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Abstract The aim of the paper is the construction and the analysis of nonlinear
and non-separable multi-scale representations for multivariate functions. The described
multi-scale representation is associated with an isotropic dilation matrix. We show that
the smoothness of a function can be characterized by the rate of decay of its multi-
scale coefficients. We also study the stability of these representations, a key issue in
the designing of adaptive algorithms.
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1 Introduction

A multi-scale representation of an abstract object v (e.g. a function representing the
grey level of an image) is defined as Mo := (v9,d°, d!, d?, - - ), where v is the coarsest
approximation of v in some sense and & , with j > 0, are additional detail coefficients
representing the fluctuations between two successive levels.

Several strategies exist to build such representations: wavelet basis, lifting schemes
and also the discrete framework of Harten [E] Using a wavelet basis, we compute
(UO, dO7 dt,d?,-- -) through linear filtering and thus the multi-scale representation cor-
responds to a change of basis. Although wavelet bases are optimal for one-dimensional
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functions, this is no longer the case for multivariate objects such as images where the
presence of singularities requires special treatments. Nevertheless, the approximation
property of wavelet bases and their use in image processing are now well understood
(see [ﬂ] and [@] for details).

Overcoming this ”course of dimensionality” for wavelet basis was in the past decade
the subject of active research. We mention here several strategies developed from the
wavelets theory: the curvelets transforms [EL the directionlets transforms [H] and the
bandelets transform ﬂﬂ] Another approach proposed in [@] and studied in [E] uses
the discrete framework of Harten, which allows a better treatment of singularities and
consequently better approximation results.

The applications of all these methods to image processing are numerous: let us
mention some of these works in [ﬂ]7 [m] and [E] In [ﬂ], the extension of univariate
methods using tensor product representations is studied. Although this extension is
natural and simple the results are not optimal.

We propose in the present paper a nonlinear multi-scale representations based
on the general framework of A. Harten (see @] and [E]) Our representation is non-
separable and is associated to an isotropic dilation matrix M. Since the details are
computed adaptively, the multi-scale transform is completely nonlinear and is no more
equivalent to a change of basis. Moreover, the point of view of Harten is essentially
discrete and is not based on the study of scaling equations which implies that the results
of wavelet theory cannot be used. To study these representations, we develop some new
analysis tools and we prove that these representations give the same approximation
order as for wavelet basis. This strategy is fruitful in applications since it allows to cope
up with the deficiencies of wavelet bases without loosing the approximation order.

The outline of the paper is as follows : after recalling some notations and definitions,
we detail the construction of nonlinear and non-separable multi-scale representations.
In section 3 and section 4, extending upon [E], we characterize the smoothness of a
function v belonging to some Besov spaces by means of the decay of its detail coef-
ficients. In section 5 we study the stability of the underlying subdivision scheme and
we then switch on to the stability of the multi-scale representation in section 6. For
similar, one-dimensional results see [@] and [B] Finally, we give a illustration of such
a multi-scale representation in two dimensions (see section 7).

2 Notations and Generalities

We start by introducing some notations that will be used throughout the paper. Let us
consider a multi-index u = (u1, p2, ..., fq) € N¢ and a vector z = (z1,22,...,2q) €
d d
RY. We define |u| = . p;i and z# = [ z;#. For two multi-indices m, . € N¢ we
i=1 i=1
define
B _ (KL Hd
m m mg )
For a fixed integer N € N, we define

an = #{m, lul = N} (2.1)

where #(@) stands for the cardinal of the set Q). Let E(Zd) be the space of all sequences in-
dexed by Z%. The subspace of bounded sequences is denoted by £°°(Z%) and llullgoe (za)



is the supremum of {|uy| : k € Z%}. We denote £°(Z?) the subspace of all sequences
with finite support (i.e. the number of non-zero components of a sequence is finite). As
usual, let #P(Z%) be the Banach space of sequences u on Z¢ such that lwller (zay < oo,
where

P

luller zay = Z lug P for 1 <p < oo.
kezd

By LP(R?) we denote the space of all measurable functions v such that vl Lp () < 00,
where

1
P
vl L (ray == (/Rd Iv(x)lpd:c) for 1 < p < oo,

[0l oo () := ess sup [v(z)].
zER

Throughout the paper, the symbol || - ||co is the sup norm in Z¢ when applied either
to a vector or a matrix. Let us recall that for a function v the finite difference of order
N €N, in the direction h € R is defined by:

Vu(z) = i(—nk (f) v(@ — kh).

k=0
and the mixed finite difference of order n = (n1,...,ng) € N in the direction h =
(hi,...,hg) € R by:
max(ni,...,nq)
n
Viv(z) =V -.“-szedv(x) = Z (—1)‘"| <k) v(z —k-h),
k1,....kq=0
d
where k- h := Y k;h; is the usual inner product while (e1,...,eq) is the canonical

i=1
basis on Z%. For any invertible matrix B we put

Vpo(z) = Vg, ... -V%‘iedv(x).

Similarly, we define D*v(z) = D" --- DY%v(x), where D; is the differential operator
with respect to the jth coordinate of the canonical basis. For a sequence (up)pez4, We
will use the mixed finite differences of order IV defined by the formulas

Viu: =VeVE2 .. .. Vi,
ANy = {V™u,|n| = N, n € N%}.

In the following, we will consider dilation matrices to define inter-scale operators. A
dilation matrix is an invertible integer-valued matrix M satisfying lim M~ " =0, and
n—oo

m := | det(M)|. Besides, we will suppose that the dilation matrix is isotropic:

Definition 1 A matrix M is called isotropic if it is similar to the diagonal matrix
diag(oq,...,04), i.e. there exists an invertible matrix A such that

M = A" diag(o1, . .., 04)A, (2.2)

-

with o1,...,04 being the eigenvalues of matrix M, |o1| = ... =|og| =m



Moreover, for any given norm in R? there exist constants Cq, Ca > 0 such that for any
integer n and for any v € R?

