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Bi-metric theory of gravity from the non-chiral Plebanski action

Simone Speziale

Centre de Physique Théorique,∗CNRS-Luminy Case 907, 13288 Marseille Cedex 09, France

October 23, 2018

Abstract

We study a modification of the Plebanski action for general relativity, which leads to
a modified theory of gravity with eight degrees of freedom. We show how the action can
be recasted as a bi-metric theory of gravity, and expanding around a bi-flat background we
identify the six extra degrees of freedom with a second, massive graviton and a scalar mode.

1 Introduction

It is an intriguing fact that general relativity can be formulated using polynomial actions, cubic
in the fundamental fields. One such action, introduced by Plebanski [1] and revisited in [2], uses
as fundamental fields a connection in the algebra g of the local gauge group of gravity, and an
antisymmetric tensor, or 2-form, from which a metric is singled out through the imposition of
suitable constraints via a Lagrange multiplier. The action exists in two different versions, the
original, chiral one [1, 2] where g = su(2) is the self-dual part of the Lorentz algebra,1 and a
non-chiral one [2, 3, 4] where g = so(3, 1). These actions are related to the Ashtekar variables [5]
for loop quantum gravity, and taken as a starting point in the construction of spin foam models
[6].

An interesting aspect of these actions is that they admit a natural modification in which the
cosmological constant is turned into a function, Λ(φ), of the Lagrange multiplier φ present in
the theory [7, 8, 9, 10, 11, 12, 13]. Any non-constant Λ(φ) gives a different modified theory of
gravity, whose physical relevance needs to be investigated. Due to the different nature of the
fundamental fields, this modification is a priori unrelated to the more familiar extension of the
Einstein-Hilbert action with higher curvature invariants of the metric. Furthermore, the two
formulations of the Plebanski action turn out to behave very differently under this modification.
For instance, in the self-dual case there are only two propagating degrees of freedom [11] for
any choice of Λ(φ), like in general relativity, and unlike actions with higher curvature invariants
[14, 15]. On the other hand, the modified non-chiral action has extra propagating degrees
of freedom. The canonical analysis of [16] showed the presence of eight degrees of freedom,2

although their physical interpretation was not attempted. Unravelling the reason why the same

∗Unité Mixte de Recherche (UMR 6207) du CNRS et des Universites Aix-Marseille I, Aix-Marseille II et du
Sud Toulon-Var. Laboratoire affilié à la FRUMAM (FR 2291).

1This formulation is often called general relativity in self-dual variables.
2At least for Λ(φ) with non-degenerate Hessian, see below.
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type of modification on the two originally equivalent actions has different consequences is the
first motivation for this paper. The second is to identify these extra degrees of freedom.

As we hope to clarify during the course of this paper, the origin of the difference is the fact
that the non-chiral action is naturally a theory of two metrics, unlike the self-dual one. The
modification removes a constraint whose role is to single out a unique metric, hence leaving them
both independent and dynamical. In particular, we will show how the modified action can be
recasted as a bi-metric theory of gravity plus auxiliary scalar fields. The presence of the latter
makes the theory different from bigravities studied in the literature [17]. As a consequence, the
physical viability of the theory is an open issue to investigate. As a first step in that direction,
we study a perturbative expansion around the bi-flat background. This allows us to identify
eight degrees of freedom, corresponding to a massless and a massive graviton, plus a scalar field.
The situation is thus similar to generic bigravities, and the reason for it is that the auxiliary
scalars satisfy algebraic equations and can be integrated out.

The study of the modified self-dual theory has already been under some development [12, 18,
19, 20, 21, 22]. Here we focus on the non-chiral one [13, 23], which has received less attention.
Our results follow rather simply from the results in the self-dual theory obtained by Krasnov
[12, 20] and Freidel [21], nonetheless we try to give a self-contained presentation, in the hope of
making the paper accessible also to non-experts on the Plebanski formalism.

The fundamental variables of the Plebanski formalism are a connection ω in g and a g-valued
set of 2-forms B. The key to the formalism is the fact that the 2-forms B can always be used to
introduce a metric, regardless of any constraints. The role of the constraints is rather to single
out this metric, namely to freeze the remaining components of the 2-forms which do not enter
the definition of the metric. To be more specific, given an su(2)-valued 2-form Bi

µν , i = 1, 2, 3,
a metric can be defined through the well-known Urbantke formula [24, 2],

√

gU gU
µν =

1

12
ǫijk ǫ

αβγδBi
µαB

j
βγB

k
δν . (1)

Notice in this formula the completely antysimmetric tensor ǫijk, the unique singlet in the tensor
product of three adjoint representations of SU(2). The B field needs to be complex for this
metric to have Lorentzian signature, while a real field yields Euclidean signature. The same
mechanism can be applied to both the original Plebanski actions for general relativity and the
modified theories. In the original case, the action gives quadratic field equations, some of which
are the “metricity constraints” which freeze the remaining components of Bi not captured by
(1), and the rest reduce to the Einstein equations for (1). If we consider a modification where
the constraints are removed, not only we get new field equations, but the extra components are
not frozen anymore. The surprise is that this can be done without introducing new degrees of
freedom [11], which in particular means that the extra components do not become dynamical.
The new field equations do however change the dynamics for the metric, leading to a modified
theory of gravity.

In the non-chiral formulation [2, 3, 4] the fundamental 2-form BIJ
µν is so(3, 1)- or so(4)-

valued, respectively for Lorentzian and Euclidean signature, and real in both cases. We can
straighforwardly generalize (1) to this case, but this time two possible metrics can be defined.
This is simply a consequence of the fact that the tensor product of three adjoint representations
of the algebra admits two singlets. A basis in this two dimensional vector space is provided by
the tensors δN [IδJ ]MKL and δN [IǫJ ]MKL, where ǫIJKL is the completely antisymmetric tensor

and we defined the identity δIJKL = 1
2(δIKδJL − δILδJK). Accordingly, we have a right-handed
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Urbantke metric gU(+)
µν and a left-handed gU(−)

µν ,

√

gU(±) gU(±)
µν =

1

12
δIN

(

δJMKL ± 1

2
ǫJMKL

)

ǫαβγδBIJ
µαB

KL
βγ B

MN
δν (2)

in the so(4) case, and similarly in the so(3, 1) case. As in the self-dual case, the non-chiral
action gives quadratic field equations, some of which are the “simplicity constraints” identifying
these two metrics with one another and freezing the remaining components of BIJ , and the rest
reduce to Einstein’s equations for the unique metric emerging from the constraints. Removing
the constraints as in the modification of [13], the two Urbantke metrics become independent and
dynamical. This is at the roots of the bi-metric interpretation.

The paper is organized as follows. In the next Section, we review the Plebanski formalism.
This review is brief, but has the double ambition of introducing the formalism to non-expert,
and to present the simplicity constraints under a perspective that might be new also to experts.
This perspective makes it manifest that their role is singling out a unique metric, and will be
instrumental to understand the modified theory. The action for the modified Plebanski theory is
introduced in Section 3. In Section 4 we show how it can be reformulated as a bigravity theory
for the two metrics (2), plus auxiliary scalar fields. In Section 5 we study the perturbative
expansion around the bi-flat solution and identify the local degrees of freedom. Conclusions and
some open questions are collected in the final Section 6.

Throughout the paper, we take units 16πGN = 1, and use greek letters for spacetime indices
and latin letters for internal indices. For simplicity, we work with Euclidean signature, but
formulas can be easily modified to Lorentzian signature. We will comment at places where having
a Lorentzian signature has non-trivial consequences. [a, b] means normalized antisymmetrization,
and our normalization of 2-forms is F = 1

2Fµνdx
µ ∧ dxν. We introduce the tensor δIJKL =

1
2(δ

I
Kδ

J
L − δILδ

J
K) and the shortand notation 〈B ∧ ⋆B〉 = 1

2ǫIJKLB
IJ ∧BKL. We use ⋆ = 1

2ǫ
IJ

KL

to indicate the Hodge dual in the internal space. To avoid confusion between this Hodge dual and
the spacetime one 1

2eǫ
µν

ρσ in spacetime, we will refer to the positive and negative eigenvectors
of the algebra Hodge dual respectively as right- and left-handed components, and those of the
spacetime Hodge dual respectively as self-dual and antiself-dual.

2 Review of the Plebanski mechanism

Consider the following action,

S(B,ω, φ) =

∫

BIJ ∧ FIJ(ω)−
1

2

(

φIJKL +
Λ

6
ǫIJKL

)

BIJ ∧BKL, (3)

where F (ω) is the curvature of an so(4) connection ω, and BIJ a 2-form with values in the
algebra. This action can be called non-chiral, to distinguish it from the original Plebanski
action, which is identical but uses g = su(2). Λ is the cosmological constant, and the field
φIJKL a Lagrange multiplier, symmetric under exchange of the first and the second pair, and
antysimmetric within each pair. In addition, we impose on φ the constraint ǫIJKLφ

IJKL = 0.
It has therefore the same symmetries of the Riemann tensor, and 20 components. Its variation
gives the following equations, known as simplicity constraints,

BIJ ∧BKL =
1

12
ǫIJKL 〈B ∧ ⋆B〉. (4)
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Solutions satisfying the non-degeneracy condition 〈B ∧ ⋆B〉 6= 0 can be divided in two sectors
[3, 4],

BIJ = ±(1/2)ǫIJKLe
K ∧ eL, BIJ = ± eI ∧ eJ . (5)

We will review the derivation below. In both cases, the 20 constraints (4) reduce the initial
36 independent components of BIJ

µν down to 16, parametrized by a tetrad eIµ. The first sector
corresponds to general relativity, while the second one to a topological theory with no local
degrees of freedom. This can be seen looking at the field equations, or more sinthetiquely
inserting one of the two solutions back in the action (3).

