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Based on a three-level rate equations model, we analyze through numerical simulations the
population and photon number dynamics present within the cavity of a midinfrared quantum
cascade laser. We find in particular that the injection current influences significantly the electron
number dynamics trajectory. In addition, the equations that allow for the determination of the
turn-on delay �tth� and buildup ��t� times are derived within the premises of our model in the most
general case. The effects of the spontaneous emission factor � on �t are also explored.
© 2009 American Institute of Physics. �DOI: 10.1063/1.3124379�

I. INTRODUCTION

Quantum cascade �QC� lasers1 are unipolar devices
where the lasing process is assured by transitions between
quantized energy levels within the conduction band. As op-
posed to conventional ones, QC lasers present a fundamental
advantage residing in their characteristic property consisting
in the control of the wavelength of the emitted light via the
layer thickness rather than the band gap. This allows for the
emission wavelength of such a laser to be changed at will
without resorting to a different semiconductor. Up until now,
various operating schemes for the QC laser have been put
forward by different authors. Among the notable designs, the
following can be mentioned: the three quantum wells active
region scheme,2,3 the superlattice active region design,4,5 the
two phonons active region one,6 and the bound to continuum
design.7,8 Macroscopic theoretical modeling of the dynamics
of a QC laser is complete once one knows the equations that
govern the photon number in the cavity and the electron
distribution among the different states involved.9 On the
other hand, one can also adopt a microscopic approach in
modeling the carrier dynamics in these systems,10–13 in such
a case the need for phenomenological parameters is by-
passed.

In a QC laser the delay time plays an important role that
partly determines the device performance, in particular, it
causes spontaneous emission induced intensity noise in the
optical output power.14 Equally as important for the QC laser
operation is the turn-on delay time, that is the time needed
for the laser to reach threshold. This time depends on the QC
laser phonon scattering times and the injection current.

Our theoretical treatment laid below focuses only on the
electrically injected three-level QC laser design proposed by
Page et al.2 where lasing takes place through transitions from
the upper state �level 3� to the lower state �level 2�, and the
latter being subsequently depopulated by polar optical pho-
non emission into the ground state �level 1�. Intersubband

phonon scattering also occurs between levels 3 and 2, and 3
and 1, and is the main competing nonradiative process in
midinfrared QC lasers. For details of the structure, we kindly
refer the reader to the published literature.2,15

Our paper is organized as follows. Section I is a general
introduction to the subject. Section II describes the model
used to derive our results. Section III summarizes the salient
features of our numerical results on the time evolution of the
electron distribution among levels, the population inversion,
as well as the photon number within the cavity. In addition,
this section contains an analytical derivation of the turn-on
delay and buildup times. Finally, Sec. IV concludes our pa-
per and wraps up our main findings.

II. RATE EQUATIONS OF A MIDINFRARED QC LASER

Our investigation will focus on a three-level QC laser
such as encountered in the literature2,3 where the upper and
lower states will be taken as levels 3 and 2, respectively,
while the ground state used to empty the lower state through
LO phonon emission will be called level 1. We will denote
by N1, N2, and N3 the respective instantaneous numbers of
electrons in each of the three levels just alluded to and by Nph

the photon number of the cavity’s one and only mode, the
following rate equations then hold:

