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Abstract

Univariate and multivariate quadratic spline quasi-interpolants provide interesting
approximation formulas for derivatives of approximated functions that can be very
accurate at some points thanks to the superconvergence properties of these opera-
tors. Moreover, they also give rise to good global approximations of derivatives on
the whole domain of definition. From these results, some collocation methods are
deduced for the solution of ordinary or partial differential equations with boundary
conditions. Their convergence properties are illustrated and compared with finite
difference methods on some numerical examples of elliptic boundary value problems.

Key words: spline approximants, Numerical differentiation, spline collocation
methods.
1991 MSC: 65D07, 656D25, 656N35

1 Introduction

Univariate and multivariate spline quasi-interpolants (abbr. QIs) have been
studied for several decades in approximation theory (see e.g. [la, lc, 2, 8,
9a, 9b, 9¢c|). However, few studies have been devoted to their potential ap-
plications in numerical analysis. Such a program has already been initiated
in [7Ta-b] where some applications to the approximation of derivatives have
been developed. In this paper, we focus on approximations of first and second
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derivatives by those of quadratic spline quasi-interpolants and their applica-
tions to collocation methods. Though it is possible to use spline QIs of higher
degrees and smoothness, we want to show that already simple C! quadratic
splines provide rather good numerical methods.

Let I = [a,b] with the uniform partition X,, = {z; = a+ih, 0 <i < n} where
h=(®b-a)/n,and x_g =a—2h,x_1 =a—h,x,y1 = b+ h, 40 = b+ 2h.
For1<i<mn,lett; = %(mi_l + x;), uy = t; — hr/6, v; = t; + hr/6 (where
r:=+/3),and let tg = a, tps1 = b, Vg = @, Uy = b. Let J :={0,1,...,n+1}.
On 7, := {t;, i € J} we define f; = f(t;), 0 < i < n+ 1, and on the set
of Gauss abscissas G, := {vo;u;, v, 1 < i < njuyyq}, we define fi = f(u;),
1<i<n+land f; = f(v;), 0 <i < n. Quadratic B-splines {B;,i € J}, with
supports [x; o, z;41] form a basis of the n 4+ 2-dimensional space Sy(1, X},) of
C! quadratic splines (see e.g. [1b, 3, 10]).

In Section 2, we study the wuniform quadratic spline quasi-interpolant (abbr.

uniform QI) Q, and the Gauss quadratic spline quasi-interpolant (abbr. Gauss
QI) @, respectively defined by

Qf=Y_N(f)B: and  Qf = wu(f)B,

ieJ ieJ
where the coefficient functionals are given, for 2 <¢ <n — 1, by

1

= §<_fi71 +10f; — fix1) and  pi(f) = Oé(fz' + fz) + 5(]%71 + fi+1):

Ai(f)
with @ = (9+7)/12 and = —(3+7)/12. For extreme indices, the functionals
have specific forms (see Section 2 below). The uniform QI is based on the
set A, and the Gauss QI is based on the set G,. The choice of coefficients
implies that the two Qls are exact on Py, i.e. Qm, = @ms =m, for s =0,1,2,
with the notation mg(z) := x®. This can be verified by using the B-spline
representation of monomials. It implies in particular ([5], chapter 5), that the
global approzimation error Qf — f on a smooth function f is O(h?).
However, we notice that Q f(a) = f(a), Qf(b) = f(b), Qf (z;)— f(x;) = O(hY),
1 <i<n-—1,and Qf(t;) — f(t;) = O(h?), 1 < i < n, for both quasi-
interpolants Q = Q or Q. Therefore there is a superconvergence phenomenon of
these operators on the sets of points &, and 7,,. This phenomenon does not hold
on G,,. On the other hand, in Section 3, we show that another superconvergence
phenomenon takes place at Gaussian points for first derivatives, which leads
to an improvement of global approximation properties of these derivatives.
Section 4 describes some derivation matrices which are used in Section 5 in
collocation methods for the solution of some univariate Dirichlet problems.
The numerical results show an improvement with respect to classical finite
difference methods. Finally, Sections 6 and 7 give some bivariate extensions of
previous methods and an application to the Dirichlet problem for the Laplace
equation. Once again, the new method is better than finite difference methods
for the Laplacian.



