ri(t, T, z,y)| dz dt.

T1<7<T3,ycsuppll;
Thanks to Theorem 2.2 of [f], we just have to prove that there exists €5 > 0 such
that 0 < T — T7 < g9 implies

lim Mp(Tl,TQ) = 0.

P—00

Remark 2. Since we consider the error in a matrix, we need to consider a finite
number of Green’s kernel S;. We will see in the following that the number of these
kernels is proportional to the number of shocks per period. So, this method does
not allow us to treat the case of a non-periodic perturbation.

3.2 Near the shocks

Near the shock j, we can approximate

Pzz
(df< app) ()025_'_8%0 )

z

df (VJ‘ <—Z_ (jg_ 1)#,7» X!

and we forget zeroth order term. Therefore, we search the Green’s functions for the
linear operators

~ L
Lijw = Jyw + (df (Vj <%,T>> —X;(T)) Wy — EW,,y

which depend on j and 7 < T*. As in [, we remark that these Green’s functions
GoI(t, z,y) verify

z

e e e

, A —(i—=1DL y=(1 =1L
ij(t,z,y)zleZ]<E,z U= Dy y= U )m>
£

17



ESTIMATES ON THE GREEN’S FUNCTION

where GH%J is the Green’s function related to the operator

Liw = 0w+ (df (VI (2,7)) — Xi(T)w, — w,..

J

In 1}, K. Zumbrun and P. Howard obtained estimates on the Green’s functions
which will be useful to obtain estimates for our operators. Let us denote by @ i(7‘),
and 7% (7) the eigenvalues and the associated eigenvectors of df(u/* (7)) — X HT).

Proposition 1. Under hypothesis (H3), we have

. ) . Met ;
z,&j+(r)>0
(z—a~ (r)t)?
eXp(_ ]Z\/[at >
+ Z O ] (T)Xz2<0
i,al " (1)<0 \/g_t

' exp . ,
9.G>? <th +(j — 1)£ y+(—1) L Z O ( = ) 7 (T)Xz20

m)~ :

m’ et
i,al T (7)>0
(z—al " (n)t)?
exp(— i ) -
+y. 0 — rl™(7)Xz<0
i@~ (1)<0
_ w2
exp Met t
+0 e 7= |,
et

(31)

where M and o are positive constants, and x designs characteristic function. More-
over, O’s are at least linear forms, locally bounded in y and uniformly bounded in

(t,2).

3.3 Far away from the shocks

As in the previous section, we do not search Green’s function for L® but for the
approximate operator L° defined by

c 1 =
Lfw = wy + ; (df(u(gp(z,t),t)) —prte 2 ) Cw, — szz.

z z z

18



Far away from the shocks

We remark that, as in the previous section, we forget the terms in w.
Recall that df(u(z,t)) is diagonalizable for all z,t, so we can write

df (ulp(z,1).1)) = Plulp(z, 1), 0)D(u(o(z ), ) Plulo(z, 1), £)
with D(u((z, £),1)) = diag(As(u(p(z, £),1))).

To obtain approximation of the Green’s function between two shocks, we define
J approximate problems on R, with continuous solutions. First, we set

A )\i(u(X;L(t),t)) if z € }—oo; (j— 1)#jL 8(5j] -
X (p(z,t),t) =< N(u(p(z,t),t) if z € }(] — 1)% + E5J;j% + 65]+1[,
Ai(u(X;y4(1), 1) if 2 € 7L +edt +oo].

Then, we want to find approximate Green’s functions for the scalar operators

. 1 . ..
Llw=w +— ()\f—cthrst)wZ—%wzz.
¥ ¥ ¥

z

z z

To do so, we define characteristic curves x/(t, 7,y) by
ool (t,7,y) = N (tmy), 1), t=>T,
Xi(r,7y) =y,

and the approximate Green’s functions

Gl(t, 1, 2,y) = %em (_(@(z,t) —42<(§t(t_,77,)90(y77))) ) '

We easily compute the error committed here

LIG] = (N(p(2,0):8) = N (4 (.7 0(y, 7)), D) GL(E, 7, 2, y).
Before we build the whole Green’s function, we introduce some notations. First,
we write A ‘
G’ = diag(G?).
In the sequel, we need to distinguish at each shock the outgoing waves to the in-
coming waves. We define

D= = diag(0,...,0,1,...,1), with & — 1 unit coefficients,
D=t = diag(1,...,1,0,...,0), with & — 1 null coefficients,
Dt = diag(1,...,1,0,...,0), with & unit coefficients,
Dtout = diag(0,...,0,1,...,1), with & null coefficients,

so that DT 4 D¥out — Id,
Finally, we define the projections

PEn(t 2) = P(t,2)D¥"P(t, 2) 71,
PEout(t 2) = P(t,2) DU P(t, 2) L.