dN3

dt
= WL

J

e
−

N3

�3
− �

c��32

V
�N3 − N2�Nph, �1a�

dN2

dt
= � 1

�32
+

1

�sp
�N3 −

N2

�21
+ �

c��32

V
�N3 − N2�Nph, �1b�

dN1

dt
=

N3

�31
+

N2

�21
−

N1

�out
, �1c�

dNph

dt
= N�

c��32

V
�N3 − N2�Nph + N�

N3

�sp
−

Nph

�p
. �1d�

In the above system of equations, J denotes the electron cur-
rent density that tunnels into the upper level and e is the
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electronic charge, while W and L are the lateral widths of the
cavity. Denoting by N and Lp the number of stages and
length of each one of these, the whole volume V of the active
area is then given by NWLLp. In addition, in the above equa-
tions we introduced the mode confinement factor16 � and the
average velocity of light in the system c� given by c�
=c /neff, where neff and c are the effective refractive index of
the cavity and the speed of light in vacuum, respectively. The
important parameter17 � in Eq. �1d� defines the proportion of
spontaneous emission events that emit a photon into the cav-
ity mode whereas �32 stands for the stimulated emission
cross section between the upper and lower levels. The system
dynamics is mainly determined by the three nonradiative
scattering times denoted by �32, �31, and �21 that are due to
LO-phonon emission between the corresponding levels as
well as the radiative spontaneous relaxation time �sp between
levels 3 and 2. Furthermore, between two adjacent stages we
model the escape of electrons by a rate 1 /�out, where �out

stands for the electron escape time. To complete the picture,
we take into consideration the finite lifetime of the photon
denoted by �p and given by �p

−1=c���w+�m�, where �w is the
waveguide loss of the cavity while �m is the mirrors loss
expressed as �m=−ln�R1R2� / �2L�, where R1 and R2 are the
reflecting powers of facets 1 and 2, respectively.16 For the
sake of convenience, let us also introduce the lifetime �3 of
the upper level which we write as

1

�3
=

1

�32
+

1

�31
+

1

�sp
. �2�

The radiative spontaneous emission relaxation time can be
cast as follows:18

1

�sp
=

8�2e2neffz32
2

�0	
3 , �3�

where ez32 is the dipole matrix element between states 3 and
2, �0 is the permittivity of vacuum, 
 is the emission wave-
length, and 	 is the reduced Planck constant. The stimulated
emission cross section �32 is given by19

�32 =
4�e2z32

2

�0neff
�2�32�
, �4�

where 2�32 stands for the full width at half maximum of the
electroluminescence spectrum.

In the steady state all the time derivatives in the rate
equations given above vanish, an analytical solution of the
system becomes then feasible and the following expressions
for N3 and N2 ensue:

N3 =

WL
J

e
��21�

c��32

V
Nph + 1�

1

�3
+ �1 +

�21

�31
��

c��32

V
Nph

, �5�
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WL
J

e
� �21

�32
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�21

�sp
+ �21�

c��32

V
Nph�

1

�3
+ �1 +

�21

�31
��

c��32

V
Nph

. �6�

The population inversion �N between the upper and lower
levels as a function of the photon number Nph can be then
written as

�N =

WL
J

e
�3�1 −

�21

�32
−

�21

�sp
�

1 +
Nph

Nph,sat

, �7�

here we introduced the photon saturation number Nph,sat

given by

Nph,sat =
1

�3�1 +
�21

�31
��

c��32

V

. �8�

Making use of Eqs. �5�, �7�, and �8� in Eq. �1d�, the follow-
ing quadratic equation is then obtained for Nph:

Nph
2 − �� J

Jth
− 1� +

1

�1 +
�21

�31
�

�21

�r

�

�sp

J

Jth�Nph,satNph

−
�3

�r

�

�sp

J

Jth
Nph,sat

2 = 0, �9�

where Jth denotes the threshold current density, which we
define by equating the modal gain and the total losses that
include those due to the mirrors and waveguide while the
parameter �r is the radiative efficiency given by

�r =

1 −
�21

�32
−

�21

�sp

1 +
�21

�31

. �10�

At threshold, we have

N�
c��32

V
�Nth =

1

�p
, �11�

where �Nth is obtained from Eq. �7� by setting Nph to zero
and making Jth replace J. After easy algebra, we get for Jth

the following expression:

Jth =
1

�3�1 −
�21

�32
−

�21

�sp
�

Lp�0neff
�2�32�
4�ez32

2

��w + �m�
�

. �12�

In Eq. �9�, the last term can safely be dropped out and the
photon number can then be obtained as

