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PARABOLIC SCHEMES FOR QUASI-LINEAR PARABOLIC AND
HYPERBOLIC PDES VIA STOCHASTIC CALCULUS

SEBASTIEN DARSES AND EMMANUEL DENIS

ABSTRACT. We consider two quasi-linear initial-value Cauchy problems on R%: a para-
bolic system and an hyperbolic one. They both have a first order non-linearity of the form
é(t,z,u) - Vu, a forcing term h(t,z,u) and an initial condition uy € L>®(R?) N C>(RY),
where ¢ (resp. h) is smooth and locally (resp. globally) Lipschitz in « uniformly in (¢, x).
We prove the existence of a unique global strong solution for the parabolic system. We
show the existence of a unique local strong solution for the hyperbolic one and we give a
lower bound regarding its blow up time. In both cases, we do not use weak solution theory
but recursive parabolic schemes studied via a stochastic approach and a regularity result
for sequences of parabolic operators. The result on the hyperbolic problem is performed
by means of a non-classical vanishing viscosity method.

Key words: Quasi-linear Parabolic PDEs, Hyperbolic PDEs systems, Vanishing viscosity method,
Smooth solutions, Stochastic Calculus, Feynman-Kac Formula, Girsanov’s Theorem.

1. INTRODUCTION

The PDE problems we are studying in the current paper are part of the so-called class of
quasi-linear parabolic and hyperbolic initial-value systems:

d

(1.1) Oyu + ; Aj(t,z,u)05u — ZZJ: a;j(t, x)afju = h(t,z,u)

u(07 x) = U,

where (t,z) € RY, Aj are d x d matrices, and a is a positive definite matrix in the parabolic case
and ¢ = 0 in the hyperbolic one. There exists a huge literature regarding analytical methods
proving the existence of solution for such PDEs. We refer to [16], [18] and references therein
regarding both cases.

We are interested in applying stochastic methods to show existence results when the matrices
A; are diagonal. More precisely, we are here concerned with the following case: the first order
non-linearity has the special form ¢(t,z,u) - Vu. The map ¢ : [0,T] x R? x R? — R? (resp.
h) is assumed to be smooth and locally (resp. globally) Lipschitz in u uniformly in (¢,z). We
prove global and local existence of smooth solutions in R, respectively in the parabolic case and
the hyperbolic one. We handle these questions by means of probabilistic methods due to the
relationship between the structure b - Vu and the Feynman Kac formula for parabolic equations.
More precisely, we use in both cases some iterative parabolic schemes (u,,) where the non linearity
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2 SEBASTIEN DARSES AND EMMANUEL DENIS

o(t,z,u) - Vu is replaced by ¢(t, z, uy,) - Vuyy1. Let us now describe in more details the two main
results of our work.

1.1. Description of the main results.

1.1.1. Parabolic case. In Section 3, we prove the following theorem. Let vg € L= (R%) N C>°(R%)
with bounded derivatives. Assume that h(t,z,v) is a globally Lipschitz function in u uniformly in
(t,z). Then, for any given time T > 0, there exists a unique smooth solution v on [0, T| verifying
the Cauchy problem

ow(t,x) + (¢(t,z,v) -V Zaw (t,z)0? ot x) = h(t, 2z, v(t x))

v(0,x) = vo(x),

where a : [0,7] x R — R? @ R? satisfies suitable smooth and boundedness conditions on its
derivatives. We use the aforementioned iterative scheme (v,,) defined by

(1.2)

(13) at’l)n+1(t, .7)) + (d)(ta xz, UTL) ' V)Un+1(t, iL’) - %AU’UH—FI(ta J)) = h(tv Z, Un(tv l’))

(1.4) vo(t,r) = wo(x),

where A, denotes the second order term.

By means of Girsanov’s transformations on the Feynam Kac representation of the solution
Un+1, we show that (v,) converges to a vector field v and we obtain uniform bounds for the
spatial derivatives of (v,). We conclude about the regularity of the solution v by verifying the
suitable hypothesis of Friedman’s theorem on the convergence of parabolic operators [9]. We
finally show the uniqueness of the solution. Again, Girsanov’s transformations are helpful. We
stress that our method does not use the theory of weak solution for PDEs and does not involve
fixed point theorems due to the direct study of inductive schemes and some related induction
hypothesis. The conditions on h and o we use are sufficient to ensure the existence of a global
smooth solution. Let us note that this global existence may fail to hold for vy € L* if the
source term is no longer globally Lipschitz in u. For instance, consider the one-dimensional case
h(t,z,v) = v'*% & > 0 with a constant initial condition vg(z) = vg > 0. Then the function

1 1/e
tw)=—-
v(t ) (vf—et)

is a blow-up solution of (1.2). Our theorem may then be seen as a critical case in that sense. We
also show in Section 3.2 the local existence of a smooth solution when h(t,z,v) = v® for general
initial conditions.

1.1.2. Hyperbolic case. In Section 4, we prove by means of a particular parabolic scheme a local
existence result for a system of quasi linear hyperbolic PDEs when the initial condition vy is
a smooth bounded function with bounded derivatives of all orders. We claim that there exists
T* > 0 and a unique smooth solution v on [0,7%) verifying the Cauchy problem

{ ow(t,x) + (¢(t,z,v) - Vu(t,x) = h(t,z,v(t, x))

(1.5)
v(0,2) = wvo(x).
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Let us describe the proof of this claim. First, we study a collection of sequences o +— u? := (u?)
derived from a Feynman-Kac representation where the time-dependent coefficient diffusion se-
quence o = (op(t))y lies in a family of smooth positive functions. We obtain uniform L*° bounds
in n and o of the derivatives of (1) on a small interval. We show the uniform convergence of a
particular sequence u* := (ug*) for a suitable sequence ¢* converging to 0 as n — co. We con-
clude that the limit u* of (uz*) is a smooth solution of the Cauchy system by adding a constant
diffusion term on both side before applying Friedman’s Theorem. The proof actually relies on
estimates regarding the difference u,41 — u, and on a suitable conjecture on the structure of the
sequence ¢*. Here we do not use Girsanov’s transformation but rather estimates coming directly
from the underlying diffusion process in the Feynman Kac representation. Finally, we provide a
lower bound regarding the blow up time for this hyperbolic system.

Section 2 is devoted to some notational conventions. The Appendix recalls the key result of
Friedman to obtain in the parabolic case the regularity of the solution through subsequences of
parabolic operators.

1.2. Our contribution related to known litterature.
1.2.1. Parabolic case.

Known results. In the huge literature on parabolic PDEs, one may distinguish the results obtained
by purely PDEs tools and those by probabilistic tools:

(i) PDEs point of view. Local existence results are well known for more general semilinear
parabolic PDEs (cf Proposition 1.1 p.273 in [18]). One may classify the various studies
depending on considering a scalar equation or a system of equations on one hand, and
bounded or unbounded domains on the other hand.

In the case u : R? — R, a very general result on the global solvability is given by
Theorem 8.1 (Chap. 5 p. 495) in the seminal book [12].

Let us now consider quasi-linear uniformly parabolic systems. First, consider the case
of bounded domains. One may mention Theorem 7.1 p.596 in [12, Chap. 7] when the
initial condition belongs to some Sobolev spaces. As [12, Th. 8.1], [12, Th. 8.1] may
provide existence and unicity of a classical solution under Holder continuity conditions
on the coefficients. Those coefficients may also depend on the solution and its gradient.
In the case of square integrable initial conditions only, let us refer the reader to Example
3.6 p.75 in [10] where the author also treats general parabolic PDEs. Second, in the
case of R?, it can be proven that parabolic PDEs satisfying the following assumptions:
?symmetric” first order non-linearity, h = 0, a = cst.Id and vy € L?(R?), have a unique
global solution (cf Proposition 1.4 p.276 in [18]).

(ii) Probabilistic point of view. First, let us notice that representing parabolic PDEs by means
of Feynman-Kac formula is a widely used tool. It even gives results about weak solutions
of non-linear PDEs (see e.g. [3]).

