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Abstract

In this paper, we consider a financial market with an asset exposed to a risk inducing
a jump in the asset price, and which can still be traded after the default time. We use
a default-intensity modeling approach, and address in this incomplete market context
the problem of maximization of expected utility from terminal wealth for logarithmic,
power and exponential utility functions. We study this problem as a stochastic control
problem both under full and partial information. Our contribution consists of showing
that the optimal strategy can be obtained by a direct approach for the logarithmic
utility function, and the value function for the power (resp. exponential) utility function
can be determined as the minimal (resp. maximal) solution of a backward stochastic
differential equation. For the partial information case, we show how the problem can be
divided into two problems: a filtering problem and an optimization problem. We also
study the indifference pricing approach to evaluate the price of a contingent claim in
an incomplete market and the information price for an agent with insider information.

Keywords Optimal investment, default time, filtering, dynamic programming principle,
backward stochastic differential equation, indifference price, information pricing, logarith-
mic utility, power utility, exponential utility.



1 Introduction

One of the important problems in mathematical finance is the portfolio optimization
problem when the investor wants to maximize the expected utility from terminal wealth. In
this paper, we study this problem for the classical utility functions by considering a small
investor on an incomplete financial market who can trade in a finite time interval [0, 7] by
investing in risky stocks and a riskless bond. We assume that there exists a default time
on the market, and this one generates a jump of stock price. The underlying traded asset
is assumed to be a local martingale driven by a Brownian motion and a default indicating
process. We assume that in the market there are two kinds of agents: the insider agents
(the agents with insider information) and the classical agents (they only observe the asset
prices and the default times). These situations are referred as full information and partial
information. We will be interested not only in describing the investor’s optimal utility, but
also the strategies which he may follow to reach this goal.

The utility maximization problem with full information has been largely studied in the
literature. In the framework of a continuous-time model the problem was studied for the
first time by Merton [26]. Using the methods of stochastic optimal control, the author de-
rives a nonlinear partial equation for the value function of the optimization problem. Some
papers study this problem by using the dual problem, we can quote, for instance, Karatzas
et al. [17] for the case of complete financial models, and Karatzas et al. [18] and Kramkov
and Schachermayer [21] for the case of incomplete financial models, they find the solution
of the original problem by convex duality. These papers are useful to prove the existence
of an optimal strategy in the general case, but in practice it is difficult to find the optimal
strategy with the dual method. Some others study the problem by using the dynamic pro-
gramming principle, we can quote Jeanblanc and Pontier [15] for a complete model with
discontinuous prices, Bellamy [1] in the case of a filtration generated by a Brownian motion
and a Poisson measure, Hu et al. [14] for an incomplete model in the case of a Brownian
filtration, and Jiao and Pham [16] in the case with a default, in which the authors study
the case before the default and the case after the default.

Models with partial observation are essentially studied in the literature in a complete
market framework. Detemple [6], Dothan and Feldman [7], Gennotte [12] use dynamic
programming methods in a linear gaussian filtering. Lakner [22, 23] solves the optimiza-
tion problem via a martingale approach and works out the special case of linear gaussian
model. We mention that Frey and Runggaldier [11] and Lasry and Lions [24] study hedging
problems in finance under restricted information. Pham and Quenez [29] treat the case of
an incomplete stochastic volatility model. Callegaro et al. [4] and Roland [31] study the
case of a market model with jumps.

We first study the case of full information. For the logarithmic utility function, we use
a direct approach, which allows to give an expression of the optimal strategy depending
uniquely on the coefficients of the model satisfied by the stocks. For the power utility func-
tion, we look for a necessary condition characterizing the value function which is solution
of the maximization problem. We show that this value function is the smallest solution of a
backward stochastic differential equation (in short BSDE). We also give an approximation



of the value function by a sequence of solutions of BSDEs. These solutions are the value
functions of the maximization problem restricted to some bounded subsets of strategies.
For the exponential utility function, we refer to the companion paper Lim and Quenez [25].

In order to solve the partial information problem, the common way is to use the filtering
theory, so as to reduce the stochastic control problem with partial information to one with
full information as in Pham and Quenez [29] or Roland [31]. Then we can apply the results
of the full information problem.