Inserting BIJ = (1/2)ǫIJKLe
K ∧ eL, one obtains

S(e, ω) =

∫

1

2
ǫIJKLe

I ∧ eJ ∧ FKL(ω)− 2Λ e. (6)

This is the Einstein-Cartan action, whose equivalence to general relativity is established – for
non-degenerate tetrads – taking the variation by ω. The result is Cartan’s structure equation
dωe = 0, solved by the spin connection ωIJ

µ (e) = eIν∇µe
νJ , which further identifies its curvature

F (ω) with the Riemann tensor, through Cartan’s second structure equation

Rµνρσ(e) ≡ eIρeJσF
IJ
µν (ω(e)). (7)

Using these results, (6) gives

S(e) =

∫

e(R − 2Λ). (8)

More details can be obtained looking at the field equations (e.g. [3, 23]), in particular one finds
that on solutions the Lagrange multiplier equals the Weyl tensor.

For completeness, let us also recall how the second sector leads to a topological theory.
Inserting the solution BIJ = eI ∧ eJ , one obtains

S(e, ω) =

∫

eI ∧ eJ ∧ FIJ(ω)− 2Λ e. (9)

For Λ = 0 we can look again at the e 6= 0 sector, and integrating over the connection as above,
the first term gives ǫµνρσRµνρσ , which vanishes thanks to the first Bianchi identities. Hence
the field equations vanish identically, thus giving no local degrees of freedom. For more details
on the theory defined by (9), see [25]. Finally, the case Λ 6= 0 only admits solutions in the
degenerate sector e = 0.

2.1 Self-duality and metricity

The brief overlook above highlights the role of the simplicity constraints (4) in extracting a tetrad
from the B field, for which the general relativity dynamics is then recovered. The derivation can
be found in details in the literature [3, 4], but we wish to review it here with a slightly different
perspective, which will prove instumental to understand the modified theory. In particular, we
would like to stress that the constraints are not needed to introduce a metric. A metric – as a
matter of fact, two – can always be introduced through the Urbantke formulas (2). The role of
the constraints is rather to single out a unique metric out of the 36 initial components of BIJ .
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To see this, we begin from the isomorphism so(4) ∼= su(2) ⊕ su(2),which allows one to split
the components of an so(4) algebra element, like BIJ , into right- and left-handed components:

BIJ = P IJ
(+)iB

i
+ + P IJ

(−)iB
i
−
. (10)

Here we denoted (+) and (−) respectively the right- and left-handed parts, and we introduced the
projectors

P IJ
ǫ i = ǫδIJ0i +

1

2
ǫIJ0i , ǫ = ±. (11)

Now consider a single triple of 2-forms Bi, and construct the Urbantke metric (1). The well-
known result by Urbantke [24] states that if the 3x3 matrix Bi ∧Bj is invertible, then

1

2
√
gU
ǫµνρσB

i
ǫµν = ǫBi

ǫρσ. (12)

Here the sign ǫ depends on the sign of the determinant of Bi∧Bj. This means that the triple Bi is
self-dual (or antiself-) with respect to the metric (1) – or any other metric in the same conformal
class, since the spacetime Hodge dual ǫµνρσ/2

√
gU is invariant under conformal transformations.

As we now discuss, it is then possible to write explicitly Bi in terms of this metric.
Consider a tetrad eIµ associated with a given metric, and the following Plebanski 2-form

[1, 2, 3]

Σi
ǫ(e) = ǫe0 ∧ ei + 1

2
ǫijke

j ∧ ek. (13)

These 2-forms are said to be metric, and are self-dual in the spacetime metric eIµ, as well as
right-handed in the so(4) algebra (or antiself-dual and left-handed, for ǫ = −1). Notice that
they only depend on 13 of the 16 components of the tetrad, since the internal direction e0 has
been fixed. Furthermore, they satisfy

Σi
ǫ(e) ∧ Σj

ǫ(e) = ǫ 2eδij , (14)

where e = det eIµ, and here and in the following factors of d4x are tacitly assumed. Since for
e 6= 0 (13) form a basis in the space of right- or left-handed 2-forms, we can always decompose
Bi

ǫ = cijΣ
j
ǫ(e) as a linear combination of the Σi

ǫ with arbitrary coefficients cij [10, 2, 21].
This decomposition is clearly defined up to an SO(3) rotation, as well as a global rescaling
cij 7→ Ω−2cij , e

I
µ 7→ ΩeIµ, thus preserving the total number of independent components in Bi,

that is 9 + 13− 3− 1 = 18.
The Bi decomposed in this way are self-dual with respect to eIµ, and it is straighforward to

show that this metric falls in the same conformal class as the Urbantke metric, since the latter
evaluates to gU

ǫ µν = (det c) eIµe
J
ν δIJ . It is then possible, and indeed convenient, to choose the

rescaling freedom Ω to fix det c = ±1, so that the Urbantke metric coincides with the metric
associated to eIµ. In conclusion, one can parametrize

Bi
ǫ = ηbiaΣ

a
ǫ (e), (15)

where η = ±1 is a sign and the coefficients bia form a unimodular matrix. The details of the
proofs can be found in [21], whose notation we follow. Both types of indices, i, j and a, b, are in
su(2). The different notation is useful to treat the scalars bia as a “triad”, and to keep track of
its inverse, given by

b̂ai =
1

2
ǫabcǫijkb

j
bb

k
c . (16)
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In particular, using (14) we have

Bi
ǫ ∧Bj

ǫ = ǫ 2emij , mij = biab
j
bδ

ab, (17)

that is the unimodular triad bia is given by the normalized eigenvectors of mij .3

The parametrization (15) plays a key role in investigations of the modified self-dual theory
[10, 22]. The idea here is to apply it to the so(4) case, as it can be done straighforwardly using
the decomposition (10). As the right- and left-handed parts in (10) are independent, we need
independent triads and tetrads, say bia, b̄

i
a and eIµ, ē

I
µ. Correspondingly, we take

Bi
+ = biaΣ

a
+(e), Bi

−
= ηb̄iaΣ

a
−
(ē), (18)

where we already dropped one sign which proves irrelevant in the following. To shorten our
notation, we use from now on Σ(e) ≡ Σ+(e) and Σ̄(ē) ≡ Σ−(ē). We then write

BIJ = P IJ
(+)i b

i
aΣ

a(e) + ηP IJ
(−)i b̄

i
aΣ̄

a(ē), (19)

where the Plebanski 2-forms Σ(e) and Σ̄(ē) encode the two metrics gµν = eIµe
J
ν δIJ and ḡµν =

ēIµē
J
ν δIJ .

The decomposition (19) parametrizes BIJ in such a way that the right- and left-handed
components of BIJ are also self- and antiself-dual, but with respect to two independent metrics

gµν and ḡµν . These are precisely the two Urbantke metrics defined in (2): an explicit calculation
gives

gU(+)
µν = gµν , gU(−)

µν = ηḡµν . (20)

2.2 Simplicity constraints

We now want to take advantage of the parametrization (19) in the Plebanski action (3). Thanks
to the orthogonality of the two su(2) algebras, one has BIJ ∧ FIJ(ω

IJ) = Bi ∧ Fi(ω
i) + B̄i ∧

Fi(ω̄
i), where ωi and ω̄i are the right- and left-handed parts of the so(4) connection, and F

their curvature, i.e. Fi(ω) = 1
2ǫijk(dω

jk + ωj
l ∧ ωlk). Concerning the Lagrange multiplier

φ ∈ (2,0) ⊕ (0,2) ⊕ (1,1) ⊕ (0,0) recall that this can be decomposed into its irreducible
representations using the projectors (11),

φIJKL = ϕijP IJ
(+)iP

KL
(+) j + ϕ̄ijP IJ

(−)iP
KL
(−) j +

+ψij
(

P IJ
(+)iP

KL
(−) j + P IJ

(−)jP
KL
(+) i

)

+

+ϕ0δ
ij
(

P IJ
(+)iP

KL
(+) j + P IJ

(−)iP
KL
(−) j

)

. (21)

Here ϕij and ϕ̄ij are symmetric and traceless (5 components each), ψ is generic (9 components),
and ϕ0 is the scalar part. In terms of these quantities, (3) reads

S(B, B̄, ω, ω̄, ϕ, ϕ̄, ψ, ϕ0) =

∫

Bi ∧ Fi(ω) + B̄i ∧ Fi(ω̄) (22)

−1

2

[

ϕijB
i ∧Bj + ϕ̄ijB̄

i ∧ B̄j + ψij

(

Bi ∧ B̄j + B̄i ∧Bj
)

+ϕ0δij
(

Bi ∧Bj + B̄i ∧ B̄j
)

+
Λ

6
δij

(

Bi ∧Bj − B̄i ∧ B̄j
)

]

,

3Its 8 components can then be identified with two SO(3) rotation and a two-parameters rescaling.
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where we used the orthogonality properties of the projectors, see Appendix A.
Before studying the constraints, let us use the parametrization (19). We denote mij and m̄ij

the matrices (17) for bia and b̄ia, and their traces m ≡ δijm
ij and m̄ ≡ δijm̄

ij. Then, using (14)
we have

S(η, b, b̄, e, ē, ω, ω̄, ϕ, ϕ̄, ψ, ϕ0) =

∫

biaΣ
a ∧ Fi(ω) + ηb̄iaΣ̄

a ∧ Fi(ω̄)