19



ESTIMATES ON THE GREEN’S FUNCTION

3.4 Approximate Green’s function

Since the shocks are non-characteristic Lax shocks, we have the following inequality
on a neighbourhood of each shock j =1

[Ai(a(z, 1)) —

LM

L L
X)) >C>0if (j—1)——4dn<z<(j—1)—+4n,i=1,...,n
m m
We can assume that 7 is such that 4n < r so that a; = 1 in (1) on the previous
neighbourhood.

Furthermore, we need some cut-off smooth functions

0ifz<1 1if 2 < -2,
+ _ —
K<@—{1ﬁ222 and K~ (2) = {Oﬂz>—1

We also assume the cut-off function p already used to read as p = (1—K)(1—-K7).
We can now build an approximate Green’s function in the form

m 7
Gt T, 2,9) :ZZS (t,7, 2, y)TE(T, y)

where the Green’s kernels are periodic with period (0,0, L, L)

Si(t,T,2,y) = Z Si(t, 7,2+ 1L,y +1L)
leZ
with

. (2= G=DE (2=G-DEY e,

SO(thv Zay) _:u< 277 H M3€ GT (t T, Zay)a
Sitrzy)=pl=) K" 22U Dy P(t,2) D" GI(t, 7, 2,y)P(1,y) "
1,2\% 1> Y 2 27] M1€ ) y T2, Y Yy )

Sit,rzy)=p( =) K" 2=l P(t,2)D"GI(t, 7, 2, y) P(r,y) "
3\Y 1y 7y :u 27] M1€ 9 9 'y 7?/ y 9

Sﬁ(t,ﬂ 2,y) = <K+ <4<Z _ <j77_ 1)é)>+ K~ (@) — 1) P(t,2)G'P(r,y)" ",
Si(t, 7 2,y) = p <Z 3 Tf E) K- <Zﬂzj> P(t,2)D="GI(t, 7, 2, y) P(r,y)"",

- L
~ _ [ 2= J)= _ ; _
Sg.1(t =pl ==K | P(t,z) DG (t P !
6,7( ) Ty Zay) K (277) ( ]\4—15 ) ( 72) ( 77—727y) (Tay) ’

20




Approximate Green’s function

and the projectors are also periodic:

H(r,y) =Y TH(r,y+1L)

leZ

y-G-DEY (y-G-DE
p I Noe :

yj&jgﬁ) (1 _ K- (2(?/]\;?;%))) P—out@_’y)).

It appears that all the Green’s kernels can be written in the following form:
SH(t,7,2,y) = T(2)S(t,7,2,y) (32)

where T is a truncation function.
We will choose the three constants M, M,, M3 at the end of the estimates on
the error matrix so that they verify

1
AMy < My < ZMg.
These inequalities are necessary to have

2T
7,k

21
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ESTIMATES ON THE GREEN’S FUNCTION

and

GPP(1,7,2,y) = 0,(2) Id..

Under these notations, 5’{) describes the viscous dynamic at the shock j, 5{ the
creation of outgoing waves in a vicinity at the right of the shock j, Sg the creation
and propagation of outgoing waves away from the shock j, at its right, Sg the
creation and propagation of incoming waves at the right of the shock j. S’i describes
the propagation of the waves between the shocks j and j + 1 Moreover, the kernels
5?, Sg, Sg are the symmetric of respectively 5{, Sg, Sg for the left of the shock 5+ 1.
We summarize this splitting in Figure [.

5

\é‘{ . S‘% — | | propagation between two shocks [
. §j+1

S5

— 5} S PR PR

Sy

3=
<.
3=

G-1)

Figure 4: Summarize of the splitting by Green’s kernels.

3.5 Bounds on the error matrix

As said in Subsection B.]], to prove Theorem [l it remains to prove that MP con-
verges to 0 when p goes to oco. Since the coefficients of M are non-negative, it
suffices to prove that M is bounded above by an other matrix which has the “good”
convergence.