Crmd|Jv]| < [M™v|| < Cam @ |Jv]|.

We end this section with the following remark on notations: for two positive quantities
A and B depending on a set of parameters, the relation A < B implies the existence
of a positive constant C, independent of the parameters, such that A < CB. Also
A~Bmeans A < Band B < A.

2.1 Besov Spaces

In the following sections, we will study the smoothness of the limit function v in Besov
spaces. Let us recall the definition of Besov spaces. Let p,q > 1, s be a positive real
number and N be any integer such that N > s. The Besov space B;yq(Rd) consists of
those functions v € LP(R?) satisfying

(2w (0,277 )20 € (27,
where wy (v, t)L» is the modulus of smoothness of v of order N € N\ {0} in LP(R%):

N
wn(v,t)pr = sup Vi vllpe(ray, t20,
her?
IRll2<t

where ||.||2 is the Euclidean norm. The norm in B;aq(]Rd) is then given by

lvllgs  ®ay = [VllLrray + (27 wn (0,277 ) Lo) j>0llpa(za)-
P;q

Let us now introduce a new modulus of smoothness @y that uses mixed finite differ-
ences of order N:

On(v,t)pe = sup  sup [[Vivl pegay, t>0.
neN? her?
[n|=N ||hll2<t
It is easy to see that for any v in LP(R?), ||V2VUHLP(]R¢) S 2 IVRvllpe(gay, thus
[n|=N
wn (v, t)pe < Wn(v,t)Le. The inverse inequality Wy (v,t)rr < wy(v,t)re immedi-
ately follows from Lemma 4 of . It implies that:

lvllgs  may ~ lvllLe + 12 @N (v,277) Lr) jz0llea ()
Going further, there exists a family of equivalent norms on Bﬁyq(Rd)A
Lemma 1 For allo > 1, ||'U||Bqu(Rd) ~ vl e ey + ||(O’js(:JN(’U7O'_j)Lp)jEOH,eq(Zd)A

Proof : Since ¢ > 1, for any j > 0 there exists j/ > 0 such that 2’ <ol < 9d'+1,
According to this, we have the inequalities

./ ) . . -7 -/
25N (0,277 Y e < 0PN, 0 ) e < 29 TG (0,277 ) 1,

from which the norm equivalence follows. 0



3 Multi-scale Representations

Let us recall the concept of multiresolution analysis (MRA) for some d-dimensional
Hilbert space V. To this end, let M be a dxd dilation matrix (not necessarily isotropic).

Definition 1 A multiresolution analysis of V is a sequence (Vj)jezd of closed sub-
spaces of V' satisfying the following properties:

1. The subspaces are embedded: V; C Vjy1;

2. feV;ifand only if f(M.) € Vji1;
3. Ujezvj =V;

4. NyjezVy = {0};

5.

There exists a compactly supported function ¢ € Vy such that the family {o(- —
k)}reza forms a Riesz basis of Vj.

The function ¢ is called the scaling function. Since Vo C V7, ¢ satisfies the following
equation:
o= gre(M-—k), with Y g, =m. (3.1)
kezd k
To get the approximation of a given function v at the level j, we assume the existence of
a compactly supported function @ dual to ¢ (i.c. for all k,n € Z¢ < @(-—n), p(-—k) >=

On,k, where 4, ;. denotes the Kronecker symbol and < -,- > the inner product on V),
which satisfies a so-called scaling equation

g= > ha@(M-—n), with > hy=m. (3.2)
nEZ:||n|loe <P k

The approximation v; of v we consider is then obtained by projection of v on V; as

follows:
vj = Z vl (M7 - —n). (3:3)
nezd
where
vl = /v(ac)mj@(ij —n)dz, neZ (3.4)

Multi-scale representations based on specific type of choice for ¢ are commonly used
in image processing or numerical analysis. We now mention two of them: the first is
the point value case obtained when ¢ is the Dirac distribution and the second case is
the cell average case obtained when ¢ is the indicator function of some domain on R
In the theoretical study that follows, we assume that the data are obtained through a
projection of a functional v as in (@)

A strategy which allows to build multi-scale representations based on such projec-
tion can be done in terms of a very general discrete framework based on the concept
of inter-scale operators introduced by A. Harten in [E]7 which we now recall. Assume
that we have a sequence of index sets I;, 7 > 0 and two inter-scale discrete op-

erators associated to this sequence: the projection operator PJ{1 and the prediction
operator P]jfl. The projection operator P]q;l acts from fine to coarse level, that is,

Il = ij_lvj . This operator is always assumed to be linear. The prediction operator



ij ~1 acts from coarse to fine level. It computes the ’approximation’ ¥/ of v7 from the

j—1 S .
vector (v, )geza which is associated to vj_1 € Vj_1:
L 4ol
o) =P ! L

This operator may be nonlinear. Besides, we assume that these operators satisfy the
consistency property: ‘ ‘
Pl Pt =1, (3.5)

i.e., the projection of #7 coincides with v/ ~1. Having defined the prediction error el =
v!) — 97, we obtain a redundant representation of vector v”:

v =00 el (3.6)
By the consistency property, one has

Pj_lej = Pj_lvj — Pj_lﬁj =77 =,

Hence, e’ € Ker(PJj_l). Using a basis of this kernel , we write down the error e’ in

a non-redundant way and get the detail vector ¢/~ = Ee/~1. The data v’ is thus

completely equivalent to the data (vj_l7 dj_l)A Iterating this process from the initial