−emijϕij + ēm̄ijϕ̄ij − 2ηℓijψij +

−φ0δij (em− ēm̄)− 1

6
Λδij (em+ ēm̄) (23)

where we introduced the shorthand notation

ℓij ≡ 1

8
biab̄

j
b ǫ

µνρσΣa
µν(e)Σ̄

b
ρσ(ē). (24)

When we vary by the irreducible components of φIJKL, we find 20 constraints, which we
group according to the irreps (2,0), (0,2), (1,1) and (0,0) of so(4), obtaining respectively

mij =
1

3
mδij , m̄ij =

1

3
m̄ δij , ℓij = 0, em = ē m̄. (25)

Recalling the unimodularity of mij and m̄ij , the right- and left-handed equations imply that
mij = m̄ij = δij . Next, the (1,1) equations ℓij = 0 mean that the two triples Σi(e) and Σ̄i(ē)
are orthogonal to each other, which implies that the two metrics eIµ and ēIµ coincide up to a
conformal factor. The latter is fixed to 1 by the final equation, since m = m̄ = 3. Finally, the
sign η is remains free. Overall, the solution of the constraints for non-degenerate metrics is

ḡµν = gµν , mij = m̄ij = δij , η = ±1.

The two sectors η = ±1 are simply the topological and gravitational sectors described by (26).
Plugging the solutions back into (19), one immediately identifies η = 1 with the topological
sector and η = −1 with the gravitational one,

BIJ = eK ∧ eL 7→ gU(+)
µν = gU(−)

µν = eIµe
J
ν δIJ , (26a)

BIJ =
1

2
ǫIJKLe

K ∧ eL 7→ gU(+)
µν = −gU(−)

µν = eIµe
J
ν δIJ . (26b)

Hence we also see that the two Urbantke metrics (2) coincide on the topological solution, and
are opposite on the physical one.

Summarizing, the decomposition (19) shows that prior to imposing the simplicity constraints
(4), the field BIJ can be parametrized in terms of the two Urbantke metrics gU(+)

µν = gµν and
gU(−)
µν = ηḡµν , plus the two auxiliary fields bia and b̄ia. By rewriting the simplicity constraints in
the form (25) we see that ten of them (the (2,0) ⊕ (0,2) part) freeze the auxiliary fields, and
ten of them (the (1,1) ⊕ (0,0) part) identify the two initial metrics with one another. As we
show in the rest of the paper, in the modified theory the constraints on BIJ are removed, and
the two metrics become independent dynamical fields.

Let us conclude this brief overview of the Plebanski formalism with some comments.
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• Relation to BF theory

The original Plebanski action (3) is of the type “BF plus constraints”. An interesting
aspect of this construction is the fact that BF theory is a topological field theory, without
any local degrees of freedom. This is due to the invariance of the action under the shift
symmetry

B 7→ B + dωη, (27)

where η is a 1-form with values in the algebra. This symmetry (which includes the diffeo-
morphisms) together with the gauge symmetry also present, guarantee that all solutions
can be locally mapped to the trivial one [26, 27]. When the constraints are added, the shift
symmetry is broken down to diffeomorphisms, and local degrees of freedom are allowed.
Although it might appear counter-intuitive at first that adding constraints one increases
the number of degrees of freedom, the reason for this is the fact that in BF theory the
B field is just a Lagrange multiplier, imposing the flatness condition F = 0. Therefore,
if conditions are placed on a Lagrange multiplier, the resulting theory is less constrained.
Specifically, non-trivial curvature is now allowed.

• Self-dual case

As mentioned above, the original Plebabski formulation uses the same action but g = su(2).
This case can be recovered from our analysis above, setting B̄i = ϕ0 = 0 in (22). In that
case one parametrizes the fundamental Bi field as in (15), the Lagrange multiplier has
only components in the (2,0) irrep, and the metricity constraints give mij = δij . Notice
that the non-chiral action is not the sum of two different actions, respectively purely
right- and left-handed: the terms in ψ and ϕ0 mix the two, and are crucial to impose the
proportionality of the two metrics, which would otherwise be independent.

• Lorentzian signature

All the formulas can be adapted to Lorentzian signature and g = so(3, 1), but there is
a caveat: the right- and left-handed projectors are now complex, iǫδIJ0i + 1

2ǫ
IJ
0i . As a

consequence, the decomposition (19) requires the b and Σ fields to be complex as well.
This does not pose any obstruction (at least at the classical level), but one then needs
to add extra conditions for the Lorentzian metrics gµν and ḡµν to be real. Such reality

conditions were studied in [2] for the original action, and revisited in the work by Krasnov
(e.g. [12]) for the modified theory. They can be imposed independently on the right- and
left-handed sectors. The simplicity constraints then guarantee that also BIJ is real.4

4A word of criticism is probably due here. The original rationale for introducing the non-chiral Plebanski
action was precisely to eliminate the additional reality conditions needed in the self-dual action. Our idea of
using the algebra decomposition to understand the modified non-chiral theory has the advantage of leading to a
simple interpretation as a bigravity theory, as we will show below. However, it forces us to reintroduce the reality
conditions to deal with Lorentzian signature. Although this can be seen as a drawback of our approach, the fact
that reality conditions can be ultimately dealt with [12] seems not to compromise it.
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3 Modified Plebanski theory

The modification of gravity we consider is obtained promoting the cosmological constant Λ in
(3) to a potential Λ(φ),

S(B,ω, φ) =

∫

BIJ ∧ FIJ(ω)−
1

2

(

φIJKL +
1

6
Λ(φ)ǫIJKL

)

BIJ ∧BKL. (28)

An action of this type has been first introduced in [13], and it extends to the non-chiral action
(3) the modification proposed by Krasnov for the self-dual Plebanski theory [10], in turn related
to previous work by Capovialle [7] and by Bengtsson and Peldan [8, 9]. The field equations
obtained varying φ, B and ω are

dωB
IJ = dBIJ + [ω,B]IJ = 0, (29a)

BIJ ∧BKL =

(

1

12
ǫIJKL − 1

3

δΛ(φ)

δφIJKL

)

〈B ∧ ⋆B〉, (29b)

F IJ(ω) = φIJKLBKL +
1

6
Λ(φ)ǫIJKLBKL. (29c)

The first equation is the same compatibility condition of ω with B, unchanged from the original
Plebanski action. The last two differ from Plebanski’s when Λ(φ) is not a constant, thus leading
to departures from general relativity. Their nature, and the scale at which they occur, depend
upon the specific form of Λ(φ).5

The key difference with the original action lies in the modified simplicity constraints (29b):
since the Lagrange multiplier appears explicitly, these are not anymore constraints on BIJ , but
rather twenty algebraic equations, fixing a priori the twenty components of φIJKL as functions
of BIJ . The (modified) dynamics is then governed by the whole of (29c). As constraints are
being removed, one might naively expect additional degrees of freedom, and this is indeed the
case. The canonical analysis performed in [16] showed the presence of 8 degrees of freedom,
with the only condition that the Hessian of Λ(φ) be non-singular. Identifying these degrees of
freedom is the goal of the present paper.

Since the original action (3) is equivalent to general relativity, one might wonder whether the
modification is related in any way to the more familiar extension of the Einstein-Hilbert action
by adding higher curvature invariants of the metric, with the arbitrary function of φ playing the
role of an arbitrary function of Rµνρσ, and with the six extra degrees of freedom related to the
ones of these higher derivatives theories [14, 15]. The answer is negative: as we will show below,
the action actually describes a type of bimetric gravity, with Λ(φ) related to the interaction
potential between the two metrics. The total counting of eight degrees of freedom is consistent
with previously known examples of bigravities [17], but the explicit form of the action we obtain
is new.

These results and the connection with bigravities are rooted in the fact that removing the
simplicity constraints, the two metrics naturally present in a non-degenerate B field, see (19),
become independent. Before showing the construction explicitly, let us make a few remarks on
this type of modification of general relativity.

5For the reader unfamiliar with the Plebanski formalism, we recall that for Λ constant, after the solution
B = ⋆e∧ e to the simplicity constraints (31a) is chosen, (31b) splits into equations identifying φ as the Weyl part
of the Riemann tensor, and equations giving the Einstein dynamics to the metric eIµ. See [3, 23, 32] for more
details.
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• BF plus potential

As mentioned above, a consequence of the Plebanski constraints in (3) is to partially fix
the large gauge symmetry of BF theory, leaving only diffeomorphisms and gauge transfor-
mations. The situation is the same in the modified theory: the constraints are replaced
by a potential V (φ,B), which again results in the same partial gauge-fixing – at least for
generic choices of Λ(φ). Hence, each modified theory of gravity corresponds to a specific
gauge-fixing of BF theory caused by a potential term, a point discussed in [12]. BF theory
itself can be recovered for the singular case Λ(φ) = δ(φ), therefore the class of actions (28)
interpolates between general relativity at constant Λ, and BF theory at Λ(φ) = δ(φ).