To bound the error terms, we use the same method than F. Rousset in [J]. We
split all the error terms into two parts: the truncation of the error on the kernel and
the commutator:

R;c = Eljcl + Elng
where, with the notation of (B3),
Egl(t, T,2,y) = T(2)LFS(t, T, 2,y) and Egk(t, T,2,y) = [L°, T (2)|S(t, T, 2, y).
Lemma 1. We have the estimates
at shock j: R) .
1Ljy— -1z /mi<anne By (75 2, ) || 1ee, 11 < CH(T + ),
1Ly (-1 /mi<ontye Lee0Poue Boa (8, 7y 2, 9) | 1, 11 . < O,

1Ly 1)z /mi<artse a0 Pi Ego (6,7 2, )| s, 1. < Cs + CoT;

22



Bounds on the error matriz

Jor the outgoing waves: R{,R;,Rg,ég . Let M > M,. we have:
11y -1z ymen=EL1 (67 2 9) | nee, 12 s 1Ly ES (6,702, ) || s, 1t

T,Y? T,y

, SCUT +e71) + s,
o Mzt 2 m

Y’

' <CY(T + 271 + s,
L} 1Ly>nrE55 (L, 7, 2, y) ”szy,L%J <C5+Ci(T+e),

Lt H]-yngeE%(t’ T, %, y)”Loo Lt

T,y

§C5 + Cl(T+€),'

|| 1y_(j_1)L/m§—MaEé1 (t7 T, Z, y) ||L°°

T,Y?
H 1y—(j—1)L/szeE{2 (ta T, %, y) HLgfy,

11y 1) pyme—nre Bl (.7, 2, ) || oo

T,y

for the incoming waves: ég, ég .
1y G vemonte B (67 2o, 1t o ILyare B (67, 2,9 s, 11
‘ < Ce(T + 271 + Cr,
L, 11y<—nm=E5 (¢, 7, 2, y) HLgfy,Lt{Z
< Cg + Cl(T + 6),’

H 1y_(j_1)L/m2MEEg2 <t7 T, Z, y) HL°°

T,Y?

between two shocks: R,

IR, 12, < Co(T +¢),
where C s locally bounded in My, M5,Cy is locally bounded in My uniformly in Ms,
C5 depends only on My and M3 and goes to 0 as Ms — +oo, Cy is independent of
My, My and Mz, Cs depends only on M and goes to 0 as M — +oo, Cg is locally
bounded in My, C7 goes to 0 as My — +0o0, and Cs is bounded uniformly in M.

Proof. We do not give here the complete proof of the lemma. Mainly, it deals with
terms that are not treated in [J]: zeroth order terms and terms related to ¢ or 7.

First, we consider the error at the shock j. On the support of EJ;, we have that
@.(-,t) =T and o+, t) = Xj(t) — 07 (t) so we obtain

N e 2= (j-1)E
Ey =n (—277 )M (—Mge )

+ (df(azpp) —df <Vj (—Z - (jg_ 1)/m,r)) + XI(7) — X)(1) +z—:5£) G

where h is a bounded function of ¢,z. Hence, using the fact that df and X; are

h ij(t -7, Zay)

smooth and the expression of ug,,, we have
. s=(-DE\ (:-(-DE .
1 < C (T p( Z0 ) (e vl + 9162 + 163

where C'is locally bounded in Mj. The calculations of [{] give directly a bound for
the first term, in G?J. So, it only remains to bound the integral:

T G-1)L/m+2Mse
/ |GS9(t — 7,2, y)| dz dt,
T (j—1)L/m—2M3e
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ESTIMATES ON THE GREEN’S FUNCTION

and, thanks to Proposition [I], to estimate:

/TT /AAZ \/ﬁ < <ZA_4§<<;__:)))2) dz dt.
—a(t—)

Using the classical change of variable 2/ = e’ we obtain the bound

(j—1)L/m+2M3ze

/ |G5i(t — 7, 2,y)|dzdt < CT
(j—1)L/m—2M3e

so this concludes the estimate for E(]n- For Egz, the linear term in G2/ disappears

in the commutator. Hence, there is no change with the proof of F. Rousset.

For the estimates on Rj i=1,2,3,5,6, and 7, we first remark that ¢, =1 on the
support of the errors, so EY] is bounded as in [E] except for the zeroth order term
which is treated as in the case of EJ;. So, we only consider the estimate on E7,. We
first remark that the support of this error is not of size . Indeed, the truncation

2n

bound:

(i1 L
0 (%) adds some error terms with support of size 4. Though, we have to

(G-1) +477
/ / (df(i,,) = X; +<6)) - L K+ ppronci p
2n

(J-1) +M1€

1 1 |
[4 K PDTGI P MK*(PD*"“tGJ)ZPl] dz dt.
U

21
The two terms in G’ are bounded by C'T, and the term in (PD°“G7), is bounded
by C(e + T). Indeed, for 1 < i < n,

+417 )
/ / e
(—1)L+Me
(G—1)L+4n N J 2
/ / |902<y7 )| exp _<¢<z7t) Xz (thu @(va») dZ dt
G-1) L 4ane \/ATe(t — ) de(t — )