The quasi-linear parabolic PDEs we consider can be naturally related to some backward
stochastic differential equations. Pardoux and Peng developed a theory of Backward
Stochastic Differential Equations and its connection with a wide class of solutions of
quasi linear parabolic PDEs, as viscosity solutions for instance (for an overview, see e.g.
[17]). In the case we are interested in, that is a non-degenerate system of quasi-linear
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PDEs defined on R, various results have been obtained in [14, 6] for instance. The
coefficients may depend on u and Vu. Under the assumption that the coefficients are
smooth and have bounded derivatives in , u and Vu (cf Assumption (A;) p.343 in [14])
and other specific bounded assumptions (cf Assumption (As3) and (A4) p.343 in [14]), the
authors prove [14, Prop. 3.3] that the system has a unique smooth and global solution.
They prove the corresponding existence result for the related BSDE. Those results are
relaxed in [6], cf Assumptions (Az2) [6, p. 229]. The author states one of his main results
[6, Th. 2.6 p. 240] on the existence and uniqueness of solutions for the involved BSDE.
Finally he proves [6, Corollary. B.7 p. 281] that the related PDEs system has a unique
bounded classical solution globally. Both in [6] and [14], the linear growth of all the
coefficients in w and Vu are basically required.

Roughly speaking, the global solvability results in the PDE literature hold on bounded domains
or require integrability conditions on the initial condition when considering R?: The corresponding
results on R? in the stochastic literature hold under linear growth conditions (see e.g. [14, 6]).

Our contribution. This one is twofold:

(1)

Concerning the result in its own right, we do not require, in the R case, either the
advection coefficient to have linear growth in u, or integrability conditions on the initial
condition to prove the existence of a unique global smooth solution. (As discussed above
in 1.1.1, the linear growth in u of the forcing term is a necessary condition to ensure
the existence and uniqueness of a global smooth solution.) Though the result might be
expected in view of all the above-mentioned discussions, it seems to us that it does not
exist in the literature, up to our best knowledge. We overcome the involved difficulties
by means of induction hypotheses on the Picard scheme (1.6-1.7).
Regarding the method, we did not find a specific reference that studies such global iter-
ative schemes for these quasi-linear parabolic PDEs. Notice that an interesting scheme
has been studied in [2] when a system (written as (1.2) with h = 0) is viewed as a scalar
PDE in an extended phase space.

Let us stress that we identify the rate of the global strong convergence in Cy([0, T x R%)
of the linear (and explicit) parabolic PDE sequence (1.6-1.7) to the smooth solution of
the non linear system. Surprisingly, it is the same as the one of the standard scheme

t t
XM = g+ / b(s, X1 )ds + / o(s, X )dWs
0 0
converging in L2([0, T] x R?) to the solution of the classical stochastic differential equation

t t
X, = a:o—l-/ b(s,Xs)ds—l—/ o(s, Xs)dWs,
0 0

under linear growth and Lipschitz conditions on the coefficients.

1.2.2. Hyperbolic case.

Known results. The literature on Hyperbolic PDEs is also huge and our references could not be
by no means complete. Let us refer to [7] and [18] for an overview on basic results.
Iterative hyperbolic schemes of the type

(1.6)
(1.7)

Oyvnt1(t,z) + (o(t, z,vn) - V)opsr(t,x) = h(t,z,v,(t,x))
vo(t,z) = wvo(x),
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are classical to show the local existence of solutions in Sobolev spaces for non linear symmetric
hyperbolic PDEs (see e.g. [15]). These results are usually stated and proven using Sobolev
estimates, see e.g. [16, Th. 3.2 p.22]. Stochastic methods are not used often to handle these
estimates. We may however mention that linear transport equation with Sobolev coefficient has
been extended to SDE, see [1].

The study of hyperbolic systems is sometimes performed via vanishing viscosity methods. Such
methods have been extensively studied for instance for hyperbolic systems in one-space dimension.
Let us refer to the seminal paper [4] regarding various advanced results. A vanishing viscosity
method has been also studied in [2] via stochastic methods for a system of Hyperbolic PDEs with
no forcing term.

Our contribution. We do not require a priori the initial data to verify integrable conditions on
RY. If vg belongs to L?(R?) in addition, our result turns out to be a special case of a well known
result regarding symmetric hyperbolic systems (cf e.g. [15] Th.2.1 p.30).

We moreover identify a lower bound for the blow-up time that only depends on the data of the
Cauchy problem.

We actually perform a non classical vanishing viscosity method for a system of hyperbolic
PDEs via a stochastic approach. The vanishing viscosity method we use is non-classical in the
sense that the viscosity vanishes in a very specific way through a sequence of linear parabolic
PDEs.

2. NOTATIONS

2.1. General Notations. Fix 7' > 0 and let d be a positive integer. The space R? is endowed
with its usual canonical scalar product: if =,y € R%, we denote by z - y their scalar product. Let
| - | be the induced norm. More generally, the notation | - | still denotes the operator norm of any
multilinear form. For instance, |Id| = 1 where Id € R? @ R¢.

We denote by C,ffk(Rd) the space of continuously K-times differentiable bounded functions
with bounded derivatives of all order p <k (0 <k < K < 0).

We set |1£(8)]loc = Stupyezs |F(t 2)] and [|flloc = supepr I (E) oo when £ : [0,7] x RY — R
is a continuous function. If f(¢,-) € LP(RY), ||f(t)|l, denotes the LP norm of f(t,-), 1 < p < +oc.

If r > 0, we set B(0,7) := {z € R?, |z| < r}.

Throughout the paper, C' denotes some constant independent of n, which can change from line
to line. When a particular constant C used in a proof is needed for another proof, we write it
with an index or a subscript, as Cy or C, for instance.

2.2. Differential operators and PDEs. If f : [0,T] x R? — R is a smooth function, we set
o;f = 387]; and O0;f = %. We denote by Vf = (0;f)1<i<q the gradient of f and by Af =
> ; 8?7 f its Laplacian. More generally, for a given set of non negative definite matrixes a(t,x) =
o(t,z)o*(t,z) : [0,T] x R* — R? @ R?, we set
(28) Ao—f(t,l') = Zal](t7$)az2]f(ta x)
i?j

For a smooth vector field @ : [0,7] x R? — R?, we denote by ®7 its j*-component, by Vo its

differential with respect to , that we represent into the canonical basis of R%: V& = (9;®?); ;, and
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by V-& =3, 0;®7 its divergence. Asusual, A® denotes the vector (A®7);. The notation (¥-V)®

denotes the parallel derivative of ® along ¥, whose coordinates are: (¥ -V)®)! =3 j Wig,; Pt
Throughout the paper, we consider parabolic operators whose generic form is given by

1
(2.9) Loo = O+blt)-V+ A,

)

where b : [0,7] x R — R% and o : [0,T] x R? — R? @ R,

2.3. Probability space and Diffusions. We are given a filtered probability space (2, F, (F%),P)
on which a standard d-dimensional (F;)-adapted Brownian motion W (-) is defined. A diffusion
starting from x at time ¢ is denoted by X;, and reads:

(210)  Xia(s) =z + / b(r, Xo.a (r))dr + / o (1, Xew(r)dWio(r), 0<t<s<T,
t t

where b: [0,7] x R — R 5 :[0,T] x R? — R @ R? and:
(2.11) Wio(s) = W(s) — W(t).

