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The number of absorbed individuals in branching Brownian
motion with a barrier

PASCAL MAILLARD®

December 1, 2011

Summary. We study supercritical branching Brownian motion on the real
line starting at the origin and with constant drift ¢. At the point = > 0, we
add an absorbing barrier, i.e. individuals touching the barrier are instantly
killed without producing offspring. It is known that there is a critical drift
cop, such that this process becomes extinct almost surely if and only if ¢ > ¢g.
In this case, if Z, denotes the number of individuals absorbed at the barrier,
we give an asymptotic for P(Z, = n) as n goes to infinity. If ¢ = ¢y and the
reproduction is deterministic, this improves upon results of L. Addario-Berry
and N. Broutin [1] and E. Aidékon [2] on a conjecture by David Aldous about
the total progeny of a branching random walk. The main technique used in
the proofs is analysis of the generating function of Z, near its singular point
1, based on classical results on some complex differential equations.

Keywords. Branching Brownian motion, Galton—Watson process, Briot—
Bouquet equation, FKPP equation, travelling wave, singularity analysis of
generating functions.

MSC2010. Primary: 60J80. Secondary: 34M35.

1 Introduction

We define branching Brownian motion as follows. Starting with an initial individual sitting
at the origin of the real line, this individual moves according to a 1-dimensional Brownian
motion with drift ¢ until an independent exponentially distributed time with rate 1. At that
moment it dies and produces L (identical) offspring, L being a random variable taking values
in the non-negative integers with P(L = 1) = 0. Starting from the position at which its
parent has died, each child repeats this process, all independently of one another and of their
parent. For a rigorous definition, see for example [10].

We assume that m = E[L] —1 € (0, 00), which means that the process is supercritical. At
position x > 0, we add an absorbing barrier, i.e. individuals hitting the barrier are instantly
killed without producing offspring. Kesten proved [19] that this process becomes extinct
almost surely if and only if the drift ¢ > co = v/2m (he actually needed E[L?] < oo for the
“only if” part, but we are going to prove that the statement holds in general). A conjecture
of David Aldous [3], originally stated for the branching random walk, says that the number
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N, of individuals that have lived during the lifetime of the process satisfies E[N,| < oo and
E[N,log™ N,] = oo in the critical speed area (¢ = cp), and P(N, > n) ~ Kn~7 in the
subcritical speed area (¢ > ¢y), with some K > 0,7 > 1. For the branching random walk,
the conjecture of the critical case was proven by Addario-Berry and Broutin [1] for general
reproduction laws satisfying a mild integrability assumption. Aidékon [2] refined the results
for constant L by showing that there are positive constants p,Cy,Cs, such that for every
x > 0, we have

X €T
_Crze” < P(Ngy >n) < _Caze?” for large n.
n(logn)? n(logn)?

Assuming L constant has the advantage that N, is directly related to the number Z, of
individuals absorbed at the barrier by Ny — 1 = (Z, — 1)(L/(L — 1)), hence it is possible to
study N, through Z,. In this sense, Neveu [23] had already proven the critical case conjecture
for branching Brownian motion since he showed that the process Z = (Z;),>0 is actually a
continuous-time Galton-Watson process of finite expectation, but with E[Z,log" Z,] = oo
for every = > 0, if ¢ = ¢p.

Let N={1,2,3,...} and Ny = {0} UN. Define the infinitesimal transition rates (see [4],
p. 104, Equation (6) or [14], p. 95)

1
gn = lim ( n), n € No\{1}

We propose a refinement of Neveu’s result:

Theorem 1.1. Assume ¢ = cy. Assume that E[L(log L)**¢] < oo for some € > 0. Then we
have as n — oo,

coreo”

— h x> 0.
n(logn)? n(logn)? Jor cach @

o0
qu ~—2 _ and P(Z, >n) ~

k=n
The heavy tail of Z, suggests that its generating function is amenable to singularity
analysis in the sense of [12]. This is in fact the case in both the critical and subcritical cases if
we impose a stronger condition upon the offspring distribution and leads to the next theorem.
Define f(s) = E[s*] the generating function of the offspring distribution. Denote by d the
span of L — 1, i.e. the greatest positive integer, such that L — 1 is concentrated on 0Z. Let

Ao < Ae be the two roots of the quadratic equation A\? — 2\ + cg = 0 and denote by d = §—2

the ratio of the two roots. Note that ¢ = ¢y if and only if A, = A, if and only if d = 1.

Theorem 1.2. Assume that the law of L admits exponential moments, i.e. that the radius
of convergence of the power series E[s”] is greater than 1.

— In the critical speed area (¢ = cp), as n — oo,

coreo”

W fOT’ each x > 0.

co
Yon+1 on?(logn)? o ( n+l)

— In the subcritical speed area (¢ > cg) there exists a constant K = K(c, f) > 0, such that,

as n — oo,
K et _ Aew
Qsn+1 ~ nd+1 and  P(Zy;=dn+1) ~ N — A, nitl

for each x > 0.



Furthermore, qsnix = P(Zy =0n+k)=0 foralln € Z and k € {2,...,0}.

Remark 1.3. The idea of using singularity analysis for the study of Z, comes from Robin
Pemantle’s (unfinished) manuscript [24] about branching random walks with Bernoulli repro-
duction.

Remark 1.4. Since the coefficients of the power series F[s”] are real and non-negative, Pring-
sheim’s theorem (see e.g. [13], Theorem IV.6, p. 240) entails that the assumption in Theorem
1.2 is verified if and only if f(s) is analytic at 1.

Remark 1.5. Let 8 > 0 and o > 0. We consider a more general branching Brownian motion
with branching rate given by 8 and the drift and variance of the Brownian motion given by
c and o2, respectively. Call this process the (3,¢,a)-BBM (the reproduction is still governed
by the law of L, which is fixed). In this terminology, the process described at the beginning
of this section is the (1,¢,1)-BBM. The (3, ¢, 0)-BBM can be obtained from (1,¢/(o+/3),1)-
BBM by rescaling time by a factor 8 and space by a factor o/+/B. Therefore, if we add
an absorbing barrier at the point > 0, the (8,¢,0)-BBM gets extinct a.s. if and only if

c > ¢y = oy/28m. Moreover, if we denote by Zg(f %) the number of particles absorbed at ,
we obtain that

(Zg(cﬁ’c’a))xzo and (Zi%/(:\/ﬁ)’l))wzo are equal in law.

In particular, if we denote the infinitesimal transition rates of (Zéﬁ ’C’U))mzo by q,(f’c’o), for

n € No\{1}, then we have

1 \/B . g c/(o \/B
(B.¢:0) _ Jip — Bewo) — ) = VP T (Le/(evB),1) _ 0\ _ VP (1e/(ov/B),1)
a\ %xp(zx n) “lim \/BP(Zx bt n) = .

One therefore easily checks that the statements of Theorems 1.1 and 1.2 are still valid for
arbitrary B > 0 and o > 0, provided that one replaces the constants co, A, \e, K by co/0?,

Ae/0?, Mo, Y2 K (c)(0/B). f). respectively.

Remark 1.6. After submission of this article, Yang and Ren published an article [25] which
permits to weaken the hypothesis in Theorem 1.1: It is enough to assume that E[L(log L)?] <
0o. In our proof, one needs to replace the reference [20] by [25] and use Theorem B of [7]
instead of our Lemma 4.1, in order to obtain (4.6).

The content of the paper is organised as follows: In Section 2 we derive some preliminary
results by probabilistic means. In Section 3, we recall a known relation between Z, and the
so-called Fisher—-Kolmogorov—Petrovskii-Piskounov (FKPP) equation. Section 4 is devoted
to the proof of Theorem 1.1, which draws on a Tauberian theorem and known asymptotics
of travelling wave solutions to the FKPP equation. In Section 5 we review results about
complex differential equations, singularity analysis of generating functions and continuous-
time Galton—Watson processes. Those are needed for the proof of Theorem 1.2, which is done
in Section 6.

2 First results by probabilistic methods

The goal of this section is to prove



Proposition 2.1. Assume ¢ > ¢y and E[L?] < oco. There exists a constant C = C(z,¢,L) >
0, such that

P(Z, >n)> <

5 Jor large n.
n

This result is needed to assure that the constant K in Theorem 1.2 is non-zero. It is
independent from Sections 3 and 4 and in particular from Theorem 1.1. Its proof is entirely
probabilistic and follows closely [2].

2.1 Notation and preliminary remarks

Our notation borrows from [20]. An individual is an element in the space of Ulam—Harris

labels
v=J n,
neNp

which is endowed with the ordering relations < and < defined by
u=v < JwelU:v=uw and wu<v < u=vanduF#v.

The space of Galton—Watson trees is the space of subsets t C U, such that @ € t, v € tif
v < u and u € t and for every u there is a number L, € Ny, such that for all j € N, uj € tif
and only if j < L,. Thus, L, is the number of children of the individual u.

Branching Brownian motion is defined on the filtered probability space (T, F, (F:), P).
Here, T is the space of Galton—Watson trees with each individual v € t having a mark
(Cu, Xu) € RT x D(RT,RU{A}), where A is a cemetery symbol and D(RT,RU{A}) denotes
the Skorokhod space of cadlag functions from Rt to RU{A}. Here, ¢, denotes the life length
and X, (t) the position of u at time ¢, or of its ancestor that was alive at time t. More precisely,
forvet letd, =5, -, Cw denote the time of death and b, = d,, — ¢, the time of birth of v.
Then X, (t) = A for t > d, and if v < u is such that t € [b,,d,), then X, (t) = X, (t).

The sigma-field F; contains all the information up to time ¢, and F = o UtZO Fi ).

Let y,c € R and L be some random variable taking values in No\{1}. P = P¥%! is the
unique probability measure, such that, starting with a single individual at the point ¥,

— each individual moves according to a Brownian motion with drift ¢ until an independent

time ¢, following an exponential distribution with parameter 1.
— At the time (, the individual dies and leaves L, offspring at the position where it has
died, with L, being an independent copy of L.
— Each child of u repeats this process, all independently of one another and of the past of
the process.
Note that often ¢ and L are regarded as fixed and y as variable. In this case, the notation PY
is used. In the same way, expectation with respect to P is denoted by F or EY.

A common technique in branching processes since [21] is to enhance the space T by
selecting an infinite genealogical line of descent from the ancestor &, called the spine. More
precisely, if T € 7 and t its underlying Galton-Watson tree, then & = (&g, &1, &a,...) € UNO is
a spine of T'if £y = @ and for every n € Ny, &, is a child of &, in t. This gives the space

T = {(T,€) € T x UM : € is a spine of T}

of marked trees with spine and the sigma-fields F and F;. Note that if (T,¢) € %, then T is
necessarily infinite.