• Not the most general action

The form (28) of the action we consider here is motivated by the Hamiltonian analysis
performed in [16] and the desire to identify the extra degrees of freedom there found.
However, this is not the most general action that one can write compatible with the
symmetries. In particular, there are two immediate terms that one can add. The first one is
the kinetic term ǫIJKLB

IJ ∧FKL(ω), whose (inverse) coupling constant is usually referred
to as the Immirzi parameter. The second is the alternative potential term Λ2(φ)δIJKLB

IJ∧
BKL, which is usually not considered in the Plebanski action (3) because it vanishes on
the solutions (5).6

• Self-dual case

The additional degrees of freedom are absent when one considers the same modification in
the self-dual theory [11]. A key difference between the self-dual and the non-chiral actions
can be inferred from our earlier decomposition (23). This shows that the non-chiral action
is not just the sum of one right- and one left-handed Plebanski actions, due to the mixing
terms in ψij and ϕ0. The constraints of the non-chiral theory are then not just the sum
of 5 and 5 from two separed single-handed actions, but 10 additional ones are present.
Consequently, when we look at the modified theory, more constraints are being lost. This
is the origin of the different behaviour under the same type of modification of the two
actions, the self-dual and the non-chiral one. That is, in the non-chiral case it is truly the
removal of the constraints (1,1) and (0,0) which is responsable for the extra degrees of
freedom.

This said on the difference, we remark that the two modifications share nonetheless an
important characteristic: in both cases, the counting of degrees of freedom is consistent
with (the field components parametrized by) the auxiliary fields never becoming dynamical.

• On the quantum theory

Although this paper deals uniquely with the classical properties of (28), let us briefly
comment on the quantum theory. First of all, there is no reason a priori to expect an
improved UV behaviour – in fact it may be even worse – than general relativity. However,
it was argued in [10] that the class of theories defined by an arbitrary potential Λ(φ) might
be closed under renormalization. Since varying the potential one can interpolate between
general relativity and BF theory, one can entertain the rather spectacular possibility that
the action has a flow under renormalization that touches only the potential term Λ(φ),

6However it plays a role if an Immirzi parameter is introduced through the variation of φ, see [23, 28].
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evolving it from a constant Λ at low energies – thus describing general relativity with a
cosmological constant – to a conformally invariant (as a matter of fact, even topologically
invariant) fixed point δ(φ) at high energies. Under the additional condition that the flow
has a finite dimensional critical surface, this would be a rather intriguing realization of
the asymptotic safety scenario. The action (28) is not in a form easily treatable with
conventional renormalization group techniques, but what is at stake seems to us worth the
effort of pursuing this direction of studies.

4 From the modified Plebanski action to bi-metric gravity

We are now ready to go back to (28), and show how it can be recasted as a bigravity theory. The
structure of the field equations suggests the natural strategy of using (29a) and (29b) to eliminate
respectively ω and φ (when possible – see below), and then study the dynamics determined by
the equations (29c). In this way, the arbitrary potential Λ(φ) is mapped into an arbitrary
potential for B, and one is effectively dealing with an action for the 2-form B only. Finally,
using the explicit parametrization (19), the action is recasted into a theory for the two metrics
gµν , ḡµν , and the auxiliary scalars bia, b̄

i
a. The auxiliary fields can in principle be integrated out,

and the resulting dynamics described purely in terms of the two metrics, interacting through a
given potential.

When is this construction explicitly possible? The compatibility condition (29a) can be
solved uniquely, provided the same non-degeneracy conditions behind (19) hold [29, 30, 31]. As
for (29b), the solution will not be unique in general, leading to additional subsectors. To simplify
the analysis, we consider in the rest of this paper the simplest case with a unique solution φ(B),

Λ(φ) = Λ− 3

2A
Trφ2. (30)

Here Λ is the cosmological constant, A a free parameter with dimensions of a squared mass, and
Trφ2 ≡ φIJKLφ

IJKL. We will comment later on more general choices. This quadratic case has
a non-singular Hessian, thus the result of [16] holds, and we expect eight degrees of freedom.

With the choice (30), the field equations (29b) and (29c) read

BIJ ∧BKL =

(

1

12
ǫIJKL +

1

A
φIJKL

)

〈B ∧ ⋆B〉, (31a)

F IJ = φIJKLBKL +

(

Λ

6
− 1

4A
Trφ2

)

ǫIJKLBKL. (31b)

By inspection, it should be clear that solutions of general relativity with vanishing φ are also
solutions of the modified theory, because the modification disappears in that case. Since in
general relativity (in Plebanski variables) φ is on-shell the Weyl tensor (see [3, 32, 23]), we
conclude that conformally flat spacetimes are still solutions.7

To understand the modified theory more in general, we take the strategy outlined above
and reformulate (28) as a bi-gravity action S(eIµ, ē

I
µ, b

i
a, b̄

i
a) in terms of two metrics and auxiliary

scalar fields. This can be done in three steps: (i) solving the Gauss law to obtain ω(B), (ii)
solving (31a) to obtain φ(B), and (iii) inserting the decomposition (19) of the B field. Notice

7This can change if one includes an Immirzi parameter through the variation of φ [23].
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that (i) is relevant to the first (“kinetic”) term of the action only, whereas (ii) to the remaining
(“potential”) terms. We separe our analysis accordingly.

It will be also convenient to introduce an internal metric associated to the triad bia, i.e.

qab = biab
j
bδij , (32)

and similarly q̄ab for b̄ia. These new metrics are also unimodular, and we denote the trace
q ≡ δabqab = m. We keep a convention where the a indices are raised and lowered with the
identity metric δab, thus the inverse of qab is not q

ab = δacδbdqcd, but

q̂ab = b̂ai b̂
b
jδ

ij =
1

2
ǫacdǫbefqceqdf . (33)

Notice that qabqab = mijmij.

4.1 Kinetic term: the effective BF action

In this section we consider a single-handed SU(2) BF action
∫

Bi ∧ Fi, and review how its
dependence on Bi and ωi is recasted solely in terms of bia and eIµ. To do so, one has to solve
the compatibility condition dωB = 0 for ω(B). This has been known for a generic gauge group
for quite some time [29, 30, 31]. A particularly useful expression has been recently derived by
Freidel [21], who exploited the decomposition (15) to give a solution ωǫ(b

i
a,Σ

i
ǫ(e)), which carries

the familiar spin connection for the tetrad eIµ. We report the explicit formula and its derivation
in Appendix B. The solution is valid for invertible tetrads, and unique. Restricting to invertible
tetrads, one can then integrate out ω in the action using this solution. The result is the following
“BF effective action” [21],

SF(e
I
µ, qab) =

ηǫ

4

∫

eRab
ǫ (e)(q̂δab − q̂ab) +

1

2
eDµ

ǫ qabC
abcd
ǫ µν(e, q)D

ν
ǫ qcd, (34)

where

Rab
ǫ (e) =

1

2
Σa
ǫ µν(e)Σ

b
ǫρσ(e)Rµνρσ(e) (35)

is the self- or antiself-dual (resp. for ǫ = ±) part of the Riemann tensor, Dǫµ is the covariant
derivative with respect to the spin connection γaǫ b(e) = ǫabcP

c
ǫ IJω

IJ(e), and finally

Cabcd
ǫ µν(e, q) ≡

(

δadδbc − 1

2
δabδcd

)

gµν +
(

δbcǫadg − q̂bcǫadfqfg

)

Σg
ǫ µν(e). (36)

For completeness and because our notation is slightly different from [21], we review the derivation
of this result in Appendix B. The Freidel BF effective action (34) is second order in derivatives,
polynomial (of order 5) in qab, and non-polynomial in the tetrad through Rab(e). The dependence
of the action on the tetrad is via Σ(e) (or directly via the metric as in Rab(e)), thus it should
be truly understood as SF(Σ

i
ǫ(e), qab), a functional of 18 independent field components.

Now, notice that setting qab = δab, (34) reduces to (ηǫ/2)eδabR
ab
ǫ (e) = (ηǫ/2)eR(e), namely

the Einstein-Hilbert lagrangian. This is to be expected, since qab = δab is precisely the metricity
constraint of the self-dual Plebanski theory. What is perhaps more surprising about (34) is that
it shows that BF theory, which is topological, can be formulated in terms of the Riemann tensor
(35) of an artificial metric, plus additional terms. The presence of these extra terms restores the
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shift symmetry Bi 7→ Bi + dωη
i, which is what eliminates any local degrees of freedom present

a priori in the metric. Rewriting the action as (34) masks the original shift symmetry, but we
know that we can first use the SU(2) symmetry to diagonalize the matrix of scalar fields qab,
and second fix qab = δab using two components (recall that qab is unimodular so it has only two
independent eigenvalues) of the triple of 1-forms ηi. This leaves precisely 10 components in ηi

that can be used to gauge away the metric. In other words, every solution of general relativity
is also a solution of BF theory in a certain gauge, and any other metric (compatible with the
topology of spacetime) is still a solution and can be obtained through a gauge transformation.
We will show this explicitly at the linearized level below.