The outline of this paper is organized as follows. In Section 2, we describe the model and
formulate the optimization problem. In Section 3, we solve the maximization problem for
the logarithmic utility function with a direct approach. In Section 4, we consider the power
utility function by giving a characterization of the value function by a BSDE thanks to the
dynamic programming principle, then we approximate the value function by a sequence of
solutions of Lipschitz BSDEs. In Section 5, we use results from filtering theory to reduce
the stochastic control problem with partial information to one with full information, then
we apply the results of the full information problem to the partial information problem.
Finally we study the indifference price for a contingent claim and the information price
linked to the insider information.

2 The model

We start with a complete probability space (2, F,P) and F = {F;}o<t<7 a filtration
in F satisfying the usual conditions (augmented and right-continuous). The terminal time
T < oo is a fixed constant, and we assume throughout that all processes are defined on the
finite time interval [0, T']. Suppose that this space is equipped with two stochastic processes:
a Brownian motion W and a jump process N equal to Ny = 1,<;, where 7 is a default time.
We assume that this default time can appear at any time: P(r > t) > 0. We denote by M
the compensated martingale of this process N and by A its compensator in the filtration F.
We assume that the compensator A is absolutely continuous with respect to the Lebesgue
measure, so that there exists a process A such that A; = fg Asds. We can see that

t
Mt == Nt —/ /\st, (21)
0

is an F-martingale. In the sequel we assume that the process A is uniformly bounded. It
should be noted that the construction of such process IV is fairly standard; see, for example,
Bielecki and Rutkowski [2].

We introduce some sets used throughout the paper:

— LY is the set of positive F-adapted cad-lag processes on [0, 7] such that E[Y;] < oo
for any ¢ € [0,T].

— S?is the set of positive F-adapted cad-lag processes on [0, 7] such that E[supsejo,r Ve %] <
0.



~ L*(W) (resp. L7 (W)) is the set of F-predictable processes on [0,7] such that

T T
E[/ |Zt|2dt] < oo (resp. / | Z;dt < o0 a.s. ).
0 0

~ L*(M) (resp. L},.(M)) is the set of F-predictable processes on [0, 7 such that
T T
E[/ )\t|Ut|2dt] < oo (resp. / M |Ui|dt < 00 a.s. ).
0 0

We consider a financial market consisting of one risk-free asset, whose price process is
assumed for simplicity to be equal to 1 at each date, and one risky asset with a price process
S evolving according to the following diffusion

dSt = Stf (,utdt + Utth + Btht), 0 S t S T. (22)
We shall make the following standing assumptions:

Assumption 2.1. — p and o are R-valued uniformly bounded adapted stochastic pro-
cesses, with oy > 0 and 6; = p; /o, uniformly bounded.

— B is a R-valued uniformly bounded predictable stochastic process, with 8, > —1 for
any t € [0, 7].

The last assumption implies that the process S is positive.

An F-predictable process m = (m)o<i<7 is called trading strategy if [ “ts—‘ftdSt is well
defined where X; is the wealth at time ¢. The process 7w describes the part of the wealth
invested in the risky asset. The number of shares of the risky asset is given by “ts—)ft The
wealth process X*™ of a self-financing trading strategy m with initial capital = satisfies the
equation

t 2 t
X" =mzexp (/0 (7'('5/1,8 — ‘ﬂ's;s‘ )ds + /0 ﬂsadeS) (1 + 7B Ny) . (2.3)

For a given initial time ¢ and an initial capital x, the associated wealth process is denoted
by Xt,ZB,T("

Now let U : R — R be a utility function. The optimization problem consists of maxi-
mizing the expected utility from terminal wealth over the class A(z) of admissible portfolios
(which will be defined in the sequel). More precisely, we want to characterize the value
function of this problem, which is defined by

V(z)= sup E[UX}T)], (2.4)
meA(x)
and we also want to give the optimal strategy when this one exists. We begin by the simple
case when U is the logarithmic utility function, then we study the power and exponential
utility functions.



