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Abstract. Let M be a bounded domain of R? with smooth boundary. We relate the Cheeger
constant of M and the conductance of a neighborhood graph defined on a random sample from M.
By restricting the minimization defining the latter over a particular class of subsets, we obtain con-
sistency (after normalization) as the sample size increases, and show that any minimizing sequence
of subsets has a subsequence converging to a Cheeger set of M.

Index Terms: Cheeger isoperimetric constant of a manifold, conductance of a graph, neighborhood
graph, spectral clustering, U-processes, empirical processes.

AMS 2000 Classification: 62G05, 62G20.

1 Introduction and main results

The Cheeger isoperimetric constant may be defined for a Euclidean domain as well as for a graph.
In either case it quantifies how well the set can be bisected or ‘cut’ into two pieces that are as little
connected as possible. Motivated by recent developments in spectral clustering and computational
geometry, we relate the Cheeger constant of a neighborhood graph defined on a sample from a
domain and the Cheeger constant of the domain itself.

Given a graph G with weights {d;;}, the normalized cut of a subset S C G is defined as

a(S)
min{§(S),d(5¢)}’

h(S;G) = (1.1)

where S¢ denotes the complement of S in G, and

0(S) =D by o(S)=>_> 4y, (1.2)

i€S j#i icS jese

are the discrete volume and perimeter of S. The Cheeger constant or conductance of the graph G
is defined as the value of the optimal normalized cut over all non-empty subsets of G, i.e.

H(G) = min{h(S;G): S C G, S # 0} (1.3)

A corresponding quantity can be defined for a domain of a Euclidean space. Let M be a bounded
domain (i.e. open, connected subset) of R? with smooth boundary M. For an integer 1 < k < d,
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let Vol denote the k-dimensional volume (Hausdorff measure) in RY. For an open subset A C R,
define its normalized cut with respect to M by

Volg_1(0AN M)
min{Voly(A N M), Voly(Ac N M)}’

h(A; M) =

where A¢ denotes the complement of A in R? and with the convention that 0/0 = co. The Cheeger
(isoperimetric) constant of M is defined as

H(M) = inf{h(A; M) : )AN M is a smooth submanifold of co-dimension 1}.

Equivalently, the infimum may be restricted to all open subsets of M. This quantity was introduced
by Cheeger [I5] in order to bound the eigengap of the spectrum of the Laplacian on a manifold. A
Cheeger set is a subset A C M such that h(A; M) = H(M); there is always a Cheeger set and it
is unique under some conditions on the domain M [12]. For A C M, we call 9A N M its relative
boundary.

1.1 Consistency of the normalized cut

Suppose that we observe an i.i.d. random sample &,, = (X1, ..., X,,) from the uniform distribution
pon M. For r > 0, let Gy, be the graph with nodes the sample points and edge weights d;; =
1{||X; — X;|| < r}, which is an instance of a random geometric graph [29]. Let wy denote the
d-volume of the unit d-dimensional ball, and define

1= [ (fw2), 1lel < 1 (1.4

where u is any unit-norm vector of R, Actually v is the average volume of a spherical cap when
the height is chosen uniformly at random. We establish the pointwise consistency of the normalized
cut, which yields an asymptotic upper bound on the Cheeger constant of the neighborhood graph
based on the Cheeger constant of the manifold. This is the first result we know of that relates these
two quantities.

Theorem 1. Let A be a fired subset of M with smooth relative boundary. Fix a sequence v, — 0
with nrflﬁl/logn — 0, and let S,, = AN Gy, p,,. Then with probability one

w

S R(S; G ) = B(A; M),

Vrn
and, consequently,

w
lim sup —dH(Gn,Tn) < H(M).
n—oo VTI'n
We do not know whether the Cheeger constant of the neighborhood graph, for an appropriate

choice of the connectivity radius and properly normalized, converges to the Cheeger constant of
the domain.



1.2 Consistent estimation of the Cheeger constant and Cheeger sets

We obtain a consistent estimator of the Cheeger constant H (M) by restricting the minimization
defining the conductance of the neighborhood graph (3] to subsets associated with subsets of R?
with controlled reach. The reach of a subset S C R¢ [20], denoted reach(S), is the supremum over
1 > 0 such that, for each = within distance 7 of .S, there is a unique point in S that is closest to .

Theorem 2. Let {r,}, {pn} and {ay,} be sequences going to 0 as n — 0o such that p, > a, > 2r,.
Let {B,} be a sequence such that 3, — 0o as n — oo and suppose that

2d d+2
P — 00 and "
Bnrn log(n)

Let Ry, be a class of (bounded) open subsets R C R? such that Voly(R) < S, and reach(OR) > p,.
Define the functional hfl over R, by

I — ﬁh X,
hn(R) Vi (Rﬂ n;Gn,rn)

if both R and R® contain a ball of radius o, centered at a sample point and hﬁ(R) = oo otherwise.

(i) With probability one,
min hi(R) — H(M), n — oco.
RERn
(ii) Let {Ry} be a sequence satisfying
R, € R, ht(R,) = min{h}(R) : R € R,}. (1.5)

Then with probability one, {R, N M} admits a subsequence converging in the L‘-metric.
Moreover, any subsequence of {R, N\ M} converging in the L'-metric converges to a Cheeger
set.

Note that the infimum defining R,, in (L5 is attained in R,, since the function hi, takes only
a finite number of values. Under our conditions, if we choose 7, as a power of n then, up to log(n)
factors, the smallest choice for 7, is on the order of n=/(4+2)  Similarly, the smallest orders for
pn and oy, are n~ 1/ ((d+2)(1+2d) yp o log(n) factors. The sequence f3,, is used to uniformly bound
the perimeters over the class R,, by £, /pn, up to a multiple constant. It is only necessary that f,
becomes larger than Voly(M) for all n large enough, so that (3, can be allowed to grow slowly with
n.

Part (i) of Theorem 2l would provide a consistent estimate of a Cheeger set of M, if it where for
the fact that only R,, " M converges, which depends on M. On the other hand reconstructing an
unknown set from a random sample of it is an independent problem for which there exists multiple
techniques and an important literature (see e.g., [6] and the references therein). In the following
Theorem, we construct a random discrete measure which does not require the knowledge of M, and
we prove that its accumulation points are the uniform measures supported by a Cheeger set of M.

Theorem 3. Let {R,} be a sequence as in Theorem [2-(ii), {R,,} a subsequence of {R,} with
Rn, N M — A in L. Define the random discrete measure Q, = %Z?:l 1r,(X;)0x, and the
measure QQ = 14 ()p. Then, that Q,, converges weakly to Q) is an event which holds with probability
one.



As an example of an estimate of a Cheeger set of M, one can consider a union of balls of radius
Ky centered at the observations falling in R,,. Under appropriate conditions, it is known that this
estimate converges in L'; see [6].