�i� below threshold �J
Jth�,

Nph,1 	
�3

�r

�

�sp

1

� Jth

J
− 1�Nph,sat, �13�
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�ii� above threshold �J�Jth�,

Nph,2 	 �� J

Jth
− 1� +

1

�1 +
�21

�31
�

�

�sp

�21

�r

J

Jth�Nph,sat. �14�

The solution exhibited in case �i� is the trivial one and cor-
responds to a state where no laser oscillation takes place
since Nph	0. Clearly the most interesting situation is that of
case �ii� which shows that the photon number scales linearly
with the current density J. Setting Nph=0 and substituting Jth

in Eq. �7� by its expression displayed in Eq. �12� we obtain
the population inversion at threshold �Nth as

�Nth =
V

N�c��32�p
. �15�

Next using the theory developed above, we estimate numeri-
cally �p, �32, �sp, �m, Jth, �Nth, Nph,sat, and compute �N and
Nph for J=2.5Jth using the following experimental QC
laser parameters as reported in Refs. 2 and 15: W=34 �m,
L=1 mm, Lp=45 nm, R1=R2=0.29, �m=20 cm−1, N=48,
neff=3.27, z32=1.7 nm, �32=2.1 ps, �3=1.4 ps, �21=0.3 ps,

=9 �m, 2�32=12 meV, and �=0.32. Our results are as
follows: �p=3.36 ps, �sp=38 ns, �32=1.8�10−14 cm2, �m

=12.4 cm−1, Jth=3.33 kA /cm2, �Nth=8.5�106, Nph,sat

=9.16�108, �N=8.5�106, and Nph=1.37�109. We note in
passing the excellent agreement of our estimation for Jth

compared to the reported15 experimental value Jth
�exp�

=2.9 kA /cm2.

III. DYNAMICAL STUDY

A. Numerical analysis

In this section we explore the temporal evolution of the
photon number Nph and the population of levels N1, N2, and
N3. We carry this out by solving the system of nonlinear
differential equations given in Eqs. �1a�–�1d� using a fourth
order Runge–Kutta method with an integration step h
=0.1 ps and the following initial conditions N1=N2=N3

=Nph=0, the injection current J being finite and above
threshold. The main features of our results are exhibited in
Figs. 1–3.

In Fig. 1 we show the evolution of the electron number
in the various levels as a function of time for different injec-
tion current strengths, the parameters used being those used
in the previous section and are thus appropriate for cryogenic
temperatures.2,15 The different panels show first a very brief
initial overshoot lasting roughly less than 1 ps followed by a
regime where the distribution of electrons among the levels
remains roughly constant, the system stays in this state for a
period known as the buildup time �t that is of the order of
30–146 ps depending on the value of the injected current: the
higher the current the shorter the period. This stage corre-
sponds to a very small number of photons, as time passes
regardless of the current strength, the number of electrons in
the upper level decreases before reaching its stationary value
while populations of the lower levels follow a slightly differ-
ent route, reaching their equilibrium values much earlier. It is
noteworthy to mention that at low injection currents, the sys-

tem displays population inversions not only between levels 3
and 2 but levels 3 and 1 as well. This may give rise to a new
mode in the cavity although the likeliness of such an even-
tuality may not be very strong since in practice the two states
involved are spatially well separated which reduces their ra-
diative transition probability.

Figure 2 represents the time evolution of the population
inversion between levels 3 and 2 normalized by the popula-
tion inversion between the same levels at threshold �Nth.
Also shown on the same figure is the photon number normal-
ized by the saturation photon number Nph,sat, the results are
all obtained for an injection current J=2.5Jth. We can see that
population inversion goes through different stages before
reaching the stationary regime. First the injection of elec-
trons generates an increase in the population inversion �N
which after a time tth, known as the turn-on delay time,
reaches its threshold value �Nth, the cavity photon number
then starts to build up from the onset of spontaneous emis-
sion processes. In the second stage, the increase of the pho-
ton number in the cavity suffers a certain delay compared to
the buildup of the population inversion that follows the cur-
rent injection process. During this time, the population inver-
sion continues to increase, subsequently spurred by stimu-
lated emission that sets in, the photon number starts to
increase dramatically thus resulting in the decrease of the
population inversion.

