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A NEW METRIC INVARIANT FOR BANACH SPACES
F. BAUDIER, N. J. KALTON, AND G. LANCIEN

ABSTRACT. We show that if the Szlenk index of a Banach space X is
larger than the first infinite ordinal w or if the Szlenk index of its dual is
larger than w, then the tree of all finite sequences of integers equipped
with the hyperbolic distance metrically embeds into X. We show that
the converse is true when X is assumed to be reflexive. As an application,
we exhibit new classes of Banach spaces that are stable under coarse-
Lipschitz embeddings and therefore under uniform homeomorphisms.

1. INTRODUCTION

In 1976 Ribe proved in [22] that two uniformly homeomorphic Banach
spaces are finitely representable in each other. This theorem gave birth to the
“Ribe program” (see [4] or [17] for a detailed description). Local properties
of Banach spaces are properties which only involve finitely many vectors.
These are properties which are stable under finite representability. In view
of Ribe’s result the “Ribe program” aims at looking for metric invariants
that characterize local properties of Banach spaces. The first occurence of
the “Ribe program” is Bourgain’s metric characterization of superreflexivity
given in [4]. The metric invariant discovered by Bourgain is the collection
of the hyperbolic dyadic trees of arbitrarily large height N. If we denote
Qp = {0}, the root of the tree. Let Q; = {~1,1}, By = U, Q. Thus
By endowed with its shortest path metric p is the hyperbolic dyadic tree
of height N.

Let us recall some definitions. Let (M, d) and (V, ) be two metric spaces
and let f: M — N be an injective map. The distortion of f is

P e SGE@L @) dlwy)
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If dist(f) is finite, we say that f is a Lipschitz or metric embedding of M
into N. If there exists an embedding f from M into N, with dist(f) < C,

) c
we use the notation M — N.
Bourgain’s characterization is the following:
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2 F. BAUDIER, N. J. KALTON AND G. LANCIEN

Theorem 1.1. (Bourgain 1986 [4]) Let X be a Banach space. Then X
is not superreflexive if and only if there exists a constant C' > 1 such that
for all N €N, (By, p) < X.

It has been proved in [1] that this is also equivalent to the metric embed-
ding of the infinite hyperbolic dyadic tree (B, p) where Bo = Jn_o Bn-
It should also be noted that in [4] and [1], the embedding constants are
bounded above by a universal constant.

We also recall that it follows from the Enflo-Pisier renorming theorem ([6]
and [21]) that superreflexivity is equivalent to the existence of an equivalent
uniformly convex and (or) uniformly smooth norm.

In the series of papers [5], [16], [17] local properties such as linear type
and linear cotype are deeply studied and other occurrences of “Ribe’s pro-
gram” are given.

In a similar vein our paper is an attempt to investigate which asymptotic
properties admit a metrical characterization. Asymptotic properties have
been intensively studied in [9], [7] and [20] and we refer to [11] for a precise
definition of the asymptotic structure of a Banach space. The main result of
this paper is an analogue of Bourgain’s theorem in the asymptotic setting.
Let us first introduce a few notation and definitions. For a positive integer
N, We denote Ty = Y, N, where N° := {@}. Then Tp, = UX_, Ty is
the set of all finite sequences of positive integers. For s € T, we denote
by |s| the length of s. There is a natural ordering on T, defined by s <t
if ¢t extends s. If s < t, we will say that s is an ancestor of t. If s <t and
|t| = |s| + 1, we will say that s is the predecessor of ¢t and t is a successor
of s and we will denote s = t~. Then we equip T, and by restriction every
T, with the hyperbolic distance p, which is defined as follows. Let s and &’
be two elements of T, and let u € T, be their greatest common ancestor.
We set

p(s,s") = [s| + || = 2Jul = p(s,u) + p(s, u).

We now define the asymptotic version of uniform convexity and uniform
smoothness that we will consider. Let (X, || ||) be a Banach space and 7 > 0.
We denote by By its closed unit ball and by Sx its unit sphere. For x € Sy
and Y a closed linear subspace of X, we define

pr,z,Y)=sup ||z +7y[| -1 and &(r,2,Y)= inf ||z + 7yl — 1.
yESY yEeSY

Then
p(T) = sup inf p(t,z,Y) and ()= inf sup  o(r,z,Y).
p7) zESx dim(X/Y)<oop< ) ™) 2€SX dim(X/Y)<oco ( )
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The norm || || is said to be asymptotically uniformly smooth if
lim @ =0.
0 T

It is said to be asymptotically uniformly convex if
Vr>0 4(1)>0.

These moduli have been first introduced by Milman in [18].
We can now state the main result of our paper in a way that is clearly
an asymptotic analogue of Bourgain’s theorem.

Theorem 1.2. Let X be a reflexive Banach space. The following assertions
are equivalent.

(1) There exists C' > 1 such that Tw X,

(11) There exists C' > 1 such that for any N in N, Ty <X,

(11i) X does not admit any equivalent asymptotically uniformly smooth
norm or X does not admit any equivalent asymptotically uniformly convex

norm.

The main tool for our proof will be the so-called Szlenk index. We now
recall the definition of the Szlenk derivation and the Szlenk index that have
been first introduced in [24] and used there to show that there is no universal
space for the class of separable reflexive Banach spaces. So consider a real
separable Banach space X and K a weak*-compact subset of X*. For ¢ > 0
we let V' be the set of all relatively weak*-open subsets V' of K such that
the norm diameter of V' is less than € and s. K = K\ U{V : V € V}.
We define inductively s®K for any ordinal a, by s¢™K = s.(s¢K) and
9K = Np<as? K if a is a limit ordinal. Then we define Sz(X,¢) to be the
least ordinal « so that s®Bx~ = (), if such an ordinal exists. Otherwise we
write Sz(X,e) = oco. The Szlenk index of X is finally defined by Sz(X) =
SUP,~ S2(X, €).