Let us mention that with our result, only the “regular” part of a Cheeger set can be recon-
structed. Indeed, in dimension d > 8, the boundary of a Cheeger set is not necessarily regular and
may contain parts of codimension greater than 1.

1.3 Connections to the literature

Our results relating the respective Cheeger constants of a domain and of a neighborhood graph
defined from a sample from the domain are the first of their kind, as far as we know. The connections
to the literature stem from the concept of normalized cut taking a central place in graph partitioning
and related methods in clustering; from a recent trend in computational geometry (and topology)
aiming at estimating geometrical (and topological) attributes of a set based on a sample; and from
the fact that we can use the conductance to bound the mixing time of a random walk on the
neighborhood graph.

Clustering. In spectral graph partitioning, the goal is to partition a graph G into subgraphs
based on the eigenvalues and eigenvectors of the Laplacian [32],[16]. It arises as a convex relaxation of
the combinatorial search of finding an optimal bisection in terms of the normalized cut. Given a set
of points X7i,..., X, and a dissimilarity measure (or kernel) ¢, spectral clustering applies spectral
graph partitioning to the graph with nodes the data points and edge weight d;; = ¢(X;, X;) between
X; and X [34]. For instance, if the points are embedded in a Euclidean space, the kernel ¢ is often
of the form ¢(x,y) = ¢¥(||xr — y||/o), where o is a tuning parameter, and v is, e.g., the Gaussian
kernel 9(t) = exp(—t®) or the simple kernel ¢(t) = 1} () [26, B]. The consistency of spectral
methods has been analyzed in this context [35], 28|, 4l 21, B1]. However, there is nothing in the
literature about the consistency of the normalized cut. We partially fill that gap by relating the
Cheeger constant of the graph to the Cheeger constant of the underlying domain from which the
points are sampled.

Computational geometry (and topology). The Cheeger constant H (M), and Cheeger sets, are
bona fide geometric characteristics of the domain M that we might want to estimate, following a fast
developing line of research around the estimation of some geometric and topological characteristics
of sets from a sample, e.g., the number of connected components [5], the intrinsic dimensionality [25]
and, more generally, the homology [27] [10] 1Tl 37, [14], B30l 13]; the Minkowski content [I7], as well
as the perimeter and area (volume) [g].

Random walks. Random geometric graphs are gaining popularity as models for real-life net-
works. Some protocols for passing information between nodes amounts to performing a random
walk and it is important to bound the time it takes for information to spread to the whole network;
see [2] and references therein. It is well-known that, given a graph G, a lower bound on H(G) may
be used to bound the mixing time the random walk on G. This is the path taken in [7] 2] when
M is the unit hypercube and the graph is G, ,. However, in both papers the authors reduce the
setting to that of a regular grid without rigorous justification, leaving the problem unresolved (in
our opinion) even in this particular case.



1.4 Discussion

Generalizations. With some additional work, our results and methodology extend to settings
where the kernel (here the simple kernel) is fast decaying and where the data points are sampled
from a probability distribution on M that has a non-vanishing density with respect to the uniform
distribution. It would also be interesting to consider the setting where M is a d-dimensional
smooth submanifold embedded in some Euclidean ambient space, using the maps as is done e.g.,
in [9, Lem. 3.4].

An open problem. Whether the normalized Cheeger constants of some sequence of neighbor-
hood graphs converges to the Cheeger constant of the domain is an intriguing question. To para-
phrase the question we leave open, is there a sequence {r,} such that, with probability one,

lim L H(G,,.) = H(M)?

n—00 YIy,
A positive answer would establish the consistency of the normalized cut criterion for graph parti-
tioning. Also, a lower bound on H (G, ,) would provide a lower bound on the eigengap between
the first and second eigenvalue of the Laplacian, which in turn may be used to bound the mixing
time of the random walk on G,, ,,,, as done in [7], 2] when M is the unit hypercube.

Consistent estimation in polynomial time. Our estimation procedures, though theoretically
valid and consistent, are not practical. It would be interesting to know whether there is a consistent
estimator for the Cheeger constant that can be implemented in polynomial-time. Note that com-
puting the Cheeger constant of a graph is NP-hard (which motivates the use of spectral methods),
and even the best polynomial-time approximations we are aware of are not precise enough to allow
consistency [I].

1.5 Content

The rest of the paper is organized as follows. In Section [, we establish the convergence of discrete
volume and perimeter to continuous volume and perimeter for a subset of M with smooth relative
boundary based on Hoeffding’s inequality for U-statistics [24] and deduce the lim sup bound given
in Theorem [I] via the lower semi-continuity of hA(-; M). In Section @l we prove Theorem [2] and
Theorem [ using results on empirical U-processes [18], and examine convergence of the Cheeger set
of the random graph to a Cheeger set of M using some compacity properties of the L'-metric [23].
Some auxiliary results are gathered in Section [ and some geometrical results of independent inter-
est are collected in Section [6l In the Appendix we state some results on concentration inequalities
for U-statistics and some compacity properties of the L'-metric.

2 Notation and background

The reach coincides with the condition number introduced in [27] for submanifolds without bound-
ary, and the property reach(0A) > r is equivalent to A and A€ being both r-convex [36], in the
sense that a ball of radius r rolls freely inside A and A°. (We say that a ball of radius r rolls freely
in A if, for all p € JA, there is © € A such that p € 0B(x,r) and B(z,r) C A.) It is well-known



that the reach bounds the radius of curvature from below [20, Thm. 4.18]. For r < reach(0M), let
M, denote the subset of M made of points at a distance r or more from OM.
The uniform measure on M is denoted p, so that u(A) = Volg(A N M)/ Voly(M); and the
normalized perimeter is denoted v(A) = Voly_1(0A N M)/ Voly(M). Define
(ANX,; Gy, B o(ANX,; G )

- V ~ vp(A)
pn(A) = wgn(n —Tyrd n(A) = yn(n — Dyrd+ hn(A) = pin(A)

where ¢, o are given in ([2)), &, is the sample, and G,, ,, the neighborhood graph. Hence, we have

Wd
hn(A) = —h(AN X, G
(4) = ZLH(AN ,5Gor)

where h is given in ([ILI]). The volume of a spherical cap at height 7 is defined as
ma(n) = Volg {z : [|z|| <1 and (u,z) > n},

where u is any unit-norm vector of R%.

For a real-valued, measurable function ¢ and any measure A, let A¢ denote the integral of ¢ with
respect to A, i.e., [ @(z)A(dz). For p,e > 0 and a class H of measurable functions, let Np(e, H, A)
denote the e-covering number in the LP(\) metric, i.e.

Ny(e,H,\) = min {N :d¢1,...,¢n such that sup min A(|¢p — ¢;]7) < ep} .
peH I

It is classical to bound those covering numbers independently of A, see Section [Al and then to take
A = P,, where P, is the empirical measure of the sample, given by

1 n

We will use the L'-metric on subsets of RY, given by Voly(AAB) = [ [14(z) — 15(z)| do. The

arrow L—1> denotes the convergence in this metric. And, finally, if a is a real number, a; and a_
denote its positive and negative parts, so that a = ay — a_ and |a| = a4 + a—.