3 Logarithmic utility function

In this section, we specify the meaning of optimality for trading strategies by stipulating
that the agent wants to maximize his expected utility from his terminal wealth X7 with
respect to the logarithmic utility function

U(x) =log(z), x> 0.
Our goal is to solve the following optimization problem

V(z)= sup E[log(X7™)], (3.1)
reA(x)

with A(x) the set of admissible portfolios defined by:

Definition 3.1. The set of admissible trading strategies A(x) consists of all F-predictable
processes 7 satisfying E[fOT |Tio¢|?dt] +E[f0T | log(1+m3;)|dt] < oo, and such that m5; >
—las. forany 0 <t <.

We can see from (3.1) that V' (z) = log(z) + V (1). Hence, we only study the case x = 1.
And for the sake of brevity, we shall denote X[ instead of th "™ and A instead of A(1). By
definition of X™ we obtain

’7"8‘78’2

t t t
log(X7) :/0 (FSMS— 5 )ds+/0 WSUSdWS-I-/O log(1 4 mBs)(dMs 4+ Asds) . (3.2)

As in [21], we assume that sup, ¢4 E[log(X7T)] < oo.

We add the following assumption on the coefficients to be able to solve the optimization
problem (3.1) directly:

Assumption 3.1. The process ! is uniformly bounded.
With this assumption, we get easily the value function V' (z) and the optimal strategy:
Theorem 3.1. The solution of the optimization problem (3.1) is given by

|70 |?
2

V(z) = log(z) + E[/OT (7epae — + At log(1 + ﬁ'tﬂt))dt]a

with T the optimal trading strategy defined by

pe 1N (uB+ o) + ANBEo]

— ift <71 and B #0,
. _ ) 207 2B 26,07 t (3.3)

'u—; ift<Tand =0 ort>r.
Ot

Proof. With (3.2) and Definition 3.1, we get the following expression for V(1)

g |0 |
V(1) = SupE[/ (m,ut - + At log(1 + Wtﬁt))dt]a
TeA 0



which implies that

oo |?

2

T
V(1) < E[/ ess sup {ﬂtut - + A log(1 + ﬂtﬁt)}dt]. (3.4)
0 mfBe>—1
For any t € [0,7] and any w € €, we have

|70 |?
2

04|

ess sup {m,ut - + At log(1 + Wtﬁt)dt} = Tpir — + At log(1 + 74 By),

m B >—1

with 7 defined by (3.3). Then from inequality (3.4), we can see that

|70 |2
2

V(1) < E[/OT (Fogar —

It now is sufficient to show that the strategy @ is admissible. It is clearly the case with

+ A\ log(1 + ﬁ'tﬁt))dt} .

Assumption 3.1. Thus the previous inequality is an equality

T P
V(1) = E[/O (epe — m;’t' + A¢log(1 + frtﬁt))dt},

and the strategy o is optimal. O

Remark 3.1. Assumption 3.1 can be reduced to

T T
E[/ ot +E[/ M| Tos(1 + )] < 0.
0 0

Remark 3.2. Recall that in the case without default, the optimal strategy is given by
7ty = pe/o?. Thus, in the case of default, the optimal strategy can be written under the
form

Ty = g — Et,

where ¢; is an additional term given by

pe 1 (uB+ o) + ANBEo?
Er = 2Ut ZBt 2,8t0't2
0 ift<7andfB=0o0rt>r.

ift<7and p; #0,

Note that if we assume that [ is negative (resp. [ is positive), i.e. the asset price S has
a negative jump (resp. a positive jump) at default time 7, € is positive (resp. negative),
i.e. the agent has to invest less (resp. more) in the risky asset than in the case of a market
without default.

4 Power utility

In this section, we keep the notation of Section 3 and we shall study the case of the
power utility function defined by

Ul)=2", >0, v€(0,1).

In order to formulate the optimization problem we first define the set of admissible trading
strategies.



Definition 4.1. The set of admissible trading strategies A(x) consists of all F-predictable
processes 7 such that fOT |meoe|2dt + fOT M| Be|dt < 0o a.s. and such that 7,5, > —1 a.s.

Remark 4.1. From expression (2.3), it is obvious that the condition 73, > —1 a.s. is
equivalent to X;”" > 0 a.s. for any 0 < ¢ < T.