2 Univariate quadratic spline quasi-interpolants
2.1 Properties of the uniform quasi-interpolant

The specific coefficient functionals for extreme indices of the uniform quadratic
spline quasi-interpolant Qf = Y ,c; \i(f)B; are defined as follows :

AO(f) = %fﬂ - %fl + %fQ - %fi’n /\n+1(f) = %fn—i—l - %fn + %fn—l - Zlofn—%
M(f) = —%fo + 1ggfl - if? + ﬁf?ﬂ An(f) = _%fn-i-l + %fn - ifn—l + %fn—z-

We notice that Q f(a) = (Ao+M)/2 = fo = f(a) and Qf (b) = (Nu+Aup1)/2 =
fnt1 = f(b), therefore Qf interpolates f at the extreme points of 1. This QI
can also be written in the quasi-Lagrange form

= f o
Qf = ijBj, with Bj = g(_ijl + 1OBJ _ Bj+1)7 4 SJ <n-—3.

jed

The coefficients in the basis { B;,i € J} of the first and last four quasi-Lagrange
functions are given in the following table (with upper (resp. lower) indices for
left (resp. right) functions).

i 0 1 2 3 4
By | 12/5 | -2/5| 0 0 0 | B
By | -13/8 | 13/8 | -1/8 0 0 B,

By| 1/4 |-1/4| 5/4 | -1/8 0 | B,
By |-1/40 | 1/40 | -1/8 | 5/4 | -1/8 | B,_»

n+1 n n—1\n—-2|n—3 7

Proposition 1. The quasi-interpolant Q is exact on the space [Py of quadratic
polynomials, i.e. Qm, = m, for r =0,1,2. Moreover ||Q] s = 3/2.

Proof: Let us give the proof for Qmy = my. It is well known (see e.g. [1b])
that mo = 3,c; v 17;B;. Using t;_1 = t; — h and t;, = t; + h, we obtain

1 2 2 2 2 hQ
Aj(mg) = g(—tjq + 10t —t54) =t — —

1 =z 25, for2<j5<n-—1



In the same way, one verifies that

/\0(7712) = % (96&2 — 65(@ + %)2 + 10(& + %)2 — (CL + %)2> = T_1Xp,
A1(mg) = 2ma(a) — Ao(me) = 2a* — a(a — h) = xozy,

An(mg) = 1z, and  A,i1(Mma) = TpTpi-

10|50 is equal to the Chebyshev norm of its quasi-Lagrange function A=
Y jes |Bj| and a direct study of the latter leads to [|Q]lcc = [Aloe = A(21) =

Proposition 2. For all indices i, there holds Qf(x;) — f(x;) = O(h*) and
Qf(t:) — f(t;) = O(hY), therefore Qf is superconvergent on both sets of points
X, and 7T,.

Proof: the superconvergence of Qf on X, and 7, is verified by computing
Taylor expansions on both sets of points with the help of a computer algebra
system. Setting Ef = Qf — f, we thus obtain successively

Ef(tl) = E’f(tn) =0,
Ef(tz) ~ C_(Zh4D4f(t7,) where CQ = Cn—l = L éz = i, 3 S 1 <n— 2,

512 64 =
Ef(x;) ~ Ch*D* f(x1) where O] =C),_y =47, Cl =32, 2<i<n—2M

Remark 1. The quasi-interpolant @) studied here is slightly different from
the quadratic spline QI already studied in [9b]. The first and last coefficient
functionals \o(f) and A,4+1(f) have been modified in order to get the super-
convergence at points ty, x1,to, t,_1,Tp, t,. The norm is also a little bit bigger.

Finally, we consider the global approzimation error Qf — f, which is known
to be O(h?) for functions f € C®3(I). In each subinterval I; := [z;_1, ], the
local Lagrange interpolant p; € Py on the set T; := {z;_1,t;, x;} satisfies for all
x eI, f(x)—pi(z) = ¢(x—xim) (@ —t;) (@ —a;) D? f(€), with £ € I;. Therefore,
an elementary calculation leads to max,ey, | f(z) — pi(z)| < 55h°|| D? |- On
the other hand, setting p; = Q fj;,, and denoting A; for \;(f), we obtain