In the rest of the paper, the generic constant C' may vary from line to line, except when stated
explicitly otherwise.

3 Proof of Theorem [I: Consistency of the normalized cut

To prove Theorem [I] we establish the almost-sure convergence of p,,(A) to u(A) and v, (A) to v(A)
for a subset A C M with smooth relative boundary. This follows from the following exponential
inequalities.

3.1 Exponential inequalities

Proposition 4. Fiz a sequence r,, — 0. Let A C M be an arbitrary open subset of M. There
exists a constant C' depending only on M such that, for any ¢ > 0, and all n large enough, we have

d 2

P ([n(A) — pu(A)] > €) < 2exp (—#) .

In particular, if nrl/logn — oo, then p,(A) converges almost surely to u(A) when n — oo.



Proof. Define the symmetric kernel

banle,y) = 3 (Lal@) + Lal)} Uiz — ol < 7, (3.1)

so that

1
n(A) = —/——— rn (Xis Xj).
) = g 2 A (% )

By the triangle inequality, we have

‘,un(A) - ILL(A)‘ < ’Nn(A) —E [,un(A)” + ’E [Nn(A)] - ILL(A)‘ :

For all n large enough such that r,, < reach(0M), the second term on the right-hand side (the bias
term) is bounded by Cr,, with C' depending only on M by Lemmas [[2] and Assume that n is
large enough such that 2Cr, < e. We then apply Lemma 22] which is Hoeffding’s Inequality for
U-statistics [24], to the first term (the deviation term) on the right-hand side with the kernel

¢ = Par, —Eldar, (X1, Xo)]

and t = wyre/2. The kernel satisfies ||¢[|o < 1, and simple calculations yields

Var(¢(X1,X2)) < E [par, (X1, X2)?] < p(A)war < warl

n-

From this we obtain the large deviation bound. The almost sure convergence is then a simple
consequence of the Borel-Cantelli Lemma. O

Proposition 5. Fiz a sequence r,, — 0. Let A be an open subset of M with smooth relative
boundary and positive reach. There exists a constant C' depending only on M such that, for any
e >0, and for all n large enough, we have

n,r.d+1€2
P (jvn(4) — ()] > €) < 2exp (— n ) .

C(v(A) +e)
In particular, if nrfﬁ“/logn — o0, then
vn(A) = v(A), n— oo, almost surely.

Proof. Define the symmetric kernel

dar(z,y) = % {1a(@)1ac(y) + La(y)lac(z)} L[|z —y| <7}, (3.2)
so that ) )
vn(A) = n(n— )T ;Qm,rn(Xi,Xj)-

By the triangle inequality, we have

vn(A) = v(A)| < [va(A) = E[vn(A)]] + [E [vn(A)] = v(A)]



By Lemma [I3}(7), the second term on the right-hand side goes to 0 as n — co. We then apply, for
n large enough, Lemma 22] to the first term on the right-hand side with the kernel

qb = Q_SA,rn -E [&A,rn (XI,X2)]
and t := yr%*1y(A)e/2. The kernel satisfies ||¢||oo < 1, and using Lemma [[3}(i), we have
Var(¢(X1, X2)) < E (@4, (X1, X2)’] = E [fa, (X1, X2)] < 29w(A)r ™,

where the last inequality follows from Lemma [3}(i) for n large enough. From this we obtain
the large deviation bound, and the almost sure convergence is a consequence of the Borel-Cantelli
Lemma. O

3.2 Proof of Theorem [I

The first statement of Theorem [l is an immediate consequence of Propositions dl and Bl To prove
the second statement, under the conditions of Theorem [0 for any subset A with smooth rela-
tive boundary, with probability one lim,, h,(A4) = h(A; M) while h,(A) > %H (Gn.r), sO that

limsup,, 4 H(Gh,r,) < h(A; M). Then we obtain the upper bound of Theorem [ by taking the

infimum over all such subsets A.

4 Proof of Theorems [2] and Bk consistent estimation

4.1 Exponential inequalities

Given 8 > 0 and p > 0, with 3 > wgp?, let Ag,, be the class of subsets of M defined by
Ag,={RNM : reach(OR) > p,Volg(R) < j3}. (4.1)

Proposition 6. There exists a constant C' depending only on M, such that, for any € > 0, any
r >0, and all n satisfying n/log(n) > C/e? and nr? > C/e, we have

2 d
P < sup |pun(A) — E[u,(A4)]] > E) < Cexp <—%> + Cexp <_ng€> . (4.2)
AeAg,,
Proof. Define the kernel class

F ={bar : A€ Ag,}, (4.3)

where ¢4, is defined in (B]). And set
Fir={x ppx,) — ¢ : g€ F}, (4.4)
Fo={(z,y) = ¢(x,y) — po(x,.) — uély,.) + n*¢ : ¢ € F} . (4.5)

Define the following functionals respectively over F; and Fa:

M) = 3 36K, Un(6) = gy 36K X,
i#j i#]



Observe that

sup [tin(A) — E [in(A)]] = — sup |Un(6) — 1®%(9)|
AeAg,, War™ geF

which we bound by the sum of a first-order term and a second-order term:

sup [Un(¢) — u®*(¢)] < sup |[Mn(¢)| + sup |[Un(0)],
peF PeF1 peF2

so that

w Td w Td
IP’( sup | (A) — E [n(A)]| 25) <P (Sup | Mo ()] > d2 E) P (Sup Un ()] > d2 E).

A€Ag,, PEF1 PEF2

First order term. Take any ¢ € F of the form ¢(x) = puopa,(z,-) — p®?¢a,. Since for all z and v,
par(z,y) < Ylz —y| <r}, we have

[¢lloo := SHAI}’¢( )| < sup [uar(x, )| + npa, < wall + Volg(M)]r? =: Cyre. (4.6)
xre zeM
Therefore
sup Var (¢(X)) < C2r2d, (4.7)
PeF1

and so, for all n > 32C%/(wqe?), we have

4
1-— (g /2)E sg]g)l Var (¢(X)) >

N =

Hence, we are in a position of applying the symmetrization inequality for probabilities [33], Lem 2.3.7].
Let {&}i>1 be a Rademacher sequence. We have
-~ > wdeE
3 )

wgrte 1

P | sup [My(¢)] > =5 — | <4P| sup |~ > &io(X)
PpEF1 peF | T i—1

Let C be a minimal (wgr% /8)-covering of FY with respect to the L'(P,) metric. A simple union

bound (conditional on X) yields

wdeE

3 .

d
P | sup |[M,(¢)] > 2L ) <4 { N <“‘”  FLP >maX]P’
peF1 2

By Lemma

Zsz

wdr 9

log N1 ( 3

for some constant Cy not depending on n. Since ¢ < C17? for all ¢ € F; with @8], it follows
by Hoeffding’s inequality that for all ¢ € C

n d 2 d 2
P < %;flqh(X) > de 6) < 2exp <—1M> =: 2exp (—C’3n52).