We denote w the first infinite ordinal and w; the first uncountable ordinal.
Note that the dual of a separable Banach space X is separable if and only
if Sz(X) < wp (this is a consequence of Baire’s theorem on the pointwise
limit of sequences of continuous functions). We will essentially deal with the
condition Sz(X) < w. The weak*-compactness of By« implies that this is
equivalent to the condition: Sz(X,e) < w, for all e > 0. Also, it follows from
a theorem of Knaust, Odell and Schlumprecht ([11]) that a separable Banach
space admits an equivalent asymptotically uniformly smooth norm if and
only if Sz(X) < w. Then it is easy to see that for a reflexive Banach space

the condition Sz(X*) < w is equivalent to the existence of an equivalent
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asymptotically uniformly convex norm on X. Therefore condition (i) in

Theorem (1.2) is equivalent to

(iv) Sz(X)>w or Sz(X") > w.

With this information at hand, we can almost forget the formulations
in terms of renormings and work essentially with the notion of the Szlenk
index of a Banach space.

In order to have a complete view of the analogy between our result and
Bourgain’s theorem, it is worth noting at this point that the superreflexivity
can be similarly characterized by the behavior of an ordinal index. For a
given weak*-compact convex subset C' of X* and a given ¢ > 0, let us
denote & be the set of all relatively weak*-open slices S of C such that
the norm diameter of S is less than ¢ and d.C = C \ U{S : § € S}.
We then define inductively d2(C) for a ordinal as before and Dz(X,¢)
to be the least ordinal « so that d®Bx~ = (), if such an ordinal exists.
Otherwise we write Dz(X,¢) = oo. Finally, the weak*-dentability index of
X is Dz(X) = sup,.oDz(X,e). Then it follows from [12] (see also the
survey [13]) that the following conditions are equivalent:

(i) X is super-reflexive.

(i) Dz(X) < w.

(iii) Dz(X*) < w.

Let us now describe the organization of this article. In Section 2 we give
the construction of several embeddings and finally prove that T, Lipschitz-
embeds into X, whenever Sz(X) > w or Sz(X*) > w. In Section 3 we
show the converse statement in the reflexive case. This will conclude the
proof of Theorem 1.2. In the last section we describe a few applications of
our result to the stability of certain classes of Banach spaces under coarse-
Lipschitz embeddings or uniform homeomorphisms. The main consequence
of our work is that the class of all separable reflexive spaces X so that
Sz(X) < w and Sz(X*) < w is stable under coarse-Lipschitz embeddings.
It seems also interesting to us that a metric invariant (the embeddability
of T, in this case) is used to prove stability results, whereas the metric

invariant is more often found after the class is already known to be stable.
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2. CONSTRUCTION OF THE EMBEDDINGS

Before starting, we need to introduce more notation concerning our trees.

For s = (s1,...,8,) and t = (t1,...,t,) in Ty, we denote
s ~t=(s1,...,80,t1,...,t,) and also § ~t=t ~0=t.

For t € T, and k < [t|, we denote ¢, the ancestor of ¢ of length k.
For s <t in T, we denote [s,t] = {u € T, s < u < t}.
For N in N and T C Ty, we say that a map ® : Ty — T is a tree
isomorphism if ®(Tn) = T, ®(0) = 0 and for all s € Ty_y and n € N
O(s ~n) = P(s) ~ ks, with ks, € N and ks, < ks, whenever n < m. A
subset T of Ty is called a full subtree of Ty if there exists a tree isomorphism
from T onto T or equivalently if ) € T and for all s € TNTy_1, the set of

successors of s that also belong to 7' is infinite.
We now begin with a very simple lemma.

| >1
for alln in N and let F' be a finite dimensional subspace of X*. Then there

Lemma 2.1. Let (23)5°, be a weak*-null sequence in X* such that ||z}
exists a sequence (x,)n, in Bx such that for all y* € F, y*(z,) = 0 and

liminf 2} (z,) > 1

Proof. Tt is a classical consequence of Mazur’s technique for constructing
basic sequences (see for instance [14]), that liminfd(z}, F) > . Denote
E:={x e X Vaz* € F z*(x) = 0} be the pre-orthogonal of F. Since F
is finite dimensional, we have that F' = E*. Therefore, for any 2* € X*,
d(z*, F) = ||z}, ||p=. This finishes the proof. O

Let now X be a separable Banach space. It follows from the metrizability
of the weak* topology on By that if Sz(X,e) > w then, for all N € N
there exists (yf)sery in By such that for all s € Tx_; and all n € N,
gz — w2l > e/2:=¢ and y;_,, = y:.
It is an easy and well known fact that the map e — Sz(X,¢) is submulti-
plicative (see for instance [13]). So, if Sz(X) > w, then Sz(X, ) > w for any
e € (0,1). Therefore, in the above choice of (y})ser, we can take ¢’ = 3.
By considering 2} = y; —y*_ for s # (), z; = y; and re-scaling, this is clearly
equivalent to the existence, for all N € N of (z})ser, in X* so that
o Vs € Ty \ {0}, |l=Xll = 1,
e Vs Ty 1,25, 20,
o Vs € T, || Lol <3
In our next proposition, we improve the above statement by constructing

an almost biorthogonal system associated with (27)sery -
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Proposition 2.2. Let X be a separable Banach space. If Sz(X) > w, then
for all N € N and § > 0 there exist (x%)sery in X* and (s)sery in Bx
such that

0,

o Vs € T\ {0}, ozl =1 and Vs € Ty, ||Sc,oll <3,

o Vs €Ty, zir)2 gl ’

o Vs #£t, |xi(x)] <.

e Vse Ty 1, x*

Proof. Let f : N — Ty be a bijection such that

Vs<teTn f(s)< f 1t
and
Vs €Ty Vn<meN fs~n)< fs~m).