4.2 Potential term

The potential term breaks the shift symmetry reviewed above, thus allowing physical propaga-
tion. With the specific form (30), the potential term in the action has the form

V (φ,B) = −1

2

∫
(

φIJKL − 1

4A
Trφ2 ǫIJKL

)

BIJ ∧BKL +
1

3
Λ〈B ∧ ⋆B〉. (37)

We can use the field equations (31a) to eliminate φ, and after some trivial algebra,

V (φ(B), B) =
1

24

∫

〈B ∧ ⋆B〉
[

A

(

1− 6
(BIJ ∧BKL) (BIJ ∧BKL)

〈B ∧ ⋆B〉2
)

− 4Λ

]

, (38)

with abuse of form notation. Using the decomposition (19) and the metrics qab and q̄ab defined
as in (32), this gives

V (eIµ, ē
I
µ, qab, q̄ab) =

A

12

∫

d4x(eq + ēq̄)

[

1− 6
e2qabqab + ē2q̄abq̄ab + 2ℓijℓij

(eq + ēq̄)2
− 4Λ

A

]

, (39)

where

ℓijℓij =
1

26
ǫµνρσǫαβγδqabΣ

a
µν(e)Σ

b
αβ(e)q̄cdΣ̄

c
ρσ(ē)Σ̄

d
γδ(ē). (40)

By inspection of the potential, it is clear that (40) is the quantity controlling the mixing
between the right- and left-handed sectors. We already know that it vanishes whenever ēIµ is

proportional to eIµ. Here we also notice that if the extra scalar fields are fixed to the identity
matrix, we have

ℓijℓij(qab = q̄ab = δab) =
1

16
ǫµνρσǫαβγδ

(

gµ[αgβ]ν +
1

2e
ǫµναβ

)(

ḡρ[γ ḡδ]σ − 1

2ē
ǭρσγδ

)

=

=
1

16
(ǫµνρσǫαβγδgµαgνβ ḡργ ḡσδ − 4!eē), (41)

where in the first line we used the identity (74) from the Appendix. This will be useful when
studying perturbation theory below.

4.3 Bi-metric gravity

Let us collect our results. To simplify the notation, we remove the (±) subscripts everywhere,
with the tacit understanding that all derivatives and curvatures associated to eIµ (resp. ēIµ) are
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right-handed (resp. left-handed). Adding together the right- and left-handed versions of (34)
and the potential (39) we obtain

S(η, eIµ, ē
I
µ, qab, q̄ab) =

1

4

∫

eRab(e)(q̂δab − q̂ab)−
4

3
qeΛ +

1

2
eDµqabC

abcd
µν Dνqcd +

−η
4

∫

ēRab(ē)(ˆ̄qδab − ˆ̄qab)−
4

3
q̄ēΛ+

1

2
ēDµq̄abC

abcd
µν Dν q̄cd +

+
A

12

∫

(eq + ēq̄)

[

1− 6
e2qabqab + ē2q̄abq̄ab + 2ℓijℓij

(eq + ēq̄)2

]

. (42)

This is our main result. What we have shown is that for invertible tetrads, the modified Plebanski
theory is a bi-metric theory of gravity coupled to extra scalar fields qab, q̄ab, and whose action is
given by the sum of two Freidel “effective BF” actions plus a potential term mixing the right-
and left-handed sectors. The specific form of the potential comes from the choice (30) for Λ(φ).
Changing Λ(φ) would affect only the last line of (42), namely the interaction between the two
metrics.8

The presence of the extra scalar fields is the most obvious difference with other bi-metric
theories of gravity appeared in the literature. The scalars mediate the interactions between
the two metrics, and can not be immediately integrated out since the enter the action non-
polynomially. At first sight, it looks like the scalar fields qab and q̄ab have also acquired a kinetic
term, and are thus fully dynamical. However, this Lagrangian is peculiar: its kinetic term
is degenerate, as will become apparent below when we study it in perturbation theory. As a
consequence, not every field with a kinetic term is actually propagating. Specifically, we will see
that the extra scalar fields satisfy algebraic equations, and can therefore be integrated out. In
this sense, they are still Lagrange multipliers, as they were in the original BF action.

As already discussed, the physical content of the theory depends on the real parameter A:
the action has eight propagating degrees of freedom at finite A, whereas both limits A 7→ ∞
and A 7→ 0 are singular. In the first case, we see from (37) that we are simply removing the
modification, thus we go back to the two degrees of freedom of general relativity [33]. In the
second case, we see from (38) that it is the whole potential term that vanishes, thus we arrive
at BF theory and its zero local degrees of freedom [26, 27]. In a sense, the bi-metric theory
(42) “interpolates” between general relativity and BF theory. Since the number of degrees of
freedom at finite A, eight, matches those of some bigravity theories, it is useful to briefly review
them in order to gain some intuition in a simpler case where there are no extra scalars.

Notice also the sign η, which we recall in the unmodified theory distinguished general rela-
tivity (η = −1) from a topological action (η = 1). Here we see that the previously topological
choice η = 1 leads to an action where the two curvature terms have opposite sign. We will focus
our analysis on the more stable sector η = −1.

4.4 Bigravities

Bi-metric theories have appeared long ago in the literature [34], and have been recently looked
upon as potential playgrounds for improved quantizations of general relativity and/or describe
astrophysical effects without resorting to dark matter/dark energy scenarios [17, 35, 36, 37, 38,

8Notice that both metrics have the same cosmological constant Λ. Different cosmological constants for the two
metrics can be obtained including the second potential term Λ2(φ)δIJKLB

IJ
∧BKL mentioned earlier.
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39]. The standard action for bigravity has the form

S(eIµ, ē
I
µ) =

∫

e[R(e)− 2Λ] +

∫

ē[R(ē)− 2Λ̄] +

∫

(eē)1/2W (ḡµνgνρ), (43)

where the interaction between the two metrics is parametrized by a scalar potential W of the
combination ḡµνgνρ, the only combination allowed by the common diffeomorphism invariance.
The canonical analysis performed by Damour and Kogan [17] shows the presence of eight degrees
of freedom for a generic W .

The simplest way to identify these degrees of freedom is to take vanishing cosmological
constants and to study a perturbative expansion around the same flat backgound for both
metric, gµν = δµν +hµν , ḡµν = δµν + h̄µν . If we change variables to h

(±)
µν = (hµν ± h̄µν)

√
2, we see

that the masslessness of h(+)
µν is still protected by the diffeomorphism invariance of the action,

whereas the combination h(−)
µν is invariant under diffeomorphisms, and can thus acquire a mass

term through W . This mass term will in general have the form

ah(−)
µν h

µν
(−) + bh2(−), (44)

where the explicit values of the constants a and b depend on the form of W . It is known since
the work of Fierz and Pauli [40] that the choice a = −b = m2/4 is the only one leading to
the propagation of five degrees of freedom corresponding to a massive spin 2 particle, whereas
any other choice introduces admixtures with an extra scalar mode of negative energy, a ghost
signalling the instability of the theory.

The Fierz-Pauli mass term can be implemented in the bigravity action (43) through an
infinite number of potentials W , the simplest one being [34]

W (ḡµνgνρ) =
m2

4

( ē

e

)1/2
(

6ḡµνgµν − (ḡµνgµν)
2 + ḡµνgνρḡ

ρσgσµ − 12
)

. (45)

With this choice, the theory is only propagating a massless and a massive spin-2 particles at
the linearized level. However, it was later shown by Boulware and Deser [41] (see also [42, 43])
that this extra ghost mode is inevitably excited when interactions are included: the canonical
analysis of the non-linear completion of the Fierz-Pauli Lagrangian gives six degrees of freedom,
the sixth mode being precisely the scalar ghost. The same happens with bigravities: perturbing
around the “doubly flat” background, the eight degrees of freedom correspond to a massless
graviton, a massive spin-2 particle and a scalar ghost. However, it was argued in [17] that
bigravity theories might be stabilized by the interactions, which would draw the two metrics
away from the somewhat pathological doubly flat background, and towards “bi-cosmological”
configurations. Alternatively, the ghost could also be avoided taking specific potentials [35], or
expanding around different backgrounds [36].

As we will see in the next Section, at least at the linearized level the situation is the same
as in bigravity theories. In particular, we can integrate out the auxiliary scalars, and identify
the eight degree of freedom with a massless and a massive spin-2 particles, plus a ghost scalar
mode.
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5 Perturbative expansion

In this section, we study (42) perturbatively to identify the physical meaning of its eight degrees
of freedom. We take a vanishing cosmological constant, so that the “doubly flat” spacetime

gµν = ḡµν = δµν , qab = q̄ab = δab, (46)

is an exact solution. We define the field fluctuations

gµν = δµν + hµν , ḡµν = δµν + h̄µν , qab = δab + χab, q̄ab = δab + χ̄ab, (47)

with χab and χ̄ab traceless as a consequence of the unimodularity of qab and q̄ab.