More generally, under suitable conditions on o, Wy, denotes the unique strong solution of the
SDE

(2.12) Wi (r) == +/ o(u, Wi (u)dWio(u) 0<t<r<T.
¢

3. STUDY OF A CLASS OF PARABOLIC QUASI-LINEAR PDESs

3.1. Assumptions and preliminaries lemmas. To establish the main results of this paper we
introduce the following assumptions:

(H) A function h : [0, T] x R? x R? — R? satisfies Assumption (H) if there exist (c1, co,c3) €
R3 , a non negative function M € L1([0,T], L°°(R%)) and a function ¢ : R? — R bounded
on all compact sets such that for all (¢,z,y,2) € [0,7] x R? x R? x R%:

(3.13) h(t,z,y)] < M(t,z) + clyl,
(3.14) |h(t,z,y) — h(t,z,2)| < caly — 2],
(3.15) Veh(t,z,y)| + [Vah(t,z,y)| < c3+o(y).
We set ¢y = ||MHL1([O,T],L°°(]Rd))'

(Ha) A map o :[0,7] x R? — R? @ R? satisfies Assumption (H) if o € C* and
(3.16) lo(t,2)E* > plé?, ¢eRY,
(3.17) lolloo + IVolloe < o0,
(3.18) o oo + Vo oo + [[VZ0 e < oo

(Hs) Amap ¢: (t,x,y) € [0,T] x R? x R? — R¢ satisfies Assumption (Hg) if p € C, ¢(+,-,0)
is bounded on [0, 7] x R%, and if

Ved, Vyb, Vi,b, Vi, Vo o

are bounded in y on any compact subset K € R? uniformly in (,x) on [0, 7] x R
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If ¢ satisfies Assumption (Hg), let us define the following increasing functions:

(3.19) D1(p) = sup V(L 2, y)l,
te[0,7],z€R4 |y|<p
(3.20) D3(p) = sup Vyo(t,z,y)|,  p >0,

te[0,T],z€RY,|y|<p

Remark 1. Hypothesis (Hg) obviously includes the case where o = CId, ¢ = b(t,x) + y* where
a is a multi index and b is a bounded function.

We will use several times the following simple lemmas:

Lemma 3.1. Let (gy, : [0,T] — R),en be a sequence of non negative measurable functions. Let

0 € L*([0,T),R*). If for alln >0 and t € [0, T]

T T ~
(3.21) gn+1(t) < Ko + Kl/ gn(s)ds +/ 0(s)ds, go(t) < Ko,
¢ ¢
then for all t € [0, T
(3.22)
n—1 n—1
Ki(T —t)* r Ki(T-t)*  ~ (K(T-t)" r
gn(t) < KOZ—( i o ) —i—/ 0(s)ds T =0))F o ) —i—Ko—( i : ) +/ 0(s)ds.
=0 : 0 —1 . n: t
We also have the useful expression:
~ T t
(3.23) gn(t) < <max(K0,K0)+ / 9(5)ds> efT=1) _ / 0(s)ds.
0 0
Proof. The proof stems from an immediate induction. O

Lemma 3.2. Let ¢ satisfy Assumption (Hg). Let x : [0,T] x R* — R? be a bounded C? vector
field with bounded derivatives. Then

(3.24) sup (4, z, x(62)| <160+ 0)lloo + @3([Ixlloo) X0
tel0,T], zeR
0
(3.25) sup &E(cb(t,:v,x(t,w)))' < i(llxlloo) + 3 (lxlloo) IV x () [loo
rER4
82
(3.26) Sup | =y z(cb(t,x,x(t,:v)))' < CHOIVxW)IZ + ClIVX()lloo-
R4 X

Proof. The first inequality comes from the inequality

’QS(t,I‘,X(t,JI)) - ¢(ta$70)| S sup |vy¢(ta$7y)‘ |X(t’ l‘)|,
y€B(0,lxlle0)

and Assumption (Hg). The Leibniz rule and Assumption (Hg) yield the two other ones. O

Lemma 3.3. The mapping © — Wt‘fm(r) is differentiable for all x € R® a.s. Moreover its
differential satisfies the SDE

(3.27) VWY, (r) = 1d + /t Vo, WEL () VW, (u)d Wi (u).
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For all z,y € R% and all p > 1, we have the followings bounds:

(3.28) B|W,(s) = W(s)|” < Cyly —af™,
(3.29) EIVWZ, ()P < Gy,
(3.30) E[VW{,(s) = VW7 ()| < Cply —af*.

Proof. The Gronwall Lemma and (3.47) yield the inequality (3.28).

From (3.47), we can write (3.27) (cf e.g. [11]). Using the assumption |Vo|sx < o0, the
Burkolder-Davis-Gundy (BDG) inequality and the Gronwall lemma, we obtain (3.29). Using
(3.27-3.29-3.28), we can finally prove (3.30).

O

3.2. Main Result. We consider the following Cauchy problem:
{ do(t, ) + (o(t,z,v) - V)u(t,z) — 3A0(t,z) = h(t,z,v(t,z))
U(Ou $) = U()(I'),

where ¢ : [0, T] xRIxR? — RY, v : [0, T]xR? — RI@R?, h: [0,T] x RIxR? — R, vg : RY — R?
are given while v : [0, 7] x R? — R? is the unknown.

(3.31)

For all t € [0,T], let

T T
(3:32) n@) = (ool [ 1ds) e = [T 1M
We then define the following constants:
(3.33) Moo= M(T)
_ 2
(3.34) Ao = o HZ (160l + R5(A1)
(3.35) A3 = 4||EJ| 2T

where o(t,z) = v(T —t,—x), ¢ satisfies (Hg), and J7,(s) denotes the module of the Jacobian of
the inverse of the C' diffeomorphism z — W¢,(s).

The main result of this section is the following theorem.

Theorem 3.4. Fiz T > 0. Let ¢ satisfy Assumption (Hg), vo € C&%(Rd), and let h : [0,T] x
R? x RY — R? be a C™ function satisfying Assumption (H). Let v : [0,T] x R? — R? @ R? verify
Assumption (Hp). Then there exists a unique bounded solution v € C([0, T] x R?) verifying the
Cauchy problem (3.31). The scheme (1.6-1.7) uniformly converges to v with the rate

lv—vnlee < D4/ (C:!)n,

n>N

where C' > 0 only depends on the data of the equation.
Moreover, the following bound holds for all t € [0,T]: |[v(t)]|co < A1(2).

In addition, if vo € L*(R?) N Cp%(RY) and M € L*([0,T] x RY) then

T T
02
()3 < (Aguvo\|%+ / Agl!M(s)H%ds> ettt [ allar(s) s
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Proof. The proof is based on the following steps. First, using the associated backward Cauchy
system we define a sequence (u,) derived from a Feynman-Kac representation. In Step 1, we
show the uniform convergence of (uy) using Girsanov’s transformation and Gronwall’s Lemma.
This proof involves estimates on Girsanov’s densities which are a slight generalization of those
already obtained by Busnello [5]. In Step 2, we obtain uniform bounds of the derivatives of w,,.
In Step 3, we conclude that the limit u of (u,) is a smooth solution of the Cauchy system by
using the previous results and applying a Friedman’s Theorem (Th. 15 p.80 in [8]) on uniform
parabolic PDEs. In Step 4, we prove the uniqueness of the solution and eventually in Step 5, we
obtain suitable bounds in L? for this solution.

Using the change of variable u(t,x) = v(T'—t, —x), we turn the initial Cauchy system into the
following backward one:

{ Ou(t,x) + (p(t, z,u) - V)u(t,z) + %Agu(t, z) = —g(t,z,u(t,z))
(3.36)
u(T,z) = wuo(z),

where ug = vy, g(t,z,y) = (T — t,—x,y) and o(t,x) = v(T — t,—x). In particular, g and o
satisfy the same conditions than h and v respectively.

Step 0. Definition of a recursive scheme.
Let us define by induction the sequence uy, : [0, T] X R? — R? n > 0, as follows.

Let ug(t, z) = ug(x) for all (¢,z) € [0,T] x RL Given u,, € C2([0,T] x R?), we define u, 41 as
the solution of the following PDE:

{8tun+1(t,a:)+(wn-V)un+1(t,x)+;Agunﬂ(t,x) = fu(t,x)
(3.37)

un1(T,x) = uo(x),
where
(3.38) wp(t, ) = ¢t z,un(t,x))
(3.39) fu(t,x) = g(t,z,un(t, z)).

The solution of this linear parabolic PDE can be represented by means of the Feynman-Kac
formula :

T
(3.40) wnltie) = B| [ 55, XD 6)ds + ua(x 2]
t
where Xt(j;) is the stochastic flow defined by:

(341)  XW(s)=x+ / wi(r, X{ (7)) dr + / o(r, X (r)dWio(r), 0<t<s<T.
t t

If up € C’g’z(Rd), one can show by induction that

(3.42) lunlleoe < o0
(3.43) IVuplleo < o0,
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using for instance Eq. (5.20) and (5.21) p.148 in [9] (letting a — 0). Besides, by virtue of (3.25)

we obtain that w,, is Lipschitz in x uniformly in ¢, so that the diffusion Xt(Z) is well defined. As
a conclusion, the scheme is well defined and its Feynman-Kac representation holds.
Finally, from Theorem 10 p. 72 in [8], we deduce by induction that u, € C2([0,T] x R%).