Denote s; = f(i). In particular, () = s;.
We now build inductively a tree isomorphism ® : Ty — ®(Ty) C Ty and a
family (ze(s))sery in Bx such that

* 1 *
(2.1) Zp(s)(20(s)) > 3 5 € Tn and |zgs)(2a0))| <0, s #t € Ty.

So set ®(0) = 0, pick zg(y) in Bx so that 239 (2a(0)) > 51125l and assume
that ®(s1),...,®(sx) and zg(s,), - - -, 2a(s,) have been constructed accord-
ingdly to (2.1). Then, there exists ¢ € {1,...,k} and p € N such that sx; =
s; — p. Since (Z:'I;(si)/\n>n21 is a weak*-null sequence, Lemma 2.1 insures that
we can pick n € N and zg(s;)~n in By such that |23, (za(;))| < for
all j <k, zg(sj)(z’q)(si)ﬂn) =0 for all j < k and zg(Si)An(zq)(si)An) > % We
now set ®(sg11) = ®(s;) —~ n. If n is chosen large enough all the required
properties, including those needed for making ® a tree isomorphism, are
satisfied.
We conclude the proof by setting x% = z&g(s) and x, = 2p(s), for s in Ty.

U

We shall improve progressively our embedding results and start with the
following.

Proposition 2.3. There is a universal constant C' > 1 such that, whenever

X is a separable Banach space with Sz(X) > w, we have that
YNEN Ty X and Ty < X*.

Proof. Let (2%, xs)ser, be the system given by Proposition 2.2. Our choice
of ¢, will be specified later.
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We shall first embed the Ty’s into X. For that purpose, we mimic the
natural embedding of Ty into ¢ (Ty) (with (z¢)ier, playing the role of the
canonical basis of ¢1(T)) and define F': Ty — X by

Vs €Ty F(s) :th.
t<s

Since (x¢)iery C Bx, we clearly have that F is 1-Lipschitz for the metric p
on Ty.
Let now s # s’ in T and let u be their greatest common ancestor. Denote
d = p(u,s) and d" = p(u,s’). Recall that p(s,s’) = d + d and assume for
instance that d > d’. Then

(i F(s) = F(s)) 2 5d = dlsl(d+ &) >

t<s

— 2N?§ >

W

d>=p(s,s),

e~ =
0| —

if  was chosen less than ﬁ.

Since || >, 27| < 3, we obtain that for all s,s" in Ty:

1
1E(s) = F() = 570(s, ).
This finishes the proof of our first embedding result.
We now turn to the question of embedding the Ty’s into X*.

Our construction will copy the natural embedding of Ty into co(T), with
(x)iery replacing the canonical basis of c¢o(Ty). For s € Ty, we denote
yr = ,,x;. Then we define G : Ty — X* by
Vs eTy G(s)= Zy:
t<s
Since (y;)iery is a subset of 3By, it is immediate that G is 3-Lipschitz.
Let now s # s’ in Ty and denote again by u their greatest common ancestor,
d = p(u,s) and d' = p(u, s'). Assume for instance that d > d'. Let us name
v the unique successor of u such that v < s and w the unique successor of
u such that w < s’ if it exists. Then
G(s)=G(s)= > v— > u.
v<t<s w<t<s’

If s <s, [w,s]is empty. Otherwise,
Vt € [w,s']  [{zy,y;)| < 0Jt] < IN.
On the other hand

. 1
vt € fv,s] [zoy)l 2 5 -0l - 1) 2

1
- —0N.
-3

The two previous inequalities yield

IG(s) = G()I = [(z0, G(s) = G())] = %l —20N* > %l > 2p(s, ),



8 F. BAUDIER, N. J. KALTON AND G. LANCIEN

if 9 was chosen in (0 This concludes our argument for the second

1
» 7iNT):
embedding.

i

Remark 1. Let us just finally notice that in both cases we proved the state-
ment for C' = 24, but our argument allows us to get the result for any
constant C' > 8.

Remark 2. The end of this section will be devoted to various improvements
of Proposition 2.3, which are not fully needed in order to read the last two

sections.

We now turn to the problem of embedding T,. We shall refine our ar-
guments in order to improve Proposition 2.3 and obtain:

Theorem 2.4. There is a constant C' > 1 such that for any separable
Banach space X satisfying Sz(X) > w, we have

7.5 X and T, S x*,

Although this statement implies our previous results, we have chosen to
separate its proof in the hope of making it easier to read.

Proof. So assume that Sz(X) > w and fix a decreasing sequence (9;)$2, in
(0,1). By combining the technique of Proposition 2.2 and a proper enumer-
ation of (J;2{i} x Thi, one can actually build for every i > 0: (27 ,)ser,, in
X* and (2;4)ser,; in Bx such that

i) Vi>0,Vs € Toy, 2,0,

ii) Vi >0, Vs € Toi \ {0}, |z} [l > 1and Vs € Ty, || >, 27, <3,
iii) Vi >0, Vs € Ty, afy(2:) > at, |, )

V) V(i s) 7 (1), [ (ia)] < o

Let us just emphasize the fact that the whole system (x; s, xzs)(m) is almost

(
(
(
(

biorthogonal. We wish also to note that the estimate given in (iv) depends
only on ¢. This last fact relies on a careful application of Lemma 2.1.
For ¢« > 0, we denote by F; a translate of the map defined on Thi+1 in the
proof of Proposition 2.3. So let

F;(0) =0 and Fji(s Z Tiy1s S € Toirn \ {0}.