5.1 Kinetic term

To expand the kinetic term, recall that on a flat background the Riemann tensor is given by
Rµνρσ = ∂ν∂[ρhσ]µ−∂µ∂[ρhσ]ν +0(h2). Then using the definition (35), we find at quadratic order

eRab
ǫ (q̂δab − q̂ab) = −χabP

a
ǫ µρP

b
ǫ νσ∂

µ∂νhρσ + 2(eRǫ)
(2), (48)

where the projectors P a
ǫ µν are the Plebanski 2-form evaluated on the flat tetrad. Thanks to the

expression for the linearized Riemann tensor and the tracelessness of χab, the first term equals

1

2
χab

(

P a
ǫ µρP

b
ǫ νσ − 1

3
δabP c

ǫ µρP
c
ǫ νσ

)

Rµρνσ(h) =
1

2
χabC

ab(h), (49)

where Cab(h) is the (linearized) self-dual part of the Weyl tensor. The second term in (48) is
the linearized Einstein-Hilbert lagrangian

L(2)
EH(hµν) = (eRǫ)

(2) =
1

4
∂ρhµν∂

ρhµν − 1

2
∂µhνρ∂

νhµρ +
1

2
∂ρh

µρ∂µh− 1

4
∂µh∂

µh, (50)

independently of ǫ = ±1. At the same order, we also have

eDµqabC
abcd
ǫ µνD

νqcd = ∂µχab

(

δadδbc − 1

2
δabδcd

)

δµν∂
νχcd = ∂µχab∂

µχab (51)

where in the last equality we used again the tracelessness of χab.
Collecting these results, we get the following linearization of (34),

SF(hµν , χ
ab) =

ηǫ

2

∫

L(2)
EH(hµν) +

1

4
χabC

ab(h) − 1

4
χab�χ

ab. (52)

As for exact theory (34), the new variables have allowed us to write BF theory as the (linearized)
Einstein-Hilbert lagrangian plus extra terms. The latter increase the gauge symmetries of the
theory and assure that there are no local degrees of freedom. In fact, one can check that (52) is
invariant under the following transformations,

δξhµν = −ξaa(µν) +
1

3
δµνξ, δξχ

ab = ξ(ab)µµ − 1

3
δabξ, (53)
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where
ξabµν ≡ P a

ǫ µλ∂
ληbν , ξ ≡ ξaa

µ
µ. (54)

This is a linearization of the shift symmetry, and notice that it includes diffeomorphisms, for
ηaµ = P a

ǫ µλǫ
λ. Next, the field equations are

Eρσ
µνhρσ + P a

ǫ µρP
b
ǫ νσ∂

ρ∂σχab = 0, �χab − 1

2
Cab(h) = 0, (55)

where Eρσ
µν is the linearized Einstein tensor. Using the SU(2) gauge symmetry to diagonalize χab

and then two components of ηi to set it to zero, we see that the equations in this gauge imply
that both the Ricci and the Weyl tensors vanish, therefore the only solution is the flat metric
and there are no local gravitational waves. In particular, the Weyl tensor which is the quantity
that in general relativity carries the two physical degrees of freedom, it is also put to zero by a
gauge choice.9

5.2 Modified self-dual theory

Before continuing with the linearization of our action (42), let us indulge a moment longer on
just the self-dual BF action linearized above. Following [21], we introduce the traceless and
transverse tensor

χµν = P a
ǫ µρP

b
ǫ νσ

∂ρ∂σ

�
χab, (56)

which is invariant under diffeomorphisms. This allows us to rewrite the action (52) in the
compact form

SF(hµν , χ
ab) =

ηǫ

2

∫

L(2)
EH(hµν)−

1

2
χµν�h

µν − 1

4
χµν�χ

µν ≡ ηǫ

2

∫

L(2)
EH

(

hµν + χµν

)

. (57)

Consider now the addition of a mass term m2χabχab ≡ m2χµνχµν for the scalars. This is
precisely the type of effect that one has in the modified self-dual theory (cf. the potential term
of (42) for ēIµ = q̄ab = 0). This mass term breaks the shift symmetry (53). In this case one
can introduce a shifted field Hµν ≡ hµν + χµν and make the non-singular change of variables
(hµν , χ

ab) 7→ (Hµν , χµν), in terms of which the action reads

SF(Hµν , χµν) =
ηǫ

2

∫

L(2)
EH(Hµν) +m2χµνχµν . (58)

Now the auxiliary scalars satisfy the algebraic field equations χµν = 0, and can be thus trivially
integrated out. We then see that the shifted field Hµν propagates the two degrees of freedom of a
massless spin-2 particle, precisely as an ordinary graviton hµν . This is the mechanism that makes
the modified self-dual Plebanski theory only propagate two degrees of freedom. See [21, 12] for a
discussion of this. In other words, the action (58) has a degenerate kinetic term, and some of the
fields only satisfy algebraic equations. This result can be interpreted in the light of the fact that
prior to adding the potential term, the B field in the BF action is just a Lagrange multiplier.
What (58) shows is that even when the potential term is present, some components of the B
field still behave like Lagrange multipliers and satisfy non-dynamical algebraic equations.

9In these variables, the absence of local degrees of freedom of 4-dimensional BF theory is reminiscent of what
happens to general relativity in the 3-dimensional case, which in fact is directly equivalent to BF theory in the
sector of invertible triads.
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5.3 Potential term

Going back to the full non-chiral theory, let us rewrite the potential term in the convenient form

V =
A

2

∫

(eq + ēq̄)−1

[

1

6
(eq + ēq̄)2 − e2qabqab − ē2q̄abq̄ab − 2ℓijℓij

]

. (59)

This vanishes on the bi-flat solution (46). To expand it at second order, we use the familiar
formula

e = 1 +
1

2
h+

1

4
(
1

2
h2 − hµνhµν) (60)

for the determinant, and compute

1

6
(eq + ēq̄)2 = 6

(

1 +
1

2
(h+ h̄) +

1

16

(

3h2 + 3h̄2 + 2hh̄
)

− 1

4
hµνhµν −

1

4
h̄µν h̄µν

)

,

e2qabqab = 3

(

1 + h+
1

2
(h2 − hµνhµν)

)

+ χabχab.

Using these expressions, we have

1

6
(eq + ēq̄)2 − e2qabqab − ē2q̄abq̄ab ≃ −3

8
(h− h̄)2 − χabχab − χ̄abχ̄ab. (61)

It remains to evaluate the term −2ℓijℓij . Its zeroth and first orders vanish due to the
orthogonality of the Plebanski 2-forms Σ and Σ̄ when evaluated on the same metric, and the
only non-vanishing second order contribution comes from its value (41) at qab = q̄ab = δab, which
gives

−2ℓijℓij ≃ −1

8
(ǫµνρσǫαβγδgµαgνβ ḡργ ḡσδ − 4!eē) ≃ −1

2
(hµν − h̄µν)

2 +
1

8
(h− h̄)2. (62)

Since the numerator of (59) has no zeroth nor first order terms, the denominator only contributes
(eq + ēq̄)−1 = 1/6. The expansion thus yields

V (2) = −A
2

∫

1

4
(h− h̄)2 +

1

2
(hµν − h̄µν)

2 + χabχab + χ̄abχ̄ab. (63)

We see that the potential is giving a mass to the auxiliary scalar fields and, as expected from
the previous discussion, also to the diffeomorphic-invariant combination of gravitons.

5.4 Mass eigenstates

Putting the expansions (57) and (63) together and introducing the projections (56) as before,
we find

S(hµν , h̄µν , χ
ab, χ̄ab) =

1

2

∫

L(2)
EH

(

hµν + χµν

)

− ηL(2)
EH

(

h̄µν + χ̄µν

)

−A
2

∫

1

4
(h− h̄)2 +

1

2
(hµν − h̄µν)

2 + χµνχµν + χ̄µν χ̄µν . (64)
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From now on we restrict attention to the sector η = −1, which we recall corresponded in the
unmodified action to general relativity . The mass term for the gravitons can be diagonalized
introducing the linear combinations

h(±)
µν =

1√
2
(hµν ± h̄µν), χ(±)

µν =
1√
2
(χµν ± χ̄µν).

Since this transformation preserves the kinetic term, we get

S(h(+)
µν , h

(−)
µν , χ

(+)
µν , χ

(−)
µν ) =

1

2

∫

L(2)
EH

(

h(+)
µν + χ(+)

µν

)

+ L(2)
EH

(

h(−)
µν + χ(−)

µν

)

−A
2

∫

1

2
h2(−) + hµν(−)h

(−)
µν + χµν

(+)χ
(+)
µν + χµν

(−)χ
(−)
µν . (65)

As we did above in the self-dual sector, we can introduce the shifted fields H (±)
µν ≡ h(±)

µν +χ(±)
µν

and change variables, obtaining

S(H (+)
µν ,H

(−)
µν , χ

(+)
µν , χ

(−)
µν ) =

1

2

∫

L(2)
EH(H

(+)
µν ) + L(2)

EH(H
(−)
µν ) + (66)

−A
2

∫

1

2
H2

(−) +Hµν
(−)H

(−)
µν − 2Hµν

(−)χ
(−)
µν + χµν

(+)χ
(+)
µν + 2χµν

(−)χ
(−)
µν .

This is a non local field redefinition, but it has the advantage that now the auxiliary fields
satisfy the algebraic equations χµν

(+) = 0 and χµν
(−) = Hµν

(−)/2. We can thus trivially integrate them

out and describe this quadratic lagrangian purely in terms of the two shifted gravitons H (±)
µν .

Specifically, H (+)
µν still propagates only two degrees of freedom as it was the case for the modified

self-dual theory (see Section 5.1), whereas H (−)
µν acquires a mass term: its field equation is

Eρσ
µνH

(−)
ρσ −A

(

H (−)
µν +H (−)δµν

)

. (67)

Notice that the mass term is not of the Fierz-Pauli type, thus these are field equations propa-
gating both a massive spin-2 particle and a massive scalar.

5.5 Lorentzian signature and reality conditions

In order to properly talk about degrees of freedom, we need to move to the physical Lorentzian
signature. The formulas can be easily adapted (the main differences stemming from the i factors
now present in the right- and left-handed projectors), but there is a caveat. The isomorphism
of so(3, 1) into right- and left-handed sectors, which is the core of our construction, requires the
complexification of the algebra. Hence, the key field decomposition (19) now requires BIJ to
be complex a priori, and suitable reality conditions have to be included in order to define the
physical sector of the theory. The difficulty here lies in the fact that different reality conditions
can be envisaged. In particular, it risks to be premature to discuss reality conditions before
matter coupling, a crucial aspects which is still to be fully addressed in this modified non-chiral
theory.10 At the present stage, the simplest thing one can do is to define the Lorentzian theory
with all fields complex, and impose the same reality conditions used in the self-dual theory

10For instance, a natural way to include matter in the theory is through grand unification, which was the
original reason for considering this modification of the non-chiral Plebanski action [13, 44]. However, precisely
this idea shows an example of how the reality conditions depend on what one is trying to do. For instance,
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[2, 12], separately on both right- and left-handed sectors. This guarantees that gµν and ḡµν are
real Lorentzian metrics. If we do so, the above analysis can be straighforwardly adapted, and
we conclude that the modified Plebanski theory with action (42) is propagating a massless and
a massive spin-2 particles, plus a scalar mode.