The photon number still continues to increase slightly
while the population inversion decreases accordingly before
the laser reaches its stable stationary regime 60 ps after the
start of current injection. This behavior is similar to that
observed in conventional lasers.20 Moreover, the dynamic
trajectory followed by the system to reach its state of oscil-
lation depends crucially on the phonon scattering times and
the injection current density, it also depends strongly on the
spontaneous emission factor, as shown on Fig. 3, where we
plot the temporal evolution of the number of photons for
different values of the spontaneous emission factor �.

N
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Time (ps)Time (ps)

Time (ps)Time (ps)

1.25 thJ J�
1.5 thJ J�
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FIG. 1. Time evolution of the number of electrons in the various levels of
the QC laser under different bias currents. Solid line �level 3�, dashed line
�level 2�, and dotted line �level 1� for �=2�10−3 �Ref. 17� and �out=1 ps
�Ref. 13�.
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B. Derivation of the turn-on delay and buildup times

To compute the delay time td that elapses between the
moment the bias is applied and the time the photon number
reaches 10% of its stationary value we write td	 tth+�t,
where tth is the turn-on delay time needed for the population
inversion �N to reach its threshold value �Nth while �t, the
buildup time, is the interval of time where the number of
photons is still very small.

Note that in the interval �t the population inversion is
perfectly constant. In order to get the explicit turn-on delay
time equation for the QC laser, it is convenient to determine
the population inversion in terms of the QC laser parameters
in absence of photons.

With the initial condition N3�t=0�=0, Eq. �1a� can di-
rectly be solved yielding

N3�t� = WL
J

e
�3�1 − e−t/�3� . �16�

For N2�t� we use Eq. �1b� and write the solution as

N2�t� = u�t�v�t� . �17�

Substituting Eq. �17� back into Eq. �1b� in the absence of any
light fields and differentiating we get

u�t��dv�t�
dt

+
v

�21
� + v�t�

du�t�
dt

= � 1

�32
+

1

�sp
�N3. �18�

The solution being unique, we first get rid of the first term in
Eq. �18� by choosing v�t� as

v�t� = e−t/�21, �19�

then the remaining terms are easily handled and give for u�t�
the following expression:

u�t� = WL
J

e
�3� 1

�32
+

1

�sp
�
�21e

t/�21 +
1

1

�3
−

1

�21

�e−��1/�3�−�1/�21��t� + WL
J

e
�3� 1

�32
+

1

�sp
�c1, �20�

where c1 is a constant to be determined below by the initial
conditions.

Combining Eqs. �17�, �19�, and �20� we get the follow-
ing expression for

N2�t� = WL
J

e
�3�� 1

�32
+

1

�sp
���21 +

1

1

�3
−

1

�21

e−t/�3

+ � 1

�32
+

1

�sp
�c1e−t/�21� . �21�

The initial condition N2�t=0�=0 is fulfilled if we set c1=
−��21+1 / ��1 /�3�− �1 /�21��� and the solution then becomes
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FIG. 2. Time evolution of the normalized population
inversion �N /�Nth �dashed line� and normalized pho-
ton number Nph /Nph,sat �solid line� for �=2�10−3 �Ref.
17� and �out=1 ps �Ref. 13�.
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FIG. 3. Time evolution of the number of photons for different spontaneous
emission factors: solid line: �=6�10−2, dashed line: �=4�10−2, dotted
line: �=2�10−2, and dot-dashed line: �=2�10−3, �out=1 ps �Ref. 13� and
J=2.5Jth.
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N2�t� = WL
J

e
�3�21� 1

�32
+

1

�sp
�

��
�21

�3
�1 − e−t/�21� − 1 + e−t/�3

�21

�3
− 1 � . �22�

From Eqs. �16� and �22� we deduce the population inversion
between levels 3 and 2 as