Aic1 F A Aic1 + 6 4+ A A+ A

Using Taylor expansions at x; with integral remainders, we get for example

Di(x;) = T16<_f<tz’—1)+9f(ti)+9f<ti+1) —f(tiv2)) = f(@)+ [, ki(t)D? f(t)dt,
where the Peano kernel k;(t) is a piecewise quadratic function on the four
intervals [t;_1,t], [t:, xi], [%i, tiv1], [tic1, tiso]. From that representation (and a



similar one at z;_1), and setting €; := f — p;, we deduce the error bounds

esmin)l, 1@l < D e, et < D%
€i\Ti—1 9 €i\T; =~ 64 00y €;(l; _48 00

The Lagrange basis {(o, (1, (>} of P, based on T; satisfying || 37— [Ckl[lc = 2,
we then obtain

|(pi = pi) ()| = |ei(wia)lo(x) + &i(ti)a (x) + &i(wi)la(x)] < 21556h3HD3f||oo-

Finally we deduce from the two above majorations

Proposition 3. When D3f is bounded, the following error estimate holds:

= 1
If — Qfllso < CR?|D?f||so, where C < L

2.2 Properties of the Gauss quasi-interpolant

The specific coefficient forms of the Gauss quadratic spline quasi-interpolant
Qf =X ics wi(f)B;, for extreme indices, are the following:

1o(f) = aofo+ Bofi +v0f1 +00far  tara(f) = aofuss + Bofu + Y0 fn + 00 fa 1,
pa(f) == Oz1f0 + 51f1 + 71f1 + 51f2, pn(f) = alfn+1 + ﬁlfn + 71fn + 51fn—17

where the parameters have the following values (r = v/3):

ap = (43 —1)/13, Bo= —(1+71/2), 70 =—(3—1r)/2, 6 = (5+ 2r)/26,

ar = —(17=7)/13, B = —Fo, 1 = =0, 01 = —do

Like @, the Gauss QI Q can be written in the quasi-Lagrange form

B ntl no B. =3B, 1+ abB.
Qf =S f;B; + 3" f;B;, with { "’ P ',3<j<n-2
j=1 =0 B; = aBj + 3B

The coefficients in the basis {B;,i € J} of the first and last five functions are
given in the following table (with upper (resp. lower) indices for left (resp.
right) functions).



1 0 1 2 3
BO p aq 0 0 Bn+1
Bi| B |B 0 0 B,
Bi| % |m| 8 0 | B,
B, do o1 Q 0 B,
Bg 0 0 « I} Bn_l
n+l|n|n—-1|n-2 1

As for Q, it is easy to verify that Q interpolates f at the points a and b, is
exact on Py, and has a small infinite norm.

Proposition 4. The quasi-interpolant Q is ezact on the space Py of quadratic
polynomials. Moreover its infinite norm satisfies ||Q|| =~ 2.7

Proof: The infinite norm of the linear operator @ is equal to the Chebyshev
norm of its Lebesgue function A := Y74} |B;| + Y7 | B;| and a direct study
of the latter leads to [|Qlco = [A|oe ~ 2.7.1

Proposition 5. For all indices i, there holds Qf(x;) — f(z;) = O(hY) and
Qf(t;) — f(t;) = O(h"), therefore Qf is superconvergent on both sets of points
X, and 7T,.

Proof: As in Proposition 2, the superconvergence of Qf on X, and 7, is
verified by computing Taylor expansions at those points with the help of a
computer algebra system. Setting Ff := Qf — f, we thus obtain successively

Ef(t;) ~ Cih* D f(t)), Ef(x;) ~ C!h*D*f(x;), where

Cl _ én _ 61-9r C«Z _ énfl _ 139—297“’ éz _ 73—16r 3<i<n-— 2’

6912 6912 1056
N1 o __ 43-5r v __ 25—4r ; _
Ci=0C=Tm Gi= Ty 25i<n—2

The values of constants lie between 6 x 1073 and 4 x 1072.1

We could also consider the global approximation error Q f — f, which is also
O(h?) for functions f having a bounded third derivative. We do not give details
here, the results being quite similar to those of Proposition 3.



3 Approximation of first derivatives

3.1 Superconvergence on the set G,

Proposition 6. For f € C4(I), the following error estimates hold at Gauss
points G, for both quasi-interpolants Q@ = Q) or )

DQf(u;) — Df(u;) = O(R*), DQf(v;) — Df(v;) = O(h*), 1<i<n.