The portfolio optimization problem consists of determining a predictable portfolio 7

which attains the optimal value
V(z)= sup E[(X7™)]. (4.1)
reA(x)
Problem (4.1) can be clearly written as V(z) = 27V (1). Therefore, it is sufficient to study
the case x = 1. As in [21], we assume that supﬂeA(l)E[(X%’”)“f] < oo. To solve the
optimization problem, we give a dynamic extension of the initial problem. For any initial
time ¢ € [0, 7], we define the value function J(¢) by the following random variable
J() = ess supE[(X;L”)”’(.a] ,
TeAL(1)

with A;(1) the set of F-predictable processes m = (ms)i<s<r such that ftT|7rsas|2ds +
ftT |msBs|A\sds < oo a.s. and such that 7.3, > —1 a.s.

For the sake of brevity, we shall denote XT (resp. X.™) instead of X+ (resp. Xi'™)
and A (resp. A;) instead of A(1) (resp. A(1)).

In the sequel, we will use the martingale representation theorem to characterize the
value function J(t):

Lemma 4.1. Any (P,F)-local martingale has the representation
t t
my = mg +/ asdW +/ bsdMs, Yt €[0,T] a.s., (4.2)
0 0

where a € L (W) and b € L}, .(M). If m is a square integrable martingale, each term on
the right-hand side of the representation (4.2) is square integrable.

4.1 Optimization over bounded strategies

Before studying the value function .J(t), we study the value functions (J*(#))ren defined

by
JE(t) = esssupE{(Xélw)'y‘}}] , Vte[0,T] a.s., (4.3)
TEAY

where A is the set of strategies of A; uniformly bounded by k. That means that the part
of the wealth invested in the risky asset has to be bounded by a constant k, which makes
sense in finance, because the ratio of the amount of money invested or borrowed to the
wealth must be bounded according to the financial legislation.

Let us fix k € N. We want to characterize the value function J*(¢) by a BSDE. For that
we introduce for any = € A* the cad-lag process J™ defined for any t € [0,T] by

JT =E[(X3")| 7]

The family {J™, 7 € A*} is uniformly bounded:



Lemma 4.2. The process J™ is uniformly bounded by a constant independent of .
Proof. Fix t € [0,T]. We have

|0's7TS|2
2

T T
g =Elexp (3 [ (um= P )as+ [ qoumd,) 1+ 7B ez |7

since the coefficients u, o and 3 are supposed to be uniformly bounded, we can see that

2
T < (k18 exp (ko + 928170 7).

O

Classically, for any 7 € AF, the process J™ can be shown to be the solution of a linear
BSDE. More precisely, there exist Z™ € L?(W) and U™ € L?(M), such that (J™, Z™,U™)
is the solution in S? x L2(W) x L?(M) of the linear BSDE with bounded coefficients

—1
—atp ={mney + o) + LD a7 a1+ By - )T+ 07 bt
— ZFdW, — UFdM,,
Jr =1

(4.4)
Using the fact that J*(t) = ess sup e 41 Ji for any ¢ € [0,T], we derive that J*(.)
corresponds to the solution of a BSDE, whose generator is the essential supremum over 7

of the generators of {J™, 7 € A*}. More precisely,

Proposition 4.1. The following properties hold:

~ Let (Y, Z,U) be the solution in S x L>(W) x L?(M) of the following Lipschitz BSDE

-1
—dY; =ess s%p {’Yﬂ't(NtY;f +o017;) + %ﬁaf}/} + (1 4+ mB)Y — 1)(Y, + Ut)}dt
TeA

— Z,dW, — U,dM,,
Yr=1.
(4.5)
Then, J*(t) =Y; a.s. for any t € [0,T].
— There exists a unique optimal strategy for J*(0) = sup,.c 4 E[(X7)7].

— A strategy © € A* is optimal for J*(0) if and only if it attains the essential supremum
of the generator in (4.5) dt @ dP — a.e.