Assume from now on that m = E[L] — 1 € (0,00). Let N; be the set of individuals alive
at time t. Note that every F;-measurable function f : 7 — R admits a representation

f(T7 §) = Z fu(T)]lueﬁa

u€ Ny

where f, is an Fi-measurable function for every u € U. We can therefore define a measure P
on (T,F,(F)) by

/%fdP =™ /T > fu(T)PAT). (2.1)

u€E N

It is known [20] that this definition is sound and that P is actually a probability measure
with the following properties:

— Under ﬁ, the individuals on the spine move according to Brownian motion with drift ¢
and die at an accelerated rate m + 1, independent of the motion.

— When an individual on the spine dies, it leaves a random number of offspring at the
point where it has died, this number following the size-biased distribution of L. In other
words, let L be a random variable with E[f(L)] = E[f(L)L/(m + 1)] for every positive
measurable function f. Then the number of offspring is an independent copy of L.

— Amongst those offspring, the next individual on the spine is chosen uniformly. This
individual repeats the behaviour of its parent.

— The other offspring initiate branching Brownian motions according to the law P.

Seen as an equation rather than a definition, (2.1) also goes by the name of “many-to-one
lemma”.

2.2 Branching Brownian motion with two barriers

We recall the notation PY from the previous subsection for the law of branching Brownian
motion started at y € R and EY the expectation with respect to PY. Recall the definition of
P and define PY and EY analogously.

Let a,b € R such that y € (a,b). Let 7 = 7, be the (random) set of those individuals
whose paths enter (—oo, a]U[b,00) and all of whose ancestors’ paths have stayed inside (a,b).
For u € 7 we denote by 7(u) the first exit time from (a, b) by u’s path, i.e.

T(u) =1inf{t > 0: X, (t) ¢ (a,b)} = min{t > 0: X, (t) € {a,b}},

and set 7(u) = oo for u ¢ 7. The random set 7 is an (optional) stopping line in the sense of
[10].

For w € 7, define X, (1) = X,(7(u)). Denote by Z,; the number of individuals leaving
the interval (a,b) at the point a, i.e.

Za,b = Z ]]-Xu(T):a-

ueT
Lemma 2.2. Assume |c| > ¢y and define p = \/c? — c&. Then

 lay) SiNR((b — y)p)
EY[Zyyp) = e y)m



If, furthermore, V.= E[L(L — 1)] < oo, then

ecla—y)
EY[Z2,] 2V [sinh((b —y)p) / 7 gela=) sinh?((b — 7)p) sinh((r — a)p) dr

~ psinh3((b — a)p) a

b
+sinh((y — a)p) / @ sinh3((b — r)p) dr | + EYZgp).
y

Proof. On the space T of marked trees with spine, define the random variable I by I = i if
& € 7 and I = oo otherwise. For an event A and a random variable Y write E[Y, A] instead
of E[Y14]. Then

Ey[Za,b] = EY {Z HXu(T):ai| - Ey[emT(gl)v I < o0, X51 (T) = a]

ueT

by the many-to-one lemma extended to optional stopping lines (see [6], Lemma 14.1 for a
discrete version). But since the spine follows Brownian motion with drift ¢, we have I < oo,
P-a.s. and the above quantity is therefore equal to

I/Vy’c[emT7 Br = a,

where W¥¢ is the law of standard Brownian motion with drift ¢ started at y, (B:)¢>o the
canonical process and T' = Ty, the first exit time from (a,b) of B;. By Girsanov’s theorem,
and recalling that m = c% /2, this is equal to

W/y[GC(BT—y)—%(02—63)T7 Br = d,

where WY = W¥Y. Evaluating this expression ([8], p. 212, Formula 1.3.0.5) gives the first
equality.

For uw € U, let ©, be the operator that maps a tree in 7 to its sub-tree rooted in wu.
Denote further by C, the set of u’s children, i.e. C;, = {uk : 1 < k < L, }. Then note that for

each u € 7 we have
Zap =1+ Z Z Zap © Ouw,

v=<u weC,

wAu

hence

EY[Z%,) = EY {Z ]lXu(T):aZa,b}

ueT
_ (2.2)
= Ey[Za,b] + PY emT(Er) Z Z Zap © O, X&](T) =aj.
v=<Er WELy
wAls

Define the o-algebras

G =0(Xe, ()5t >0),
H=GVo(l;v=<£&),
Z:HVU(§717(LU7?} _<§I))7



such that G contains the information about the path of the spine up to the individual that
quits (a,b) first, H adds to G the information about the fission times on the spine and Z adds
to H the information about the individuals of the spine and the number of their children.
Now, conditioning on Z and using the strong branching property, the second term in the last
line of (2.2) is equal to

pY

"€ N (L, — )BT [Z,,], X (1) = a]

v=<Er

(recall that d, is the time of death of v). Conditioning on H and noting the fact that L,
follows the size-biased law of L for an individual v on the spine, yields

pY

emT(fl) Z LE)('EI (dv)[Za,b]a Xf[ (T) = a] .
v=<§&r

Finally, since under P the fission times on the spine form a Poisson process of intensity m+ 1,
conditioning on G and applying Girsanov’s theorem yields

T
wY [eC<BTy)%P2T / VEBZ,,)dt, By = a]
0 b
b
— Vecla—v) / E" [ Zay WY [e_%pQTLTT,BT - a] dr,

where L1, is the local time of (B;) at the time 7" and the point r. The last expression can be
evaluated explicitly ([8], p. 215, Formula 1.3.3.8) and gives the desired equality. O

Corollary 2.3. Under the assumptions of Lemma 2.2, for each b > 0 there are positive

constants Cél), CIE2), such that as a — —o0,

a) E°(Zp) ~ Cél)e(”ﬂ)a,
b) if ¢ > co, EO[Zib] ~ 0552)6(0”)“ and
¢) if ¢ < —co, EO[Zg’b] ~ CéQ)ez(chp)a_

The following result is well known and is only included for completeness. We emphasize
that the only moment assumption here is m = E[L] — 1 € (0,00). Recall that Z, denotes the
number of particles absorbed at x of a BBM started at the origin. For |c| > ¢, define A, to
be the smaller root of A\? — 2¢ + cg, thus \o = ¢ — \/c? — cg.

Lemma 2.4. Let x > 0.
— If |c| > co, then E[Z,] = e<*.
— If |¢| < co, then E[Z;] = +o0.

Proof. We proceed similarly to the first part of Lemma 2.2. Define the (optional) stopping
line 7 of the individuals whose paths enter [x,00) and all of whose ancestors’ paths have
stayed inside (—oo,z). Define I as in the proof of Lemma 2.2. By the stopping line version
of the many-to-one lemma we have

E[Zy) = E[) 1] = E[e™ ), T < o0].

ueT



By Girsanov’s theorem, this equals
1
”r[ecmfﬁ((ﬁfcg)Tz’Tx < ],

where W is the law of standard Brownian motion started at 0 and T is the first hitting time
of z. The result now follows from [8], p. 198, Formula 1.2.0.1. O

2.3 Proof of Proposition 2.1

By hypothesis, ¢ > ¢, F[L?] < oo and the BBM starts at the origin. Let z > 0 and let 7 = 7,
be the stopping line of those individuals hitting the point x for the first time. Then Z, = |7,|.
Let a < 0 and n € N. By the strong branching property,

PYZ, >n) > PY(Zy >n | Zog > )P (Zyp > 1) > PYZy >n)PY(Zyp > 1),

If P° denotes the law of branching Brownian motion started at the point 0 with drift —c,
then
PYZy >n) = P°(Zy_y >n) > P2 (Zy_v1 >n).

In order to bound this quantity, we choose a = a,, in such a way that n = %EQ (Z4,—a,1]- By
Corollary 2.3 a), c¢) (applied with drift —c) and the Paley—Zygmund inequality, there is then
a constant C7 > 0, such that

1E°[Zy, _w1]?
> Tt tneen)
~ 4 E°[Z2

an—m,l]

P°(Zy, w1 >n) > (C; for large n.

Furthermore, by Corollary 2.3 a) (applied with drift —c), we have

1
§C£1)e_)‘c(“”_x) ~n, asn— oo,

and therefore a,, = —(1/A.)logn+O(1). Again by the Paley—Zygmund inequality and Corol-
lary 2.3 a), b) (applied with drift ¢), there exists Co > 0, such that for large n,

EO[Z ]2 (C(l))2 - Oy
PO Za " >1) = PO Za - > An, ,T > T Acn > 2

This proves the proposition with C' = C7C5s.

3 The FKPP equation

As was already observed by Neveu [23], the translational invariance of Brownian motion
and the strong branching property immediately imply that Z = (Z,;);>0 is a homogeneous
continuous-time Galton—Watson process (for an overview to these processes, see [4], Chap-
ter IIT or [14], Chapter V). There is therefore an infinitesimal generating function

[eS)
(I(S) =« <an5n - 5) ; a > Oa pP1 = 0, (31)
n=0

8



associated to it. It is a strictly convex function on [0, 1], with a(0) > 0 and a(1) < 0. Its
probabilistic interpretation is

a=1lmiP(Z,#1) and p,=lim P(Z, =n|Z, #1),
z—0% z—0

hence ¢, = ap, for n € No\{1}. Note that with no further conditions on ¢ and L, the sum
> n>0Pn need not necessarily be 1, i.e. the rate aps, where poo =1 =3 pp, with which
the process jumps to 400, may be positive. -

We further define Fj(s) = E[s%], which is linked to a(s) by Kolmogorov’s forward and
backward equations ([4], p. 106 or [14], p. 102):

%Fm(s) = a(s)%Fm(s) (forward equation) (3.2)
%Fm(s) = a[F,(s)] (backward equation) (3.3)

The forward equation implies that if a(1) = 0 and ¢(z) = E[Z;] = %Fm(l—), then ¢/(x) =
d'(1)é(z), whence E[Z,] = ¢ M. On the other hand, if a(1) < 0, then the process jumps to
oo with positive rate, hence E[Z,] = oo for all x > 0.

The next lemma is an extension of a result which is stated, but not proven, in [23],
Equation (1.1). According to Neveu, it is due to A. Joffe. To the knowledge of the author,
no proof of this result exists in the current literature, which is why we prove it here.