As the global approximation order of Df by DQf on the interval is only
O(h?), there appears a superconvergence phenomenon of the first derivatives
on G,, which does not hold on X,, and 7T,.

Proof: As in Propositions 2 and 4 above, the results are verified by computing
Taylor expansions on G,, &, and 7., with the help of a computer algebra
system. We set Ef := Qf — f and Ef := Qf — f, and we obtain successively

DEf(w;) ~ C;h3D*f(u;), DEf(v;) ~C!h*D*f(v;),  where

Cr=Co=C5g" Cr=Co="F5", Ci=—yf5, 3<i<n-2,
Ci=C, =35, Cy=0C =55, Cl= 5, 3<i<n-2
DEf(u;) ~ Cih*D* f(u;), DEf(v;) ~ é£h3D4f(Ui)’ where

01 C - (66259127r ) 6'2 = énfl - (62_5295;)7 él - 108’ 3<isn-2
C’ C’ (655222T vCl é;z—l = (12;912&)7@ =13 3SiSn—2

(the values of these constants lie between 4.10 *and 4.107%). Direct computa-
tions also show that DEf(t;), DEf(z;), DEf(t;), DEf(z;) are only O(h?)R

3.2 Improved global approximation of the first derivative

While DQf is a continuous piecewise linear function, a better and smoother
global approximant of the first derivative D f is provided by the Gauss quasi-
interpolant Q(DQ f ) of DQf, which is a C* quadratic spline. Let us briefly
study the global approximation order of Df by Q(DQf). We first write

Df —Q(DQf) = (Df —QDf) + Q(Df — DQ).



From the results of Section 2, the first error satisfies Df —QDf = O(h?) when
f has a fourth order bounded derivative.The second error can be written

Q(Df — DQf) = > (u;(Df) — 1;(DQS))B;

jeJ

The coefficient y1;(Df) —p;(DQf) being, for all j € J, a linear combination of
values of Df — DQf on G,, we deduce from Proposition 6 that it is a O(h?).
Therefore the same result holds for Q(Df — DQf) because of the property
> jes Bj = 1. In fact, there are two close approximants: one is @(D@f) (i.e.
the Gauss QI of the derivative of the uniform QI) and the other is @(D@ f)
(i.e. the Gauss QI of the derivative of the Gauss QI of the given function f).
Numerical experiments show that both approximants are quite close to each
other and give a global approximation of D f in O(h3).

4 Derivation matrices
4.1 Direct derivation

Let S = >7;c;¢;B; be a quadratic spline obtained as a quasi-interpolant Q) f
of a given function f. Denoting {N;,—1 < j < n + 1} the hat functions with
supports [r; 1, 7j41], we have S = 377 %(cjﬂ — ¢j)N;, which implies that

(a> %(Cl - CO) S/(b) (Cn+1 Cn), and for 1 <1 < n,
(ui) = ;11 ( 3J6rrCz 1+ 56+ 3= rcHl)

Sl(vl) % (_TCZ 1 + Cz —+ S—grcz+1>
(t:) = 5 (S"(ui) + 5" (v) = gy (cir1 — i),

When S = Qf, let f € R"2 be the vector with components {f;,i € J} and
let £ € R™™ be the vector with components {f/ = S'(t;),i € J}. These two
vectors satisfy the equation f’ = Df where the derivation matrix D on 7, is
a (n+2) x (n+ 2) 5-diagonal square matrix.

Similarly, when S = Q [, let g € R*"*2 be the vector with components {g0 :=
for Gaic1 = fis goi = fi, 1 <i<wm; Gan1 1= fai1} and let g’ € R?"*2 be the
vectors with components {g(, := S’( )i Ghioq =S (wi), g5 =S (vi), 1 <i <
n; gyt = S'(D)}. These two vectors satisfy the equation g’ = Dg where the
derivation matrix D on G, is a (2n 4+ 2) x (2n + 2) band matrix.



However, the approximation order given by direct derivation on 7, is only
O(h?). We will improve on this result in the next subsection.