,Fi, P, > < Cylog(Cy/(rle)),




Therefore

d
warte 9 Cy Cy
P M, < - 1- log [ =21,
(s e » 247 ) < emp [ con (1 e (2))]

and so, for all n satisfying

n CQ d C2
Tog (1) > 5Cse? and nr® > b
we have
d C 2
P | sup |My,(o)| > W e < 8exp <— s1e > . (4.8)
PeF1 2 2

Second order term. Using Lemma [I0, we have, for all n > 1, and all n > 0, that
log N2 (n, F2, P) < C51og(C5/n),

for some constants C5 not depending on n, and for all probability measure P on M x M. This,
together with the fact that ||¢]|co < 2 for all ¢ in Fo, yields

4
Sup/ lOgN2 (777~F27P) d77 S 067
P Jo

for some constant Cg < co. Then by Lemma 23] there exists a constant C7 such that, for all n
satisfying
Crlog(Cr)C
nrd > 710g(C7)Cs

wqe /2 ’
we have
wqrde nrie
P ( sup |U,(o)| > < Crexp <— > . (4.9)
$EF 2 Cr
Proposition [@ follows from ([4.8]) and (£9]). O

Proposition 7. There exists a constant C' depending only on M such that, for all € > 0, all r in
(0; min{reach(@M),p/Z}), and all n satisfying

C C
> > ”>27252
€ € rép=e

we have

2.2 d+1
P( sup |[vp(A) —E[p,(A)]| >e ] <Cexp e + Cexp e .
AEABJJ C C

Proof. The proof follows that of Proposition [6] with the symmetric kernel ¢ An defined in 7and
corresponding classes F, F; and F» defined by (&3], (@), and (&5]), with ¢4, replaced by ¢4 .
Observe that

v A) — E [u(A)]| = #zg@twﬂ(@) — u®2(g)],

10



which we decompose into first-order and second-order terms:

sup |Un(¢) — n®*(¢)| < sup [Mp ()| + sup |Un(¢)],
peF peF dEF2

Therefore

’ ( o, I R A= 5) <P <Sup Mo ()] > Wd;lg) +P <sup Ualo)] > ’”‘d“g) |

A€Ag, 6T $€F 2

First order term. Take any ¢ € Fi of the form ¢(z) = (u&Am(az, )= M®2(5A,r)- Denote by D the
set
D={zxecA:dist(e, M\ A) <r}U{zeM\A: dist(z,A) <r}.
Then for all x in M,
wdrd

2

N(Z;A,r(xy-) < 1D(a;),

and by using Lemma [[4] and Lemma [I6 we have
d—1
dVolg(R
Volg(D) < Volg (R, r) < <1 + g) Volg_1(dR)2r < 2%0765() < d2d%.

Therefore,
2d+1
rep

sup Var (6(X)) < sup E|(u6ar(X,))*| <€y ,
bEFL A€Ag , P

where C] is a constant depending only on M (through Voly(M)), and so, for all n > 3i§1 B/(rpe?),
we have

4
— —————— sup Var (¢(X)) >
Gz S Var (6(X)
We may therefore apply the symmetrization inequality for probabilities [33, Lem 2.3.7] and proceed
as before, this time using Lemma [IT] to control the (random) entropy term, to deduce that, for all
n such that

N =

i & and nrit! > @
log(n) = r2e? €
we have
d+1 2.2
P ( sup |Ma(¢)| > " | < Chrexp <—m : > :
dEF Cy

for some constant CS.

Second order term. We use again using Lemma [[I] to control the entropy term, and combine it
with Lemma 23] as before, to deduce that,

d+1 d+1
P (sup Uao) > 1 ) < cvew (-755)).

PpEF2 03

for all n such that nr¢t! > Cy/e. O

11



4.2 A uniform control on h,(A)
Define the (random) class A, of subsets of M by:

A, ={A=RNM : ReR,, 3i,jsuch that B(X;,o,) C R, B(Xj,a,) C R°}. (4.10)

Since, by definition, K} is finite if and only if both R and R contain a ball of radius «,, centered
at a sample point, we have

. vn(A) . vn(4)
hi = = .
ain hn(R) = min e ) (AT AL A
Note also that
An C ABmpn’ (411)

where we Ag , is defined in ([@I), so that Ag, ,, ={RNM : R e R,}.

Lemma 8. We have

iminf inf (4.12)

liminf inf (hn(A) _ Vola_y (04D M’“")> > 0.

Voly(A N M,,)

Proof. For any A € A,,, we denote by A,, := AN M,, . It is easy to check that

_ v(4,) fn(4) v(A ) vn(4) —v(An) v(A4n)  p(An) — pn(A)
(- 255) <u<An>> A ) A uA)
Cn(A) +&n(A).
Now we define the probability event
— | su _ fin(A) 1
n = [Ae}l)n ! 1(An) = 2] .

on which we have 3 < p1,(A)/u(A,) < 2 for all A in A,. We deduce that on this event §2,,,

(-4 48] 2, o 33) o a0

Consequently, for all € > 0,

) € ) € 1 . v(Ay) €
P <[A1££n Gnl4) > ‘ﬂ : [Alélﬁn &n(4) > ‘ﬂ : ”) <P (5 oo <h"<A> B M(An)> > ‘5) :
so that

P (iaf, (- 55) < =¢) <P (Jaf 6 <=5) +P (jaf ot <) 4o

AcA,

12



Bounding I;. By Lemma[8 pu(A,) = Volg(AN M, )/ Volg(M) > Cal for all A in A, so that

inf (,(A) > _c inf (v,(A) —v(A,))_.

AcA, ad AcA,

Consequently

< ' - —Ceal
L P[Alenf\n(V"(A) v(Ay)) < —Ceaj,

< P [Aienffln (vn(A) — E[vn(A)]) + Alerljn (Elvn(A)] — v(4y)) < —Cead| .

Using Lemma [I3] together with Lemma [I6, we have
BnTn

AcAy 02

inf (E[v,(4)] — v(4,)) = —-C

By assumption, p,a2?/(B,rn) — oo and p, > ay, so that B,7,/(p2ad) — 0. And A, C Ag, pn-
Hence, for all n large enough,

I <P | inf (v,(A4) —E[p,(4)]) < —Csafl/% <P [ sup  |vn(A) — Elp,(A)]] > Cead /2] .
A€An A€Ag, pn

Moreover, f3,7,/(p2ad) — 0 implies that a? > r,. Consequently, since nrét2/log(n) — oo by
assumption, and since d > 2, it follows that

2.2d 2.2 2d 2 d

4
nr-a nr nripsa Q@
o> oo ;o onrttlad > prdt? 500 MnPn nr3ad x Pnn _, .
log(n) ~ log(n) Bn nT'n
We may therefore apply Proposition [0 to deduce that
2 .2d d+1,.d
nrio nroT o
I < Cexp <— ”C" > + Cexp <—%>

for some constant C' > 0 and all n large enough. Since nr2a2?/log(n) — oo and nréttad /log(n) >
nrd+?/log(n) — oo, we obtain that, for all € > 0,

>p [Aié“f\n Cn(A) < —5/4} < oo0. (4.14)

Bounding Is. We have

L=P <Ai€njn £a(A) < —5/4> <P ( sup [, (A)] > g/4> .