We need at this point to discuss the (in)stability of the perturbative expansion around the
bi-flat solution. The massive spin-2 particle can be made stable taking the appropriate sign
of A.11 On the other hand, it is well known from the study of massive gravity that given
the structure of (67), there is no choice of A that would make the scalar mode stable. This
means that the chosen potential (30) gives a bigravity theory which is perturbatively unstable
around the doubly flat solution. As mentioned above in Section 4.4, this situation is rather
generic in bigravity theories. On the other hand, the stability around a different background
(cf. [17, 36, 38]), or at the non-perturbative level [42, 43], or with a different potential Λ(φ) (cf.
[35]), remains an open issue to investigate. In the latter perspective, it was already suggested in
[16] that one might look for different profiles of Λ(φ) with the goal of reducing the extra degrees
of freedom. Let us add here that this idea can be further generalized, since as we remarked
above in Section 3, the action we have been considering is not the most generic one that can be
written down.

Finally, it would also be interesting to investigate different reality conditions, as they might
affect our conclusions. In particular, notice that having relaxed the simplicity constraints, the
reality conditions considered above do not imply that BIJ is real, as it was the case with
the standard solution (5). Thus although we have identified eight degrees of freedom, strictly
speaking these are not the ones discussed for Lorentzian signature in [16], since there both
signatures are defined using real fields. To stick with [16] in the Lorentzian case, we need
different reality conditions, namely imposing BIJ to be real. This immediately implies that
Bi

−
≡ (Bi

+)
∗, where ∗ stands for complex conjugate. An implementation is to take b̄ia = (bia)

∗ and
ḡµν = (gµν)

∗, with the independent fields (bia, gµν) complex. Therefore, we still have a bimetric
theory, although in a different flavour, where the two metrics are the real and imaginary parts
of the single complex metric emerging after imposing the reality conditions. This alternative
construction, which is the one truly corresponding to [16] for Lorentzian signature, should also
be explored. However, as said above, we feel that a discussion of the reality conditions should
parallel the one of matter coupling, thus we postpone both to further studies.

6 Conclusions

The modified Plebanski actions, introduced by Krasnov and Smolin, and related to earlier work
by Capovilla, Bengtsson and Peldan, are proving to be an interesting arena to deepen our
understanding of this formalism for gravity, in which the fundamental field is a 2-form B, and
the metric only a derived quantity. In our view, an important lesson is the “watering down” of

the same modified non-chiral action considered here could be taken as a toy gravity-gauge unification, a special
case of the more general setting investigated in [45]. To do that, one takes the right-handed sector alone to
describe gravity, and expands instead the left-handed sector around a degenerate background, thus keeping the
connection as the fundamental variable. In this case, one would need different reality conditions to ensure the
physical interpretation of such attempt to gravity-gauge unification, naturally associated to the new fundamental
variables. We thank K. Krasnov for pointing this out to us.

11Qualitatively different behaviours in the branches A > 0 and A < 0 are to be expected, and can be found
also in the modified self-dual theory, see for instance [22].
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the role of the constraints present in the original actions. First of all, the role of the constraints
is not to introduce a metric, since a metric is already present, but rather to single it out among
the various components of the B field. This was already known, and our review at the beginning
of the paper was meant at stressing this aspect. But what is more important, the study of the
modified actions shows that the true mechanism at play is a symmetry breaking, as discussed
in [12]: one starts with the topological BF action, and adds a term that breaks the initial shift
symmetry down to diffeomorphisms only. When this happens, some of the components of B
remain Lagrange multipliers, whereas others become dynamical. The dynamical ones can be
encoded in one metric (or two, depending on the gauge group). This is the key mechanism,
and the symmetry breaking term does not need to be a constraint for B, it can be an arbitrary
potential term. Finally, the specific type of symmetry breaking term determines the dynamics
followed by the metric. It can be made arbitrarily close to GR, the exact correspondence being
obtained for the singular case in which the potential becomes a constraint.

An interesting aspect of the modification is that it differentiates qualitatively the self-dual and
non-chiral Plebanski actions, which are equivalent (and equivalent in the non-degenerate sector
to general relativity) in the original formulation. In particular, the non-chiral action acquires six
additional propagating degrees of freedom [16]. In this paper, we studied the modified non-chiral
theory with the aim of understanding the origin of this different behaviour, and identifying the
extra degrees of freedom. To that end, we focused on the simplest form of the potential. Our
first result was to show that the modified action can be recasted in a bi-metric theory of gravity
plus auxiliary scalar fields. Our second result was to perform a perturbative expansion around
the bi-flat background, which is still an exact solution of the modified theory, and identify the
eight degrees of freedom in terms of a massless and a massive spin-2 particles, plus a scalar
mode.

Our construction highlights the origin of the different behaviour of the two actions. In fact,
the key to our result is the fact that the non-chiral Plebanski action is naturally a theory of
two metrics. It is only the presence of the constraints that imposes these two metrics to be
proportional to each other, thus reducing the theory to a single propagating graviton. Once
the constraints are traded for a potential, both metrics can independently propagate. Then the
fact that two propagating metrics give rise to a massive graviton plus a scalar mode is simply a
consequence of the fact that there is a single invariance under diffeomorphism at play [17].

The main difference with usual bi-gravity theories is the presence of the extra scalar fields.
A subtle mechanism is at play in keeping these non-metric components non-dynamical: after
a certain field redefinition, they satisfy algebraic equations and can thus be integrated out.
In a sense, they are still Lagrange multipliers as in the original BF action. The procedure is
subtle due to the tensorial structure of the fields, and can only be performed order by order
in perturbation theory. It is not clear to us if and how the relevant field redefinition can be
performed at the level of the full non-perturbative action.

Our results also show that the perturbative expansion around the doubly flat spacetime is
unstable for any value of the free parameter in the modified theory. This is the same instability
found in non-linear massive gravity and in bigravity theories with eight degrees of freedom. The
stability around different backgrounds, or of actions with a different potential, remains an open
issue to investigate.

Finally, our results depend on a specific choice of reality conditions, which are necessary
to deal with the Lorentzian signature in our construction. Further investigations of the reality
conditions, together with an analysis of matter coupling, are in our view the most pressing open
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issues of this modified gravity theory, which we hope to come back to in future studies.
Concluding, bi-metric theories of gravity are an interesting playground for alternative ex-

plainations of the present astrophysical/cosmological puzzles. We hope to have shown with this
paper that the Plebanski formalism for general relativity, based on the use of a 2-form as the
fundamental field, as opposed to the metric, provides one such playground in a rather natural
way.
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A Algebraic notation and conventions

In this Appendix we collect our conventions, and some useful formulas. The isomorphism so(4) ∼=
su(2)⊕ su(2) is realized by the right- and left-handed projectors

P IJ
ǫ KL =

ǫ

2

(

δIJKL +
ǫ

2
ǫIJKL

)

, (68)

with ǫ = ±. It is convenient to use indices i = 1, 2, 3 for the two su(2) algebras. This can be
done defining new tensors

P IJ
ǫ i = 2P IJ

ǫ 0i = ǫδIJ0i +
1

2
ǫIJ0i , (69)

for ǫ = ±, normalized so to have

δijP IJ
ǫ iP

KL
ǫ j = ǫP IJKL

ǫ , δIJKLP
IJ
ǫ iP

KL
ǫ j = δij ,

1

2
ǫIJKLP

IJ
ǫ iP

KL
ǫ j = ±δij . (70)

We take ǫµνρσ to be the completely antysimmetric tensor density, with ǫ0123 = 1. We define

ǫµνρσ = gµαgνβgργgσδǫ
αβγδ , ǫµνρσǫµνρσ = 4!g.

The Plebanski 2-form coincides with (11) projected along the tetrad,

Σi
ǫµν(e) ≡ 2ǫe0[µe

i
ν] + eijke

j
µe

k
ν ≡ 2P i

ǫ µν . (71)

The right-handed (resp. left-handed) Plebanski form is also self-dual (resp. antiself-dual) with
respect to its tetrad, i.e.

Pµν
ǫ ρσΣ

i
ǫµν(e) = Σi

ǫρσ(e), Pµν
ǫ ρσ ≡ ǫ

2

(

δµνρσ +
ǫ

2e
ǫµνρσ

)

. (72)

Furthermore, we have

Σi
ǫ(e) ∧ Σj

ǫ(e) = ǫ 2eδij d4x, (73)

1

2
δijΣ

i
ǫµνΣ

j
ǫρσ = gµ[ρgσ]ν +

ǫ

2e
ǫµνρσ, (74)

Σi
ǫµνΣ

j
ǫρσg

νσ = δijgµρ + ǫij lΣ
l
ǫµρ, (75)

Σi
ǫµνΣ

j
ǫ
µρΣk

ǫ ρσ = δijΣk
ǫ νσ − δikΣj

ǫνσ + δjkΣi
ǫνσ − ǫijkgνσ, (76)

which can all be easily checked by direct computation.
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B Review of the Freidel effective action

In this Appendix we review Freidel’s construction of the su(2) BF effective action [21]. We do
so to make the paper self-contained, but also to fix the notation (slightly different from [21])
and numerical factors. The construction is somewhat lenghty, and it is convenient to split it
in two steps. In the first, we solve the Gauss law dωB

i = 0, and express ω in terms of the
parametrization

Bi
ǫ = ηbiaΣ

a
ǫ (e). (77)

In the second step, we insert the result in

S(Bi, ωi
j) =

∫

Bi ∧ Fi(ω) (78)

and evaluate the effective action S(η, b,Σǫ).