Example: The following tables give the maximum error on derivatives on
T, €, = maxey |f'(t;) — fl], for f = ¢, k = 1,2, computed for various
partitions in n subintervals of I = [0, 1], with ¢;(z) = (1 —2?%)?/4 and ¢5(x) =
0.9/(cosh(10x — 2))? + 0.8/ cosh(100x — 60). We use the notation 1.1(—2) for
1.1 x 1072,

n| 8 16 32 64
e | 1.1(-2) | 2.8(-3) | 7.2(-4) | 1.8(-4)
n| 256 | 512 | 1024 | 2048
¢y | 12 |22(-1)|5.0(-2) | 1.2(-2)

4.2 Improved derivation order on 7T,

The practical problem appearing in the construction of an efficient derivation
matrix is that the superconvergence of derivatives holds on G, while in general
data are given on 7,,. In this section, we shall improve the approximation error
on derivatives up to O(h*) on 7, by doing convenient linear combinations of
values of DQf(t;). Using again the notations S := Qf and f/ := S'(t;), 1 € J,
we consider the following approximations of f' on 7.

1 1
Yo = 6 (8fo =31+ 1), Yy = P (—2fo +15f1 — f3)
1 .
= o7 (Cfa T2 f),  2<i<n-1

1 1
Vo= 15 (I T8 = 2f01) s W= g (o =36 80)

Let us give a short proof of the fact that f'(t;) — y; is at least O(h?) for
4 < j < n — 3. Similar, but more complex calculations give the same results
for the four first and last indices.

1

fioi =S (t-1) = 57 (N () = Aja(f))

o fi—s —10f;_o + 10f; — fj41)-

1
= Tont

1

1= S0 = grvll) =il =

2h

[ =5"(tj) = 21h(>\j+2(f) —N(f) = 81h(fj1 —10f; +10fj12 — fj+s)-

(fi—2 — 10f;—1 + 10fj41 — fit2)-



which gives, for f smooth enough, by using Taylor expansions :

)

a0 (t) + O,

F0) — o= F105) = 5 (i + 260~ fion) =

Let y’ € R™? be the vector with components {y;,7 € J}. The vectors f and y’
satisfy y' = Df. The improved derivation matrix D has the following structure

a; ay a3 Q4 Qs 0O O

by by b3 by b 0O 0 O

3 1
C1 Co C3 Cy — 32 384 0 0

di dy dy dy -2 L0

128 32 384
0 —-L 3 _ 87 0o 3 3 1 0

384 32 128

05 %15 O i —wm 3 O
0 0-55 o 15 —di—ds—dy—d
0 0 0 —3—5134 % —Cc4 —C3 —Cy —(C
0 0 0 0 —bs —by —bs —by —by
0 0 0 0 —as —as —as —as —ay

where the coefficients at the upper left and lower right corners are given by

ay=—31/10, ay = 367/96, as = —29/32, a, = 31/160, a5 = —1/96,

by=—21/20, by =89/192, by =45/64, by = —39/320, by = 1/192.
—4/15, ¢y = —117/128, ¢35 =7/96, c4 = 213/320,

dy=—1/120, dy =13/128, d3 = —131/192, d4 = 1/1920.

In the examples below, we compare results obtained by using derivatives de-
fined above with those obtained by approximating derivatives by classical finite
differences. We use the following finite differences based on &, (z; = z(z;)):

, 1/ 11 31 1711 1
Z0%h<_620+3Z1_222+323>7 21%h<—320—221+22—623>7

11 2 2 1
z; R ( Zi-1+ 521

(e — S — ), 2<i<n-2
12727 3 3 12Z+2> b=n

2l ~1<1z —|—12 2 +1z ) z’Nl(Hz 3z +§z 1z )
n—l"‘"h 3 n 9 n—1 n—2 6 n—3 | » nNh 6 n n—1 9 n—2 3 n=3 |-

10



The errors at the endpoints are in O(h?) while those at central points are in
O(h%).