AeA,

Using Lemma [0, v(A,)/u(A,)? < CBu/(pna?d) for all Ain A, so that

I P tn(A) — (A Pr e 4.15
< su n n)| > n . .
2= <46p4n! (4) (An)] 4C By, ) ( )

13



Using Lemma [[2] and Lemma [I5], for all A in A,, and all n large enough,

1n(A) — u(An)| 1 (A) = E[pn(A)]] + [E[pn(A)] — n(A)] + [p(A) — 1(An)]
’Nn(A) - E[Nn(A)” + Crn-

IN A

Hence, since p,a2?/(B,r,) — oo by assumption, we have

2d

2d
PO Py €
Ihb <P| su n(A) — Elp,(A)]] > <P su tn(A) — Elp, (A)]] > .

Since p,a2?/(Bpry) — oo implies that a2? > B,r,,/pn, and since nrd*2/log(n) by assumption, we
have
npp ok nr nrép,ad  nrip,a2d  prdtl

— 00 > > — 0.
B2log(n) ~ log(n)

Bn Bnlog(n) ~ log(n)
Hence we may apply Proposition [0l to deduce that

22d2

2d
I, < Coxp < %> wexp( w) ,
ﬁn 5n

for some constant C' > 0 and all n large enough, which yields
ZP( inf En(A) < —5/4) < 0. (4.16)

Bounding P (£2¢). Since u(A,) > Cal for some C uniformly over A € A, by Lemma I8 we
have

oy lpn(A) — p(An)| _ 1
p(25) = ( sup Db 2]

<P sup () ~ plA)] > Cat )

AeA,

which we may bound by the right-hand side of (£I5]) for all £ > 0 and all n large enough, so that

> P(£2) < oo. (4.17)

Conclusion. Reporting ([(@.14]), (£16) and {.I7) in @.I3), we deduce that for all € > 0,
) v(Ay)
P f n(A) — — .
Se ot (- 1) < o] <

Consequently, applying the Borel-Cantelli lemma, we conclude the proof. O

14



4.3 Proof of (i) in Theorem

Lower bound. Now let R, be a sequence in R,, satisfying

h(R,) = min hi(R).

ReR,
Then
hfl(Rn) —h(M) = [hﬁ(Rn) — h(Ry; Mrn)] + [h(Rp; My,) — H(M,.,)| + [H(M,,) — H(M)].

_ Volg_1(9A N M,.)
£ ( h(A) — n
= e, < A = oL ani)

V

) H(M,,) — H(M)],

since the second term [h(R,;M,,) — H(M,,)] is non-negative for all n by definition of H(M,,,).
By Proposition 211 H(M,,,) — H(M) as n — oo and using this, together with Lemma [§], we obtain

that
liminf min A} (R) > H(M) a.s.

n—oo0 RER,

(4.18)

Upper bound. To obtain the matching upper bound, fix a subset A C M with smooth relative
boundary and such that 0 < Voly(A) < Volg(M\A) < Volg(M). Then, for n large enough, there

exists R, in R,, such that R, N M = A, implying that

Jnin by (R) < hn(A).

By Theorem [ h,,(A) — v(A)/u(A) = h(A; M) almost surely, so that

limsup min hi(R) < h(A; M) as.

n—oo RERn

By minimizing over A, we obtain

limsup min hi(R) < H(M) as.

n—oo RERn

Combining the lower and upper bounds (ZI8) and ([ZI9]), we conclude that

lim min h}(R) = H(M) as.

n—o00 RER,
4.4 Proof of (ii) in Theorem
Let R,, be a sequence in R, satisfying

hi(R,) = Jnin hi(R),

(4.19)

(4.20)

and set A, = R, N M. Fix a subset A C M with smooth relative boundary and such that
h(A®) < oco. Then for n large enough, there exists R in R, such that A° = RN M. Hence

hn(An) < hy(A°) and since h, (A°) — h(A®) by Theorem [I we have

lim sup Volg_1(A,) < limsup h(A,) min{Volg(A,), Volg(AS N M)} < h(A°) Volg(M)/2.

n—oo n—oo

15



Therefore by Proposition 24] with probability one, {4, } admits a subsequence converging in the
L'-metric.

On the one hand,
h(An; My,) — H(M) = [h(An; M,y,) — H(M;,)] + [H(M,,) — H(M)],

where the first difference term on the right-hand side is non-negative by definition, while the second
difference term tends to zero by Proposition 21], so that with probability one:

liminf h(A,; M,.,) > H(M).

n— o0

On the other hand,
P(Aws My,) = HOM) = [B(Aws My,) = B (Aw)] + [ (An) - H(M)|

< - jnf (hi(R) — h(R; Mrn)) + [hii(An) - H(M )]

so that

limsup h(A,; M,,) — H(M) < —liminf inf (hin(R) — h(R; Mm)) + [hi

n—so0 n—00 RERy, n

(4) = H(M)|

which goes to 0 as n — oo from ([@I2]) and ([A20). Hence

li_>m h(An; M) — H(M) a.s.
Now let f,, denote the bi-Lipschitz function mapping M, to M defined in Lemma 20l with r
and s replaced by 7, and s,, where s,/r, — oco. Define B, = f,(A, N M, ). By Lemmas
and 20, we have

2d
h(Bm M) < <1 + 27 > h(An; MTn)a
Sp — Tn
so that h(B; M) — H(M) almost surely as n — oco. Moreover, by Proposition 24] with probability
one, there exists a subset Bo, of M and a subsequence {B,, } such that B, converges to By in
the L'-metric. Since h(-; M) is lower-semi-continuous by Proposition @5 with probability one,
liminf,, oo h(Bp; M) > h(Bso; M). Since we also have liminf, o h(B,; M) = H(M) as., it
follows that h(Boo; M) = H(M) a.s. and so Bs, is a Cheeger set of M.
Moreover, since f,, leaves My, unchanged,

Voly(A,AB,,) < Volg(M\Ms,) -0 asn — oo.

Hence with probability one, 14, — 1, — 0 in L'. Consequently, the sequences {A,} and {B,}
have the same accumulation points, and so any convergent subsequence of {A,} converges to a
Cheeger set of M.