J

data v, we obtain its nonlinear multi-scale representation

Mo =% d° .. a7, (3.7)
From here on, we assume the equivalence

e llen (zay ~ 18"~ I o zay- (3.8)

Note that the projection operator is characterized by the function ¢. Namely, if we
consider the discretization defined by (@) then, in view of (@), we may write the
projection operator as follows:

Jj—1_ -1 7ood — 1 7 J . (pJ I
v, =m Z bV =M Z hn—mkvn = (Pi_yv7)g. (3.9)

To describe the prediction operator, for every w € £>° (Zd) we consider a linear operator
S(w) defined on £>°(Z%) by

(Swyu)e ==Y ap_an(w)u, ke, (3.10)
lezd

Note that the coefficients ay(w) depend on w. We assume that S is local:
JK >0 such that ag_pp(w) =0if ||k — Mlljeo > K (3.11)
and that a(w) is bounded independently of w:

3C >0 such that Vw € £°(Z%) Vk,1 € Z* |aj_pn(w)| < C. (3.12)

Remark 1 From () it immediately follows that for any p > 1 the norms [|S(w) | s za)
are bounded independently of w.



The prediction operator is then defined by
o = PJJ.‘_lvjf1 1 C U (3.13)

If for all k,1 € Z% and all w € £>°(Z%) we put aj_ a1 (W) = gr— it gie— s being defined
in the scaling equation (@) for ¢, we get the so-called linear prediction operator. In
the general case, the prediction operator could be considered as a perturbation of the
linear prediction operator because of the consistency property, that is why we will call
them quasi-linear prediction operators. The operator-valued function which associates
to any w an operator S(w) is called a quasi-linear prediction rule.

For what follows, we need to introduce the notion of polynomial reproduction
for quasi-linear prediction rules. A polynomial g of total degree N is defined as a
linear combination ¢(z) = Z\WISN cnx™. Let us denote by IT the linear space of all
polynomials, by Il the linear space of all polynomials of total degree N. With this in
mind, we have the following definition for polynomial reproduction:

Definition 2 We will say that the quasi-linear prediction rule S(w) reproduces poly-
nomials of total degree N if for any w € ¢*°(Z%) and any u € £°°(Z%) such that
u, = p(k)Vk € 7% and p € Iy, we have:

(S(w)u)y = p(M k) + q(k),

where deg(q) < deg(p). If ¢ = 0, we say that the quasi-linear prediction rule S exactly
reproduces polynomials of total degree IN.

Note that the property is required for any data w, and not only for w = wu.

4 Smoothness of Nonlinear Multi-scale Representations

In this section, we prove the equivalence between the norm of a function v belonging
to B;ﬁq(Rd) and a quantity computed using its nonlinear detail coefficients d’. Lower
estimates of the Besov norm are associated to so-called direct theorems while upper
estimates are associated to so-called inverse theorems. Note that a similar technique
applied in a wavelet setting was used in [E]

4.1 Direct Theorem

Let v be a function in some Besov space B;yq(Rd) with p,¢ > 1 and s > 0, (v°, (d’ )j>0)
be its nonlinear multi-scale representation. We now show under what conditions we are
able to get a lower estimate of ||U||B;,q(Rd) using (v°, (dj)jzo). To prove such a result,
we need to have first an estimate of the norm of the prediction error:

Lemma 2 Assume that the quasi-linear prediction rule exactly reproduces polynomials
up to degree N — 1 then the following estimation holds

I llenzay S D IV len(zay- (4.1)
In|=N



Proof : Let us compute
dw =vi— S aan(wpf

lk—Mlljoo <K

Using (@)7 we can write it down as

ew)=vi-m™" " apanw) D ha_anvh

74 nezd
1= Milj oo <K ln—Ml|oo <P
4 . _ . _
=v, —m > e Y ek @ha =Y bea(w)od,
nez? lez? neF(k)
k=l <K+P  |[k—=Ml|loc<K
where by, (w) = > ap—p11(W)hy a1, and F(k) = {n € Z% : ||n — k||os <
lez?
lE—=Ml|loo <K

P + K} is a finite set for any given k. For any k € Z¢ let us define a vector by, (w) :=
(bk,n(W))neF(k)- By hypothesis, el (w) = 0 if there exists p € I/, 0 < N' < N
such that v = p(k). Consequently, for any ¢ € Z4, lg| < N, bp(w) is orthogonal to
any polynomial sequence associated to the polynomial 19 = l'{l L lgd, thus it can
be written in terms of a basis of the space orthogonal to the space spanned by these
vectors. According to @], Theorem 4.3, we can take {V*3._;, |u| = N,l € Z%} as a
basis of this space. By denoting ¢}‘(w) the coordinates of by(w) in this basis:

bkn Z Z VH(sn l

lu|=N iez?

and taking w = v/ 71 we get

e?:: Z chl JlV“é lvn— Z Z JlV“J

neF (k) |u|=N lezd neF(k) |u|=N

(4.2)
Finally, we use () to conclude that the coefficients bkm(vj_l) and ¢! (/=1 are
bounded independently of k, n and w, and (@) follows from (@) 4

The preceding lemma enables us to compute the lower estimate:

Theorem 1 If for p,q > 1 and some positive s, v belongs to B;yq(Rd), if the quasi-
linear prediction rule exactly reproduces polynomials up to degree N — 1 with N > s,
and if the equivalence (@) is satisfied, then

(s/d=1/p)j H(dJ)

[0l gp (22 + Il (m2 wkezallerza))jzolleazay S Iollps mey-  (43)

Proof: Using the Holder inequality and the fact that ¢ is compactly supported, we
first obtain