Step 1. Convergence of (uy,)nen in L¥([0,T] x RY).

The expression (3.40) shows that the sequence (u,)n>0 is bounded in L°([0, 7] x R%). Indeed,
due to Assumption (H), we can write:
T

T
(3.44) s ()0 < lluolloo + / 1M (5) oods + 1 / ltn(5) loodls,

and we then apply Lemma 3.1 with K¢ = Ko = ||ug|/co, K1 = ¢1 and 6(s) = ||M(s)||c to obtain
for all ¢ € [0, 7] the bound:

T t
sup 1) < (ol + [ 1016) s ) €200 = [ a1(o) s < 0
nz 0 0

A Girsanov transformation yields the following expression for ,11:

(3.45) Unpy1(t,x) = F [(/tT ful(s, W ,(5))ds + uo(Wtfx(T))> ZEZ&")}
where
(346)  Z"" = exp { /t (o V) (r, WEL(r)) dWio(r) — % /t "o Va2 (r, WL () dr}

and WY, is the solution of the SDE
T
(3.47) Wi (r) == +/ o(u, Wi (u)dWio(u) 0<t<r<T.
t
Indeed, under Q := Zt(:)iip’n) - P, the process

S — Wt,o(s) = Wio(s) — / (U_lwn) (r, Wt‘fx(r)) dr
t
is a Brownian motion. We then write:
AWy, (r) = wy (7", Wi, (r)) dr + o(r, Wt‘fx(r))dwtyo(r).

It follows that WY, is a weak solution of the SDE satisfied by Xt(n)

2+ 50 W7, has the same law
under Q than Xt(j;) under P, and we deduce (3.45).

Lemma 3.5. The sequence (uy) defined by (3.40 - 3.39) uniformly converges on [0, T] x R.
Proof. We study the convergence of (uy,) via the series >y, where
(3.48) T (t) = [[(tnt1 = un) ()]|oo-

Let us now remark that the martingale s — Zt(i’n) solves the SDE

(3.49) 287 =1+ [ (07 ) WEL ) 265 W),
t
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From (3.24) we deduce that (wy,),>0 is bounded in L>([0,T] x R%) since (uy)n>0 is bounded in
L>®([0,T] x RY).

Moreover, the Ito isometry and the Gronwall lemma imply
2
(3.50) E(27) <exp (207 (s — Olwall), t<s
Inequality (3.24) applied with x = u,, and sup,,> [|[tn|/cc < 00 then yield

2
(3.51) sup E (Zt(a;’n)) < 0.
z€R, t,5€[0,T], n>0 ’

Set 0 < T" < T. Recall that wp41 — wy, = ¢(t, 2, upy1) — ¢(t, z,uy,). Since Vy¢ is bounded on
[0,T] x R? x B(0, A1), we obtain the following inequalities:
2

T/
< CE / (g1 — wn)(r, W () ZE" DWW, (r)
t

2

T/
4CE| [ wnlrWe o) (2574 = 257 diWio(r)
t

IN

T
CE / (tngs — wn)(r, WEL ()P 2570 2
t

dr

t,r

T - 2| (z,;n+1) (z,n) 2
+CFE ‘wn(ra Wt,x (T’))| ‘Ztﬂ’ —Z
t

2

T T
< C/ 7n(t)2dr + CE/ E ’25§7n+1) N Zt(fn’n) dr.
t t

The Gronwall Lemma (making 7" vary) then yields:

(3.52) B |z -z

2 T
< C/ Y (t)2dr.
t

We write

(Unt1 —up)(t,x) = E [( /t r (fal(s, W7u(s)) — fn_l(s,ng(s)))d5> Zt{?m]
T
+E K/t fnl(s,Wt‘fw(s))d5> (ij”T’”) . Zt(fr’n_l))]

8 [uo(We, ) (257 - 287V)).

Due to the Jensen and Cauchy Schwarz inequalities, the Lipschitz condition satisfied by g, In-
equalities (3.59) and (3.52) with T'=T", we obtain:

T
(3.53) ()2 < C /t o1 ()2

Lemma 3.1 then implies:
(T —t)"

(3.54) n(t)? < Cm L p
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Therefore, since the serie > M is convergent, it follows
(3.55) Zsup| (Unt1 — up)(t, z)| < 0.
n>0 te

This yields the conclusion of Lemma 3.5.

Step 2. : Bounds for the derivatives of (uy,).
Lemma 3.6. The map

RY — L2(Q)
(3.56) (z.1)
T — Zt,s
is differentiable for all x € R%. Moreover, its L*(Q)—valued derivative reads VZt(i’n) = Zt(i,’n)VY;Sf’n)
where

z,n s - 1/ o
(3.57) Y;(S ). /t Tn (7", Wm(r)) AWy o(r) — 2/t 7",21 (7", Wm(r)) ds.
Proof. Set
(3.58) rn o= 0 lwy.

Recall that sup,,> [[tn]/cc < 0o and
2
(3.59) sup E (Zt(i’n)) < 00,
z€R, ¢,5€[0,T], n>0 ’

and more generally from the Doleans form of Z, we can prove that for all p € Z there exists some
constants C), independent of n such that

2p
(3.60) sup E (Zt(ﬁj")> <C,
z€RE, ¢,5€[0,T], n>0 ’
In addition, let us note that if a5 € [0, 1] is a Fs-adapted random variable then, from the inequality

zn)\ 2 (1—as) o 2
<Zt(7s’ )> Y <1+ (Z( )) p, we can choose (), such that

(z,n) 2p(1—as)
(3.61) sup E <Zt . ) <Cp, pEeLZ.
z€R, t,5€[0,T], n>0 ’

We claim that the map

(3.62)

{Rd — LQP(Q)
(In)

x»—>Y

is differentiable everywhere on R?, and for any p > 1. Moreover its derivative VYt(SO’ ") at Tg is
computed by differentiating (3.57) under the integral sign. Indeed, recall that supyy 71 [|Vn ()[loo <
oo; Hence from Assumption (Ha) and Lemma 3.2, we first obtain that

(3.63) lwnllos + [ITnlle < o0,

(3.64) IVwn(s)|loo < C 4+ Cl|Vun(s)]oo,

(3.65) IVrn(s)loe < C+C|Vup(s)|oo, 0<s<T.
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Then, we use the BDG inequality to show that there exist some constants C), such that

2p
(3.66) B -y om oy @ —ag)|” < Cola — a0, p>1,

t,s

and we apply the dominated convergence theorem to conclude about the desired differentiability.

(z,n)
Now, recall that Zt(ij") = Vs . By virtue of measurable selection arguments there is a
Fr-measurable random variable o € [0, 1] such that

T,n zo,m zo,n zo,n 2
|25 = 277(s) = 7 () VY (@ — o)
Y(;c,n) Y(xo,n) 2
e s —ebs z,n zo,n zo,n To,m
=k (z,n) (zo,m) (Y;ES, - }/tSSO, )) B Zt( o )(S)V}/}Esm )(CL' - .CC[))
Y;fs7 - ths 7

2
(zg,n) (@,n)
= B Yo" ma Ve (v _ y o)y _ ZE0m) () gy o) (2 — )

2

,S

(zg,m) x,m

)

2
128|207 (s) (V5™ = v - vy @ - o) )| = Al@) + Bla).

Let € > 0. Using the Cauchy-Schwarz inequality and (3.66), we then bound A(z) by the square
root of

E e(l—ocs)(ytﬁ?n)_yt(,fom)) -1

t,s

4 4
2O AR A]

_ (x,n) _+-(x0,m) 8
<Clz —zo)* | e+ \/E ‘e(l as)<Yf’S Yis ) — 1‘ \/P <‘Yt(fn) - Ytsfo’n)

>n) |

where 7 > 0 is such that (e* —1)* < e for |z| < 5. From (3.61), we deduce that A(z) = o(|x—m|?).
Finally, we use the Cauchy-Schwarz inequality and the differentiability of = +— Yt(in) € L*(Q) to
conclude that B(x) = o(|z — z0|?).