@(th)*X{ (t,T,lP(yﬂ'))

\Ae(t—)

(G—1)L+4an ] T o
/ / G| < C/ /ez dz/ dt < CT.
(- 1) L e T R

Similarly, we have

/ / +4n
Gl
(— 1)L+M16
j—1)&+4n _ )2 3
// ey, T eXp (v —xi) 0. PN ) gear,
(— +M15 47rg<t—7') 48(t—7') 28(t—7')

24
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Bounds on the error matriz

And with the same change of variable, we obtain:

/ /‘(] 1) +4n i Y T s
G| <C e/ /\z\ez dZ'dt < C(T +¢),
(G-1)L+Me r VE—TJr

which gives the estimate for E7,.

Since there is not new difficulty in the proof of the estimates on Ri, we do not
develop it here. O

We now use Lemma [[] to bound the matrix M. Since the Green’s kernel depends
on the shock, we note

Tz ‘
AT = s [ [ ime R ) dea

Ty <7<T»,ycsupp H{

Since two shocks do not interact, the error coefficients aﬁ vanish for ¢ # j and kl # 0
and for |i — j| > 1. So the error matrix M is bounded:

M, M, M,
Ms M, M,

M <
M2 M3 Ml

where M5 is null except on the first column, and M3 is null except on the first line.
Moreover, using Lemma [l, and it was done in [[J], we can choose a@ < 1/2 and My, M,
such that when M3 — —i—oo, e, T"— 0, the matrices tend to

Q
e o Qe
Q2 22 Q

M, —

o oo Q-
9 0 0O
Q
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CONVERGENCE

Mg—)

So that M — M where the eigenvalues of M are 0 and 2. We can now conclude
that we have MP — 0 when p — oo. This ends the proof of Theorem {.

4 Convergence

The purpose of this section is to prove Theorem P and to conclude the proof of
Theorem [[. For this sake, it remains to show that solution of

~ ~c ~& 7 1 € 7)
L = —q + Ql(uapp7 U}) - ;Q2(u0«pp’w)z’ (33)

z

w(z,0) =0 (34)

vanishes as ¢ — 0. In the previous section, we obtain estimate (29) on the Green’s
function of operator L¢. We recall that (); and ()5 are at least quadratic in @ and
¢° verifies inequalities (B), ([1), (§), and (9).

As in [B], [@] and [H], we use standard arguments for parabolic equations. First,
we remark that local existence of a smooth solution w for (B3))-(B4) is classical. Then
we define

T° = sup{T; € [0; T*], 3w solution on R x [0;Ty), E(T}) < 1},
where

ot ol || ||
E<Tl> = A A (53'\/—04 + e3r—a—1/2 + £37—2a-1/2

537—204—1 E3’y—20¢—1 637—304—3/2 + E3’y—20¢—2

with a > 0 and «y € (2/3,1), chosen later.
Before estimating the L'—norms, we define the notation:

@]y = [|@]| L1 (o;72)x[0,2)) 1D ]loe = 10 Loo (0:72)x[0,L))
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First, we use Fourier coefficients ¢, to estimate ||@||z~. Indeed,

w(z,t):/ Wy(z, s ds-/ ch wWe(s))e™* ds
0

nel

Cn wzz ZTLZ
:/ co(wy(s ds+/ Z ‘ ds
0

n€eZ\{0}

@)oo < Cl@elly + @zzally) < Ce7307%2

when ¢ < 1. Hence, ||| tends to 0 as £ goes to 0 if v and « are such that
y—a>1/2.

We deduce that to prove that the time existence is 7" and that we have the
convergence, it remains to prove that 7¢ = T™ for € small enough. In the sequel, we
suppose that T° < T* so E(T¢) = 1.

Then, we can use the estimate on |||« to bound @ and its derivatives. First,

using (B3)-(B4)), we have

B(t,2) = / / G%rzy)( Qi >—é@2<azpp,w>z) (r, ) dy dr.

Also, we have for periodic function v the estimate

/R (/OL Ga(t,T,Z,y)dZ) Y(y)dy =0 </OL (/OL Ge(t, T, z,y)dz) »(y) dy) .