Lemma 3.1. Let (Y;)i>0 be a homogeneous Galton-Watson process started at 1, which may
explode and may jump to +oo with positive rate. Let u(s) be its infinitesimal generating
function and Fy(s) = E[sY!]. Let q be the smallest zero of u(s) in [0,1].

1. If ¢ < 1, then there exists t— € RU{—oo} and a strictly decreasing smooth function
Y (t—,+00) — (q,1) with limy;_1_(t) = 1 and limy_,o0 ¥_(t) = q, such that on
(¢,1) we have u =P op=", Fy(s) = _ (=1 (s) + 1).

2. If ¢ > 0, then there exists t € RU {—o00} and a strictly increasing smooth function
gt (t4,+00) = (0,q) with limy_yy, 4 (t) = 0 and limy_,o P4 (t) = q, such that on
(0,q) we have u =1, o, Fy(s) = by (¥ (s) +1).

The functions ¢_ and ¥ are unique up to translation.

Moreover, the following statements are equivalent:

— Forallt>0,Y, < as.

—qg=1ort_. =—o.

Proof. We first note that u(s) > 0 on (0,¢) and u(s) < 0 on (g,1), since u(s) is strictly
convex, u(0) > 0 and u(1) < 0. Since Fy(s) = s, Kolmogorov’s forward equation (3.2) implies
that Fy(s) is strictly increasing in ¢ for s € (0,q) and strictly decreasing in ¢ for s € (g, 1).
The backward equation (3.3) implies that Fy(s) converges to g as ¢ — oo for every s € [0, 1).
Repeated application of (3.3) yields that Fy(s) is a smooth function of ¢ for every s € [0, 1].

Now assume that ¢ < 1. For n € N set s,, = 1 —27"(1 — q), such that ¢ < 51 < 1,
Sp < Sp41 and s, — 1 as n — oo. Set t; = 0 and define ¢, recursively by

tne1 =t, —t',  where t' > 0 is such that Fy(sp11) = sp.

Then (t,)nen is a decreasing sequence and thus has a limit ¢ € RU {—oc}. We now define
for t € (t_,+00),
¢_ (t) = Ft—tn (Sn), if t > tn.



The function v_ is well defined, since for every n € N and t > t,,,

Fit,(8n) = Fit,,(Ftp—tp 41 (Sn41)) = Fret 1 (Sn41),

by the branching property. The same argument shows us that if s € (¢,1), s, > s and ¢’ > 0
such that Fy(s,) = s, then Fy(s) = Fyip(sy) = ¥_(t +t +t,) for all ¢ > 0. In particular,
Y_(t' +t,) = s, hence Fy(s) = ¢_(¢p"'(s) +t). The backward equation (3.3) now gives

u(s) = 5

(1)) = YL ().

The second part concerning 1 is proven completely analogously. Uniqueness up to transla-
tion of 1_ and 1, is obvious from the requirement (1) ~1(s) +t) = Fy(s), where 1) is either
Y- or Y.

For the last statement, note that P(Y; < oo) =1 for all ¢ > 0 if and only if F;(1—) =1
for all ¢ > 0. But this is the case exactly if g=1or t_ = —o0. O

The following proposition shows that the functions ¢_ and 1 corresponding to (Z;)z>0
are so-called travelling wave solutions of a reaction-diffusion equation called the Fisher—
Kolmogorov—Petrovskii-Piskounov (FKPP) equation. This should not be regarded as a new
result, since Neveu ([23], Proposition 3) proved it already for the case ¢ > ¢y and L = 2 a.s.
(dyadic branching). However, his proof relied on a path decomposition result for Brownian
motion, whereas we show that it follows from simple renewal argument valid for branching
diffusions in general.

Recall that f(s) = E[s”] denotes the generating function of L. Let ¢’ be the unique fixed
point of f in [0,1) (which exists, since f’(1) =m + 1 > 1), and let ¢ be the smallest zero of
a(s) in [0,1].

Proposition 3.2. Assume ¢ € R. The functions ¥— and 1 from Lemma 3.1 corresponding
to (Zy)z>0 are solutions to the following differential equation on (t_,+o00) and (ty,~+00),
respectively.

1
SV e == fou. (3.4)
Moreover, we have the following three cases:
1. If¢>co, thenq=¢q',t_ = —o0, a(1) =0, d'(1) = A, E[Z,] = " for all x > 0.

2. If le| < co, then g =¢', t_ € R, a(1) <0, /(1) = 2¢, P(Z; = o0) > 0 for all x > 0.
8. Ifc< —cg, then ¢ =1, a(1) =0, a'(1) = ., E[Z,] = ** for all x > 0.

Proof. Let s € (0,1) and define the function 1(z) = F,(s) = E[s?*] for z > 0. By sym-
metry, Z, has the same law as the number of individuals N absorbed at the origin in a
branching Brownian motion started at « and with drift —c. By a standard renewal argument
(Lemma A.1), the function 1); is therefore a solution of (3.4) on (0, co) with ¢5(0+) = s. This
proves the first statement, in view of the representation of F, in terms of ¢¥y— and 1, given
by Lemma 3.1.

Let s € (0,1)\{q} and let ¢(s) = ¢_(s) if s > g and ¥(s) = ¥4 (s) otherwise. By (3.4),

oy l(s) . podi(s)— fododl(s) s f(s)
S Wepis) T2 Vo g 1(s) T

a'(s)
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whence, by convexity,
a'(s)a(s) = 2ca(s) +2(s — f(s)), s€]0,1]. (3.5)

Assume |c| > c¢g. By Lemma 2.4, E[Z,] = e* hence a(1) = 0 and a'(1) = ), in
particular, a’(1) > 0 for ¢ > ¢p and @/(1) < 0 for ¢ < —¢y. By convexity, g < 1 for ¢ > ¢ and
q =1 for ¢ < —¢y. The last statement of Lemma 3.1 now implies that t_ = —o0 if ¢ > ¢p.

Now assume |c¢| < ¢y. By Lemma 2.4, E[Z,] = 400 for all x > 0, hence either a(1) < 0
or a(l) = 0 and a/(1) = +o0, in particular, ¢ < 1 by convexity. However, if a(1) = 0, then
by (3.5), a’(1) = 2¢ — 2m/a’(1), whence the second case cannot occur. Thus, a(1) < 0 and
a’(1) = 2¢ by (3.5).

It remains to show that ¢ = ¢’ if ¢ < 1. Assume ¢ # ¢’. Then a(q') # 0 by the (strict)
convexity of a and a'(¢’) = 2¢ by (3.5). In particular, a’(¢') > a’(1), which is a contradiction
to a being strictly convex. O

4 Proof of Theorem 1.1

We start with the following Abelian-type lemma:

Lemma 4.1. Let X be a random variable concentrated on Ng and let p(s) = E[sX] be its
generating function. Assume that E[X (log™ X)Y] < oo for some v > 0. Then, as s — 0,

Y1) —¢'(1-5)=0((log5)") and ¢'(1)s+¢(l—s)—1=0(s(log 3)77).

Proof. Let sg > 0 be such that the function s — s(log1)? is increasing on [0, so]. Let
s € (0,s0). Then, with pp, = P(X = k),

(¢'(1) = ¢ (1=9))(log 1) = > kpr(1 = (1 - )" ")(log 1),
k=1

If k> s71, then (1 — (1 —s)" 1) (log2)” < (logk)?. If [s5] < k < 571, then s(log Ly <
+(log k)7 and thus (1 — (1 —s)*"1)(log 1)7 < ks(log 1)7 < (log k)?. Hence,

s

> k(1= (1= N(logl)T < Y prk(logk) < E[X(log™ X)7.
k=[sy '] k=[sy '

Furthermore, we have for s € (0,1),

B N

D kpe(1— (1= 5)* ) (log 1) < (s(log 2)7) D Kpr < C,
k=1 k=1

for some C' > 0. Collecting these results, we have, for every s € (0, 1),
(¢'(1) = ¢'(1 = 5))(log )7 < C + E[X (log™ X)7] < o0,

by hypothesis. This yields the first equality. Setting g(s) = ¢'(1)s + ¢(1 — s) — 1, we note
that ¢(0) = 0 and
J(s) =¢'(1) = ¢'(1 —5) = O((log {) ),
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by the first equality. Since (log %)_“/ is slowly varying,

o(s) = /O g/ (r)dr = O(s(log 1)),

by standard theorems on the integration of slowly varying functions (see e.g. [11], Section

VIIL.9, Theorem 1). O
Proof of Theorem 1.1. We have ¢ = ¢y by hypothesis. Let ¢_ be the travelling wave from
Proposition 3.2, which is defined on R, since t_ = —oco. Let ¢(z) = 1 — ¢_(—=x), such that
¢(—00) =1—¢q, ¢(+00) = 0 and

39" (2) + cod' () = (1 = ¢(x)) — (1 = ¢(2)), (4.1)

by (3.4). Furthermore, a(l — s) = ¢/(¢p~1(s)) and F,(1 —s) =1 — ¢(¢~1(s) — ).

Under the hypothesis E[L(log L)**¢] < oo, it is known [20] that there exists K € (0, 00),
such that ¢(z) ~ Kze % as x — oo. Since a(1) = 0 and a/(1) = ¢ by Proposition 3.2, this
entails that ¢'(z) = a(1 — ¢(z)) ~ —coKze % as x — oo.

Set p1 = ¢’ and po = ¢. By (4.1),

% (z;@) _ (ﬁ’/’((ﬁ) _ <—200¢'(m) +2[f(1¢&x¢)(96)) - (1= ¢(w))]> ‘

Setting g(s) = c2s + 2[f(1 —s) — (1 — )] = 2[f'(1)s + f(1 — s) — 1], this gives

& () = () + () wwar= (0 50 s

The Jordan decomposition of M is given by

a1 Y &) 1 ([ —¢Co 1—00
poata (g LY an (o). 143)

Setting (i;) =A <2>, we get with £ = (2)

which, in integrated form, becomes

£(z) = e €(0) + e/ /Or e v’ <_g%((b(?g(;;;)> dy. (4.4)
Note that . .
o <e e > _ (4.5)

By the definition of ¢ and the above asymptotic of ¢, we have g(¢(z)) = O(e=0% /z1+¢),
as ¢ — 00, by Lemma 4.1 and the hypothesis on L. Equations (4.4) and (4.5) now imply that

o0

&ala) o ((0) + [ g0l dy),

0
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and

-~ —cox 0 o coy d ,
(61 +&)(a) ~ e (620)+ [ (o) )
and since ¢ = &1 + & and & = ¢’ + ¢y, this gives
(¢ + cod)(x) ~ (x)/x ~ Ke ™% (4.6)

With this information, one can now show by elementary calculus (see Section A.2), that

€0

a’(l1—s)~———, and 4.7
—cox
F!'(1—s) ore as s — 0. (4.8)

~ s(log %)27

By standard Tauberian theorems ([11], Section XIII.5, Theorem 5), (4.7) implies that

3

U(n) = k2qp. ~ co
k=1

(ogn)?’ as n — oo.