0 ~
0" Mler (zay = II({v; (- = )N iezallerzay < NvllLe(supp(a—r))kezillerzay < lvllporay-
Let us then consider a quasi-linear prediction rule which exactly reproduces poly-

nomials up to degree N — 1. Since ||ej|\ep(Zd) ~ |71 l¢v 2y, by Lemmaﬁ we get

1 =PI\ (@) o 0)) 0 llga zay S ([(m/F 1P Z (V™01 lew (z:0)) 50l 0 2)-

In|=



We have successively

STV I lp@ay = > IV (0.m? G0 - —k))) pezallen(za)
In|=N In|=N
= Z H((Vﬁkﬂva@(Mj'*k»)kezdﬂev(zd)
In|=N
< P> (V=i Supp(a (M9 —k))) ez len )
In|=N
< P> Vil e ey
In|=N

< m P (v, Com™ N s,

Since M is isotropic, for any integer C' > 0 and any t > 0, @ (v, Ct)pr < CON(v,t)1p.
Thus,
S IV ey S mPan(w,m ) L,
In|=N
which implies (@) 7

4.2 Inverse Theorem

Now, we are given the sequence (v°, (dj)jgo) and we study the smoothness of the
reconstruction process: _ ) ) )
v = S Y T+ BV

by considering limit of the sequence of functions

vj(x) = Z vicp(ij —k) (4.4)
kezd

where ¢ is defined in (@)7 and we show that under certain conditions on the sequence
(°, (dj)jgo) and ¢, v; converges to some function v belonging to a Besov space.

For that purpose, we need to establish that if the quasi-linear prediction rule S
reproduces polynomials up to total degree N — 1 then all the mixed finite differences of
order less or equal to IV can be described using local and bounded difference operators:

Proposition 1 Let S be a quasi-linear prediction rule reproducing polynomials up to
total degree N — 1. Then for any l, 0 <1 < N there exists a local bounded difference
operator S; such that:

AlS(wyu := Sy (w) A,
for all u,w € (>°(Z%).

The proof is available in [EL Proposition 1. Note that contrary to the tensor prod-
uct case studied in [Q], the operator Sj(w) is multi-dimensional and is defined from
(> (Z1)% onto (¢>°(Z%)% where we recall that ¢ = #{l, |u| = I} and cannot be
reduced to a set of difference operators in some given directions.

The inverse theorem we show at the end of this section is based on some property
of the joint spectral radius of the difference operators introduced above. It is defined
as follows:
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Definition 3 Let us consider a set of local and bounded difference operators (5;);>0,
defined in Proposition ﬂ with Sg := S. The joint spectral radius in (£7(Z%))% of S is
given by

= inf =Yy s ()|
pp(St) ]lgo (wU,m,wJElllg)e(éP(Zd))j (1S (w? ™) Si(w )H(EP(Zd))QlH(e;?(Zd))Ql

= inf{p7 HSl(w‘j_l) te Sl(wO)Al’UH(ep(Zd))ql < pj||Alv||(€p(Zd))QL7v’U S fp(Zd)}

Remark 2 When v/ = S(v/71)v7 =1 for all j > 0 we may write:
AIS(vj)vj = SZ(S(vj_l)vj_l)Alvj = S’l(S(vj_l)vj_l)Sl(vj_l)Alvj_l == (G

This naturally leads to another definition of joint spectral radius putting wl = §7°
in the above definition. In [EL the following definition was introduced to study the
convergence and stability of one dimensional power-P scheme: Let us consider a set of
local and bounded difference operators (S;);>0, defined in Proposition ﬂ where Sp := 5.
The joint spectral radius in (¢7(Z%))% of S; is given by

~ . inl/g
pp(Sy) = ;g%H(Sl)]||(g/p](zd))ql_>(gp(zd))ql

~

. Lo j l d
= inf{p, [|A"S7v||(gp(zayyn S PN A V]| (p(zayym Vv € EP(Z)}.
Since our prediction operator is quasi-linear, the definition (E) is more appropriate.

Another ingredient that we will use in the proof of the inverse theorem is the following
proposition on joint spectral radius that holds for any matrix M, det M # 0:

Proposition 2 Assume that So = S and that S reproduces polynomials up to total
degree N — 1. Then

1
pp(Sn+1) 2 pr(Sn) fO'/' alln = O, .. .,N — 1.
00

In particular, if M is an isotropic matriz and S reproduces polynomials up to total
degree N — 1, then

pp(Sn+1) > mfépp(Sn) forallm=0,...,N —1.

The proof is available in @] Considering that ¢ exactly reproduces polynomials when
the associated subdivision scheme does, we are ready to state the inverse theorem:

Theorem 2 Let S be a quasi-linear prediction rule reproducing ezactly polynomials
up to total degree N — 1 and let ¢ exactly reproduces polynomials up to degree N — 1.
Assume that pp(Sy) < m*P=5/% for some s > N — 1.

- If HUOHep(Zd) + > m_j/pdeHép(Zd) < o0, then the limit function v belongs to
Jj=0
LP(RY) and

01l oty < 1100 enzay + > m ™/ Plld | oo 0y (4.5)
j=>0
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- If (1)07 do dt,.. .) are such that
g o
10l zay + 11 4P (@) ezl zay) s 0llea ety < 00
the limit function v belongs to B;yq(Rd) and

(S/dfl/P)jH(di)

Ivlls ey S [©°]lep (zay + Il (m ez ller(zay)j>olleazay-  (4.6)

Before we prove the theorem, we need to establish some extensions to the non-separable
case of results obtained in [@]

Lemma 3 Let S be a data dependent prediction rule exactly reproducing polynomials
of total degree N — 1. Then,

lojer = villoeey S M7 (IAY oo + 1l ). A7)