Therefore, we deduce
lolly < Ce® + Cllolloll@]ls + Cllolloo([@lr + (22 ]]1)

SO

< C(Ea + 637730173/2(1 + 571/2))'

This can be made smaller than 1 as ¢ — 0 if a and  are such that 3y —3a—2 > 0.
We now take the z derivative w and obtain an expression of w,:

Bu(t,7) = //Gamy)( P+, >—éc22<a3,,,,,w>z) () dy dr

and the estimate:

63“{ij1/2 < C(Ea +€3«/—3a—3/2(1 +€—1/2)).

Differentiating equation (BJ) with respect to t or z, we obtain equations verified
by w; and w,:

Lewt = ( q +Q1< app? ) Q2< app7 ) )t _'_11(12}7@27812}22)7
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CONVERGENCE

LEQI]Z - ( q + Ql( app) ) QQ( app? )Z)Z + ZQ(QD, w27 szz)

where [, and [ are continuous linear forms, uniformly bounded with respect to €.
Thus, using again the Green’s function, we get the inequalities:

[l

Taais SO 4 TR 1 e a7V e g e 1),

| ||1 < C(e20F1/2 . Br=B8am3/2 (ot 1/2 | =1/2) 4 oy 12y
537—204—1

||wzz||1 < C<€2a+1/27'\/ _'_83773a73/2<8a+1/2 +871/2) s +81/2).
c3r—20—1 =
In the last inequality, the right-hand side can be made smaller than 1 as ¢ — 0 if «
and v are such that 2o+ 1/2 — v > 0.
Differentiating again equation (BJ) with respect to ¢,z or z,z, we obtain the
equalities:

Lawtz = ( q + Ql( appa ) QZ( app’ )Z)tz + ZS(wawzawtawzzawztangzzangzt)a

LEQDtZ - ( q + Ql( app7 ) QQ( app) ) )ZZ + l4(w7wzawzzangzz)

where [3 and [, are continuous linear forms, uniformly bounded with respect to e.
As seen before, we deduce the inequalities:

w
SJLZJ{ZH;/Q S 0(63044-1—«/ +E3«/—3a—3/2(€2a+1 +€—1/2) +€2a+1 +€o¢ +€1/2)’

|- |1 < O(e20F3/2727 4 31=3a=3/2(at3/2 4 —1/2y | cat3/2 4 1/2)
e3r—20-2 —
The both bounds can be made smaller than 1 as ¢ — 0 if a and 7 are such that
3a+1—v>0and 2a+3/2— 27> 0.

We can now verify that there exist v and « checking all the previous conditions:
they define a non-empty trapeze in the plane «,y. Hence, we have proved that for
e small enough, we have E(T¢) < £# with 8 > 0. Consequently, we can not have
T¢ < T* for such an €. Moreover, using the change of variable ¢, we return to
w = u® — ug,,. Thus, we have

lw]loe < C=37372,

and

||u o uappHOO < 0537—304—3/2.

Inequality E(T™) <1 also gives
|w]| poorry < wells < O]y < Ce3r—a1/2
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|u® — ug,pl[Loo(rr) < Cedr—20-1/2,

This concludes the proof of Theorem [.
It only remains to prove Theorem [Il. Since ||ug,, — |1y = 0, we have the
convergence in L>((0; T*), L'(0; L)). Moreover, the fast convergences of the viscous

shock profiles V7 give the last point of the theorem.

5 Conclusion and perspectives

In this article, we have proved the persistence of solutions of the inviscid equation ()
close to roll-waves by adding full viscosity. One of the main assumptions that we
have taken is the periodicity of the solution of (B). This one is not necessary in
the construction of the approximate solution wg,,, but it gives that u; and wuy stay
bounded (because periodic). An idea to weaken this assumption would be that
solution u of (B]) approximates the roll-wave as |z| goes to infinity (in particular, the
shock curves would be closer as |z| goes to infinity). Moreover, the periodicity of u
allows us to use the method of [ to construct the Green’s function of L¢. Indeed,
in this step, the number of Green’s functions that we consider is proportional to
the number of shocks. In the periodic case, taking into account the repetitions, it
returns to a finite number of periodic Green’s kernels. Thus, we can write a matrix
of errors, and deduce Theorem [ on the existence of the Green’s function relative to
LF and estimates on this Green’s function. Another way to hope to obtain a finite
number of Green’s functions could be to assume that u coincides with the roll-wave
outside a bounded domain.

Furthermore, Theorem [[] proved here is valid in the case of an artificial viscosity.
Therefore, one should also study the persistence in the case of real viscosity as
presented to the system of Saint Venant (fJ).

Finally, one can also be interested in what happens in the multidimensional case.
For this, we could build on work already done in the case of a single multidimensional
shock, based on the study of Evans’ functions at each shock [{].
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