Example 2 : The first line (QI) give the maximum errors on the approxi-
mate derivatives on 7,,: e, = max;es | f'(t;) — .|, for various values of n, and for
f= ¢k k=1,2,3 on I =[-1,1], with ¢ (x) = ;(1 — 2%)?, ¢2(2) = 52>
¢3(x) := sin(mx) 4 sin(5bmx). The second line (FD) gives the estimation of first
derivatives given by classical finite differences on X,,. Both errors are in O(h?).
The notation 6.5(—3) stands for 6.5 x 1073,

n 8 16 32 64 128
e (Q) | 6.5(-3) | 8.1(-4) | 1.0(-4) | 1.3(-5) | 1.6(-6)
¢/ (FD) | 2.3(-2) | 2.9(-3) | 3.7(-4) | 4.6(-5) | 5.7(-6)
Q) | 1.3 | 032 |28(-2) | 2.5(-3) | 1.7(-4)
¢y(FD) | 0.12 | 0.22 |4.0(-2) | 3.0(-3) | 2.0(-4)
ey(Qn) | 194 | 6.7 | 071 |4.9(-2) | 3.1(-3)
ey(FD) | 30.8 | 139 | 31 | 025 |1.7(-2)

4.3 Improved global approzimation of the first derivative

As in section 3.2, a better approximation of the first derivative on 7, pro-
vides a better and smoother global approximation of this function on the
interval I. It suffices to take the quasi-interpolant ) on the modified values
of derivatives {yj,j € J} given in the previous section. Let us denote by
g this QL: ¢ = >, y}Bj. As the approximation order of @Q is O(h?®) and
y; — f(ty) = O(h?), we deduce immediately that, for f smooth enough (D*f
bounded), || f" — 7]|ec = O(h?).

Example: The following table give the uniform errors: e}, = max,cr|f'(x) —
g (z)|, for f := ¢, k = 1,2,3, with the same functions as in previous ex-
ample, obtained with various partitions in n subintervals of I = [—1,1]. The
computed errors are at least O(h?).

11



el | 6.5(-3) | 8.1(-4) | 1.0(-4) | 1.3(-5) | 1.6(-6)
ey | 14 | 044 |64(-2) | 4.9(-3) | 3.9(-4)
ey | 20 70 | 071 |5.9(-2) | 4.0(-3)

5 Collocation methods for univariate problems

Let us consider the univariate Dirichlet problem on I = [a, b] with a differential
operator of Sturm-Liouville type :

—D(p(z)Du(x)) + r(z)u(r) = f(z), ula) = wu(b) =0,

p being a C! function, r a continuous function and f a piecewise continuous
function on I. Let u € R" be the vector of unknown values of v on 7 :=
7.\{a,b}, and let u € R""? be the augmented vector with 0 as first and
last components. Applying the derivation matrix D gives an approximation
Du € R™2 of first derivatives of u on 7,,. Then, we multiply this vector by the
diagonal matrix P € R"™? defined by P(i,7) = p(t;) and we multiply again
by the derivation matrix. Denoting by R € R"*2 the diagonal matrix defined
by R(i,i) = r(t;), we see that the left-hand side of the differential equation is
approximated by the vector

At := —DPDu + Rua

Let A € R be the matrix of order n deduced from A by deleting the first and
last lines and columns, it is well known ([11], chapter 7) that the problem is
equivalent to solving the linear system Au = f where f € R" is the vector of
values of f on 7. Numerical experiments show that the approximation order

of the solution is O(h?).

Example 4. Dirichlet problems —u” = f with u(—1) = w(1) = 0 and
successive right hand sides f = ¢, k = 1,2,3, with ¢y(z) = —2 + 1222,
¢o(x) = w2 (sin(mwx) + 25sin(5rx)), ¢3(r) = 16exp(4x), and corresponding
solutions u = wvg: vy(z) = 23(1 — 2?), vao(x) = sin(nz) + sin(d5nx), vs(x) =
sinh(4)x + cosh(4) — exp(4x). The first line (QI) give the maximum errors
e := max;ey [u(t;) — w|, k = 1,2, 3, for various values of n. The second line
(FD) gives the errors obtained by using the derivation matrix associated with
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classical finite differences on X,,. Both errors are in O(h?).

n 8 16 32 64 128
er(QI) | 4.7(-3) | 3.1(-4) | 2.0(-5) | 1.3(-6) | 8.1(-8)
e1(FD) | 5.0B-3 | 3.1(-4) | 2.0(-5) | 1.2(-6) | 7.7(-8)
e(QL) | 17 1.9 | 7.5(-2) | 3.8(-3) | 2.3(-4)
e2(FD) | 114 | 1.9 |1.3(-1) | 7.4(-3) | 3.7(-4)
es(QI) | 0.84 | 0.10 |8.7(-3) | 6.4(-4) | 4.3(-5)
es(FD) | 1.11 | 0.1 |9.0(-3) | 7.7(-4) | 5.6(-5)