Proof. Since for any 7 € AF there exist Z™ € L*(W) and U™ € L?(M) such that (J™, Z™, U™)
is the solution of the BSDE

—dJ = f*(t, JI, Z7, U )dt — ZFdW, — UJdM, ; Jf =1,



with f7(s,y,2,u) = i l)ﬂsasy + s (psy + 0s2) + )‘s((l + msBs)” — 1) (y + u). Let us
introduce the generator f which satisfies ds @ dP — a.e.

f(s7 y7 Z? u) = €58 Sup f7r(87 y7 Z? u) *
reAk
Note that f is Lipschitz, since the supremum of affine functions, whose coefficients are
bounded by a positive constant ¢, is Lipschitz with Lipschitz constant ¢. Hence, the BSDE
with Lipschitz generator f

—dYe = f(y, Y4, Z¢, Up)dt — Z;dWy — UpdMy 5 Y =1,

admits a unique solution denoted by (Y, Z,U).

By the comparison theorem in case of jumps Y; > JJ, V¢ € [0,7] a.s. As this inequality
is satisfied for any 7 € AF, it is obvious that Y; > ess sup,c4r Ji* a.s. Also, by applying a
predictable selection theorem, one can easily show that there exists © € A* such that for
any t € [0,T], we have

=1 o

SRR+ (14 mBr) = 1)(Ye+ Up) |

ess sup {Wt(th +otZ) +
weAk

Yy —1) .5

=7 (ueYy + 01 Zy) + 3

a2+ M((1+ 7)Y — D)(Y;+ Uy).

Thus (Y, Z,U) is a solution of the BSDE (4.4) associated with 7. Therefore by uniqueness
of the solution of the BSDE (4.4), we have Y; = JJ and thus Y; = esssup,, ax i = JE,
Vte[0,T] as.

The uniqueness of the optimal strategy is due to the strict concavity of the function x —
7. O

4.2 General case

In this part, we characterize the value function J(¢) by a BSDE, but the general case is
more complicated than the case with bounded strategies and it needs more technical tools.
Note that the random variable J(t) is defined uniquely only up to P-almost sure equivalent
and that the process J(.) is adapted but not necessarily progressive. Using dynamic control
technics, we derive the following characterization of the value function:

Proposition 4.2. J(.) is the smallest F-adapted process such that (X™)VJ(.) is a super-
martingale for any © € A with J(T) = 1. More precisely, if J is an F-adapted process such
that (X™)V.J is a supermartingale for any m € A with Jr = 1, then for any t € [0,T], we
have J(t) < J; a.s.

From [21], there exists an optimal strategy 7 € A such that J(0) = E[(X%)?]. From the
dynamic programming principle, we have the following optimality criterion:

Proposition 4.3. The following assertions are equivalent:

i) 7 is an optimal strategy, that is E[(X7)7] = sup, 4 E[(X7)7].



ii) The process (X7)YJ(.) is a martingale.

The proof of these propositions is given in Appendix A.

By Proposition 4.2, J(.) is a supermartingale. Hence for any ¢ € [0, 7] we have E[J(t)] <
J(0) < 0.

Proposition 4.4. There exists a cad-lag modification of J(.) which is denoted by J.

Proof. By Proposition 4.3, we know that J(t) = E[(XZ)7|F]/(X])? a.s. Which implies
the desired result. O

This cad-lag process is characterized by a BSDE. More precisely, we have:

Theorem 4.1. There exist Z € L7 (W) and U € L (M) such that (J,Z,U) is the

loc

minimal solution' in LY x L2 (W) x Li, (M) of the following BSDE

-1
—dJ; =esssup {ywt(utJt + o1 Zy) + %Wf()’fﬂ + M((L+mB)T — 1) (Je + Ut)}dt
TeA

— ZydW; — Ud My,
Jr =1.
(4.6)
There exists a unique optimal strategy such that J(0) = E[(XF)Y]. Moreover, # € A is
optimal if and only if it attains the essential supremum of the generator in (4.6) dt@dP—a.e.

The proof of this theorem is postponed in Appendix B.

There exists another characterization of the value function J as the limit of processes
(J¥)ren as k tends to +oo, when J* is the value function in the case where the strategies
are bounded by k:

Theorem 4.2. For any t € [0,T], we have

J; = lim 1 J*(t) a.s.
k—o0
The proof of this theorem is given in Appendix C.
This allows to approximate the value function J by numerical computation, since the
value functions (J¥),ey are the solution of Lipschitz BSDEs and the results of [3] can be
applied.