O

Lemma 3.7. The sequence (uy,) defined by (3.40 - 3.39) verifies

(3.67) sup ||V ||eo < 00.
n>0

Proof. We prove the following statement: there exists a constant C' independent of n such that

T
[Vt (D)2, < C+C/ [V () ||
t

In that case, since |[Vuglls < o0, then for all n > 0, supjg 7y [[Vunt1(t)[lc < oo. The sequence
(Vup)n>0 is then uniformly bounded by virtue of Lemma 3.1.
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By virtue of the It6 integration by parts, we deduce:

(3.68) V.zt" = / (V7 W () VaWE (1) 257 + 1a(r WE () Vo 25 ) dWe (7).
t

,T

Thus
(z,n) 2
(3.60) E ’vztjs

2
_ dr.

| B[ We )T W )27 4 W)V 28
t

Therefore, due to inequalities (3.60) and (3.29):

2 s s 2
(3.70) elvzi?| <c [ Ivnekar+c [ BlvzE?|
t t

Again, by Gronwall’s Lemma and (3.63),

2 s s
(3.71) EB|vzim| < c/ 1970 ()1 < c+c/ [Vt () |2,
t t
We have:
(3.72) Vfn(s,x) = Veg(s,z,un(s, ) + Vyg(s, z,un(s, z))Vuy,(s, z),
and then
(3.73) IV fu(s,2)| < C+ Cl|Vup(s)|so-

Let us now compute the rate of increase

(Un11(8; Ya) — Unt1(5, 7))

(3.74) 55(Un+1)($7ya) =

of Vunyi1(s,-) in any direction e € R%, |e| = 1 at = with y, = = + ae:

st = B ( /tT5s<fn><ng<s>,nya<s>>ds+5<uo><ng<fr>7 D)) 257

(3.75) w2 ][ o o + a0 ) 5 (2657 .0
Using a Taylor expansion we write

(3.76) |05 (F) W (8), Wy (D] < IV fal8)lloo Wy (8) = Wiy (s)| a7
(3.77) 10 (u0) (Wa (), Wiy ()] < [IVuo(s)lloo [Weya (5) = Wia(s)| a7
Moreover,

(3.78) J (Zt(Tn)> (%, Ya) % VZt(fT’n) “e.

Recall the inequality
2
FE ‘Wt‘fya(s) — Wt"x(sﬂ < Clya — 91:|2 = Ca?.
Then we apply the Cauchy-Schwarz inequality taking into account the uniform bound (3.73) in
x, the uniform bound (3.59) in = and n, the uniform bound (3.71) in = and we get as a — 0:

T
Vuni(t2)? < C+C / |V (r) | dr-
t

where C' does not depend on n, which concludes the proof.
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Remark 2. Note that it is not possible to use directly the dominated convergence theorem to
show the desired uniform bounds.

Lemma 3.8. The sequence (uy,) defined by (3.40 - 3.39) verifies
(3.79) sup || VU || oo < 0.
n>0
Proof. We use the same method than the previous lemma. Recall that we have uniform bounds

for (r,) in n and z, but also for (Vu,) and then (Vry,) in x and n due to the previous lemma.
From (3.26), we deduce that

(3.80) V2w () | o
(3.81)

C + C|IVun ()% + ClIVun(t)llo

<

< CH+ OV (1) |loo-

Recall that VZt(fg’n) = Zt(i’n) VYt(fn) Due to the bounds of the successive derivatives of r,, and
(z,n)

\S

map = — VYt(I’n) is differentiable in L*({2). Moreover VQYtSf’n) is computed by differentiating

»S

VY;(:C’”) under the integral sign. And so is V,Z, p > 1. We then have:

S

the semi-martingale decomposition of VY, , we can prove as in the previous lemma that the

(3.82) vz = 7y e vy vz,

,S

Integrating by parts, we obtain:
VA = [ e W) (W) 2 aWa(r)
+ [V W) VWL ()2 W)
+2 /t | Vi (r, W (r))V 2™ dW, o (r)
+ [l W) VAZE Wi (),
The suitable bounds then yield

(3.83) E ‘VQZ;@’")

2 * o2 2
< c/ 172 ()% dr + C,
¢
where the constant C' does not depend on n.

Repeating the same reasoning involving the rates of increase and the Cauchy-Schwarz inequality

as in the previous lemma, we can bound V?u,,,1 by an expression in terms of Zt(x’n), Jns w0, Wiy
and their two first derivatives using a first order Taylor expansion. We then obtain

T
Vo (t2)? < c+c/ww%am&w-
t

The conclusion of Lemma 3.8 follows from Lemma 3.1.
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Step 3. Existence of a smooth solution

We apply Theorem 15 p.80 in [8] (See Appendix 5.1). Let us define the following sequence of
parabolic operators:

1
(384) E(]ﬁ(t,z,un) = 6% + (Z)(t, Z, Un) . V + §AU.
We can write:

(3'85) £¢(t z,un) Un+1 = In-

Let us verify the assumptions of Friedman’s Theorem on any bounded domain = C [0,T) x R?
of the form = = [0, T[x[m, M]. First we know that (u,) uniformly converges to a function u on
[0, 7] x RY. Second from Steps 1 and 2 we deduce that

(3.86) sup || Ouin ||co < 00,
n>0
and then
(3.87) Sup ([[Octinlloo + [[unloo + IV tnlloc) < o0
Therefore
(3.88) SUP (|| fnlloc + [l fnlloo + [V Falloo) < 00

Condition (B) (See Appendix 5.1) i.e. the uniform parabolic condition holds due to Assumption
Ha, whereas Condition (A) holds due to (4.136) and Assumption Ha. Now the solution w4 of
['qﬁ(t Tun) Un+1 = In

obviously satisfies (4.135). As a consequence, there exists a subsequence of (u,41) such that its
two first derivatives also converge uniformly on the domain =Z. Moreover u is continuously twice
differentiable and verifies

1
(389) (‘C¢(t,x,u)u)(t7 $) - (atu + ¢(t7 z, U) -Vu + 2Aau) (ta .Z') = _g(tv z, U(t, (IZ)), (ta .Z') €=,
As a conclusion, using Theorem 10 p.72 in [8], we deduce that u € C>®([0,T) x R%).

It remains to conclude about the regularity at T'. By Step 1, we deduce that

O —
Using (3.75) we compute 6¢(un+1)(2, Ya) — Vup(z). We bound it by means of Cauchy-Schwarz’s
inequality, the uniform bound (3.59) and Taylor expansions as in (3.76-3.77). We then let & — 0
to obtain a bound for ||Vuy,4+1(t) — Vug|leo. Using Cauchy-Schwarz’s inequality, Inequality (3.71)
together with Lemma 3.7, we can let n — oo and hence obtain a bound for ||Vu(t) — Vugl|eo of
the form C(T —t). We finally deduce

(3.90) IVu(t) — Vugl| oo p— 0.

The same analysis can be performed to show the continuity of the derivatives of higher order.
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Step 4. Unicity of the solution.
Lemma 3.9. The system (4.125) admits at most one bounded solution in C*([0,T] x R%).

Proof. Let u and v be two bounded solutions in C°°([0, T] x R?). We write their implicit Feynman-
Kac representation; For instance u reads:

(3.91) - 5| / £, X0 (3))ds + uo( X1 (T))]
where

(3.92) Fita) = gltault,)),

and X}, is the stochastic flow defined by

(3.93)

S S
X;fx(s) =+ / 10} (r, X;fx(r),u(r, X;‘x(r))) dr —|—/ o(r, Xg“fx(r))tho(r), 0<t<s<T.
t t
Using the same notation and techniques as in Lemma 3.5, we obtain

(3.94) 100) = swp [(w =)o) < € EIZEY - 250
e

Set 0 <T" < T. As in Lemma 3.5 we obtain the following inequalities:

2
2

E Z(I:“) . Z(x’”)

t, 1’ t, 1" < CE

.
/t (1 — 0)(r, W (1) 2% W, ()

2

T/
LCE / o(r W () (25" — 280 (r)
t

= CE/ (u —v)(r, W, (r N2 ‘thu) dr

dr

2
_ C/ dr+CE/ B|z&5" - 285

So due to Gronwall’s Lemma (making T” vary):
D) T
<C / ~(r)dr
t

T
(3.96) V(1) < C /t ~(r)dr.