16



4.5 Proof of Theorem

Let A, = R,N M. For all n > 1, and all f in the class of bounded and continuous functions on
M, say Cp(M), we have

< sup ‘Pn (flA) _:u(flA)’?
AeA,

‘an - [ 1@, @)

where A, is the class of subsets of M defined in (£I0). Using the bound on the covering numbers
in Lemma[J it is a classical exercise to prove that the collection of functions z — f(x)14(x) where
A ranges over A, is a Glivenko-Cantelli class, whence

— 0 a.s. asn — oo.

\an - [ s @)

Next,

'/M f(@)1g,, (z)p(dz) — Qf‘ = '/M f(x)1a,, ()p(dz) - Qf‘ < fllooP (An, AAs),

which tends to 0 by definition of A.,. Thus, we have shown that, for all f in C,(M), P (Qnf — Qf) =
1. Using the separability of C,(M), see, e.g., [19, p. 131], we deduce that

PIVf € Co(M), Quf — Qf] =1,
so that the event “@Q, converge weakly to Q" is of probability 1.

5 Auxiliary results

5.1 Covering numbers

For p > 0, let A” be the class of subsets of A C M with reach(0AN M) > p. Note that Ag , given
(1) is a sub-class of A” for all 3.

Lemma 9. There exists constant C,v depending only on M such that, for any measure P on M,
p>1,p>0ande > 0:
C\"
ez (C)
Proof. Consider 2% points of M forming the vertices of a cube and a point z at the center of the
cube. Upon choosing the side of the cube small enough, the center point x cannot be isolated by
some A € AP. Indeed, if A € AP contains x, because reach(0A) > p, there is y € A such that
x € B(y,p) C A; and when r is small enough relative to p, B(y, p) contains at least one vertex of
the cube. This shows that A has VC-index less than 2% — 1 and so is a VC-class. The bound then
follows from [33] Thm. 2.6.4]. O

Lemma 10. Let F,, = {¢pa, : A € AP}, where ¢4, is defined in BI), and for a probability
measure Q on M, let QF,, = {x — Qo(z,.) : ¢ € F,,}. There exists constant C,v depending
only on M such that, for any probability measures P and Q on M,

M (E,fnp,P@JQ) < (g) . Ny (E,fnp,P@)Q) < (g)

v

and Ni(e,QF,,, P) < <g> )

17



Proof. By Lemma [0, we have

N, Frp, P®Q) < Ni (2&,{(m,y) = 1a(z)+1a(y) : A€ AL P® Q>

2v
< MNi(g,A?,P) x N1 (g, A”,Q) < <g> )

€

That the L2-covering number is bounded by the same quantity follows from the fact that functions
in F, , are uniformly bounded by 1, and the bound on N (e, QF, ,, P) follows from the inequality

Nl(ganT’,pap) SN1(67‘FT7P7P®Q)’ D

Lemma 11. Let .7:"r7p = {pa, : A € .A_p}, where ba, is defined in B2), and for a probability
measure Q on M, let QF,, = {x — Qé(z,.) : ¢ € F,,}. There exists constant C,v depending
only on M such that, for any probability measures P and QQ on M,

v

M (e, Frp, P® Q) < (g) . No (e, Fp, PRQ) < <§> and N1(g,QF,,, P) < <§> .

Proof. By Lemma [0, we have
Nl(E,,f;“P & Q) < Nl (267 {(.’L’,y) = 1A(x)1AC(y) + 1A(y)1AC(x) A€ AP})P & Q)

< M <€’{($7y) = 14(2)14c(y)}, P ® Q)2 <M <%,Ap,p>4 < <§>4U‘

€

The remainder of the proof is similar to the one of Lemma O

5.2 Technical results on bias terms

Lemma 12. Let ¢4, be defined as in (B1)). There exists a constant C, depending only on M, such
that, for any A C M and r < reach(OM),

1
wgrd

E[par (X1, X2)] — n(A)| < 2u(ANM).

Proof. We first note that
E[par(X1, X2)] = E[14(X1)1{[[ X1 — Xof <r}].
We partition A into AN M, and AN My. By conditioning on X;, we have

E [Lanas, (X)) X1 = Xof <7} = war®p(AN M,) = waru(A) — war®u(A 0 My);
E [1AQM$(X1)1{”X1 — XQH < 7’}] < wdeM(A N Mf)

Hence the result. O

Lemma 13. Let A= RNM, where R is a bounded domain with smooth boundary and reach(OR) =
p>0. Let pa, be defined as in ([B.2).
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(i) There exists a universal constant C, depending only on d, such that, for any A C M and
r < min{p/2,reach(OM)},

%E [0, (X1,X2)] — V(A)‘ <C (Vold_l(aR NV(OM,r)) + Volg_1(OR N M)%) :

(ii) There exists a universal constant C, depending only on d, such that, for any A C M and
r < min{p/2, reach(OM)},

1

- Voly_1(0A N M, r
T E [Par (X0, X)) - -1 )

veLan 2 O~ (5.1)

Proof. Assume without loss of generality that Voly(M) = 1. Let S denote OR N M. Then
B[94, (X1, X2)] = E [LaCX)Lae (6201 {160~ Xal 7)) = [ Vola[Bla,) 0 4% u(do).
D
where

D={zeA: dist(z,0R) <r}.

Since r < p, the projection on dR is well-defined on D, and any z in D can be written as x = p+te,,
for p € OR, and with e, the unit normal vector of R at p pointing inwards.

We partition D into D N M, and D N MS. Denote by S, the projection of D N M, on S. We
have

0
/ Volg [B(xz,r) N Al dz = / / Volg [B(p + tep, ) N A 9(p, t)dt vy (dp)
DNM, ' J =7

1
- T/S / VOld [B(p — nreép, T) N Ac] 19(])7 Tn)dq', UU(dp)-
rJ0

Therefore

1 C
prn /DOMT Vol, [B(z,r) N A)dz — ’yu(A)‘ (5.2)

< rid/r /01 ‘Vold [B(p — nrep,r) N A°] — m(n)rd( J(p, rn)dnvs(dp)

+ / /01 m(n)ﬁ(p,m)dnva(dp)—’YV(A)‘-

Using Lemma [I7], and then Lemma [T4] the first term on the right-hand side is bounded by

1
2aa(o/p) [ [ 90 rn)an,(@n) < Piia(r/p) Volua(5,).