P<t<s

Now we adopt the gluing technique introduced in [1] and also used in [2]
and build our embedding as follows. For s € T, \ {0} there exists £ > 0
such that 2% < |s| < 2k+1. We define
ok+1 _ ||

F(s) = A\sFix(s) + (1 — Ag) Fry1(s), where A\ = 5
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Of course, we set F'()) = 0. We clearly have that for all s € T, ||F(s)| < |
and following the proof of Theorem 2.1 in [2] that F'is 9-Lipschitz. Consider
now s # s € T, \ {0} and assume for instance that 1 < |s'| < |s|. Let
2F < |g'| < 281 and 2! < |s| < 21 with k <. Then,

F(s) =)\ ZIJHH- (1-=A leJer

t<s t<s
(A S e+ (12 z) |
t<s’ t<s’
Let u be the greatest common ancestor of s and s’ and let d = p(u, s) as
before.
If we denote (x) = Z (210 T 70 10,), F(s) = F(s')), we get

u<t<s

d d
> A=+ (1—Ag)=

— 01 (Asd([s| — 1) + (1 = Ag)d|s| + Agd|s'| + (1 — Ny)d|s|)
— 012 (T = X )d([s| — 1) + Agd|s| + Agrd|s'| + (1 — Ay)d|s|)
d
2 3 = 2ds|(O11 + Or2)
d d _ p(s,s
23- 2- 222651 + O142) = 12 ( < ),

if the d;’s were chosen small enough.
Since || Y, 77,/ <3 for all i > 0, we obtain the following lower bound

, p(s,s')
1E(s) = F(s)l = =55

If s = () # &, the argument is similar but simpler. This concludes our proof.

In order to embed T, into X™*, we use exactly the same technique. For
i >0 and s € Ty denote y;, = >, 7}, and

Gi(0) =0 and Gi( Z Yiiie S € Toin \ {0}
P<t<s

Then again, we set G()) = 0 and for s € T, \ {0}:
G(s) = AsGi(s) + (1 — Xs)Grya(s).

Following again the proof in [2], we obtain first that G is 27-Lipschitz.
Consider now s # s € Ty, such that for instance 0 < |s'| < |s|, 2! < |s] <
24 and 2F < |8') < 281 with k <l or s’ = (). Let u be the greatest common

ancestor of s and s’ and v be the successor of u such that v < s. In a very
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similar way, by evaluating (@41, + Zi12., G(s) — G(8)), we can show that
a proper choice for the d;’s implies that

N < P58
IG(s) = G(sHIl 2 =7

This concludes the proof of this proposition.
O

We will now study the condition “Sz(X*) > w”. We already know that
if Sz(X*) > w, then T, Lipschitz embeds into X** and therefore, when
X is reflexive, Ty, Lipschitz embeds into X. We will show how to drop
the reflexivity assumption in this statement. As before, we start with finite

trees.

Proposition 2.5. There is a universal constant C' > 1 such that, whenever

X is a separable Banach space with Sz(X*) > w, we have that
YN eN, Ty X.

Proof. If X* is non separable, then Sz(X) > w and our problem is settled
by Proposition 2.3. Thus we assume that X* is separable. Then, for a given
positive integer N and a given 0 > 0, Proposition 2.2 provides us with
(x%)sery in Bx+ and (2%*)ser, in X** such that

oVseTy_y, v, 50,

eVse Ty \ {0}, o] = 1and Vs € Ty, || Do) < 3,

o Vs e Ty, ay"(al) > §llat], !

o Vs £t |x¥(x)] <.
Let {s;, i € N} be an enumeration of {s € T, |s| = N} and let B; = {t €
Ty, t < s;} be the corresponding branches of Ty.

For s € Ty denote y* =", ;™.
Let us now fix n > 0. Agreeing that By is the empty set, for a given s € Ty,
there is a unique ¢ = i3 € N such that s € B;_ \ B;,_1. Then, we can pick y;

in X so that

(22) lysl <3 and Ve | JB; |(z],y:" —ya)l <.

Jj=1

In particular
(2.3) Vi <s [(zf,45" —ws)| <.
We now define G : Ty — X by

Vs €Ty G(s) = Zyt.

t<s
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Since (y¢)tery is a subset of 3By, it is immediate that G is 3-Lipschitz.

Let now s # s’ in Ty and denote again by u their greatest common ancestor,
= p(u,s) and d' = p(u,s’), v the successor of u so that v < s and w the

successor of u so that w < &', if they exist.

Assume first that s and s’ are comparable and for instance that s’ < s.

Then u = s, v exists, w does not and by (2.3)

(2.4) (23,G(s) = G(s) > (a3, > yi") —nd > d

v<t<s
for ¢ and 7 chosen small enough.
Suppose now that s and s are not comparable. Then v and w are defined
and not comparable. Therefore 4, # i,,. For instance i, < i,,. We will then
consider two cases.
(a) If d’ > 24d. Then ||G(s) — G(s")|| > || > ci<s Yel| — 3d. From (2.4) it
follows that B

!/ ! 1
IG(s) — G(s)|| > d —3d > 8d > Ep(s s').