By integration by parts, this entails that

oo o) o) 1 1
= “2U(dx) ~ ¢ [ 2 / dz — .
,;qu /n:C Vo~ ? | P ogar © " nllognp?

But the last integral is equivalent to 1/(n(logn)?) ([11], Section VIIL9, Theorem 1), which
proves the first part of the theorem. The second part is proven analogously, using (4.8)
instead. O

5 Preliminaries for the proof of Theorem 1.2

In light of Proposition 2.1, one may suggest that under suitable conditions on L one may
extend the proof of Theorem 1.1 to the subcritical case ¢ > ¢y and prove that as n — oo,
P(Z; >n)~ (' n~¢ for some constant C’. In order to apply Tauberian theorems, one would
then have to establish asymptotics for the (|d] + 1)-th derivatives of a(s) and F,(s) as s — 1.
In trying to do this, one quickly sees that the known asymptotics for the travelling wave
(1 —9(z) ~ const x e as 2 — —o0, see [20]) are not precise enough for this method to
work. However, instead of relying on Tauberian theorems, one can analyse the behaviour
of the holomorphic function a(s) near its singular point 1. This method is widely used in
combinatorics at least since the seminal paper by Flajolet and Odlyzko [12] and is the basis
for our proof of Theorem 1.2. Not only does it work in both the critical and subcritical cases,
it even yields asymptotics for the density instead of the tail only.

In the rest of this section, we will define our notation for the complex analytic part of the
proof and review some necessary general complex analytic results.

5.1 Notation

In the course of the paper, we will work in the spaces C and C?, endowed with the Euclidean
topology. An open connected set is called a region, a simply connected region containing a
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point zg is also called a neighbourhood of zy. The closure of a set D is denoted by D, its
border by dD. The disk of radius r around 2y is denoted by D(2g,7) = {2 € C: |z — 2| < r},
its closure and border by D(zg,r) and dD(zq, ), respectively. We further use the abbreviation
D =D(0,1) for the unit disk. For 0 < ¢ <7, r > 0 and = € R, we define

G(p,r) ={z € D(1,r)\{1} : [arg(l — 2)| <7 — ¢}, Si(pyz) = [2,00) X (=9, ),
Alp,r) ={z € D(0,1 +r)\{1} : [arg(1 — 2)| <7 — ¢}, S_(p,z) = (—00,2] X (=, ),
H(p,r)={z € D(0,r)\{0} : |arg z| < p}.

Note that H(¢,r) = 1—G(7m — ¢, r). Here and during the rest of the paper, arg(z) and log(z)
are the principal values of argument and logarithm, respectively.

Let G be a region in C, 29 € G and f and g analytic functions in G with g(z) # 0 for all
z € G. We write

f(z)=0(g(z)) <= Ve>030>0Vze GND(20,9):]|f(2)] <elg(z)],
f(z)=0(g(z)) <= 3C>036>0VzeGND(2,0):|f(2)| <Clg(z)],
f(2) =0(9(z)) <= 3FKeC:f(z)=Kg(z)+o(g(2)),

f(2)~g(z) = [(z) =9(2) +o(9(2)),

specifying that the relations hold as z — zg.

5.2 Complex differential equations

In this section, we review some basics about complex differential equations. We start with
the fundamental existence and uniqueness theorem ([5], p. 1, [15], Theorem 2.2.1, p. 45 or
[18], Section 12.1, p. 281).

Fact 5.1. Let G be a region in C? and (wo, z0) a point in G. Let f : G — C be analytic in G,
i.e. [ is continuous and both partial derivatives exist and are continuous. Then there exists a
neighbourhood U of zy and a unique analytic function w : U — C, such that

1. w(zo) = wo,

2. (w(z),z) € G forall z€ U and

3. w'(z2) = f(w(z),2) forall z€ U.
In other words, the differential equation w' = f(w,z) with initial condition w(zy) = wy has
exactly one solution w(z) which is analytic at 2.

The following standard result is a special case of a theorem by Painlevé ([5], p. 11, [15],
Theorem 3.2.1, p. 82 or [18], Section 12.3, p. 286f).

Fact 5.2. Let H be a region in C and w(z) analytic in H. Let G be a region in C?, such that
(w(z),z) € G for each z € H and suppose that there exists an analytic function f : G — C,
such that w'(z) = f(w(2),z) for each z € H. Let zg € OH. Suppose that w(z) is continuous
at zg and that (w(zg), z0) € G. Then zy is a regular point of w(z), i.e. w(z) admits an analytic
extension at zg.

Let [21,...,2k]n, denote a power series of the variables z1,..., zx, converging in a neigh-
bourhood of (0,...,0) and which contains only terms of order n or higher. The complex
differential equation

2w = w + pz + [w, 2]a, A\, p€C, (5.1)
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was introduced in 1856 by Briot and Bouquet [9] as an example of a complex differential
equation admitting analytic solutions at a singular point of the equation. More precisely,
they obtained ([15], Theorem 11.1.1, p. 402):

Fact 5.3. If \ is not a positive integer, then there exists a unique function w(z) which is
analytic in a neighbourhood of z = 0 and which satisfies (5.1). Furthermore, w(0) = 0.

The singular solutions to this equation were later investigated by Poincaré, Picard and
others (for a full bibliography, see [17]). We are going to need the following result (see [17],
Paragraph I11.9.2° or [15], Theorem 11.1.3, p. 405, but note that the latter reference is without
proof and the statement is slightly incomplete).

Fact 5.4. Assume X\ > 0. There exists a function (z,u) = zjk>0pjkzjuk, converging in a
neighbourhood of (0,0) and such that poy = 0 and pp1 = 1, such that the general solution of
(5.1) which vanishes at the origin is w = ¥(z,u), with

—u=C2,if \¢N,

— u=2)C+ Klogz), if \ € N.
Here, C' € C is an arbitrary constant and K € C is a fized constant depending only on the
right-hand side of (5.1).

Remark 5.5. The above statement is slightly imprecise, in that the term solution is not
defined, i.e. what a priori knowledge of w(z) (regarding its domain of analyticity, smoothness,
behaviour at z = 0, ...) is required in order to guarantee that it admits the representation
stated in Fact 5.47 Inspecting the proof (as in [17], for example) shows that it is actually
enough to know that w(z) satisfies (5.1) on an interval (0,¢) of the real line and that w(0+) =
0. We briefly explain why:

In order to prove Fact 5.4, one shows that there exists a function 1 of the form stated
above, such that when changing variables by w = v¥(z, u), the function u(z) formally satisfies
one of the equations

2 =X or zu =+ K2,

according to whether A ¢ N or A\ € N.

Now suppose that w(z) satisfies the above conditions. By the implicit function theorem
([16], Theorem 2.1.2), we can invert 1 to obtain a function p(w,z) = w + ¢z + [w, 2],
g € C, such that ¢(z,¢(w,z)) = w in a neighbourhood of (0,0). We may thus define
u(z) = p(w(z), z) for all z € (0,e1) for some €1 > 0. Moreover, u(z) now truly satisfies the
above equations on (0,e1) and u(04) = 0. Standard theory of ordinary differential equations
on the real line now yields that u is necessarily of the form stated in Fact 5.4.

We further remark that since u(z) is analytic in the slit plane C\(—o0, 0] and goes to 0 as
z — 0 in C\(—o0, 0], there exists an r > 0, such that (z,u(z)) is in the domain of convergence
of ¥(z,u) for every z € H(m,r). Hence, every solution w(z) can be analytically extended to
H(m,r).

5.3 Singularity analysis

We now summarise results about the singularity analysis of generating functions. The basic
references are [12] and [13], Chapter VI. The results are of two types: those that establish an
asymptotic for the coefficients of functions that are explicitly known, and those that estimate
the coefficients of functions which are dominated by another function. We start with the
results of the first type:

15



Fact 5.6. Letd € (1,0)\N, k € N, v € Z\{0}, § € Z and the functions f1, fo defined by

1\ 1\’
= (1—2)¢ d =(1-2)k(1 log1
A =9t and ) = (-2 (g =) (toglos =)
for z € C\[1,400). Let (pg)) be the coefficients of the Taylor expansion of f; around the
origin, 1 = 1,2. Then (pgf)) satisfy the following asymptotics as n — oo:

(2) _ Ka(log n)Y~1(loglogn)°
n o ,

1 ~
Pr’ ™~ T

and p

for some non-zero constants K1 = K1(d), Ko = Ka(k,v,9). We have K5(1,—1,0) = 1.

Proof. For f1, this is Proposition 1 from [12]. For fo this is Remark 3 at the end of Chapter
3 in the same paper. Note that the additional factors % do not change the nature of the
singularities, since % is analytic at 1 (see the footnote on p. 385 in [13]). The last statement
follows from Remark 3 as well. U

The results of the second type are contained in the next theorem. It is identical to
Corollary 4 in [12]. Note that a potential difficulty here is that it requires analytical extension
outside the unit disk.

Fact 5.7. Let 0 < ¢ < m/2, r >0 and f(z) be analytic in A(p,r). Assume that as z — 1 in
Alp,r),

f(z)=o0 ((1 —2)“L ( >> ., where L(u) = (logu)?(loglogu)®, «,7,0 € R.

11—z

Then the coefficients (pn) of the Taylor expansion of f around 0 satisfy
L(n)
Pn=0{—77 ) as n — oo.

5.4 An equation for continuous-time Galton—Watson processes

In this section, let (Y;):>0 be a homogeneous continuous-time Galton—Watson process starting
at 1. Let a(s) be its infinitesimal generating function and Fj(s) = E[s¥t]. Assume a(1) = 0
and a/(1) = X € (0,00), such that a(s) = 0 has a unique root ¢ in [0, 1).

The following proposition establishes a relation between the infinitesimal generating func-
tion of a Galton—Watson process and its generating function at time ¢. For real s, the formulae
stated in the proposition are well known, but we will need to use them for complex s, which
is why we have to include some (complicated) hypotheses to be sure that the functions and
integrals appearing in the formulae are well defined.