Example 5. Dirichlet problems —u” + u = f with u(—1) = (1) = 0 and
successive right-hand sides f = ¢y, k = 1,2, with ¢;(z) = (1 + 72) sin(7z),
¢o(z) = exp(z/2)(((10072+2) sin(107z) — 107 cos(10mz)) + (97 +1) sin(3mx),

and corresponding solutions u = vg: v () = sin(mx), ve(z) = exp(z/2) sin(107rx)+
sin(37z). The first line (QI) give the maximum errors ey, := max;e s |u(t;) —w;l,

k =1,2, ..., for various values of n. The second line (FD) gives the errors ob-
tained by using the derivation matrix associated with classical finite differences

on X, . Both errors are in O(h?).

n 8 16 32 64 128
er(QL) | 1.8(-2) | 1.2(-3) | 7.6(-5) | 4.8(-6) | 3.0(-7)
e1(FD) | 2.3(-2) | 1.2(-3) | 8.2(-5) | 5.3(-6) | 3.4(-7)

3)
2)

e(QI) | 39 22 29 | 012 |6.3(-
eo(FD) | 41 22 34 | 024 |1.3(-

On these five examples, the solutions obtained by QI are quite comparable
with those obtained by FD, and often slightly better. Both they need the
solution of a system of linear equations.

6 Bivariate spline quasi-interpolants on a rectangle

We briefly sketch the methods developed for bivariate extensions of the pre-
vious Qls to functions defined on a domain 2 := [a, b] X [c, d], with uniform
partitions X, = {z; = a+jh, 0 < j <m}, YV, = {yr = c+kh, 0 < k < n}, and
midpoints s; = 3(zj_1 + ;) and t, = $(yp—1 +ye). We put J ={0,...,m+1}
and K = {0,...,n+ 1} and define sy = a, s,.1 = b, tog = ¢, t,11 = d. We
consider tensor products and discrete blending sums [4] of univariate Qls : in
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that case, we get biquadratic QIs. We show that they are superconvergent at
all points (&;,n;) where & = x; or s; and n, = yj or t;. Finally, we construct
derivation matrices with an application to the solution of the classical bivari-
ate Dirichlet problem —Awu = f by associated collocation methods. In this
section, IP,, denotes the space of polynomials of total degree at most n and
IP,, the space of polynomials of partial degrees at most p in = and ¢ in y.
Monomials are denoted my, 4(x,y) == 2Py? = my,(z)my(y).

6.1  Tensor product and discrete blending sum of univariate QIs

The tensor product T' = P»() of the two univariate quadratic spline QIs :

Pof(x) =) f(s;)Bj(x), Qa9(y) =D g(tr)Bi(y),

jeJ keK

is the bivariate QI defined by

TF(z,y):= > F(sjty)Bji(z,y), with Bj(x,y) := B;(x)Bi(y).
(J,k)eETXK

Proposition 7. The quasi-interpolant T is exact on the space Pyo of bi-
quadratic polynomials. Moreover ||T|| = 9/4.

Proof. The proof is classical and based on similar techniques to those used e.g.
in [2] or [4].

The discrete blending sum (see [2, 4]) of the four quadratic spline QIs :

Pif(z)=>_ f(s;)Bj(x), Paf(z):=)_ f(s;)B;(x),

jeJ jeJ
Qi9(y) =Y 9(te)Br(y), Q29(y) =Y g(tx)Bi(y),

is the bivariate QI defined by

RE(z,y) == (P1Q2+ PoQ1 — PLQ1)F(z,y) = > F(sj,ts)Bjla,y)
(5,k)eJxK

where the basic functions B;, are given by

Bj(x,y) == Bj(x)Bi(y) + Bj(x)Bi(y) — Bj(x)Bi(y).
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As P, and @) are exact on P, and P, and ()2 are exact on Py, it is easy to
verify that R is exact on Py 9 @ Py which contains Py. Indeed, for all pairs
(p,q) with 0 < p,q <2 and (p,q) # (2,2), we have:

Rmy, ¢ = (Prmp)mg + my(Quimg) — (Pimy,)(Qimy) = my 4.