Next, using the expansion J(p,rn) = 1+ 0'(p,r&,)rn for some 0 < &, < 1, with [9'(p,t)] <
(d—1)2%/p for all t € (—r,r) by Lemma [[4] and since r < p/2, we bound the second term by

/T /01 7g(n)dn ve (dp) — ’YV(A)‘ + r/r /01 nra(m)|9 (p, r&,)|dn vy (dp)

< y[Volg—1(S;) = Volg—1(S)| + (d — 1)2%y(r/p) Volg_1(S;)
< v Volg_1(S N ME) 4 (d — 1)2%(r/p) Volg_1(S,),

19



since S\S, C M because SN M, C S,. Collecting terms, the term in (5.2]) is bounded by

~Volg_1(S N ME) + C’% Volg_1(S,),

for some constant C' independent of M.
For the integral over D N MF, since D is included in the intersection of tubes of radius r about
OR and OM, ie., D C V(OR,r) N V(OM,r), we have

0

/ Vol [B(z,r) N A dx < Vol [B(p + tep, r) N A 9(p, t)dt v, (dp)
DNM¢

/<9RF‘IV(8M,T) —7r
1

= r/ / Vol [B(p — nrep, ) N A9 (p, rn)dn ve (dp)
ORNV(OM,r) JO

< 2714 Vol (AR N V(OM, 7)),

where we used Lemma [I4]in the last inequality.
Combining the bounds on the integrals over D N M, and D N M, we obtain that
1 _
WE [par(X1, X2)] —v(A)

< Volg_1(S N M¢) + C% Volg_1(S,) + 24wy Voly_1 (AR N V(OM, 1))
<C <Vold_1(8R NV(OM, 1)) + Vold_l(S)£> ,
which proves the first bound stated in Lemma

To prove (i7), using the bound on (&.2]), we deduce that

1 - 1 .
WE [¢A,T(X17X2)] > W/DQMTVOld [B(xz,r)N A dx

> Volg_1(S) — [Vold_l(S N ME) + %% Volg_1(S,)

> Volg_1(SNM,)— C% Volg_1(S;),

and since 5, C S, the result follows. O

6 Geometrical results

6.1 Integration in tubes

We introduce the notion of tubes and some of their properties; see [22] for an extensive treatment.
Let S be a submanifold of R?. The tubular neighborhood of radius r > 0 about S, denoted V(S,r),
is the set of points z in R? for which there exists s € S with ||z — 5| < r and such that the line
joining z and s is orthogonal to S at s. When S is without boundary, V(S,r) coincides with the
set of points = in R% at a distance no more than r from S. If S has boundary, then the tube
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coincides with the set of points at distance no more than r, with the ends removed, corresponding
to the points projecting onto 9S. Assume S is of codimension 1, and oriented, and define e, as
the (unit) normal vector of S at p € S. When and r < reach(S), V(S,r) admits the following
parameterization

V(S,r)={x=p+te,:peS,—r <u<r}

Denote by II, the second fundamental form of S at p € S. The infinitesimal change of volume
function is defined on S x (—r;7) by ¥(p,t) = det(I — tIl,); the dependence of ¥ on S is omitted.
Given an integrable function g on V(S, ), we have:

/V(S’T)g(x)dx:/S/_ig(p,t)ﬁ(p,t)dtvo(dp),

where v, is the Riemannian volume measure on S.

Lemma 14. Assume S is a submanifold of R? of codimension 1, with p := reach(S) > 0. Then,
for all r < p,

sup sup 9(p,t) < (147/p)" ",
peS —r<tlr

and

d—1)(1 d-1
sup sup [9'(p,1)] < L DEET/AT
peS —r<t<lr p—-r

Proof. By [20, Thm. 4.18], the reach bounds the radius of curvature from below so that the prin-
cipal curvatures k1), ..., k(@1 (the eigenvalues of the second fundamental form) are everywhere
bounded (in absolute value) from above by 1/p. Therefore, for r < p and —r <t <,

d—1
0 <9(p,t) =det(I — L) = [] (1 - n;g,i)t) <A +7r/p)* L.

i=1
For the derivative of 1, we have

i

¥ (p,t) _ _di /{;g,)
O(p,t) 11—kt

Hence

p _(d=1)A+r/p)?"
L—r/p ™ p—r '

Lemma 15. There exists a positive constant C, depending only on M, such that, for all r <
reach(OM),

[ (p. )] < 9(p,t)(d — 1) m

w[V(©OM,r)] < Cr.
Proof. Let p =reach(0M). By Lemma [I4]

uwmenzﬁﬁaﬁéM_;wnmmwaw>

Volg_1(OM) a1 _ 2%Voly_(0M)
< — " < e AT
Voly(ar) 2 Hr/ s —<ama s
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6.2 Perimeter bounds

Let E, F be two Borel subsets of R%. Recall the following isoperimetric inequality in R? (see e.g.,
Evans and Gariepy, 1992):

dw}/* Voly(E)' =1 < Vol,_, (OE). (6.1)

We also have
Voly_1 (a(E U F)) + Vol _4 (a(E N F)) < Voly_1(0F) + Voly_1(OF). (6.2)

Lemma 16. Let R be a bounded open subset of R? with smooth boundary and reach(OR) = p > 0.
Then,
Voly—1(R) < dVoly(R)/p.

Proof. Since reach(0R) = p > 0, a ball of radius p rolls freely in R. Consequently R can be written
as a countable union of balls of radius p, i.e.,

R= U B(x;, p).
i=1

Set R, = U], B; where B; = B(z;, p).
Using the decomposition R,4+1 = R, U Bp4+1, on the one hand we have

Volg(Ry11) = Volg(R, U Bpy1) = Volg(Ry) 4+ wap® — Volg(Ry, N Byy1),
and on the other hand, using inequality (6.2)), we have
Voly_1(0R,+1) = Volg_1(0(Ry, U Bpt1)) < Volyg_1(0R,) + dwdpd_l — Voly—1(9(Ry, N Bpy1)).

Consequently
d d
Volg_1(ORp+1) — ;Vold(Rn_H) < Volg_1(0Ry,) — ;Vold(Rn)
d
+ |:; VOld(Rn N Bn+1) - VOld_l(a(Rn N Bn+1)) .
But, using the isoperimetric inequality (6.1I), we may write

gVold(Rn N Bn+1) — Vol 1 (O(Rn N Bn+1))
d L 1-1/d
< ;Vold(Rn N Bpp1) — dw, (Vold(Rn N Bn+1)>

1-1/d
< <Vold(Rn N Bn+1)> [; Volg(Ry N Bpy1) % — duw)/ d} <0

since, in the last bracket, Volg(R, N Byy1) < Volg(Bni1) = wgp?. Therefore, for all n > 1, we have

d d
Vold_l(aRn_H) - ;Vold(RnH) < VOld_l(aRn) — ;Vold(Rn)
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But since R; is a ball of radius p, we have Voly;_1(0R;) — dVoly(Ry1)/p = 0 and so
Voly—1(0Ry,) — %Vold(Rn) <0 foralln>1.

Since R, converges to R in L', it follows from the lower semi-continuity of the perimeter, see
e.g. [23, Prop. 2.3.6], that liminf, Vol;_1(0R,,) > Volz_1(OR). This concludes the proof. O

6.3 Volume bounds

Lemma 17. Let R be a bounded open subset of R® with smooth boundary and reach(OR) = p > 0.
Set A= RN M. For any r < min{reach(OM); p}, any 0 <n <1, and all p in OA N M,, we have

volg (B(p + nrep,r) N A®) — ma(n)rd] < 2wq 17/ p,

where e, denotes the unit normal vector at p pointing inward A.