(b) Assume now that d’' < 24d.
We clearly have that for all ¢ in [v, s|U|w, §'], i; > i, and therefore it follows
from (2.2)
Vi€ v, s]Ulw, s, (o, 0" —w)| <n.
It follows that
IG) = G 2 w3, 3 7= X ) = (A dhn = 2 (s, ),
v<t<s w<t<s’

if 0 and n were beforehand carefully chosen small enough.

We now state the last result of this section.

Theorem 2.6. There is a uniwversal constant C' > 1 such that, whenever X

is a separable Banach space with Sz(X*) > w, we have that Ty g, X.

Proof. Again, we may directly assume that X* is separable. The gluing
argument that we used before to embed T, does not seem to be efficient in
this case. We shall develop another technique. Fix first an integer K > 2.
Then choose a decreasing sequence (9;); in (0, 1). Assuming that Sz(X*) > w
we can build

(@73)sery:,, iIn X™ and (27 ,)ser,, ., in Bx- such that

oVi>0, Vs e Ty, o _ 50,

i,8~N

oVi>0, Vs € Tkip \{0}, Ha:j’;H > land Vs € Tkiyq, | Zf,gs oy | <3,
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o Vi >0, Vs € T, aii(l,) > gl
o V(i,s) # (5,1), 275w )] < 0.
For s in Ty, we define y%5 = >, x77%.
Let N; = i _, K*, choose an enumeration {si, r e N} of {s € T, |s| =
N;} and denote B! = {t € Ty,,t < s'} the branch of Ty, whose endpoint

is s'. We will also use an enumeration {¢’, r € N} of the terminal nodes of

Txi41 and the corresponding branches C! = {t € Tk, t < tL}.

Let us first describe the general idea. We set G()) = 0. Consider now
s € Ty \ {0}. Then, there exists n € N and so,...,s, in Ty such that
|s;] = K9 for j <n—1,1<|s,] < K" and s = sp —~ ... —~ s,. For
j<n-—1,5s —~ ...~ s;is a terminal node of TN, that we denote sij. We
shall now define

Gis)= > mot-+ >, Gitt D Ym

D<t<so rj—1<t<rj_1~8; rn—1<t<rp_1—8np

where y; ; is a proper weak*-approximation of y;.
We now detail the rather technical construction of the y; ;’s.

So let s = (s(1),...,s(k)) € Tkip1 \ {0}. We recall that 52{11) is the s(1)t
terminal node of T, ,. So it can be written 525@1) =Sy —~ ...~ Si_1, with
|s;] = K7 for j <i—1. Then, for any j <i—1, s ~ ... ~ s; is a terminal
node of T, that we denote s{,j. Besides, 7j_; — s; is a terminal node of
Txiy1 that we denote tij. Let also k; € N be such that s € C}, \ Uss!' ¢

Then we pick y,; in 3By satisfying the following conditions:

kj
(2.5) Vi<i vtelJCl Iy — yei zr )] < 6
k=1

Since any ys,; belongs to 3By, it is clear that G is 3-Lipschitz.

We now start a discussion to prove that G~! is Lipschitz. So let s # s’
in T, \ {0} and n, m non negative integers so that N,_; < |s| < N,, and
Nyt < |$'| < N, (with the convention N_; := 0). As usual, u is the
greatest common ancestor of s and s’ and we denote p the integer such
that N,y < |u| < N,, d = p(u,s) and d' = p(u,s’). So we can write
§ =58 — ... ~ S, § =5, ~ ... ~s andu =u —~ ... ~ U,
with |s;| = K7 for j <n—1,0 < [s,| < K", |s}] = K’ for j < m —1,
0<|sh,]| < K™ Juj| =K for j <p—1and0 < |u,| < K?. Then, we have
that u; = s; = s} for j < p—1 and that u, is the greatest common ancestor
of s, and s}, in Tx». Finally, if we denote sg ~ ... ~ s; = st forj<n-1
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and sy —~ ... ~ s = s/, for j <m — 1, we can write
J

G(s) = G(s) = > Ypt ot D> Y

Tp—1~Up<t<Tp_1~S8p rp—1<t<rp_1—~5n

- Z Ytp — -+ — Z Ytm-

rp—1~Up<t<rp_18)

p m
a) Assume first that n > m + 2.

Denote x* =z, ;. Then

1G(s) = G()

Z <ZE*7 Z yt,n—l + Z yt,n> - 6Nn—2
Tn—2<t<Tn_2~Sp—1 Tn—1<t<rp_1—8n

>, S ot S ) — (KT KT — 6N,
rn—2<t<rp_o~8Sp—1 rn—1<t<rp_1~8n

1 1
> gK”‘l — b1 (K" '+ K"+ K"K+ KM(K" + 1)) — 6N, > ZK”‘l,

if K was chosen big enough and the ¢,’s small enough.
In that case p(s,s’) < 2N,. So

!/
G — Gl = 25,
where L is a constant depending only on K.
b) Assume that n = m+ 1 and m = p.
Denote 2* =z} ., a = |s,| and b= K™™' — |u,,_1|. Notice that a 4+ b= d

and d’ < b. Then

(2.6) (", G(s) — G(s)) > 2 — 3b—3d > % — 6b,

=~

if the d,,’s were chosen small enough.
Let v,_; be the successor of u,,_; so that v,—; < s,_; and w,_; be the
successor of u,_; so that w,_; < s),_;. Denote now y* = 7 __ ~ and

* *
z =X .
Tn—2"Wn—1

Assume first that there exists an integer k£ such that r,_o —~ v,_1 € C,’;_l
and r, o —~ w,_1 ¢ Ule C;'. Then, for small enough §,,’s