For p <1, Pym, = m,, therefore Rm,, , = m,m, + m,(Q1m,) — m,(Q1m,)
my,q- The proof is similar for ¢ < 1. In addition, from [Pl = [|Q2]/e = 3
and ||Pi]|c = ||Q1]|ec = 1, we deduce that ||R|« < 4. So, we have proved the
following:

3

Proposition 8. The quasi-interpolant R is exact on the space of polynomials
P15 @ Pyy. Moreover ||R||s < 4.

6.2 Superconvergence properties

Superconvergence means exact interpolation for monomials of partial degree
at most 3, i.e. (Pamy,—m,)(&;) = 0 and (Qamy —my)(ng) = 0 for 0 < p,q < 3,
§j = x; or 55, N = Y or ty. Therefore

(Tmp,g — mypg)(&Gymi) = Pamny(€5)Qamg (i) — my(§5)mg (i) = 0,

i.e. T is superconvergent at all gridpoints (&;,nx). For the operator R, we get

(Rmypg —mypq) (&G mk) = Prmy(&)mg () + mp(§;)Qumyg (k)
— Py (&) Qimg (i) — myp(§5)mg(mr)
= (Pumy (&) — mp(&5)) (mg(me) — Qumy(ni)) = O(h?),

since P f — f = O(h?) and Q19 — g = O(h?) for smooth functions f and g.
Thus, there is no exact interpolation, but the approximation order is four.
By Taylor’s formula, this also implies that (RF — F)(&;,nr) = O(h*) for all
smooth bivariate functions F. The superconvergence of derivatives will be
studied elsewhere.

7 Bivariate Dirichlet problem

In order to illustrate the possibilities of the bivariate collocation method de-
duced from tensor product quasi-interpolation, we consider the classical model
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problem —Awu = f on a square domain §2 with Dirichlet boundary conditions.
As discrete approximation of the Laplacian, we use the Kronecker product of
matrices (see [11], chapter 7) K = A®QI+I® A, where A is the matrix deduced
from the derivation matrix D (Sections 4.2 and 5). In that case, denoting by
u the vector of components of the solution in the basis of tensor-product B-
splines and by f the vector of values of f at the interior points of €2, the linear
system to solve is then —Ku = f.

Examples. Let the right-hand sides be f; = 4(1 — 32?)(1 — y*)* + 4(1 —
32 )(1—2%)? on Q = [-1,1)? and fo = 64[((2z — Dy(y —1))* + ((2y — V)x(z —
1) sin(da(z — y(y — 1)) - 32la(e — 1)+ y(y — 1) cos(da(z — y(y — 1)) on
Q = [0, 1)%. The corresponding exact solutions are respectively

up = ((1—22)(1 —y?))? and uy = 4sin(dx(x — 1)y(y — 1)). The first line (QI)
give the maximum errors e; and e, at the points of 7,, x 7, for various values
of n (we give between brackets the numerical convergence order). The second
line (FD) gives the errors obtained by using the derivation matrix associated
with classical finite differences on X,.

n 8 16 24 32 40 48
e1(Q) | 3.9(-3) | 2.8(-4) [3.8] | 5.8(-5)[3.9] | 1.9(-5)[3.9] | 7.9(-6) [3.9] | 3.8(-6) [3.9]
e1(FD) | 7.6(-3) | 4.2(-4)[4.2] | 7.8(-5) [4.1] | 2.4(-5) [4.1] | 9.7(-6) [4.1] | 4.6(-6) [4.1]
e2(Q) | 2.3(-4) | 2.4(-5)[3.3] | 5.4(-6) [3.6] | 1.9(-6) [3.6] | 8.4(-7)[3.7] | 4.2(-7) [3.8]
e2(FD) | 2.5(-4) | 4.9(-5)[2.3] | 1.2(-5) [3.4] | 4.3(-6) [3.7] | 1.8(-6) [3.7] | 9.3(-7) [3.8]
Remark. We get convergence orders which seem closer to 4 than to 3. This

is due to the fact that derivatives are approximated to the 4th order at most
points inside the domain (see Section 4).
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