Proof. For ease of notation, set B = B(p+nrep,r). Let (€1,...,€q) be an orthonormal frame at p,
with €4 = e,. Denote by Z1,...,Z4 the local coordinates in this frame, such that p has coordinates
0. Then AN M can be expressed locally as the set of points # such that #¢ = F(z!,...,2971) for
some function F, and, if we set #(@ = (',..., %), then

Voly(B N A°) — / 1{# < P(ED)}di
B
= / [1{aj~d < FEN11{i¢ < 0} + 1{i? < F(ED)}1{z? > 0}| dz
B

Since

ma(n)rt = /B 1{z? < 0}dz

it follows that

volg (B, N A€) — Wd(n)rg

< / {1{# > F( 90 1{ad < 0} 4+ 1{z¢ < FE9D)}11{z? > 0}| dz
B

< / 1 {1 < D))} dz < 2/ |F(3D)]dz®.
By, {I3@<r}

Expanding F' at 0, we have, for all Z with [|Z]] < r,
d—1 o
F(E9) = Z Hi;(§)z'a,

ij=1

for some & = &(#(4). Since the reach bounds the principal curvatures by 1/p [20], we have
suppeganm, [1H(p)l| < 1/p. Then, using the change of variable u = 7%, we deduce that

volg (B(p + nrep, ) N A°) — ﬂd(n)rg < 2wg_1 sup HH(p)Hrd+1
peEOANM

< 2wq_17 /p. [
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Lemma 18. There exists a constant C > 0 such that, for all a,r satisfying 0 < 2r < o <
reach(OM), and all z in M,
Voly(B(z,a) N M,) > Ca.

Proof. The main argument is to include a ball of radius «/4 into B(x,«) N M,. First, because
p = reach(OM) > 0, for any = € M there is y € M such that € B(y,p) C M. Second, since
dist(y,0M) > p and p > 2r, we have y € M, and B(y,p — r) C M,. Hence

B(z,a) N B(y,p—1r) C B(x,a) N M,.
If y = «, the result is trival. Otherwise, let z := = + (r + a/4)(y — z)/|ly — z|| and note that
B(z,a/4) is a ball of radius «/4 included in B(z,a) N B(y,p — ). O
6.4 Some properties of the Cheeger constant and Cheeger sets

In this section, we prove some properties of the Cheeger constant and Cheeger sets. As in all the
paper, M denotes a bounded, connected, open subset of R? with smooth boundary. To this aim, we
will make use a bi-Lipschitz deformation of M. For a Lipschitz map f, let || f||rip denote its Lipschitz
constant. If f is bi-Lipschitz, we define its condition number by cond(f) := || f|lLip || £~ l|Lip- We
shall need the following two lemmas.

Lemma 19. Let f be a bi-Lipschitz on M. Then for any A C M measurable,

BFA):FOM) (A M) .
max{ WA (A FQD) } < cond(£)"

Proof. For any A C M, 0f(A) = f(0A) and f(A)*N f(M) = f(A°N M), and if A is measurable,
fork=1,...,d,

£ I, Voli(A4) < Volu(f(4) < [IfIIEs, Voli(A).
Therefore,

Volg_1(f(0ANM))
min{Voly(f(A)), Vola(f(A° N M))}
£l Vola—1 (AN M)
£~ min{Voly(A), Volg(Ac N M)}

cond(f)?h(A; M).

h(f(A); f(M)) =

IN

And vice-versa. 0

Lemma 20. For any r < par, we denote by M, the subset of M made of points at a distance r
or more from OM. Fiz r < s < reach(OM). Then, there is a bi-Lipschitz map between M, and M
that leaves M, unchanged, and with condition number at most (1 + 2r/(s —r))2.

Proof. For x in M such that §(z) := dist(z,0M) < s, let {(x) € M be its metric projection onto
OM and u, be the unit normal vector of M at £(z) pointing outwards. We define the map

fr o M. — M, fr(x):a;—kwux,

S—7T
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where a1 denotes the positive part of ¢ € R. By construction, f is one-to-one, with inverse

Mo M, ) = - O,
By [20, Thm. 4.8(1)], ¢ is Lipschitz with constant at most 1, therefore so is x — (s — d(x))+; and
since the reach bounds the radius of curvature from below [20, Thm. 4.18], = + wu, is Lipschitz
with constant at most 1/ reach(0M). Therefore, using the fact that (s —d(z))+ < s and |luy|| = 1,

fr and f,~! are Lipschitz with constants at most 1 + 27/(s — ) and 1 + 2r/s respectively. O

Proposition 21. For r < reach(OM), let M, denote the subset of M made of points at a distance
r or more from OM. Then

H(M,)=((1+0(r))H(M), r—0.
Proof. From Lemmas [[9 and 20, we deduce that

for any r < pps := reach(0M ), which immediately yields the desired result. O

The Appendix

A U-statistics

The following is Hoeffding’s Inequality for U-statistics [24] and is a special case of [18, Thm. 4.1.8].

Lemma 22. Let ¢ be a measurable, bounded kernel on R? x R? and let {X} : k € N} be i.i.d.
random vectors in RY. Assume that E[p(X1, X2)] = 0 and that b = ||¢|lc < 00, and let 0? =
Var(¢(X1, X3)). Then, for all t > 0,

1 nt?
Pl—— S oXiX) >t | <exp (-2 ).
n(n—l);(b( i) eXp( 502+3bt>

The following is a uniform version of Lemma [22] and is a special case of [I8, Thm. 5.3.15].

Lemma 23. Let H be a class of symmetric kernels ¢ on R x R? such that b := supgyeq [|6]loc < 00
and

2
c:i= sup/ log Na(e, H, P)de < oo,
r Jo

where the supremum is over all the probability measures on R x R%. Let {X}, : k € N} be i.i.d.
random vectors in R? and assume that B [¢p(X1, Xo)] = 0 for all ¢ € H. Then there exists a constant
C1, not depending on n or H, such that, for all e > 0 and all n > %(Cl)c

J

1
P | sup 7Z¢(Xi,Xj) >e | <Ciexp (—E> .
PEH n(n —1) it 1c
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B Convergence of sets in the L'-metric

The following propositions are adapted from [23] Thm. 2.3.10] and [23] Prop. 2.3.6] respectively.
Proposition 24. Let E,, be a sequence of measurable subsets of M. Suppose that

lim sup Voly_1(0E, N M) < oo.

n—oo

Then (E,) admits a subsequence converging for the L'-metric.

1
Proposition 25. Let E,, and E be bounded measurable subsets of M such that 1f, L—> 1 and
hE; M) < co. Then
liminf h(E,; M) > h(E; M).
n
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