2
eP / Pl W0 25— 72

dr.

(3.95) E|z5 - 25

Setting now 1" = T', we thus have:

Thus v = 0, which concludes Lemma 3.9.
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Step 5. L? bounds of the solution when ug € L?(R?).

From (3.50-3.24) we obtain:
()2
(3.97) E (ZtT ) < exp(20a(T — t)).

Let us assume that ug € L?(R?) and || M ||?
Schwarz inequality we deduce the following:

[uns1(t,x)| < (\/E Z,f%;" \/

s (t2)? < 2B (Z5") E((T—t/ [ fa(s, Wa(9) | ds + |uo (W, (T >>\2>

By Th. 4.6.5 p.173 in [11], we know that x — W7, (s) is a C' diffecomorphism. Let J7,(s) be
the module of the Jacobian of its inverse. Using el*l < e* + ¢%, the martingale property of
the Doleans exponential, and the bounds of the successive derivatives of o, we can prove that
|IEJ?||cc < 00. We then obtain by integrating in x the last inequality:

(0T xRy < OO From (3.45) and using the Cauchy

/ s W (5))ds + wo(WE(T)|

T
@l < 28 (257) 1ES I (@ =0 [ [ it dns+ [ o) ac)
t R4 Rd
T
< 2B Mt(T / ufn<s>u%ds+uu()us)
2o (T —1 r 2 2 T 2 2
< A|BI e ><T | inlgas+ér [ Hun<s>\2ds+uuo||2).

Setting A3 = 4||EJ7||2,e2*T, we now apply Lemma 3.1 with ko = Ko = As|uol2, K1 = A33T
and 0(s) = \3||M(s)]|3 and we get:

T
C2 -
s < (sl + [ Aalars)igas ) 400 - [ s

This concludes the Theorem.

3.3. Source term of the form u®. We consider the following Cauchy problem

{ o(t,z) + (p(v) - Vu(t,z) — vAv(t,z) = pv*(t,z)
(3.98)

v(0,2) = wvo(x),

where v >0, a > 2, ¢ : R — R% 1o : R — R? and v : [0, T] x R* — R? is the unknown. By z2,

we mean (z'®, .-, z%),

Theorem 3.10. Let T > 0, a > 2, ¢ be a function in C>°(R?) whose first and second derivatives
are bounded, vg € C°(R?) with bounded derivatives of all orders and assume that

Bllvo| 2ellvolleT(@=1) < 1,

Then there exists a unique solution v in C* verifying the Cauchy problem (5.98).
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Remark 3.
(1) We consider the case where ¢ is in C°*°(R?) with first and second derivatives bounded,
only for simplicity.
(ii) In the case where vg € C(R?) N L2(RY), this theorem is actually a particular case of
well known results on local existence for quasi-linear PDEs (see [18] e.g.).

Proof. The proof of this theorem is very similar to that of Theorem 3.4. Using the change of
variable u(t,z) = v(T — t,—x), we turn the initial Cauchy system into the following backward
one:

{ du(t,z) + (d(u) - V)u(t,z) + 302 Au(t,z) = —pu(t,z)
(3.99)

u(T,z) = wo(z),

where g := vy and o = V2v.
Let us define by induction the sequence u,, : [0,7] x R — R9 n > 0 as:

(3.100) uo(t, x)

(3.101) Unsi(t,z) = [ / Fals, X2 (8))ds +uo(X(T) |

where

(3.102) fn(t,z) = pPug(t,x),

and Xt(j;) is the stochastic flow defined by:

(3.103) X@@Fm+/HMn%%MW+W%®,OswwSﬂ
t

with

(3.104) wp(t,x) = od(un(t,x)).

Because of the Feynman-Kac representation of u,41, we get

T
wmuwgﬁ/\mmwww+wﬂw
t

By induction, we assume that

k+1
uQ
[t () Hoo<ZH s (T — 5)" . sel0,1].
Then
un (5)lloo < llugllocell=T,
and
T
[untilleo < 6I|uO||§o‘le“°”°°T(“‘”/ [[tn(8)[oods + [[uolloo
t
[Jug || B (T — ) !
< ’uOHOOZ (k+1)! + [luolloo
ntl ‘k+1 S)k




20 SEBASTIEN DARSES AND EMMANUEL DENIS

We can then conclude that sup,, ; [|un(t)[|cc < 00 and sup,, ¢ || fn(t)[lco < 0.

The sequel is similar; To show that (uy,), is uniformly convergent, we have to estimate
(fas1 = fu) (5,2 + 0Wio(s)) = B (up 1 —up) (5,2 + cWio(s))-
But the Taylor expansion component wise yields the equality (X)® — (Y = a(#)*H( X! - YY)
where 6" € [X*,Y"]. In our case, §' € [u}, 1, u}] is bounded so that
((Frt1 = fn) (8,2 + 0Wio(s))] < ¢|(uns1 — un) (5,2 + oWio(s))|

and we can conclude as in the proof of Theorem 3.4.
As for the estimation of ||Vuy,||oo, we have

|V in(t,z)| =5 |aVun(t,x)u271(t,x)‘ < ¢||Vun(t, )| co-
Thus, we can conclude as in the proof of Theorem 3.4 that sup,, || Vun|lec < co. Finally,
V2t 2) = Boor — 1) (Vun(t, 2))2 u® 2 (t, 2) + BaViu, (t, 2)ul (L, z).
It follows that
‘szn(t,a:)‘ <ec ‘V2un(t, a;)} +c
and we can also conclude in the same way that sup,, |Vt ||e < 0.
Therefore, it suffices to conclude by using Theorem 15 p.80 in [8].

The uniqueness is obtained by the same reasoning: setting (t) := sup,cga |(u — v)(t, )|, we
deduce

(3.105) <o /

since a > 2 implies (u*)*(t,z) — (v))*(t,x) = (u’(t,x) — vi(t,2))l’(t,x) where I' are bounded
functions.

O

4. HYPERBOLIC CASE
This section aims at studying the following hyperbolic PDE:
8tv(t7 LIZ‘) + (d)(tv z, U) : V)’U(t, .’E) = h(t7 T, ’U(t, x))
U(Oal‘) = Uo(l'),

where ¢ : R - R v : [0,T] x R - RIQRY, h:[0,7] x RY x RY — RY, vy : R — RY are given
while v : [0, 7] x R? — R? is the unknown.

(4.106)

Recall that for all ¢ € [0, 7]

T T
(4.107) () = <Hv0|yw+/0 ||M(s)\oods> eclt_/t | M (s)]|cods.

We then define the following constants:
(4.108) A= M(T)

_ vzg 1SS -1
(4.100) Bosws = [IV00c®3(N) ( #onr IVadloo +HVyg||oo> .
2 Vo0l

The main result of this section is the following theorem.
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Theorem 4.1. Let T > 0, ¢ be a function in C®(RY) whose first and second derivatives are
bounded, vy € C§4(Rd), h:[0,T] x R* x R* = R be a C°° function satisfying Assumption (H).

Then there exists T* € (0,T] and a unique bounded solution v in C?([0, T*] x RY) werifying the
Cauchy problem (4.106). Moreover:

(4.110) sup |lv(@®)|| < Ai,
te[0,7%]

and the following lower bound for T holds:

> e_cb%()‘l)T og (1 + 2/897¢,U0>
—205(M)[[Voolleo 1+ Bg,6,00

Proof. The proof is based on the following steps. First, based on the associated backward Cauchy
system we define and study a collection of sequence o — u? := (ug) derived from a Feynman-
Kac representation where the coefficient diffusion sequence o = (0,(+)),, lie in the family ¥ of
all sequences such that for all n € N, ¢,(-) € C;°([0,7],(0,00)). In Step 1, we obtain uniform
bounds of the derivatives of (u%) in n and o on a small interval. In Step 2, we show the uniform
convergence of a particular sequence u* := (u,‘;*) for a suitable sequence o* converging to 0 as
n — oo. In Step 3, we conclude that the limit u* of (ug) is a smooth solution of the Cauchy
system by using the previous results and applying a Friedman’s Theorem (Th. 15 p.80 in [8]) on
uniform parabolic PDEs. In Step 4, we prove the uniqueness of the solution and eventually in
Step 5, we obtain suitable bounds in L> and L? for this solution.