�N�t� = WL
J

e
�3�1 − e−t/�3��1 − WL

J

e
�3�1 − e−t/�21��2,

�23�

where the coefficients �1 and �2 are defined as

�1 = 1 + �21� 1

�32
+

1

�sp
� 1

�21

�3
− 1

�24a�

�2 = �21� 1

�32
+

1

�sp
� �21

�3

1

�21

�3
− 1

. �24b�

It is quite easy to see from Eq. �23� that the population in-
version asymptotically approaches the value �N�= �1
−�21 /�32−�21 /�sp��3J /e. The threshold condition �N=�Nth

is reached after a time tth solution of the equation that results
by combining Eqs. �15� and �23�, i.e.,

�1 exp�−
tth

�3
� − �2 exp�−

tth

�21
�

�1 − �2
= 1 − Jth/J . �25�

In the limiting case of a bipolar laser Eq. �25� still applies,
indeed in that situation16 �21��32 and �1 and �2 then ap-
proach 1 and 0, respectively. One then obtains the same
turn-on delay time as for a conventional laser, i.e., the al-
ready known result16 tth=�3 ln�J / �J−Jth��.

Now, in order to determine the evolution of the photon
number in the interval where the oscillation develops lin-
early, one can replace the dynamic variables �N and N3 by
their respective values �N�0� and N3

�0� when the number of
photons in the cavity is still small, and retains the equation
which results from it for the Nph variable only. From Eqs. �5�
and �7� we obtain for N3

�0� and �N�0�,

N3
�0� = WL

J

e
�3, �26�

�N�0� = WL
J

e
�3�1 −

�21

�32
−

�21

�sp
� , �27�

substituting these into Eq. �1d� and taking into account Eq.
�11�, we obtain the following linear first order differential
equation for the photon number:

dNph

dt
=

1

�p
� J

Jth
− 1�Nph + WL

J

e
�3

N�

�sp
. �28�

We use the following initial conditions for the intra-cavity
photon number Nph�t=0�=0. Then Eq. �28� can be directly
solved, thus

Nph�t� =
�p

J

Jth
− 1

WL�3
N�

�sp

J

e
�e�J/Jth−1�t/�p − 1� . �29�

Now, to compute the buildup time �t10%, i.e., the time nec-
essary for the laser to reach 10% of its stationary photon
number, we invert Eq. �29� to get

�t10% =
�p

J

Jth
− 1

ln�1 +
1

10
� J

Jth
− 1�2 1

WL
J

e
�3�p

�sp

N�
Nph,sat� .

�30�

From Eqs. �25� and �30� we find the connection between the
delay time and such fundamental QC laser parameters as the
current injection strength, the spontaneous emission factor,
and the phonon scattering time, the relationship reads

td 	 tth +
�p

J

Jth
− 1

ln�1 +
1

10
� J

Jth
− 1�2 1

WL
J

e
�3�p

�sp

N�
Nph,sat� .

�31�

We show in Fig. 4 the variation of the turn-on delay time as
a function of the normalized current density J /Jth which we
vary from 1 to 7, the parameters used to solve Eq. �25� being
those of the previous section. It is worthwhile to stress the
strong decrease of tth as the injected current J increases from
its minimal value Jth upward. In Fig. 5, the buildup time is
plotted versus normalized electron current injection for three
values of �, the spontaneous emission factor, and we can
easily see that the buildup time is a decreasing function of
both J and �.
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FIG. 4. Turn-on delay time variation vs normalized current density.
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IV. CONCLUSION

Using a simple rate equations model, we studied the dy-
namics of a three-level midinfrared QC laser using realistic
experimental parameters taken from the literature. The injec-
tion current is found to play a central role, dictating among
other things both the values of the turn-on and delay times.
We also developed an analytical scheme to derive the turn-on
and delay times as functions of J and the different scattering
times of the system. Our numerical results also show that the
spontaneous emission factor affects the delay time quite
strongly.
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