(2.7) (y",G(s) = G(5)) =
It follows from (2.6) and (2.7) that

b
>

!
a—I—b> d—i—d'

(x* + 25y*, G(s) — G(s)) > 1 273
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Thus

) p(s,s’)
IG(s) = GO =2 =55~

Assume now that there exists an integer k£ such that r,_o —~ w,_1 € C,’;_l
and r,_ o ~ v, 1 ¢ Ule Cl”_l. Then, still for small §,,’s,

&

—3d" and (z*,G(s)—G(s)) >

=~ o
= |

(y",G(s) = G(5)) =
It follows from the above and (2.6) that

d+d N P
d — > .
and [G(s) - G| = 22

(2™ 4+ 25y* + 3012%,G(s) — G(8')) >

c) Assume that n =m + 1 and p < m — 1.
Denote * = a7 ., y" =2} ., and 2" =y . Note that y* # 2"
We also denote a = |s,,|, b=|s,_1| = K"™', ¥/ =|s/,_,| and
c=1s9g ™~ ...~ Spao| —|ul=|sy ~ ... ~ sl _o| — |ul.

First, we have that for small enough 9,’s

(2.8) (2%, G(s) — G(s) > Z —3b— 30 — 6c > Z — 6b — 6e.

Assume first that there exists an integer k£ such that r,_, € C,?_l and
v oo é Ule C;"'. Then, for small enough §,,’s

(y",G(s) — G(s)) = -+ — 6c.

This, together with (2.8) yields
a+b

(x* 4+ 25y*,G(s) — G(s)) > — 156¢.

A previous choice of a big enough K insures in this situation that

a+b pls, s') pls, ')
—1 > 7 1 > ——
1 56¢ > 10 56¢ > 20

Therefore

NRICED
1G(s) = G(HIl 2 =55~

Otherwise, there exists an integer k such that r,_, € C}"' and r, o ¢

Ule Cl"_l. Then a proper choice for the §,,’s yields

/

(2.9) (y*,G(s) — G(s)) > Z — 30 —6¢ and (z*,G(s) — G(s')) > 1 6c

;From (2.8) and (2.9) we deduce

@b 956

(x* + 25y* + 3002%, G(s) — G(s)) >
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Again, our starting choice of a very large K will insure the existence of a

universal constant L so that in this situation

N < P 8)
IG(s) = G(H =2 =7

d) Assume that n = m = p. We just have to follow the proof of Propo-

sition 2.5

e) Assume that n =m and p <n — 2.

Denote y* = 22, 41 2 = % 1y @ = Jsaly @ = [, b = [suoal =
st _JJ=K"tandc=|sg~ ... ~ Sy o —|u| =|sf ~ ... ~ sl o] —|ul|.

It follows from the condition (2.5) and a proper choice of the §,’s that
b b
either (y*,G(s) — G(s")) > i 6c or (2*,G(s)—G(s)) > i 6e.
If K was chosen big enough we then obtain that

s K pls )
— > >
IG(s) - G = == = 2525,

for some universal constant L.

f) Finally assume that n =m and p=n — 1.
Let v,,_; be the successor of u,,_; so that v,—; < s,_; and w,_; be the

*

/ * *
successor of u,_; so that w,_; < s/, _;. Denote now z* = Ty o Y=

xy and z* = x
-

Ty~ 1 .- We also denote |a| = |s,| and b = |5y —

27w

Sl = ul = [sh ~ .~ sy ] — .

First, we have

IG(s) = G(s)I| = |G(s') = G(u)|| = 3d > ad’ — 3d,
where v € (0, 1) is a universal constant given by case (b). If ' > Md, with
M = g, we obtain that

, a , _ap(s,s
G() — G 2 Sa > W)

So, we may as well assume that d’ < Md. Now, with our usual careful choice

of small 6,,’s we get

(x*,G(s) —G(s")) > = —6b and

b b
either (y*,G(s) — G(s')) > 1 o (z*,G(s) — G(s)) > 1
Then, using x* 4 25y* or z* + 252", we obtain that
> d  (M+1)d - d+d  p(s,s)

~ 104 104(M +1) ~ 104(M +1)  104(M + 1)

RS

IG(s) = G(s)

All possible cases have been considered and our discussion is finished.
O
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3. ON THE NON-EMBEDDABILITY OF THE HYPERBOLIC TREES

Our aim is now to prove in the reflexive case the converse of the results
given in the previous section. More precisely, the main result of this section
is the following.

Theorem 3.1. Assume that X is a separable reflexive Banach space and
that there exists C > 1 such that Ty S, X for all N in N.
Then either Sz(X) > w or Sz(X*) > w.

Before proceeding with the proof of this theorem, we need to recall two
very convenient renorming theorems essentially due to Odell and Schlumprecht.
We refer to [19] and [20] for a complete exposition of the links between the
Szlenk index of a Banach space and its embeddability into a Banach space
with a finite dimensional decomposition with upper and lower estimates.

Theorem 3.2. Let X be a separable reflexive Banach space. Then, the
following properties are equivalent.

(1) Sz(X) < w.

(i1) There exist 1 < p < oo and an equivalent norm || - || on X such that
if U is a non-principal ultrafilter on N, x € X and (z,)2, is any bounded

sequence with lim, ¢y x, = 0 weakly

. ; <1 P P)1/p.
(3.1) lim [|2 + &[] < Hm([l]|” + [ ][")
This is contained in the proof of Theorem 3 of [20].

Theorem 3.3. Let X be a separable reflexive Banach space. Then, the
following properties are equivalent.