Moreover, if p > pp(Sn),

j—1
1AY o (g zayyan < F (Ivolep(zd)+Zp_l|dl|ep(zd)>4 (4.8)
1=0

Proof: Using the definition of functions v;(z) and the scaling equation (@)7 we get

viy1(z) —vi(z) = Zvi"—lga(MjJrlx —k)— Zviga(ij —k)

k k

=) (S@ )+ d)e(M e — k) = > vl > g pre(MT T — 1)
k k l

=) (SO = g )M w — k) + > dl oMz — k).
k l k

If S exactly reproduces polynomials up to total degree N — 1 then having in mind that
> gkalUl] is a linear prediction that exactly reproduces polynomials up to total
degree N — 1 and using the same arguments as in Lemma [, we get

1> (S0 = grennv] ) e (M7 e — Bl o ey S m PN AN || g 0.
k ]

The proof of (@) is thus complete. To prove (@)7 we note that:

AN 07| (4 gy o 1S5 @™ AN YT o gayyan + 1ANE 4w gayyan

N N

AIAYN Y M| o zayyan + 1A & o zayyan

Jj—1
P (|Uo|ep(zd) + Zp—ﬂdlup(zd)) :

=0

N

Proof of Theorem E: From estimates (@) and (E) one has, in particular

J
lvj+1 = vjllLe(ray S m=IPp) (|Uo|ep(zd) + Zp_l|dl|ep(zd)> (4.9)
1=0
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for p > pp(S1). From Propositionﬂit follows that for any k < N, pp(Sg) < ml/p—s/d+(N=k)/d
and in particular, since s > N — 1, pp(S1) < m!'/P. We then choose p such that
pp(S1) < p < m!P to obtain:

[0l Lo ey < lvollpo@ay + D lvj41 = 5]l Lo(ra)

j=0
o j—1
S @)”vonﬁ(zd) + Zmij/ppj (|Uo|gp(zd) + Zpl|dl|ep(zd)>
J=0 1=0
— ; 1 - _ .
S I engay | o0m T 70) 1) 43 N ey~ Do ()
720 1>0 >l
! 1
S HUOHéP(Zd) + Z [ld ||gp(Zd)m /P,
1>0

This proves (@) .

Now let us prove (@) Since by Hélder inequality for any ¢,¢" > 0, % + % =1, it
holds that

D ld llgn zaym ™7 < 1l(m P (@) regallen zay) 20 lleaza 1M D) 50l gar gy
>0

S NS VDI jepaller 2y 520l oz
and finally,
s/d—1/p)j ”(di)

vllLe@ay < ||UOHep(zd)+||(m( kezllerza)) j>0llga (zay-

It remains to evaluate the semi-norm [v|gs (ga) 1= H(mjs/dch(v, mfj/d)Lp )i>0llga(zay-
P;q -
For each j > 0, we have

on,m ™M <oy —v;,m Y+ on (i, m . (410)
For the first term on the right hand side of (), one has using Lemma E

~ —j/d
on(v—wvj,m il i S Z||Ul+1*1’l”LP(Rd)

1>
—1 N 1 l
< S m PN AN g zay + (1 [l en (zayan)
1>
l
1 1.0 I—ky sk
< > m /e (P [0 lgnzay + > ' Fld ||ep(zd)>-
1>j k=0

For the first term, choosing pp(Sy) < p < m!/P_ we have

—1 1.0 —J i11..0
S m T P00 oy ~ m TP 00 g .
>3
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For the second term, we get

l
—1 I—k ik
ST ) o gy
k=0

=]

j l
. ko ok —1 l—k | 7k
=m PN P o zay + D m TP ) A o
k=0 k=0

I>j

J
SRS IV [ PIIE D DD DI Ly PO
k=0 k>0 I>max(k,j)

J
g i—ku ik k —k I —1
m PN T ) + 3 N gy D> ptm TP

S
k=0 k>0 I>max(k,j)
J
—j i~k gk —k/py ik
s m ]/pzpj 4 llgr(zay + > m TP11d* 4o gy
k=0 k>j

Similarly, for the second term on the right hand side of ()7 one has
~ —3/d
on (i e S jlle@ey S 1ol may

The estimate of the semi-norm |U|B§ , is then reduced to the estimates of I (mjs/daj)jzo ll¢a (24
. d y d .
1m7*/ %) 50l ¢a(zay and [[(m7*/%¢;)j50llga(za), with

J

—J 0
aj i=m =P I o ga),

J
—j/p —1y 4l
bj = m PN o d | 0,
=0

—1 [
S P ay.
1>j5

Cj:

The main point here is that pp(Sx)(m*/4~1/P) < 1, thus, we can choose p > pp(Sy)
such that

a:ms/d_l/pp<1A

Therefore
(07 az)j50lleazay = 10°lenzey () jz0llea(zay < 10°llew (za)- (4.11)
In order to estimate H(m‘js/dbj)jzoneq(zd), we rewrite it in the following form:
J
160705 s ollea zay = 10?477 7 7 o) 20 ez
=0

J
= le? 3" ™ m P d 4y ) o0l a)-
=0
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We now make use of the following discrete Hardy inequality: if 0 < a < 1, then
e a™ @) jz0lleazay S 1@5)i20llea(zay-
=0
Applying it to z; = m(s/dil/p)l”dl”ep(zd) yields

17 ) jm0llpazay S NP\ (A cpallen(zay)jzolleazay.  (4.12)

To estimate ||(m‘js/dc‘j)j20”éq(zd)7 we rewrite it as follows
js/d js/d —ls/d I(s/d—1 l
1m7*/ ) 0llpaqzry = ™S w1/ (/AP () oy ) Ny
1>j

and make use of another discrete Hardy inequality: if 8 > 1, then

(5 Z ﬂ_lyl)jzoﬂeq(zd) S ;) >0llea(z4)-

1>j
Taking y; = ml(s/dil/p)HleEp(Zd)7 we obtain, since s > N — 1,

| (m? /412D ()