(4.111) T

Using the change of variable u(t,z) = v(T —t, —x), we turn the initial Cauchy system into the
following backward one:

{ ou(t,x) + (p(t, z,u) - Viu(t,z) = —g(t,z,u(t,x))
uw(T,x) = wp(x),

(4.112)

where uy := vg and g(t,z,y) = h(T —t,—z,y) . Note that g satisfies the same conditions than h.
For a given sequence o = (0,(t)), € X, let us define by induction the sequence u? = (u?) :
[0,T] x R — R n >0 as:

(4.113) uf(t,x) = ug(x)

(4.114) Wiate) = E[ /tTfiZ(s,Xt(Z)(s))ds+uo(X§,Z)(T)) :
where

(4.115) faltz) = gt z,ui(t, x)),

and Xt(:;) is the stochastic flow defined by:
(4.116) X\"(s)=x+ / wf (r, X% (r))dr + / on(r)dWio(r), 0<t<s<T,
t t

with
(4.117) wp(t,z) = ¢t z,up(t,x)).
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Note that uj,_; is derived from the Feynman-Kac representation as the solution of the following
PDE:

(4.118) { u iy (t, ) + (wg - V)ug (8, 2) + gon (A (L) = f7(t2)

up 1 (Tyx) = uo(x).
From Theorem 10 p. 72 in [8], we deduce by induction that ug.; € C*([0,7] x R?).

Lemma 4.2. There exists Ty € [0,T) and a constant C§ such that for all t € [Ty, T]| and all
ocex.

sup ([[uf; (t)l|oo + Vg ()loe + - + [V (#)]l) < C5.

neN

Proof. As in Step 1 of Theorem 3.4, we deduce that for all n > 0 and all 0 € X, |[uZ||cc < A1.
From (4.116), we compute

(4.119) VX" (s) = 1d + / Vg (r, X (M) VX (r)dr, 0<t<s<T.
t

From (3.25) we have ||Vw? (r)|loco < ®1(A1) + ®3(A\1)||VuZ(7) |00, and then

(4.120) VX (s)] < ePHODT expy (@5@1) / Hvug(r)”oodr) .
t
Computing
Vug o (t,x) = [/ Vag(s X(n (s),us(r, Xt(zj)(s)))VXt(z)(s)ds

/ Vyg(s, X (s),ud (r, X2 () Vg (t, X (5)) VX (5)ds

+ Vu (X))

we thus deduce

T s
0! 10T |gy7 (¢ 2)| < vaguoo/ exp (CE%(/\l)/ ||Vug(r)\|oodr> ds
t t
T S
+||Vy9||oo/t Vg (s)]loo exp <‘1>%(>\1)/t ||VUZ(7“)||oodT> ds

T
| Vatolloo exp (@5@1) / ||Vuz<r>||oodr)
t

Let us define the constant )
¢y = 2eM1 7T Ty o
and the decreasing function ¢, on [0, 7] by

(4.121) ney (t) = 21T (eéé(xl)cl(rt) (ngl+\|vuoy\oo)—cg,¢m)
where

v:v [e%¢} V 00
(4.122) Cyon, IVaglioe , [Vyll

®I(AM)C1  PY(A1)
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Let us choose Ty < T such that ne, (To) = Ci, that is

R (Cg,¢>,A1 + QHVUOHOO>
®3(M)C Coos + [Vuolloo /-

(4.123) To = T

Let us prove by induction that

(4.124) sup  [[Vup(t)]o < Ch.
neN, t€(To,T]

So assume for some n that for all ¢t € [Tp, T, ||Vun(t)||cc < C1. Hence,
T
e—@%()q)T ‘VUZJrl(t,e??)‘ < HngHoo/ exp (@%()\1)01(3 — t)) ds
t

T
+Hvng°°/t IVu5; ()] exp (P2(A)Ci(s — 1)) ds

+||VUO||OO exXp (@%()\1)01(1’ — t)) N

and
—d1(\)T o < Vgl BL(A)C1L(T—t) _
e Vug o (tz)| < B0 (e 2 1)
IVyglloo ¢ a1(a)cur—t)
1 yeloo —1
a0 (e ’ )
+[|Vuo || exp (®3(A1)CL(T — 1)) .
Therefore

[Vuia (o) < no(t) <ne(Th) =Ci, Ty<t<T,
which proves (4.124).
(n
¢

Let us now prove that |V2X
dent of n and o. First write:

VZXt(?C)(s) :/ VZwZ(r,X£7Z)(r))VXé7n)(r)dr+/ ng(r,Xt(’n)(r))V2X,5(?c)(r)dr.
t

x x
t
From (3.24-3.25) and the uniform bound (4.124) we obtain for all n € N and all 0 € ¥
Vwn(r)[ls < C
IV2wn(r)lle < C+ CIVug(r) oo
(Recall that C' can change from line to line) Moreover from (4.120-4.124), we deduce that

)(5)\ <C+ C’fts 1V2uZ (r)||sodr, where C is a constant indepen-

\ T

sup |VXt(Z)(5)| < 0.
zn, To<t<s<T ’

Thus
v2x(s) < C+C / V26 (1) oot + C / 92X (7 dr.
t t

s

Therefore by Gronwall’s lemma

v2x{ ()| < 0+0/ V200 () | o
t
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We then compute V2u, 1 using (4.121), and we deduce from the last inequality

T
V205 (Ol < € +C [ VP50 i
t
So we finally obtain a constant Cy such for all ¢ and n
HVQuz—i—l(t)HOO < 027 te [T():T]

Using similar reasonings, we obtain uniform bounds C3 and Cy in n, 0 € ¥ and ¢ € [Ty, T] for
[V3ug 1 [|oo and [[VAug, [l Setting CF = max{A;, Cj,1 < j < 4}, we conclude the Lemma. [J

Let us now prove the following

Lemma 4.3. There ezists a constant C} such that for all t € [Ty, T], all 0 € ¥ and alln >0

T T
11 — u)(B)lloo < CF / 14 = 1% ) (oot + 01*\/ / (Gn_1(r) — 0 (r))2dr.

Proof. We write

(ufey —uf)(tix) = B / ' (905, X2 (5), (5, X7 (5))) — g, X[V (5), w5, X[ (5)))
+g(s. X0V (), ug (s, X () — g5, X%V (s),ug (5. X0 V()
s, X000 (5)un (s, X3V () = 95 X0V ), ugi (s, X5 (9))) ds
+E [uo(X{7(T) = uo(X{5 (1))
Due to the uniform bounds of Vg, V,gVu7, Vyg and Vug in n and o € X, we deduce a constant
do independent of o and n such that

T
e — i) < do [ B[XD) - X070 ds
t

t,x

T
+do / 2 () — 451 ()] sods
t

(4.125) Y E ’Xt(;? (T) — Xt(f;‘”(T)’ .
But
xW9) - x5 = (e X 0) = wana(n X)) ) dr
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Therefore, due to the uniform bounds of V¢ and Vug, and Ito’s isometry, we deduce a constant
di independent of o and n such that

T
B[ - x| < d [ 1) - g () e

T
+\//t (on—1(r) — op(r))?dr.

We use Gronwall’s Lemma to obtain a constant ds independent of o and n such that

v [ E|X06) - X2 )] ar
t

T
EB|X{(s) - x5 V)| < d2/t g (r) = w1 ()l oodr

T
+d2\//t (on—1(r) — on(r))?dr.

Using (4.125), we finally reach the conclusion. O

Let us fix T > T and po € N* such that

4.126 <1/2.
(4.126) <
1
* vk pU!Q(po_l) .
Set Cy = max | Cy, Cf, —————;— |. In particular, we have:
(T — T)2wo—D
(4.127) CIO(T TP

po!
Note that Lemma 4.3 holds if we replace C} by Ci. Finally, let us define for all ¢ € [0, TV}

~ n+pg
ClH_pO T —t
(4.128) ok (t) = T-H> 51
(n+po+1)!