(1) Sz(X) <w and Sz X*) < w.

(i) There exist 1 < p < g < oo and an equivalent norm || - | on X
such that if U is a non-principal ultrafilter on N, v € X and (x,)5, is any

bounded sequence with lim, ¢y x, = 0 weakly

: q N\1/a < | <1 p py1/p
(32)  lim((l]|* + [l ||) 77 < hm [l + 2, < Hm(flz][” + flza]?)7.

Let us remark that (ii) is equivalent to the statements that §(7) > (1 +
7)Y4 — 1 and p(7) < (1 + 77)/7 — 1. This result follows directly from
Theorem 7 of [20].

Proof of Theorem 3.1. Let X be a reflexive Banach space such that Sz(X) <
w and Sz(X*) < w. We will assume that the norm satisfies (3.2) and we may

assume for convenience that p and ¢ are conjugate i.e. % + % =1.
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Let us suppose that there is a constant C' > 1 so that for every N € N,
we have Ty NS We will show that for large enough N this produces a
contradiction. Let us pick a € N such that a > (2C)?. We then pick m € N
with m > (2C)? and N = a™ .

Suppose now that u : Ty — X is a map such that u(@)) = 0 and:

(3.3) Vs, s € Ty p(s,s') < lu(s) —u(s)]] < Cp(s,s).

We now consider an ultraproduct X of X modeled on the set NV; this
idea is inspired by similar considerations in [15]. Let U be a fixed non-
principal ultrafilter on N and define the seminorm on Z = {,,(N¥, X) by

il = lim .- lim {|z(ny, ... n ).

If we factor out the set {x : ||z||x = 0} this induces an ultraproduct X.
For x € Z and 0 < k < N we define

E(x)(n1,...,ny) = m,}flneu . -n}]ivrélux(nl, ey Mgy Mgt 1, - - TN

where each limit is with respect to the weak topology on X (recall that X
is reflexive). For k& < 0 it is convenient to write & = 0. It will be useful to
introduce Fp = I — & for the complementary projections.

We now use (3.2) to deduce that if Frz = 0 and &y = 0 then

(el + yl3)"" < Nl + gl < (el + lyli) 7.

From this it follows that the projections JF}, are contractive. Also if 0 = ko <
ky <+ <k, and x; € Z with F,x; = 0 and &, x5 =0for 1 < 5 <r
then

r 1/q r r
6.4 (znm) IS < (z ||xj||i)
j=1 j=1 j=1

Let us now define z; € Z for 1 < j < N by

1/p

zi(ny,...,nNy) =u(ng,...,n;) —ulng,...,nj_1).

Here we understand that z;(ny,...,ny) = u(ng).
We then define wjy = z; — &;_12; and then

Wix = Ej_gr-12j — Ej_gk 25, 1 <k <oo.

Then

0o
Zj: E wjk
k=0
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and by (3.4)

m [o.¢]
D lwielle < m"PO> Nwal|%)
k=1 k=0

< m'?||z]|x < CmP.

This implies that

N m
(3.5) S llwillx < CmPN.

j=1 k=1

On the other hand if 0 < r <r + s < N we note that by (3.3),

li li <o i L .n! — > 2s.
i, gim n,riréuHu(m, My Mgy M) — (N, M) || > 28

Hence if v € (o(N", X)) we have

; U — > s.
i T (o, nee) = vl 2 s

In particular if we let

v(ng,...,n.) = n}i{%u' . -n}irsréuu(nl, ey Myys)

(with limits in the weak topology) we obtain

r+s

7Y z)lla = s

j=r+1

Now suppose s = a* where k > 1. If r < N — a* we have

7“—1—(1’C
a* <|F (D 2)lx
j=r+1
r+af
<Y Fiewrzilla
Jj=r+1

The last inequality follows from the fact that F,F; = FF, = F;, whenever
k <[ and from the contractivity of F,.
On the other hand

r+a” r+af~1 a—1
|3 Frrazmlle =1 30 3 Frrinr il
j=rtl j=r+1 =0
r+af=1 fa—1 1/p
< Z ( H]:J'Jr(i—l)ak—lzjﬂak—l||];)c>
j=r+1 \i=0
S C&kflal/p

< a")2.
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Combining these statements we have that if r = A\a* with 1 < k¥ < m and
0 <\ <a™t=* —1 (in particular r < N — a* = a™*! — aF)

r+a

> Nwiillx = a* /2

Jj=r+1

and hence
am+l—k_1 (A +1)a*

N
D lwiellx= Z > lwikllx =
=1

= j=XakF+1
This implies

(3. S e = T

=1 k=1

Now (3.5) and (3.6) give a contradiction since m > (2C')1. O

As an immediate consequence of Theorem 3.1 and section 2 we obtain
the following characterization, which yields Theorem 1.2 announced in our

introduction.

Corollary 3.4. Let X be a separable reflexive Banach space. The following
assertions are equivalent

(1) SAX) > w or Sz X*) > w

(1i) There exists C' > 1 such that Tw L, X.

(iii) There ezists C > 1 such that for any N in N, Ty S X

Remark. Let us mention that we do not know if (iii) implies (i) for general
Banach spaces.

4. APPLICATIONS TO COARSE LIPSCHITZ EMBEDDINGS AND UNIFORM
HOMEOMORPHISMS BETWEEN BANACH SPACES

We need to recall some definitions and notation. Let (M, d) and (N,0)
be two unbounded metric spaces. We define for f: M — N:

Vi >0 we(t) =sup{d(f(z), f(v), z,y € M, d(z,y) <t}

We say that f is uniformly continuous if lim; ,gws(t) = 0. The map f is
said to be coarsely continuous if wy(t) < oo for some ¢ > 0.
Let us now introduce
t
Lo(f) = supwf—<), for 6 > 0
>0 1

and

L(f) =sup Lo(f),  Loo(f) = inf Lo(f).