H(mjs/dcj)jzoﬂeq(zd) S kezaller(zay) j>0llea(za)- (4.13)

Then (@) follows by combining ()7 ) and () i

5 Stability of Nonlinear Subdivision Schemes

We study the stability of the iteration v/ = S(v/~1)v/~1 in Sobolev spaces wx (RY).
We recall that the elements of WJT\’,(Rd) are those functions of LP(R%) having their
differential up to order N in LP(R?), the norm on wx (R%) being defined as follows:

lollwr ey = [0lze + S ID# 0]l me)-
[ul <N

We use the following definition for the stability of subdivision scheme in Sobolev spaces:

Definition 4 Let S be a quasi-linear prediction rule, the subdivision scheme v =
S~ HwI 71 s said to be stable in Wk (R?) if for all v° and 7° in £>°(Z%), we have:

~ 0 ~0
[D"vj — D ol ppray S ll0° =0 llgpzay VIpl <N

where v; = > viap(ij — k), ¢ belonging to W}%(Rd)
kezd

We now state the following theorem on the stability of the subdivision scheme in
W (RY).



15

Theorem 3 Let S be a quasi-linear prediction rule that exactly reproduces polynomials
up to total degree N. Assume that Sy satisfies pp(Sny41) < m/P=N/d ond that

N+1, 4 ~7 in,.0 ~0
AN W =8| (or zayyon s S 2107 = 8 llen (e (5.1)
for some pp(Sy4+1) < p < m"/P=N/4 and also that ¢ is in WJT\’,(]Kd) and ezactly

reproduces polynomial up to total degree N then the subdivision scheme is stable in
W (RY).

Before proving the theorem we need to show the following lemma:

Lemma 4 Assume that S is a quasi-linear prediction rule exactly reproducing polyno-
mials up to total degree N and that ¢ exactly reproduces polynomials up to total degree
N then

o7 = & llp(zay < m! PN T~ 5 g gy + CIANT @ = 7)oty
(5.2)
PROOF: Let us consider ¢ that exactly reproduces polynomials up to total degree N

; it defines a subdivision scheme S that exactly reproduces polynomials up to total
degree N. Then let us define for any = = (z1,...,2q) € R?

d
Tl(x) = ZA'L,lmh 1=1,.. -7d7
=1

where the matrix A = ()\i7l)§l,l:1 is the same as in (@) For a multi-index u =
(11,1,4“711,51) S Nd let
ru(x) == r’l“ (z)-...- rsd(x)

and let us consider the differential operator
d
ru(D) =i (D) -... vk (D), where (D) =Y "X De,, i=1,....d.
=1

Let us for any Since A is invertible, the set {r, : |u| = N} forms a basis of the space
of all polynomials of exact degree N, which proves that

> IDE L DE = v)llegey D D Ira(D)(@ir — vl Lo ra-

lul=N |ul=N1>j
Now, we use the fact that M is isotropic, then r,,(D)(f(M'z)) = o'/ (r, (D) f)(M'z)

d
([cd)), where o = [T o!"" With this in mind, we may write:
i=1

J(=1/p+N/d) HUJ' — S

Iru(D)(v; = vj—1) | Lo (gay ~ m “Mlew(zay

Using the consistency property and the fact that S exactly reproduces polynomials up
to total degree N and also since the projection operator is linear, we may deduce

ru(D)(vj = 05)l| r(ray Slru(D)(vi—1 = Tj—1)llLemay+

ij(—l/p-‘rN/d)HAN-i-l(,Uj _ ﬂj)”(@p(zd))qz\r+1
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and we finally get:

] ~7 1/p—N/d —1 ~7—1 N+1 ] ~7
17 = 7|l go(zay < mM PN I T — 5 g gy + CIAN T (07 = 7)o gy yn 4

-
PROOF OF THEOREM (E) First, remark that:
D ) = 5)llenczay ~ Y lra(D)(w; = 5)llen za)
lpl=N lpl=N
Then since the matrix M is isotropic we may write
Ir(D) (s = 5)llenzay ~ m? TP D o — gy 0.
Let p be such that pp(Sy41) < p < m'/P~N/4_ Let us consider the sequences o =
md (Z1/P+N/d) |0 1"}j||lp(Zd) and B = mI(CV/PEN/D AN+ (40 _ 17j)||(ep(zd))qN+1-

By (@) and Lemma E, these sequences satisfy the following inequalities:

of <ot 4 DB

ﬂj < C’(pm(_l/p+N/d))jo¢0,

the constant C' being independent of j. From the above inequality we deduce the
following estimation:

i(—1/p+N/d ] ~7 0 ~0
md CHPENID 0T — 5|4 gay S 100 = Tl go 20y

6 Stability of the Multi-Scale Representation

Let us consider two data sets (v°,d%,d!,...) and (3°,d°,d",...) with corresponding
reconstruction processes

v =S Y T e = S Y T+ B! (6.1)
and
W =8@ Yo' T & =@ e T+ B (6.2)

In that context, ¥ is the limit of 0;(z) = > ﬁiap(ij — k) ( and similarly for v).
kezd
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6.1 Stability in LP Spaces

First, we study the stability of the multi-scale representation in L” (]Rd), which is stated
in the following theorem:

Theorem 4 Let S be a quasi-linear prediction rule that reproduces the constants and

1
suppose that pp(S1) < m?. Assume that

j—1
Vo) = Vo | (o (zayya S P (|v060||p<z¢>+zplndldlup(m)). (6.3)
=0

holds for some pp(S1) < p < m/P then we have:

_ 0 -0 Al
v =l poay S 100 =0 lewqzay + D o7 " = d'llen(zay- (6.4)
10

Proof: Let us take p such that pp(S1) < p < mv. By letting j — oo, it is sufficient to
prove that