5 The partial information case

We consider a general filtration which modelizes the information given by the prices
(St)o<t<T, the default time 7, but also by other factors. These factors can have in particu-
lar an influence on the default probability. We consider an agent on this market, which does

!That is for any solution (J, Z,U) of the BSDE (4.6) in LY x L}, (W) x L},.(M), we have J, < J;, Vt €
[0,T] a.s.

10



not observe all the information but only the information given by the prices and the default
time. The underlying Brownian motion, the drift process and the compensator process in
the equation for the asset price are not directly observable.

Let (2, F,P) be a probability triplet and F = {F;,0 < t < T'} a filtration in F satisfying
the usual conditions (augmented and right continuous). Suppose that this space is equipped
with W and N as in Section 2. We also assume there are a risk-free asset and a risky asset
on the market. As in Section 2, we assume that the price process S evolves according to
the following model

dSt = Stf (,utdt + Utth + Btht), 0 <t< T, (51)
moreover we assume that

o1(t,St) ift<r,
0‘ =
" oot Sim Br) if > T

and
ﬁt :ﬁ(tvst*) if ¢ < T,

Note that the intensity A and the drift u are not necessary observable. The known functions
o1(t,z) and B(t,z) are measurable mappings from [0,7] x R into R, and the function
o9(t,x, s,b) is a measurable mapping from [0, 7] x R x Ry x| — 1, 00[ into R. We make the
hypotheses of Assumption 2.1 and we add the following assumption:

Assumption 5.1. The functions zoy(t,z), xoo(t,x,s,b) and z/3(t,z) are Lipschitz in

xz € R, uniformly in ¢t € [0,7], s € Ry and b €] — 1, 0.

We now consider an agent in this market who can observe neither the Brownian motion
W nor the drift ;4 and the process A, but only the asset price process S and the default
time 7. We shall denote by G = {G;,0 < ¢t < T} the P-filtration augmented by the price
process S and the default process N. The trading strategies are defined as in Section 2,
but we add the condition that they are G-predictable. We now want to solve the problem
of maximization of expected utility from terminal wealth. It is not possible to use directly
the results of the full information case because we do not know the Brownian motion, the
drift and the compensator. As in [29], we begin by an operation of filtering.

5.1 Filtering

Recall that we have assumed that 6; = p; /0y is uniformly bounded, therefore the fol-
lowing integrability condition holds

T
/ |0:|2dt < oo a.s.
0

Consider the positive martingale defined by Lo = 1 and dL; = —L; 0:dW;. It is explicitly

t 1 t
Ly = exp ( —/ O dW, — 5/ \esy%zs). (5.2)
0 0

11

given by



One can define a probability measure equivalent to P on (2, F) characterized by
aQ
dP

By Girsanov’s theorem, the process defined by

=L, 0<t<T. (5.3)

Fi

- t
Wy =W, —l—/ 0sds (5.4)
0

is a (Q, F)-Brownian motion and the compensated martingale M is still a (Q, F)-martingale.
The dynamic of S under Q is given by

dS; = Sy (o;dWy + BrdNy) . (5.5)
We begin by proving a lemma which will be of paramount importance in the sequel:

Proposition 5.1. Under Assumption 2.1, the filtration G is the augmented filtration of
(W,N).

Proof. Let FW-N be the augmented filtration of (W, N). From (5.5), we have
B t t
W, — / o71871ds, — / o1 BydN, |
0 0

for any ¢t € [0, 7], which implies that W is G-adapted and FW.N ¢ G. Conversely, under
the assumptions on the coefficients, by a classical result of stochastic differential equation
(see [30], Theorem V 3.7), the unique solution of (5.5), on 0 < t < 7, is FW-adapted, and
by using a Picard sequence and an iteration we prove that the unique solution of (5.5) is
FW’N-adapted on 7 <t. Hence G C FW.N and finally G = FW.N. O

Since the processes 6 and A are not G-predictable, it is natural to introduce the G-
conditional law of these random variables, say

S\t = E[)\t‘gt] and ét = E[@t‘gt} .
Consider the couple of processes (W, M) defined by
~ t ~
Wt :Wt—/ est,
0
. : (5.6)
Mt :Nt—/ Ast.
0
These are the so-called innovation processes of filtering theory. By classical results in
filtering theory (see for example [28], Proposition 2.27), we have:
Proposition 5.2. The process M is a (Q,G)-martingale.