>0 0>0
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A map is Lipschitz if and only if L(f) < oco. We will say that it is coarse
Lipschitz if Loo(f) < 0o. Clearly, a coarse Lipschitz map is coarsely contin-
uous. If f is bijective, we will say that f is a uniform homeomorphism (re-
spectively, coarse homeomorphism, Lipschitz homeomorphism, coarse Lip-
schitz homeomorphism) if f and f~! are uniformly continuous (respectively,
coarsely continuous, Lipschitz, coarse Lipschitz). Finally we say that f is a
coarse Lipschitz embedding if it is a coarse Lipschitz homeomorphism from
X onto f(X).

We conclude this brief introduction with the following easy and well
known fact: if X and Y are Banach spaces, then for any map f: X — Y,
wy is a subadditive function. It follows that any coarsely continuous map
f X — Y is coarse Lipschitz. In particular, any uniform homeomorphism
is a coarse Lipschitz homeomorphism.

Theorem 4.1. Let X and Y be separable Banach spaces and suppose that
there is a coarse Lipschitz embedding of X into Y. Suppose Y is reflexive
and Sz (Y) = w. Then X is reflexive.

Proof. We can assume by Theorem 3.2 that Y is normed to satisfy (3.1) for
some 1 < p < o0.

Now let f : X — Y be a coarse Lipschitz embedding. We may assume
that there exists C' > 1 such that

|21 — 2ol = 1< |[fz1) = flz)|| S Cllzy — 22| +1 21,22 € X,

Suppose that X is a non reflexive Banach space and fix § € (0,1). Then,
James’ Theorem [8] insures the existence of a sequence (z,), in Bx such
that ||y — z|| > 0, for all n € N, all y in the convex hull of {z;} , and all z
in the convex hull of {z;};>,+1. In particular

(4.1) ||zp, +-F 20, — (T AT, )| = Ok, 1y <o <ngp <My < .o < My

For k € N let N¥I denote the collection of all k-subsets of N (written in
the form (ny,...,n;) where n; < ny < --- < ng. We define h : N¥F — X by

h(ny,...,ng) = xp, + -+ Ty,
On N¥ we define the distance
d((ny, ..., ), (ma,...,mg)) = {j: nj #m;}.

Then h is Lipschitz with constant at most 2. Furthermore foh has Lipschitz
constant at most 2C + 1. By Theorem 4.2 of [10] there is an infinite subset
M of N so that diam f o h(MK) < 320+ 1)kY?. If ny <ng < --- < my, <
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my < --- < my €M we thus have
Ok — 1 < || f(@n, + -4 @) — F(@m, + -+ 2, )|| < 3(2C + 1)kMP.
For large enough £ this is a contradiction. Il

It is proved in [7] (Theorem 5.5) that the condition “having a Szlenk
index equal to w” is stable under uniform homeomorphisms. So we imme-

diately deduce.

Corollary 4.2. The class of all reflexive Banach spaces with Szlenk index
equal to w is stable under uniform homeomorphisms.

As a final application we now state the main result of this section.

Theorem 4.3. Let Y be a reflexive Banach space such that Sz(Y) < w and
SAY*) < w and assume that X is a Banach space which coarse Lipschitz
embeds into Y. Then X is reflexive, Sz(X) < w and Sz(X*) < w.

Proof. First, it follows from Theorem 4.1 that X is reflexive. Assume now
that Sz(X) or Sz(X™*) is greater than w. Then, we know from Theorem 2.4
that T,, Lipschitz embeds into X and therefore into Y. This is in contra-
diction with Theorem 3.1. U

Remark 3. Theorem 4.1, Corollary 4.2 and Theorem 4.3 should be compared
to the fact that in general reflexivity is not preserved under coarse Lipschitz
embeddings or even uniform homeomorphisms. Indeed, Ribe proved in [23]
that ¢4 & (>, ®Lp, )s, is uniformly homeomorphic to (D> @4y, ), if (Pn)n
is strictly decreasing and tending to 1 (we also refer to Theorem 10.28 in [3]
for a generalization of this result). The space X = (3. ®,,)s, is of course
reflexive and standard computations yield that its Szlenk index is equal to
w?. On the other hand, if the p,’s are chosen in (1,2], it is also easy to
show that the natural norm of X* is asymptotically uniformly smooth with
a modulus of asymptotic smoothness p(t) = t*. Thus, Sz(X*) = w.

So, in view of Corollary 4.2 and Theorem 4.3, Ribe’s example is optimal.

Let us now recall that for a separable Banach space the condition “Sz(X) <
w” is equivalent to the existence of an equivalent asymptotically uniformly
smooth norm on X and that for a reflexive separable Banach space the
condition “Sz(X*) < w” is equivalent to the existence of an equivalent as-
ymptotically uniformly convex norm on X (see [20] for a survey on these

results and proper references). Let us now denote as in [20]:

Caue = {Y : Y is separable reflerive and has an equivalent a.u.c. norm}
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and
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Caus = {Y : Y is separable reflexive and has an equivalent a.u.s. norm}.

Then, we can restate Corollary 4.2 and Theorem 4.3 as follows

Theorem 4.4. The class Cqys 1S stable under uniform homeomorphisms and

the class Coye N Caus s stable under coarse Lipschitz embeddings.
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