Lemma 4.4. The sequence uw = u’ = (u,) uniformly converges on [Ty, T] x R

Proof. Since

* 1
< On+1 (t) < C,T2
o (ntpot2) no

there exists ng such that (07))n>n, is decreasing uniformly on [Ty, T'| and we choose ng sufficiently
large so that

(4.129) M\/ (po+1)! < 1.

no!
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Morevover, t — o/ (t) is decreasing [Ty, T] for all n € N. Then
T
[ i) oy < | [z
t
(4.130)

Consider the sequence (ay,) defined for all n € N as

L | (Unt14n0 — Untng)(t)]loo, t€[0,T]
an(t) = { 0, o : te [T, T].

IN
Q
*
=
N~
|
-

Let us prove by induction that for all n and all ¢ € [T, T]
CPot™(T — ¢)(potn)/2

(4.131) an(t) <2 —

We can easily check that for all ¢ € [T, f],

CL(T — t)po/?
ap(t) < 2%7
Vpo!
due to (4.127) and the following inequality on the interval [Ty, T':
[[(tng+1 = Ung ) (1) lloo < Itng+1lloo + [[tng lloo < 265 < 20

Let us now assume that for a given n, Inequality (4.131) holds. From Corollary 4.125 and
Inequality (4.130), we deduce that for all ¢t € [Ty, T

T =
omii(t) < C. /t on(P)dr + Cooon (W T — ¢

CPotn (T — ) (potnt2)/2 2

N (po +n)! po+n+2
+po+1 /7 ntPo
Of po (T — t) 2 \/jvja:z-:no (t)
(n+po+1)! o
But, with (4.129)
~ ng ~ nQ
Tpino Co(T —t)=2 Co(T—t)=2
(t) = < Vpo+ 1! <1
o V(i +po+2)(n+po+mno) Vno!

Thus
CfOJrnJrl(T t) (po+n+1)/ 9 /
(po+n+1)! \/po+n+1
N Cf+p0+1 (f — 1) "+P20+1

(n+po+1)!

Qpt1 (t) < 2

We then conclude with (4.126) that
Cf“”“(f — {)(potn+1)/2

(po+n+1)!

Ont1 (t) < 2
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Therefore the series Y «,, is convergent, uniformly on [Ty, T]. So the sequence (u,) uniformly
converges on [Tp, T] x R O

We now apply Theorem 15 p.80 in [8]. Let us define the following sequence of parabolic
operators:

n(t) +1
(4.132) G = 01+ $(t, 2, up) -V + J(;+A.
We can write:
1
(4133) gnun+1 = fn + iAun_H.

Let us verify the assumptions of Friedman’s Theorem on any bounded domain = C [0,7) x R?
of the form = = [0, T[x[m, M]. First we know that (u,) uniformly converges to a function u on
[To, T] x R%. Second from Lemma 4.2 we deduce that

(4.134) sup [|Orun||co < 00,
n>0
and then
(4.135) sup ([10sunl oo + [lunllos + [[Vunllos) < oo
Therefore
1 1 1
(4.136)  sup < O (fr + §Aun+1) + HV (fn + 2Aun+1> H + ‘ fn+ §Aun+l ) < 0.
nZO [e’e) [ele] [e.e]

Condition (B) (See Appendix 5.1) i.e. the uniform parabolic condition obviously holds, whereas
Condition (A) holds due to (4.2). As a consequence, there exists a subsequence of (up+1) such
that its two first derivatives also converge uniformly on the domain =. Moreover w is continuously
twice differentiable and verifies

(4.137)

1 1
(guu)(ta l‘) = <6tu + d)(ta x, ’LL) -Vu+ 2Au> (tv .%') = _g(ta Z, u(ta .’B)) + iAu(t7 ZL‘), (tv .%') €E.
As a conclusion, using Theorem 10 p.72 in [8], we deduce that u € C2([0,T) x R?).

Let us prove the uniqueness of the solution. Let u and v be two solutions and write:

owu(t, z) + (p(u) - V)u(t,z) + cAu(t,z) = —g(t,z,u(t,z)) + ocAu(t,z)
ow(t,z) + (p(v) - Vu(t,x) + cAv(t,z) = —g(t,z,v(t,x)) + ocAv(t, ).
Thus
(w-o)(ta) = E / (s, X (5) 0o X (5)) = (5, X (5) (s, X (5)

+ (s, X7 (5), uls, Xiip () — (s, Xi o (s), uls, X¢ . (s)))
+ (s, Xi 4 (s )7U(87th( ) — 9(s, Xy (s), v(s, Xi . (s)))
+ 0 (Au(s, Xy (s) — Au(s, X{,(s)))
+ o (Au(s X; x(s)) Awv(s, Xm )}ds

+E [ug(X7,(T)) — uo(Xy,(T)] -
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We then have
T
E|X{(s) = X{,(s)] < al/t [u(r) —v(r)[lecdr

+a1/ E ‘Xt“x(s) - sz(r)‘ dr.
t

Therefore

T
E|X{,(s) = X7u(s)] < a2/t [u(r) = v(r)||oodr.

As in the previous lemma, we can prove that there exists C' such that for all o € (0,1),

T T
uw—mummsc[’Mu—wUMWW+aA;MAu—vammm.

We then have by Gronwall’s Lemma:
T

(4.138) [(u = 0)(#)]loo < CG/T [(Au — Av)(r)||oodr,

for all o > 0. Therefore u = v.

5. APPENDIX

5.1. Limit theorem for a sequence of parabolic PDEs. In the following we reformulate,
with the change of time ¢t «— T — t, Theorem 15 p. 80 from [8] we need in this paper. For this,
we first recall some notation needed for its formulation on a given domain Z C [0,7) x R? of the
form [0,T) x [m, M]? . Note that this latter can be chosen arbitrarily and the theorem we shall
recall remains true as asserted p. 61 in [8].

We define:
Br :={T} x[m,M)¢, B, =2n{t=1}, S, :=SN{t>7}, E,:=2N{t > 7}
where S = [0, T[x{m, M}¢ such that 9= = By U Br U S. We introduce the following norm of a

function u defined on E for a given Holder coefficient a €]0, 1] :

= o [u(P)—u(Q)
Ul, =sup |uly)| + sup e D A
. yeE' W P=(t,z),Q=(t2")€E P d (P, Q)

where d(P, Q) is the distance on R? x [0, 7] defined as
dl(z.1), (@', )] = Ve — TP+ E— 7]
and for any point @ = (z,7) € E, P € =
dg :==d(Q,Bo+5:), dpg :=min{dp,dg}.

We also consider

) [v(P) = v(Q)]
dv|Z == sup dp|v(P)| + sup dLfoi——rf ¥/
| |a Pe= | ( )| P,QeE Pe d(Pa Q)a
(Here the notation dv does not designate a derivative.) Since E is bounded, observe that the
quantities dp, dp g are uniformly bounded on P, Q) € =. Moreover, if the first differential of v is

bounded, then |dv|Z is bounded for all a < 1.
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We consider an operator

Z (2,1) o +zn:bi(xt)i+g
@i (@) e T " ow o

defined on Z verifying:
(A) The coefficients of L are locally Holder continuous (exponent «) on =, and there is a
constant K7 such that _ _
|aijla < K1, |dbi|g < K7
(B) There exists K3 > 0 such that for all (z,t) € = and ¢ € R?,
n
D aij(x, )& > Kal¢l.
ij=1
Theorem 5.1. Let {L,,}n be a sequence of parabolic operators satisfying (A), (B) for some
constants K1, Ko independent of m, and let { f,, }m be a sequence of functions satisfying | fm|5 <

o <
K3 where Kg is independent of m. Suppose that {um, }m is a sequence of functions satisfying

Lyum = frn on Z.
If supyez |um(y)| < Ka, where Ky is independent of m, then for any subsequence {u%)}m of
{tum }m there exists a subsequence of it, say {ug)}m, such that
u?, Vul?) Hess[u?)], ,ul?)

are uniformly convergent in any subdomain of = to some function u and its corresponding deriva-
tives. Furthermore, u € Coto(E). If, in particular, the coefficients of L,, converge to the cor-
responding coefficients of an operator L and f,, converges to f, pointwise in =, then Lu = f in

—
=
—
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