Proof. Since the process N and the intensity X are G-adapted, the process M is G-adapted.
We can write from (2.1)

t
Mt = Mt +/ ()\5 — )\s)dS.
0

By the law of iterated conditional expectation, it is easy to check that M is a (Q,G)-
martingale. U
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Remark 5.1. From Proposition 5.1 and (5.6), the filtration G is equal to the augmented
filtration of (W, M), since [M]; = N;.

We have also the following property about the process W:
Proposition 5.3. The process W is a (P, G)-Brownian motion.

Proof. We can write with (5.4)

t
Wy =W + / o7 s — fis)ds, (5.7)
0

where [i; = E[,ut|gt]. By Proposition 5.1 and (5.6), W is G-adapted. Moreover, we have
(W, W], =t for any t € [0,T]. By the law of iterated conditional expectation, it is easy to
check that W is a G-martingale. We then conclude by Levy’s characterization theorem on
Brownian motion (see, e.g., Theorem 3.3.16 in [19]). O

Denote by A the (Q,F)-martingale given by Ay = 1/L;. We then have

dP
— =N\, 0<t<T.
d@]'—t ty > U >

Let A be the (Q,G)-martingale given by Ay = E@[AA%]. Recall the classical proposition
(see for example [23] or [29]), which gives the expression of A:

Lemma 5.1. We have

- t_ 1 [t .
A = exp (/ G, dW, — 5/ yesy%zs). (5.8)
0 0

Proposition 5.4. The process M is a (P,G)-martingale.

Proof. Since %bﬁ — A, we can apply Girsanov’s theorem and we get that the process M
is a (P, G)-martingale. O

By means of innovation processes, we can describe from (5.1) and (5.7) the dynamics
of the partially observed default model within a framework of full observation model

(5.9)

dS; = Sy (fipdt + o dW; + BrdNy)
dM, = dN; — \dt

where i and \ are G-predictable processes.
Hence, the operations of filtering and control can be put in sequence and thus separated.

5.2 Optimization problem for the classical utilities

To apply the results of Section 4, it is sufficient to have a martingale representation
theorem for (P, G)-martingales with respect to W and M. Notice it cannot be directly de-
rived from the usual martingale representation theorem since G is not equal to the filtration
generated by W and M.
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Lemma 5.2. Any (P, G)-local martingale has the representation
t t
my :m0+/ ades—l—/ bsdMg, Vt €10,7T) a.s., (5.10)
0 0

where a € L (W) and b € L _(M). If m is a square integrable martingale, each term on

the right-hand side of the representation (5.10) is square integrable.

The proof of this lemma is postponed in Appendix D.

It is now possible to apply the previous results because the price process evolves ac-
cording to the equation

dSy = Si- (fudt + o dWy + BrdNy),
dM; = dN; — \dt,

where [i, X and o are G-adapted, and 8 is G-predictable, and there exists a martingale
representation theorem for (P, G)-martingales. We get the following characterization for
the value functions and the optimal strategies when they exist.

For the logarithmic utility function, we assume that 57! is uniformly bounded, and we
have:

Theorem 5.1. The solution of the optimization problem for the logarithmic utility function

s given by

| 70|
2

V(z) =log(z) + E[/OT (frt,&t —

with T the optimal trading strateqy defined by

it 1 \/(ﬂtﬁt +07)2 + 4\ SRo}

+ S\t log(l + ﬁ'tﬂt))dt] N

5 o5 T ift <7 and By # 0,
i = 207 2B, 28107 '

'u—; ift<tand Py =0ort>r.

0i

Therefore, we can see that the optimal portfolio in the case of partial information can
be formally derived from the full information case by replacing the unobservable coefficients
e and Ay by theirs estimates fi; and ;.