Proposition 5.8. Suppose that a and F; have analytic extensions to some regions D, and
Dp. Let Z, = {s € D, : a(s) = 0}. Let there be simply connected regions G C Dy\Z, and
D C GN Dp with F,(D) C G and DN (0,1) # &. Then the following equations hold for all

se D:
Fi(s) 1
/ ——dr =t, (5.2)



and
Ft(S)
1 — Fi(s) = e™(1 — 5) exp (—/ fr(r) dr) , (5.3)

where f*(s) is defined for all s € D,\Z, as

and the integrals may be evaluated along any path from s to Fy(s) in G.

Proof. For s € (0,1)\{¢}, equation (5.2) follows readily from Kolmogorov’s backward equation
(3.3), when the integral is interpreted as the usual Riemann integral ([4], p. 106). Now note
that by definition of G, both ﬁ and f* are analytic in the simply connected region G and
therefore possess antiderivatives g and h in G. Thus, the functions

Fy(s) 1 Fi(s) * _
s [ oS =g gl and s [ P0) = M) - h)

are analytic in D. By the analytic continuation principle, (5.2) then holds for every s € D,
since DN (0,1) # @ by hypothesis. This proves the first equation. For the second equation,
note that —log(1 — s) is an antiderivative of - in G, whence the right-hand side of (5.3)
equals

Fi(s)
eM(1— s)exp <log(1 — Fi(s)) —log(1 —s) — )\/ % dr) =1— Fy(s),

for all s € D, by (5.2). This gives (5.3). O

Corollary 5.9. If 1 is a regular point of a(s), then it is a regular point for Fy(s) for every
t > 0.

Proof. Define G = {s € D: Res > q}. Then GN Z, = &, since q is the only zero of a in D
(every probability generating function g with ¢’(1) > 1 has exactly one fixed point ¢ in D;
this can easily be seen by applying Schwarz’s lemma to 77! o g o 7, where 7 is the M&bius
transformation of the unit disk that maps 0 to g). Let s; € (¢,1) be such that Fy(s) € G for
every s € H ={s €DD:Res > s1}. We can then apply Proposition 5.8 to conclude that (5.3)
holds for every s € H.

Since a(s) is analytic in a neighbourhood U of 1 by hypothesis, it is easy to show that f*
is analytic in U as well. Thus, f* has an antiderivative F* in H UU. We define the function
g(s) = (1 —s)exp(F*(s)) on HUU. Since ¢'(1) = —exp(F*(1)) # 0, there exists an inverse
g~ ! of g in a neighbourhood U; of g(1) = 0. Let Uy C U be a neighbourhood of 1, such that
eMg(s) € Uy for every s € Uy. Define the analytic function Fi(s) = g~!(eMg(s)) for s € Us.
Then by (5.3), we have Fy(s) = Fy(s) for every s € H N Uy, hence F} is an analytic extension
of I} at 1. O

Corollary 5.10. Suppose that a(s) has an analytic extension to G(pg,ro) for some 0 <
wo < m and ro > 0. Suppose further that there exist ¢ € R, v > 1, such that a(1 — s) =
—As + Aes/logs 4+ O(s/|log s|?) as s — 0. Then for every ¢o < ¢ < m there exists r > 0,
such that Fy(s) can be analytically extended to G(p,r), mapping G(p,r) into G(po, o).
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Proof. Recall that A > 0. By hypothesis, we can then assume that a(s) # 0 in G(pg,79) by
choosing 79 small enough. Then A/a has an antiderivative A on G(¢p,ro). Define B(s) =
A(1l —s) for s € H(m — g, ), such that

, 1 1 e 1

B(s) = s(1—c/logs+O(|logs|™)) s * slog s o <s| log5|—min(%2)> '

We can therefore apply Lemma A.7 to B and deduce that there exist ¢1 € (pg,p) and
r1,7 € (0,70), such that A is injective on G(¢1,r1) and such that A(s) + At € A(G(¢1,71))
for every s € G(¢,r). Hence, Fy(s) = A~1(A(s) 4+ At) is defined and analytic on G(p, 7). By
(5.2), Fy(s) = Fi(s) on G(p,r) ND, hence F, is an analytic extension of Fy, mapping G(¢,r)
into G(p1,7m1) C G(vo,r0) by definition. O

6 Proof of Theorem 1.2

We turn back to branching Brownian motion and to our Galton-Watson process Z = (Z;)z>0
of the number of individuals absorbed at the point . Throughout this section, we place
ourselves under the hypotheses of Theorem 1.2, i.e. we assume that ¢ > ¢y = v/2m and that
the radius of convergence of f(s) = E[s] is greater than 1. The equation A% — 2¢A + ¢2 = 0
then has the solutions A\, = ¢ — y/c? — c% and Ao = ¢+ /2 — Cg, hence A\ = Ao = ¢ if ¢ = ¢
and A, < ¢y < A. otherwise. The ratio d = A\./\. is therefore greater than or equal to one,
according to whether ¢ > ¢y or ¢ = ¢q, respectively. Recall further that § € N denotes the
span of L — 1.

Let a(s) = oY, >0 prs® — s) be the infinitesimal generating function of Z and let F,(s) =
E[s%=]. We recall the equation (3.5) from Section 3: For s € [0, 1],

a'(s)a(s) = 2ca(s) +2(s — f(s)). (6.1)

By the analytic continuation principle, this equation is satisfied on the domain of analyticity
of a(s), in particular, on D.

We now give a quick overview of the proof. Starting point is the equation (6.1). We are
going to see that this equation is closely related to the Briot—Bouquet equation (5.1) with
A = d. The representation of the solution to this equation given by Fact 5.4 will therefore
enable us to derive asymptotics for a(s) near its singular point s = 1 (Theorem 6.4). Via the
results in Section 5.4, we will be able to transfer these to the functions Fy(s) (Corollary 6.6).
Finally, the theorems of Flajolet and Odlyzko in Section 5.3 yield the asymptotics for ¢, and
P(Z, =n).

More specifically, we will see that the main singular term in the expansion of a(l — s)
or F,(1—s) near s = 0 is s%, if d ¢ N and s%logs, if d € N. At first sight, this dichotomy
might seem strange, but it becomes evident if one remembers that we expect the coefficients
of F,(s) (i.e. the probabilities P(Z, = n), assume § = 1) to behave like 1/n%*! if d > 1 (see
Proposition 2.1). In light of Fact 5.6, a logarithmic factor must therefore appear if d is a
natural number, otherwise F,(s) would be analytic at 1, in which case its coefficients would
decrease at least exponentially.

We start by determining the singular points of a(s) and F,(s) on the boundary of the unit
disk, which is the content of the next three lemmas.

Lemma 6.1. Let X be a random variable with law (py)ken, and let x > 0. Then the spans
of X — 1 and of Z, — 1 are equal to ¢.
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Proof. This follows from the fact that the BBM starts with one individual and the number
of individuals increases by [ — 1 when an individual gives birth to [ children. O

Lemma 6.2. If§ = 1, then a(s) and (F,(s))z>0 are analytic at every s € OD\{1}. If§ > 2,
then there exist a function h(s) and a family of functions (hy(8))z>0, all analytic on D, such
that

a(s) = sh(s?)  and  F,(s) = shy(s°),

for every s € D. Furthermore, h and (hy)z>0 are analytic at every so € OD\{1}.

Proof. Assume first that § > 2. Define

h(s) = a(z Preens’ —1) and  hy(s) = ZP(Z;B =1+dn)s".

By Lemma 6.1, pgisn = P(Z; = k+ dn) = 0 for every k € {2,...,6} and n € Z, whence
a(s) = sh(s?) and F,(s) = shy(s°) for every s € D.

We now claim that a and F, are analytic at every sy € 0D with 38 # 1. Note that if
§ > 2, this implies that h and h, are analytic at every sy € OD\{1}, since the function s — s°
has an analytic inverse in a neighbourhood of any s # 0.

First note that by [11], Lemma XV.2.3, p. 475, we have | > pnsj| < 1 for every so € 9D,
such that sg # 1, whence a(sg) # 0. Now write the differential equation (6.1) in the form

o 2eat 25— £(5))

=:g(a,s).

Since the radius of convergence of f is greater than 1 by hypothesis, g is analytic at (a(sg), so).
Furthermore, a is continuous at sg, since ) p,s™ converges absolutely for every s & D.
Fact 5.2 now shows that a is analytic at sg.

It remains to show that F). is analytic at sg. Kolmogorov’s forward and backward equations
(3.2) and (3.3) imply that a(s)F.(s) = a(Fy(s)) on [0,1], and the analytic continuation
principle implies that this holds on ID. Now, let sg € JD, such that Sg # 1. Then we have
just shown that a is analytic and non-zero at sg. Furthermore, |F}(sg)| < 1, by the above
stated lemma in [11] and Lemma 6.1. Thus, the function f(w,s) = a(w)/a(s) is analytic
at (Fy(s0),s0), hence we can apply Fact 5.2 again to conclude that F, is analytic at sg as
well. O

The next lemma ensures that we can ignore certain degenerate cases appearing in the
course of the analysis of (3.5). It is the analytic interpretation of the probabilistic results in
Section 2.

Lemma 6.3. 1 is a singular point of a(s). If ¢ = g, then o’ (1) = 4o0.

Proof. If ¢ = ¢y, the second assertion follows from Theorem 1.1 or from Neveu’s result that
E[Z,logt Z,] = oo for x > 0 (see the remark before Theorem 1.1). This implies that 1
is a singular point of a(s). If ¢ > ¢y, Proposition 2.1 implies that E[s?:] = oo for every
s > 1, whence 1 is a singular point of the generating function F,(s) by Pringsheim’s theorem
([13], Theorem IV.6, p. 240). By Corollary 5.9, it follows that 1 is a singular point of a(s) as
well. O

The next theorem is the core of the proof of Theorem 1.2.
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Theorem 6.4. Under the assumptions of Theorem 1.2, for every ¢ € (0,m) there exists
r > 0, such that a(s) possesses an analytical extension (denoted by a(s) as well) to G(p,r).
Moreover, as 1 — s — 1 in G(¢,r), the following holds.

— Ifd=1, then

s loglogl ~ s
a(l —s) = —cps +c — S S +0 ——|. 6.2
(1-2) 07T Plog I T (log 1)? (log 1) (62)

— Ifd > 1, then there is a K = K(c, f) € C\{0} and a polynomial P(s) = ZTLLUQQ cns",
such that
ifd¢ N: a(l—s)=—Xs+ P(s) + Ks? + o(s?), (6.3)
ifdeN: a(l—s)=—As+ P(s) + Ks’logs + o(s%).