J
_ . iy
lv; = 5l Loy $ Ilvo = Boll ey + o7 ld' = ' llgozay, (6.5)
=1

with a constant independent of j. For simplicity, let

o = m_j/pij - ﬁngp(Zd),
B =m0 — V|| (g gayya,

v = p T — &g (za)-

Using estimate @), we get
j—1
ﬁ] 5 ﬁj <O‘O+Z’7l>7
=0

where p = pmfl/p < 1. On the other hand, using the same technique as in the proof
of Lemmaﬂ one can show that

lvj = 05l pray < lvj—1 = Dj—1llLp(ra) + DB

ie., ol <o 14 Dﬁj. From this, we immediately deduce that:

J 1-1 j—1
SRS v MALRRES 3ol
=1 k=0 k=0

This ends the proof. O
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6.2 Stability in Besov spaces

In view of the inverse inequality (@)7 it seems natural to seek an inequality of type

m(S/dfl/P)dej

v =9llps  (rt) S [v° = |l ¢p (zay + II( — @l z))20llgazey- (6:6)

We now prove a stability theorem in Besov space Bf,ﬁq(]Rd) in the following theorem:

Theorem 5 Let us assume that S is a quasi-linear prediction rule which reproduces
polynomials up to degree N — 1, that S is such that pp(Sn) < ml/p=s/d for some
s> N — 1 and assume that

j—1
1AN @7 = )l gp zayyn < P <|v06°|6p<zd>+zpl||dldlnp(m)) (6.7)
=0

for some pp(Sn) < p < mYP3/4 Then the function v — ¥ belongs to B;ﬁq(Rd).
Moreover, we obtain for that p

lo = dllgs gty < 100 = Pllenzay + 100~ 1], — ) kezallenzay)jolleazay- (68)

Remark 3 With the hypothesis @), which is a natural extension of (@) for the
stability issue, we have no specific condition on s,p,q which was not the case with
the tensor product method proposed in [B] Furthermore, we shall note that a similar
study was proposed in the one dimensional case to study the stability of so-called r-
shift invariant subdivision operators [ﬂ] with a slightly lighter hypothesis than (@)
However, in @] the stability is obtained only when p(Spy) < 1, while with our approach
the condition on the joint spectral radius is the same both for the stability and the
smoothness.

Proof of Theorem (E) Using the same technique as in Lemma E7 we may write that:

o i
v/ =&l ppay S W77 =07 |l Lpgay+

Cm*j/P (HAN(’Uj — f)j)H(gp(Zd))qN + de - Jj”é"(Zd))

Then using the hypothesis (@)7 we get:

o i
v/ =l ppay S W70 =&l Lp(gay+

Jj—1
C(pPm™/7) (nvo = lgnzay + Yo7l d’”mm)
=0

Using the fact that pmfl/p < 1 we immediately get:

j—1
j ~7 0 ~0 —Iy 4l 7l
o = e S 10° = Pl zay + > 07 d = dllon zey,
1=0
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from which we obtain when j — +o00:

_ 0 -0 —lyl
v =lle < I0° = llew(zay + Yo7 lld" = d llonzay,
10

Since by the constraints on s we can put p = m'/PH(=5=9)/4 o1 some positive e. This
enables us write

(S/dfl/l’)j”dj g

v = 3l o gay < 100 = @°llenzay + l(m ||2P(Zd))j20|‘é<1(zd)||(m7€/dj)j20|‘eq’(]gd)

0 ~0 s/d—1 j 1 77
< N0° = oo zay + 1 TVPNG — @ o z0)) 000 22
It remains to estimate the semi-norm

79195 (w,m—3 /d) o) 20|l ga 20y

lwlps  (may = [|(m
for w := v — 0. For every j > 0, denoting w; = v; — v, we have

wN(w,mij/d)Lp < wN(w — wj7m7j/d)Lp +wN(wj7m7j/d)Lp' (69)

For the first term, using successively Lemma (E) and hypothesis (E)7 one has

wN(w—wj,m*j/d)Lp < Z|\wl+1*wl”LP(Rd)
>3
1 N1 -l 1A
< Zm /P (||A (v = 0)l(gp(zayyan +Ild —d Hez)(zd))
>3
1
—1 1 - I—k) 4k 7k
< om (p 0" = llnaey + D 0" Nd" —d lmm)-
1> k=0

Since p < ml/p, then for the first term we have

-1 ! 0 ~0 -7 111..0 ~0
ST m TP = 80 g gy ~ m TP 00— 0 g .-
1>j

For the second term, we get

!
-1 =k b Gk
> " m /pE p o lld” = d¥lgp(zay =
k=0

1>y

J l
=m PN P = &l ey + Y m TIPS AR = Pl a
k=0 I>j k=0

J
< m Y = d gy + Y DD m T A — g
k=0 k>01>max(k,j+1)

J
< /P Z PRk - dk||ep(zd) i Zm—k/pndk — dkwp(zd).
k=0 k>j
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The second term in (@) is evaluated as follows:

. —3/d ~
wn (v = B3 0 < oy — 5l ey

J
—J j,0 ~0 —J =1y 4l 5l
m P p 0 = o gy +m PN d )
=0

N

The second term on the right hand side of (@)7 can be evaluated the same way. We

have thus reduced the estimate of |w|ps (ray, to the estimates of the discrete norms
Pr,q

H(m‘js/daj)jZOHeq(ZCi), and H(m‘js/dbj)jzoneq(zd), where the sequences are defined as

follows:

aj =m0 = ),
J
—3 i—1) 41 7l
bj =m PN d — Al e,
=0
-1 ! 1)
cj = Zm /p||d = d |l gp zay-
I>j