B.1 Solving the Gauss law

We now come to the Gauss law

dωB
i = dBi + ωi

j ∧Bj = 0. (79)

Solutions ω = ω(B) have been known for a long time [29, 30, 31]. The novelty introduced by
Freidel is to solve it in terms of the parametrization (77). To do so, we insert (77) into (79). As
the η is irrelevant, we drop it in this subsection. We have

0 = d(biaΣ
a
ǫ ) + bjaω

i
j ∧ Σa

ǫ = biab̂
a
jdb

j
c ∧ Σc

ǫ + biadΣ
a
ǫ + biab

j
cb̂

a
kω

k
j ∧ Σc

ǫ =

= bia

[

dΣa
ǫ +

(

b̂ajdb
j
c + b̂ajω

j
kb

k
c

)

∧ Σc
ǫ

]

.

The quantity in the round bracket defines a new connection, which we denote Aa
b:

Aa
b ≡ b̂ajdb

j
b + b̂ajω

j
kb

k
b = b̂ajdωb

j
b. (80)

Notice that this is the connection compatible with the metric qab, since

0 = dωδij = dω(b̂
a
i b̂

b
jqab) = qabb̂

b
jdω b̂

a
i + qabb̂

a
i dω b̂

b
j b̂

a
i b̂

b
jdqab =

= b̂ai b̂
b
j [dqab −Ac

aqcb −Ac
bqac] = b̂ai b̂

b
jdAqab.

Therefore, solving (79) amounts to solving

dAΣ
a
ǫ (e) = 0, dAqab = 0. (81)

At this point we assume that the tetrad is invertible, and introduce the right- and left-handed
spin connections

γaǫ b(e) = ǫabcP
c
ǫ IJe

I
ν∇µe

νJ . (82)

A direct computation shows that dγǫΣ
a
ǫ vanishes. To avoid clogging the notation, we remove

from now on the subscript ǫ from all the connections: whether it is a right- or left-handed
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connection should always be clear from the context. If we write Aa
b ≡ γab(e) + ρab in terms of

the spin connection and an unknown one-form ρab, (81) read

ρab ∧ Σb
ǫ = 0, dγqab = 2ρc(aqb)c. (83)

To solve these equations, we define ρ̃ab = qacρ
c
b = ρ̃(ab) + ρ̃[ab], ρ̃[ab] ≡ ǫabcρ̃

c. From the second
equation in (83) we immediately read off ρ̃(ab) = dγqab/2. The first equation then gives

(

Dνqcb + 2ǫcbdρ̃
d
ν

)

Σb
ǫ
µν = 0,

where Dµ indicates the covariant derivative with respect to γab(e), and we used ǫµνρσΣi
ǫρσ =

2eǫΣi
ǫ
µν . To make ρ̃a explicit, we contract the above equaion with Σc

ǫµρΣ
f
ǫ
ρσ and use (76). After

some algebra, one gets

ρ̃aσ =
1

2

[

δa(bΣc)
ǫ σλ − 1

2
δbcΣa

ǫ σλ

]

Dλqbc. (84)

Hence,

ρab = q̂acρ̃cb, ρ̃cb =
1

2
dγqcb + ǫcbdρ̃

d (85)

with ρ̃d given by (84), and

ωi
j(b

i
a,Σ

i
ǫ) = biadAb̂

a
j = biadγ b̂

a
j + biab̂

b
j q̂

acρ̃cb. (86)

We can now use this expression to evaluate the su(2) curvature F i, appearing in the action
(78). Recall that this is related to the connection by F i(ω) ≡ 1

2ǫ
i
jk(dω

jk + ωj
l ∧ ωlk); using the

expression (86), it is straighforward to see that

F i(ω(b,Σǫ)) =
1

2
ǫijkb

j
ab̂

ckF a
b(Aǫ), (87)

F a
b(A) = F a

b(γ) + dγρ
a
b + ρac ∧ ρcb. (88)

B.2 Evaluating the effective action

Inserting (77) and (87) in (78) we get

S(η, bia,Σ
a
ǫ ) =

η

2

∫

ǫijkb
i
ab

j
bb̂

ckΣa
ǫ ∧ F b

c(Aǫ) =
η

2

∫

ǫabdq̂
cdΣa

ǫ ∧ F b
c(Aǫ). (89)

This action has three contributions given by the three terms of F (A) in (88). Let us start with
the first one,

ǫabdq̂
cdΣa

ǫ ∧ F b
c(γǫ) = ǫabdǫ

b
ceq̂

cdΣa
ǫ ∧ F e(γǫ) = (q̂δae − q̂ae)Σ

a
ǫ ∧ F e(γǫ) (90)

where we used F ab = ǫabcF
c. Thanks to (82) and Cartan’s second structure equation (7), we

have

F a
µν(γ(e)) = P a

ǫ IJF
IJ
µν (ω(e)) =

1

2
Σa
ǫ ρσ(e)R

ρσ
µν(e). (91)

From this it follows that

ǫ
e

2
Rae

ǫ ≡ Σa
ǫ ∧ F e(γǫ) =

1

8
ǫµνρσΣa

ǫ µνΣ
e
ǫλτR

λτ
ρσ = ǫ

e

4
Σa
ǫ µνΣ

e
ǫρσR

µνρσ , (92)
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which gives us the first term of (34) in the main text. The quantity Rab
ǫ here defined is the

self-dual part of the Riemann tensor. In particular, using (74) we have

δaeΣ
a
ǫ ∧ F e(γǫ) =

ǫ

2
eR(e) (93)

where R(e) is the Ricci scalar.
The second term is

ǫabdq̂
cdΣa

ǫ ∧ dγρ
b
c = ǫabdΣ

a
ǫ ∧ ρbc ∧ dγ q̂

cd = −ǫabdΣa
ǫ ∧ ρbc ∧ (ρceq̂

de + ρdeq̂
ce), (94)

where in the first step we integrated by parts, and in the second we used the compatibility
condition dAqab = 0.

When we add the third term from (88) we get exactly the first term of the square bracket
in (94) above, but with opposite sign. Therefore these two contributions cancel, and we are left
with

S(η, bia,Σ
a
ǫ ) =

η

4

∫

ǫeRae
ǫ (q̂δae − q̂ae)− 2ǫabdq̂

ceΣa
ǫ ∧ ρbc ∧ ρde. (95)

In the remaining of this section we evaluate the second term in (57) using the explicit solution
(85). We have

−η
2
ǫabdq̂

ceΣa
ǫ ∧ ρbc ∧ ρde = −η

2
ǫabdq̂

ceq̂bf q̂dgΣa
ǫ ∧ ρ̃fc ∧ ρ̃ge =

= −η
8
ǫhfgqahq̂

ceΣa
ǫ ∧

(

dγqfc + 2ǫfciρ̃
i
)

∧
(

dγqge + 2ǫgelρ̃
l
)

, (96)

where we used ǫabdq̂
bf q̂dg = ǫhfgqah. Of these four terms, consider now the two containing ǫgelρ̃

l.
We have

ǫgelǫ
hfgqahq̂

ceΣa
ǫ ∧ ρ̃fc = (δcaδ

f
l − qalq̂

cf )Σa
ǫ ∧ ρ̃fc ≡ qlbρ

b
a ∧ Σa

ǫ − qalq̂
cfΣa

ǫ ∧ ρ̃fc ≡ 0, (97)

where the first term vanishes thanks to (83), and second to the unimodularity of qab,

q̂cf ρ̃fc =
1

2
q̂fcdγqfc ≡

1

2
dγ(detqab) = 0. (98)

We are left with

−η
8
ǫhfgqahq̂

ceΣa
ǫ ∧

(

dγqfc + 2ǫfciρ̃
i
)

∧ dγqge = − η

16
ǫhfgqahq̂

ceǫµνρσΣg
ǫ ρσDµqfcDνqge +

−η
4
(qaiq̂

ge − δeaδ
g
i )Σ

a
ǫ ∧ ρ̃i ∧ dγqge. (99)

The first term in the square bracket vanishes again as for (98). The second term gives

η

4
Σa
ǫ ∧ ρ̃b ∧ dγqab =

η

16
ǫǫµνρσΣa

ǫ µν

[

δb(cΣd)
ǫ ρλ −

1

2
δcdΣb

ǫρλ

]

DλqcdDσqab =

=
η

8
eDσqabD

λqcd

[

gσλ

(

δadδbc − 1

2
δabδcd

)

+ ǫδbcǫadrΣ
r
ǫσλ

]

, (100)

where in the last step we used (75). Inserting (100) into (99) and massaging the indices we
obtain η

8eD
µqabD

νqcdC
abcd
ǫ µν with Cabcd

ǫ µν defined as in (36). This completes the derivation of
(34) in the main text.
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