Proof of Theorem 6.4. We set b(s) = a(1 — s). By (6.1),
—b'(s)b(s) = 2¢b(s) +2(1 —s— f(1 —s)) onD(1,1). (6.5)

Since f is analytic at 1 by hypothesis, there exists 0 < €1 < 1 — ¢ and a function g analytic
on D(0,e1) with g(0) = ¢’(0) = 0, such that f(1—s)=1— (m+1)s + g(s) for s € D(0,&7).

As a first step, we analyse (6.5) for real non-negative s. Since e < 1 — ¢, b(s) < 0 on
(0,1), whence we can divide both sides by b(s) to obtain

b —2cb— cts +2g(s)
ds b

on (0,e1). (6.6)

Introduce the parameter t(s) = [ %(T), s € (0,e1], such that t(e1) = 0, t(0+) = +o0

S
and t(s) is strictly decreasing on (0,e1]. There exists then an inverse s(t) on [0, 00), which
satisfies s'(t) = b(s(t)). Hence, we have

db  dbds ,
T ded —2¢b(t) — cgs(t) +2g(s(t))  on (0,00),

In matrix form, this becomes

% <2> =M (l;) * <2g(()5)> , M= <_12 ’ _ch> : (6.7)

for ¢t € (0,00). Note that this extends (4.2) to the subcritical case. This time, the Jordan
decomposition of M is given by

ATTMA = <_6\C _OA > A= <‘1A _1A> . ife> e (6.8)

()-2)

and by (4.3), if ¢ = ¢g. Setting



transforms (6.7) into

dB — d
&~ XB+[B,Sh, d—f — AS+[B S ife> e (6.10)
dB d
— =—cB+ 5+ [B, S]Q, —S = —coS + [B, S]Q, if ¢ = ¢, (6.11)
dt dt
for t € (0,00). Furthermore, by (6.9), we have
s=B+S, (6.12)
>\_c - )\c -t b >\_c ) f d 15
5= )70+ Acs), ifd> (6.13)
b+ cops, ifd=1,
e =) Hb+ A if d>1
_ Ae = A) (b + Acs), 1 >1, (6.14)
b+ (1—cp)s, ifd=1.
From now on, let €9, €3, ... be positive numbers that are as small as necessary. By the strict

convexity of b and the fact that /(0) = —A. by Lemma 2.4, equation (6.13) implies that S is
a strictly convex non-negative function of s on [0,e2). This implies that the inverse s = s(.5)
exists and is non-negative and strictly concave on [0,e3). It follows that ¢(S) = ¢(s(5)) exists
on [0,e4). Equations (6.10) and (6.11) then yield for S € (0,e4),

dB  dB+[B,S)
dS ~ S+[B,S]y’

dB B -c¢;'S+[B,S)
S~ S+[B, S},

if ¢ > ¢y, (6.15)

if ¢ = cp. (6.16)

By (6.12) and the fact that s(S) is strictly concave, B is a strictly concave function of S
as well, hence strictly monotone on (0,¢5). We claim that B(S)? = o(S) as S — 0. For d > 1,
one checks by (6.13) that S(s) ~ s, as s — 0, whence B(S) = o(5), as S — 0, by (6.12).
If d =1, then ¥'(0) = —¢p by Lemma 2.4 and b”(0) = +00 by Lemma 6.3. Equation (6.13)
then implies that S(s)/s> — +00 as s — 0, whence s(S) = 0(v/S). The claim now follows by
(6.12).

Proposition A.4 now tells us that there exists a function h(z) = [z]2, such that the function
s(S) = S — h(B(S)) has an inverse S(s) on (0,e6) and b(s) = B(S(s)) satisfies the Briot—
Bouquet equation

db + [b if d>1

s = { 0T sl a4 (6.17)
b—cy s+ [b,slp, ifd=1,

on (0,g6). By Fact 5.4 and Remark 5.5, there exists then a function ¢(z,u) = u+rz+ [z, ul2,

r € C, such that b(s) = ¢(s,u(s)), where
u(z) =C2% ifd¢ N and wu(z) =Cz%logz, ifd €N,

for some constant C' = C(c, f) € C (the form of u in the case d € N can be obtained from the
one in Fact 5.4 by changing ¢, C' and K). Moreover, comparing the coefficient of s on both
sides of (6.17), we get, if d > 1, r =dr, whence r =0 and if d=1: r+C =r — Cal, whence
C= —co_l.
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Assume now d > 1. Then b = u(s) + [s,u(s)]2. Recall that B = b and S = s + h(b). By
(6.12),

s=B+S=0b+s+h(b) =s+u(s) +[s,u(s)a,

such that §'(s) = 1+ o(1) and s(s) = s + [s]a + o(s7), as s — 0, where v = (d + [d])/2, if
d¢ Nandy=d—-1/2,if d € N. By Lemmas A.6 and A.8, for every oo € (0,7) there exists
ro > 0, such that the inverse s(s) exists and is analytic on H(¢p, 7o) and satisfies

s5(s) =s+[s]la+o0(s7), ass—0.

This entails that

u(s) = Cs? = C(s + o(s)) = Cs? + o(s%), ifd ¢ N,
u(s) = Cs?logs = C(s + o(s%/?)) log(s + o(s)) = Cs'log s + o(s?), if d € N\{1},
s" = [s]a + o(s7T1) + o(syz) = [s]2 4 o(s%), for all n > 2.

It follows that

We finally get by (6.9),
b=-NB = XS =—Ae5+ (Ae — Ao)b = =5 + (Ao — Ao)u(s) + [s]2 + o(s9),

which proves (6.3) and (6.4).
If d = 1, recall that u(z) = calzlog% and b = u(s) 4+ rs + [s, u(s)]2 for some r € C. By
(6.12),
s=B+S=0b+s5+h(b) =u(s)+ (r+1)s + [s,u(s)]2,

such that s'(s) = ¢; ' log(2) + O(1) and s(s) = ¢;'slog 2 + (r + 1)s + o(s). Lemma A.6 now
implies that for every ¢g € (0,7) there exists ro > 0, such that the inverse s(s) exists and is
analytic on H (¢, 70). Now, by (6.9),

b= —cos+ S = —cos+ 5+ h(b) = —cos + 5 + O(s>/?).
Lemma A.9 now yields (6.2). O

Remark 6.5. The reason why we cannot explicitly determine the constant K in Theorem 6.4
is that we are analysing (3.5) only locally around the point 1. Since the solution of (3.5)
with boundary conditions a(g) = a(1) = 0 is unique (this follows from the uniqueness of the
travelling wave solutions to the FKPP equation), a global analysis of this equation should be
able to exhibit the value of K. But it is probably easier to refine the probabilistic arguments
of Section 2, which already give a lower bound that can be easily made explicit.

The asymptotics established in Theorem 6.4 for the infinitesimal generating function can

now be readily transferred to the generating functions F(s).

Corollary 6.6. Under the assumptions of Theorem 1.2, for every x > 0 and ¢ € (0, ) there
exists v > 0, such that F,(s) = E[s%*] can be analytically extended to G(p,r). Furthermore,
the following holds as 1 —s — 1 in G(p,r).
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— Ifd=1, then

S sloglog L ~ S
F,(1—35)=1—¢e%" cox — 5 Ol ———= 1. 6.18
( s) e"s + coxe <1og% (log %)2 + (log %)2 ( )

— If d > 1, then there is a polynomial Py(s) = ZTLLd:JQ cn 8™, such that

ifd¢ N: F,(1—-5)=1-e s+ Py(s) + K,ds? + o(s?), (6.19)
ifdeN: F,(1-5)=1-e s+ P,(s)+ K,slog s+ o(s?), (6.20)

where K, = K(e*® — e*%) /(X. — \,), with K being the constant from Theorem 6.4.

Proof. Let 0 < ¢y < ¢. By Theorem 6.4, there exists ro > 0, such that a(s) can be analytically
extended to G(gp,rg) and satisfies the hypothesis of Corollary 5.10. It follows that there
exists r > 0, such that F,(s) can be analytically extended to G(¢,r) and maps G(¢,r) into
G(v0,70). Hence, the functions

w(s)
w(s)=1—F,(1—s) and I(s):/ (1 —r)dr,

where f*(s) is defined as in (5.4), are analytic in H(m — ¢,7). In what follows, we always
assume that s € H(m — ¢, 7). Appearance of the symbols ~, O, 6,0 means that we let s go
to 0in H(m — ¢, 7).

First of all, we note that by Proposition 5.8, we have

w(s) = se*® exp(I(s)) = sete® (1 +1(s)+ Z I(k!) ) (6.21)
k=2

Now assume d > 1. By Theorem 6.4, a(1 —s) = —A.s -+ [s]o +u(s) + o(s?), where u(s) = Ks¢
or u(s) = Ks%log s, according to whether d ¢ N or d € N, respectively. It follows that

. A 11 u(s) PR
log)=—2¢ 42— _Z(1_1q, - :
frl=s) a(1—8)+s s( [s]1 = 35 +ols )> +s
= [s]o — % + 0(5d72).
Now, fsw(s) o(r%=2)dr = o(s%71), since w(s) ~ se*® by Lemma 2.4. Thus,
w(s) w(s)
I(s) = / F(1=r)dr = [w(s),s]s — / ;‘(T; dr + o(s71). (6.22)
s s el
Since fsw(s) r~2u(r) dr = O(s% !log s), equations (6.21) and (6.22) now give
Ac ) u(r) d-1
w(s) = se™¥ | 14 [w(s),s] — 2 dr+o(s“ ) |. (6.23)
s c”
If d > 2, we deduce that w(s) = se*® + o(s%/2). Straightforward calculus now shows that
w(s) K
/S Q;EZ:; dr = e/\:; %8) + [w(s), s]1 + o(sd_l), (6.24)
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and (6.23) and (6.24) now yield
w(s) = se™® + [w(s), sz — Kyu(s) + o(s?).

Repeated application of this equation shows that w(s) = se*® + [s]y — K,u(s) + o(s%), which
yields (6.19) and (6.20).
In the critical case d = 1, Theorem 6.4 tells us that

1 1 loglog:  ~ 1
=) =~ <_1ogl + (lig f); +0 (@)) . (6.25)

Write A = A. = ¢g. For our first approximation of w(s), we note that

Az

1(s) /se 1 1 AT
s ~ — )
s rlog— log% s og%

. 1
w(s) = se? ( log i og 1 ) ) (6.26)

To obtain a finer approximation, we decompose I(s) into

hence, by (6.21),

ser® w(s)
I(s) :/ f*(l—r)dr—i—/ (A —=r)dr =: Ii(s) + Ix(s).

se T

We then have

A\x log log = 1
I = — M———=5 1 0 ,
1(s) log 1 + Az (log 1)? + < 1 )

and, because of (6.26),

seAz(l—l—lg‘zs 1 Y
oy~ [T g M
ser rlog - (log £)?