Note that this quantities are identical to that obtained in the convergence theorem
replacing vt by o' — 5! and & by d— dl7 so that the end of the proof is identical. \

7 Bi-dimensional Nonlinear Affine Prediction Using the Hexagonal
Dilation Matrix

We now focus on the construction of nonlinear multi-scale representations using as
dilation matrix the hexagonal matrix

M:<§_12)A

In that context, we make up a partition of Z? using the coset vectors of the matrix M.
For the matrix M, there are m coset vectors which are the following for the hexagonal
matrix: g9 = (0, O)T, e1 = (1, O)T7 eq = (1, fl)T, e3 = (2, fl)T. These coset vectors

3 .
satisfy Z? = |J {Mk + &;, k € Z*}. We now build the prediction 7 for the different
=0
coset points Mk + &; using an affine interpolant defined on the coarse grid ri-1 =
— 541 2 . . j—1
{M~I%E, k € Z*} corresponding to the location of the values (1" kez2 (see (@))
To build the affine interpolant, we use one of the following four different stencils on
the grid 17~
V]g’l = MﬁjJrl{k)7 k+ei,k+ 62},
ij,Q = MﬁjJrl{k)7 k+eo,k+e + 62},
W]z’l = M_j+1{k +e1,k+ex,k+e + 62}7
Wi? = M~ ke k +er,k+er +ea).
Each approximated value vi being associated to the location Mﬁjk, we determine the
stencil this point belongs to, and we then define the prediction as the value of the affine
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interpolant at M 7k using the selected stencil. In that context, the prediction rules at
Mk and Mk + 1 are independent of the choice of the stencil, and we always have:

i -1 j N R A
oy =, and vy, o= 5k + 5 Vkter” (7.1)

For the prediction at Mk + €9, we use stencils ij’l or ij’2 leading respectively to:

5.1 S S S N R R S |
UMktes = 3 %+er T 3V%+es T 1%

Lg—1 L1 151

J»2 _
UMk+e, = 2vk + ka+62 + ka+61+62‘ (7.2)

For the points Mk + 3, we use Wg’l or Wg’2 leading respectively to:

4.1 1l 1 1 -1
UMktes = 3 Vk+en + 4 Vkterten + 3 Vkter
5.2 [ S R S S B S

UMktes = 1% T 7%+er T 5V%+ertes (7.3)
when the stencils Wg’l and Wg’Q are used respectively.

This leads to four different linear prediction rules depending on the choice for the
prediction operator for coset vector €2 and 3. The described quasi-linear prediction
operator satisfies poo(S1) < 1 since we have:

Proposition 3 The prediction defined by (m), (@), (@) satisfies:

i 3 i
IV9R pe, a2z < FIV07 " llgoe 22))2-

The proof of the above proposition is carried out considering all the possibilities for
the choice of stencil. This example shows how the tensor product approach developed
in @] can be generalized to a non-diagonal dilation matrix M.

Now, to generalize the ENO (essentially non-oscillatory ) method to our context,
the choice of stencil has to aim at a sparser representation of edges. For instance,
this could be interesting for image compression purpose. The choice of stencil can
be determined by minimizing a certain cost function that is built using first order
differences in such a way that the cost is high for stencil intersecting an edge and low
otherwise. In that framework, we can consider the following cost function to predict at
Mk + eo:

. 1
J J |)

J,€ _ . Jj—1 7j—1 7j—1 J—1 J—1 1 J—1
Cy 2 (k) = mln(lUkJrel - vk+eg| + |vk+el —vy bl v +e1+e2| + |”k+e1+ez T Vkte

= min(C7 (k), C472 2 (k).
When the minimum corresponds to the first (resp. second) argument, the stencil V!

(resp. VkQ) is used. Similarly, when one considers the prediction at Mk + €3, we can
consider:

J,e3 i Jj—1 Jj—1 Jj—1 Jj—1 Jj—1 Jj—1 Jj—1 Jj—1
CH (k) - mln(|vk+e1 - vk+€2| + |vk+€1 +ex vk+€2 |’ |Uk - Uk+€1| + |Uk+€1 +ex Yk |)
- mi Jr€3,1 J,€3,2
=min(Cy > (k), Cy;7% 7 (k)).
When the minimum corresponds to the first (resp. second) argument, the stencil Wkl
(resp. Wk2) is used. This technique has been recently used for image compression [@]
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Finally, note that making a convex combination of potential operators given by the
ENO method, we obtain an extension of the so-called WENO method, that is for
i=2,3

~J RSP 57,2

UMke; "= AUNfte, T 020Nk,

A possible form for the weights is given by «a; := where ar := and

1
_ e+CIim (k)
¢ is used to avoid a, = 400 when C?*>" (k) = 0. Finally, we shall conclude by saying
that our approach could be extended to other type of matrix of non-diagonal matrix

_ar
aitaz

M (an example is available in [@]) with a noticeable improvement on compression
performance over linear method.

8 Conclusion

In this paper, we have presented a new nonlinear multi-scale representation based on
the use of non-diagonal dilation matrices. We have shown that the non-linear scheme
proposed by Harten naturally extends in that context and that convergence and sta-
bility in Besov spaces can be obtained when the matrix M is isotropic. These results
are deeply related to the existence of difference operators associated to the prediction
operator we use. The main difference with the tensor product approach consists in
the fact these difference operators use mixed finite differences and thus cannot be re-
duced to one dimensional difference operators. This specificity obliged us to consider
a definition of Besov spaces using mixed finite differences. After we have shown these
theoretical results, we have ended the paper by giving some applications of the new
multi-scale representation we propose when the underlying subdivision scheme is in-
terpolatory. Future work should involve the designing of non-interpolatory multi-scale
representations and also possible extension of our method to more general prediction
operators than quasi-linear ones.
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