Plugging this back into (6.21) finishes the proof. O

Proof of Theorem 1.2. Let x > 0. We want to apply the methods from singularity analysis
reviewed in Section 5.3 to the functions a and F,, if § = 1, or the functions h and h, from
Lemma 6.2, if § > 2. Let ¢ € (0,7/2). By Theorem 6.4 and Corollary 6.6, there exists
ro > 0, such that a and F, can be analytically extended to G(p,ro), which implies that
for some ¢; € (p,7/2) and r1 € (0,7), h and h, can be extended to G(¢1,71), as well.
Moreover, by Lemma 6.2, each of these functions is analytic in a neighbourhood of every
point of C' = {s € 9D : |1 — s| > r1/2}, which is a compact set. Hence, there exists a finite
number of neighbourhoods which cover C. It is then easy to show that there exists r > 0,
such that the functions are analytic in A(eq, 7).

If 6 = 1, we can then immediately apply Facts 5.6 and 5.7, together with the asymptotics
on a and F established in Theorem 6.4 and Corollary 6.6, to prove Theorem 1.2.

If 6 > 2, let ¢(s) be the inverse of s — s° in a neighbourhood of 1, then h(s) = a(q(s))/q(s)
near 1, by Lemma 6.2. But since ¢/(1) = 1/0, we have

1
h(1—s)=a(l—(5s+eas” tegs’ + )L skchs+-o0),
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for some constants ¢,,c),, and so equations (6.2), (6.3) and (6.4) transfer to h with the
coefficient of the main singular term divided by 6%. We can therefore use Facts 5.6 and 5.7
for the function h to obtain the asymptotic for (ps,+1)nen in Theorem 1.2. In the same way,
equations (6.18), (6.19) and (6.20) yield asymptotics for h,, such that we can use again Facts
5.6 and 5.7 to prove the second part of Theorem 1.2. O

A Appendix

A.1 A renewal argument for branching diffusions

Let W = (W;)i>0 be a diffusion on an interval with endpoints ¢’ < 0 < a, such that
limg o P*[Ty < t] = 1 for every t > 0, where Ty = inf{t > 0 : W; = 0} and Wy = =z,
P?-almost surely. For z € (0,a), and only in the scope of this section, we define P* to be the
law of the branching diffusion starting with a single particle at position  where the particles
move according to the diffusion W and branch with rate 5 according to the reproduction law
with generating function f(s). Moreover, particles hitting the point 0 are absorbed at that
point. Denote by Z the number of particles absorbed during the lifetime of the process and
define us(x) = P*[s?] for s € [0,1) and z € (0, a).

Lemma A.1. Let s € [0,1) and G be the generator of the diffusion W. Then
Gus = B(us — fous) on (0,a), withus(0+)=s.

Proof. The proof proceeds by a renewal argument similar to the one in [22]. As for the BBM,
for an individual u, we denote by (, its time of death, X, (¢) its position at time ¢ and L,, the
number of u’s children. Define the event A = {3t € [0,(z) : Xz(t) = 0}. For s € [0,1) we
have by the strong branching property

ws(z) = B7[s7] = sP*(A) + E* [(EXZ(CQ—)[SZ])LQ ’Ac}

= sP*(Th < &) + E*[f (us(We)), & < To),

where W = (Wy)¢>0 is a diffusion with generator G starting at = under P*, Ty = inf{t > 0 :
W; = 0} and the random variable ¢ is exponentially distributed with rate 5 and independent
from W. Setting v(z) = P*(Ty < £) we get by integration by parts

v(z) = / Be I'PH(Ty < t)dt = / e PIPT(T) € dt) = E” [e*‘m] :
0 0

and therefore Gv = v on (0,a) ([8], Paragraph I1.1.10, p. 18).
Denote the S-resolvent of the diffusion by Rg. By the strong Markov property,

B (W)€ < ol =B7[ [ e ftus(w)ae] — B[ [ e p(un(wi) o
0 To
= BRs(f o us)(x) — BE"[e™ | Ry(f 0 us)(0),
hence u, = Cs gv + BRa(f o us), with Cs 3 = s — BRa(f o u,)(0). It follows that
Gus = 503,67) + /82R6(f o us) - ﬂ(f © us) = /B(us —fo us) on (0,@).

By the above hypothesis on W, P*(Ty < §) — 1 as x | 0, whence us(0+) = s. O
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A.2 Addendum to the proof of Theorem 1.1

With the notation used in the proof of Theorem 1.1, recall that for some constant K > 0 we
have
(¢ + cog)(x) ~ p(z)/z ~ Ke % asx — oc.

In what follows, formulae containing the symbols ~ and o() are meant to hold as s | 0. The
above equation yields

a(l—s) = ¢'(¢71(5)) = —cos + (¢ + cod) (97" (s)) = —cos + (A.1)

Now, by (3.5), we have

d (1 —s)a(l —s) = 2cpa(l — s) + c&s — g(s),
where we recall that g(s) was defined as g(s) = 2(f(1 —s) — 1+ f’(1)s). From the above
equation, one gets

a’(1—s)=—(a(l — s))_3<(coa(1 —s)+ c%s — g(s))2 -4 (s)a(l — 8)2),

and an application of Lemma 4.1 and (A.1) yields (4.7).
Kolmogorov’s forward and backward equations (3.2) and (3.3) give

a(Fz(s))
a(s)

and taking the derivative on both sides of this equation gives

F(9) = D (@ (1(9) - ') (A2)

By (4.7) and F.(1) = E[Z,] = %, we get

Fy(s) =

2
CoT

(log s)?"

1-Fz(1-5s)
d(Fy(1—-35))—d(1—-s)= —/ a’(1—r)dr ~—
S
This equation, together with (A.2) now yields

_ cox 2
gy —C0s ([ cgr
r(1=s) cts? (log s)%2 )’

which is (4.8).

A.3 Reduction to Briot—Bouquet equations

In this section, we show how one can reduce differential equations as those obtained in the
proof of Theorem 1.2 to the canonical form (5.1). It is mostly based on pp. 64 and 65 of [5].

Lemma A.2. Let A € (0,1] and p € C. Then the equation

w/ _ Aw —+ [’LU, 2]2
z+pw+ [w, 2]a

(A.3)
has an analytic solution w(z) = [z]a in a neighbourhood of the origin.
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Proof. We choose the ansatz w = z - w;. This transforms (A.3) into

Azwy + 22wy, 2]g ~Awg + 2wy, 2]o
z 4 pzwy + 22wy, 2l 1+ [wi, 2y

zw/l +wy =

Writing the inverse of the denominator as a power series in w; and z, this equals
(Awy + z[wr, 2]0)(1 + [wi, 2]1) = Awy + rz + w1, 2],
for some r € C. This finally yields
2wy = (A — Dwy +rz + [wi, 2]2.

Since A — 1 is not a positive integer, this equation now has an analytic solution wq(z) = [z]1
by Fact 5.3, whence w(z) = zw(2) = [z]2 solves (A.3). O

Remark A.3. The important point in Lemma A.2 is that the coefficient of z in the numerator
of (A.3) is 0, which is why w'(z) = 0.

Proposition A.4. Let A > 1 and p € R. Suppose w(z) is a strictly monotone real-valued
function on (0,¢), € > 0, with w(z)? = o(2) as z — 0 and satisfying

| _ Mt pz + w2l
z+ [w’z]2

on (0,¢). (A.4)

Then there exists h(z) = [z]2 and €1 > 0, such that 3 = z — h(w) has an inverse z = z(3) on
(0,e1) and such that

dw
3d_3 = w+p;+ w32 on (0,e1). (A.5)

Proof. By hypothesis, w(z) is monotone on (0, ) and therefore possesses an inverse z = z(w)
on (0,9), 6 > 0, which satisfies

% _ Az [w,z]g . (A.G)
dw  w+p Tz 4 |w,z]
By Lemma A.2, there exists then an analytic solution z = g(w) = [w]2 to (A.6), since

A~ € (0,1] by hypothesis. Setting 3 = z — g(w) transforms (A.6) into a differential equation,
which has 3 = 0 as a solution, hence it is of the form

ds AT+ s(w gl
dw  w+pA\ 13+ [w, 3]

We have d3/dz =1+ ¢'(w(2))w'(z) = 1+ O(w(z)w'(z)). By (A.4),
w(z)w'(2) = O(w(2)? /2 + w(z)) = o(1),

by hypothesis. Hence, there exists €1 > 0, such that 3(z) is strictly increasing on (0,e1) and
therefore has an inverse. Thus, w(3) = w(z(3)) satisfies
dw w4 pA'5+ w3

—_— = on (0,e9),
&~ ALty O

for some €2 > 0. Expanding (1+ [w,3]1)"! as a power series at (w,3) = (0,0) gives (A.5). O
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A.4 Inversion of some analytic functions

The results in this section are needed in the proofs of Corollary 5.10 and Theorem 1.2.

Lemma A.5. Let p € (0,7), 7 > 0 and h be an analytic function on H(p,r) with h(z) = o(z)
as z — 0. Then there exists 11 > 0, such that for all z1,z9 € H(p,r1),

Z1
log z1 — log 25 + / h(z)dz # 0.

z2

Proof. Let 21,22 € H(p,7). Write z; = a;e’?i, with a; > 0, ¢; € (—p, ), i = 1,2. Define the
paths

Yi(t) = age!@1TA=D22)and  45(t) = (tag + (1 — tag)e™, t € [0,1],

such that their concatenation forms a path from z9 to z1 in H(p, 7). Then
/ h(s)ds = |1 — 2| - azo(1/a2) and / h(s)ds = |loga; — logas|o(1).
" 72

As a consequence,

/Z :1 h(s) ds

This proves the statement. O

= (l¢1 — @2| + |log a1 — log as|)o(1) < v/2|log z1 — log z2[o(1).

Lemma A.6. Let v > 0 and ¢ € (0,7|. Let g and h be analytic functions on H(p,r) with
g (z) =1+40(1), h(z) =logl +0O(1), g(2) = 0 and h(z) = 0 as z — 0 in H(p,r). Then
for each vy € (0,p) and p1 € (o, ) there exist rg,m1 > 0, such that g and h are injective on
H(p1,7m1) and the images of H(p1,71) by g and h contain H (o, ro).

Proof. By hypothesis, g(z) = 2+ o(z) as z — 0 in H(p,r), whence arg g(z) = arg z + o(1).
Thus, there exists r; > 0, such that g(H (¢1,71)) C C\(—00,0].

Suppose that there exist 21, z2 € H(¢1,71), such that g(z1) = g(22). Let v be a path from
29 to z1 in H(p1,71). Then go~y is a loop in C\(—o0, 0], whence

1 /
0:/ —dZ:/g(Z) dZ:lngl_logZQ—F/O(%)dz-
g ol

oy 2 9(2) 5
By Lemma A.5, we can choose r1 so small, that this equality cannot hold, whence g is injective
on H(pi1,7m1).

Since ¢g(z) — 0 and argg(z) = argz + o(1) as z — 0, there exists ro > 0, such that
g(0H (p1,71)) encloses H(pg,m9). Now, since ¢ is injective on H(¢1,71), H(p1,71) and
g(H (p1,71)) are conformally equivalent, whence g(H (¢1,71)) is simply connected. It follows
that g(H(p1,71)) D H(po,70)-

Exactly the same arguments hold for h, since h(z) = z(log 24+ O(1)) by hypothesis, whence
argh(z) = argz + o(1) and h'(z)/h(z) = 1/z + 0o(1/z) as z — 0. O

Lemma A.7. Letr >0, ¢ € (0,7] and t € R. Let g be an analytic function on H(p,r) with

1 1
g'(z):—%—L%—O(i), as z — 0 in H(p,r),

z  zlogz z|log z|7

for some c € R and v > 1. Then for each 0 < ¢ < @1 < ¢ there exist ro,m1 > 0, such that g
is injective on H(p1,m1) and g(z) +t € g(H(p1,71)) for every z € H(po,r0).
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Proof. By the hypothesis on g, we have for z1,29 € H(p,r),

Z1
g(z1) — g(22) = log z1 — log 23 +/ o(1/z)dz.

z2

By Lemma A.5, there exists therefore r; > 0, such that g is injective on H(p1,71).
Since 1/(z|log x|7) is integrable near 0, we have

g(z) =log z + clog(log 1) + o(1), as z—0,

where we assume without loss of generalisation that the constant of integration is 0. It follows
that Re g(z) — —oo and Img(z) = arg z + o(1) as z — 0, since ¢ € R. Hence, there exists an
R € R, such that g(0H (¢1,71)) encloses the strip S = S_(R,p1). As in the proof of Lemma
A6, it follows that S C g(H(¢1,71)). Furthermore, again by the asymptotics of Re g and
Im g, there exists 79 > 0, such that g(s) +t¢ € S for every s € G(pg,r9). This concludes the
proof. O

Lemma A.8. Let w(z) be an analytic function on an open subset of C\(—o0,0], such that
w(z) =0 as z — 0 and

z=w+aw? + - +a,w" +o(w?), asz—0,
for somen € N, v >n and as,...,a, € C. Then there exist by, ..., b, € C, such that
w(z) = 24+ by2® + - +b2" +0(27),  asz— 0.
Proof. For every i € N, we have by hypothesis
2=+ ai7i+1wi+1 + - 4 ap " + o(w?),
for some @;y1,...,ai, € C. For 2 < k < n, define recursively (with b; = 1)
by = —(a1p +boagy + -+ bp_1ap_14)-

Then, z + byz? + --- + b"2" = w + o(w?). The statement now follows from the fact that
w(z) ~ z as z — 0 by hypothesis, whence o(w?) = o(27). O

Lemma A.9. Let w(z) be an analytic function on an open subset of C\(—o0,0], such that
w(z) =0 as z — 0 and

cz=wlog 2 + Cw+o(w), asz—0,

for some constants ¢ > 0, C' € C. Then

loglog! +C —1 1
cz (1_ogogz+ ogc—i—o()), us 2 s 0.

- log % log *

z

w

Proof. Set f(z) = w(z)/z. By hypothesis, log z ~ logw = log z + log f(z), whence log f(z) =
o(log z). Now define g(z) by

w(z)

79(2),

z

- log

29



such that log g(z) = log f(z) — log log% = o(log z). By hypothesis,

& 9(z) (log log % + log% —logc — log g(z)) ~czg(z),

cz~wlog% = og 1
4

whence g(z) ~ 1, which implies log g(z) = o(1). It now follows from the hypothesis that

cz
log

cz = 79(2) < loglog L —logcz + C + 0(1))7
z

whence

1
loglogL + C —loge+ o(1
g(z) = (14 08l log DA
log =

z

The statement now follows from the series representation of (1 + z)~! at z = 0. O

Acknowledgements

The author is grateful to Elie Aidékon for stimulating discussions, to Louis Boutet de Monvel
for several useful comments, to Jean Bertoin for useful comments on the proof of Lemma A.1
and to Andreas Kyprianou and Yanxia Ren for having brought to my attention the reference

[25].

Furthermore, the author thanks two anonymous referees for their detailed comments,

which led to a considerable improvement in the exposition of the paper.

References

1]

[2]

ADDARIO-BERRY, L., AND BROUTIN, N. Total progeny in killed branching random
walk. Probab. Theory Relat. Fields 151, 1-2 (2011), 265-295.

AIDEKON, E. Tail asymptotics for the total progeny of the critical killed branching
random walk. FElec. Comm. Prob. 15 (2010), 522-533.

Arpous, D. Power laws and killed branching random walk. Website, available at
http://www.stat.berkeley.edu/~aldous/Research/0P/brw.html.

ATHREYA, K. B., AND NEY, P. E. Branching processes. Die Grundlehren der mathe-
matischen Wissenschaften, Band 196. Springer-Verlag, New York, 1972.

BIEBERBACH, L. Theorie der gewdhnlichen Differentialgleichungen auf funktionenthe-
oretischer Grundlage dargestellt. Zweite umgearbeitete und erweiterte Auflage. Die
Grundlehren der Mathematischen Wissenschaften, Band 66. Springer-Verlag, Berlin,
1965.

Bicains, J., AND KYPRIANOU, A. Measure change in multitype branching. Adv. Appl.
Probab. 36, 2 (2004), 544-581.

BincaaM, N. H., AND DONEY, R. A. Asymptotic properties of supercritical branching
processes. 1. The Galton-Watson process. Advances in Appl. Probability 6 (1974), 711—
731.

BORODIN, A. N., AND SALMINEN, P. Handbook of Brownian motion—facts and formu-
lae, second ed. Probability and its Applications. Birkhauser Verlag, Basel, 2002.

30


http://www.stat.berkeley.edu/~aldous/Research/OP/brw.html

[9]

[10]

[11]

BrioT, C., AND BoOoUuQUET, J.-C. Recherches sur les propriétés des fonctions définies
par des équations différentielles. J. Ecole Polyt. 36 (1856), 133-198.

CHAUVIN, B. Product martingales and stopping lines for branching Brownian motion.
Ann. Probab. 19, 3 (1991), 1195-1205.

FELLER, W. An introduction to probability theory and its applications. Vol. II, second ed.
Wiley Series in Probability and Mathematical Statistics. John Wiley and Sons, Inc., New
York, 1971.

FLAJOLET, P., AND ODLYZKO, A. Singularity analysis of generating functions. SIAM
J. Discrete Math. 3, 2 (1990), 216-240.

FLAJOLET, P., AND SEDGEWICK, R. Analytic combinatorics. Cambridge University
Press, Cambridge, 2009.

HARRIS, T. E. The theory of branching processes. Die Grundlehren der Mathematischen
Wissenschaften, Bd. 119. Springer-Verlag, Berlin, 1963.

HiLLe, E. Ordinary differential equations in the compler domain. Wiley-Interscience
[John Wiley & Sons|, New York, 1976. Pure and Applied Mathematics.

HORMANDER, L. An introduction to complex analysis in several variables, revised ed.
North-Holland Publishing Co., Amsterdam, 1973. North-Holland Mathematical Library,
Vol. 7.

HUKUHARA, M., KIMURA, T., AND MATUDA, T. FEquations différentielles ordinaires
du premier ordre dans le champ complexe. Publications of the Mathematical Society of
Japan, 7. The Mathematical Society of Japan, Tokyo, 1961.

IncE, E. L. Ordinary differential equations. Dover Publications, New York, 1944.

KESTEN, H. Branching Brownian motion with absorption. Stochastic Processes Appl. 7
(1978), 9-47.

KypriaNou, A. E. Travelling wave solutions to the K-P-P equation: alternatives to
Simon Harris’ probabilistic analysis. Ann. Inst. H. Poincaré Probab. Statist. 40, 1 (2004),
53-72.

Lyons, R., PEMANTLE, R., AND PERES, Y. Conceptual proofs of Llog L criteria for
mean behavior of branching processes. Ann. Probab. 23, 3 (1995), 1125-1138.

McKEAN, H. P. Application of Brownian motion to the equation of Kolmogorov-
Petrovskii-Piskunov. Comm. Pure Appl. Math. 28, 3 (1975), 323-331.

NEVEU, J. Multiplicative martingales for spatial branching processes. In Seminar on
Stochastic Processes (Princeton, NJ, 1987), vol. 15 of Progr. Probab. Statist. Birkhduser
Boston, Boston, MA, 1988, pp. 223-242.

PEMANTLE, R. Critical killed branching process tail probabilities. Manuscript, 1999.

YANG, T., AND REN, Y.-X. Limit theorem for derivative martingale at criticality w.r.t
branching Brownian motion. Statistics and Probability Letters 81, 2 (2011), 195-200.

31



	1 Introduction
	2 First results by probabilistic methods
	2.1 Notation and preliminary remarks
	2.2 Branching Brownian motion with two barriers
	2.3 Proof of Proposition 2.1

	3 The FKPP equation
	4 Proof of Theorem 1.1
	5 Preliminaries for the proof of Theorem 1.2
	5.1 Notation
	5.2 Complex differential equations
	5.3 Singularity analysis
	5.4 An equation for continuous-time Galton–Watson processes

	6 Proof of Theorem 1.2
	A Appendix
	A.1 A renewal argument for branching diffusions
	A.2 Addendum to the proof of Theorem 1.1
	A.3 Reduction to Briot–Bouquet equations
	A.4 Inversion of some analytic functions

	Acknowledgements
	References