For the power utility function, we have:
Theorem 5.2. ~ Let (Y, Z,U) be the minimal solution in L'+ x L? (W) x L.
of the BSDE (4.6) and (W, M, u, \) replaced by (W, M, ji, \), then

Y; = ess SupE[(Xfp’”)V‘gt] a.s.
TEA:

(M)

— If a strategy ®# € A is optimal for Jy = sup,c 4 E[(XT)Y] then T attains the essential
supremum in the generator of the BSDE (4.6) dt @ dP a.s.

— Moreover the process Y is the non-decreasing limit of the process (Yk)keN, where
(Yk, ZF UF) is the solution in S*x L2(W)x L?(M) of the BSDE (4.5) and (W, M, i, \)
replaced by (W, M, fi, 5\)
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5.3 Optimization problem for the exponential utility function and indif-
ference pricing

We can also apply the results of [25] for the exponential utility function. In this case,
we assume that the agent faces some liability, which is modeled by a random variable & (for
example, £ may be a contingent claim written on some default events affecting the prices of
the underlying assets). We suppose that £ is a non-negative Gr-adapted process (note that
all the results still hold under the assumption that £ is only lower bounded). Without loss
of generality we can use a somewhat different notion of trading strategy: ¢; corresponds to
the amount of money invested in the asset at time ¢. The number of shares is ¢;/S;. With
this notation, under the assumption that the trading strategy is self-financing, the wealth
process X%? associated with a trading strategy ¢ and an initial capital z is equal to

¢ ¢ t
¢t —at [oids+ [ oo+ [ o.an.
0 0 0
Our goal is to solve the optimization problem for an agent who buys a contingent claim &

Vix, &) = (Zéj%) | IE[ — exp ( — 7(X§,€’¢ + {))] = exp(—yz)V (0, ), (5.11)

where A(x) is defined by:

Definition 5.1. The set of admissible trading strategies A(x) consists of all G-predictable
processes ¢ = (¢r)o<i<T, which satisfy fOT\(btat]zds + fOT ]¢tﬂt]25\tdt < oo, P— a.s. and
such that for any ¢ fixed and any t € [0, T, there exists a constant K; , such that for any
s € [t,T], we have X{™ > K, ., P — a.s.

To solve this problem, it is sufficient to study the case x = 0. For that we give a dynamic
extension of the initial problem as in Section 4. For any initial time ¢t € [0,T], we define
the value function J¢(¢) by the following random variable

JE(t) = essinf E[ exp ( — ’y(lep’O’d) +¢)) |G,

PpeA;

with A; is the admissible portfolio strategies set defined by:

Definition 5.2. The set of admissible trading strategies A; consists of all G-predictable
processes ¢ = (¢s)t<s<7, Which satisfy ftT |psos|?ds + ftT |psBs|?Asds < o0, P — a.s. and
such that for any ¢ fixed and any s € [t,T], there exists a constant K, such that for any
u € [s,T], we have X, > K, P — a.s.

We introduce the two following sets:

— 8T is the set of positive G-adapted P-essentially bounded cad-lag processes on
[0,7].

— A? is the set of the increasing adapted cad-lag processes K such that Ky = 0 and
E‘KTP < 0.

15



By applying the results of the companion paper Lim and Quenez [25], we get the following
characterizations of the value function:

Theorem 5.3. ~ Let (Y, Z,U, K) be the mazimal solution? in ST x L2(W)x L?(M) x
A2 of

2
—dY, = — Z,dW, — UydbM; — dK, + essin {%](btat\QY} — 6 (s + 0:.2y)

= (1= M) AT+ M) b,

Yr = exp(—7%),
(5.12)
then Y; = J&(t), P — a.s., for any t € [0,T].
— JE(t) = limy oo 4 JOF(L), with JSF(t) = essinfc 4 E[exp(—’y(X%O’(ﬁ +€))|G] and
AF is the set of strategies of Ay uniformly bounded by k.

— Let (Y*, ZF,U*) be the unique solution in 8% x L2(W) x L2(M) of the following BSDE
2

— 4V} = — ZFaW, — OFddt, + ess in {%y@@‘zytk i (TS + o 2P

€
— (1 — e B (N, Y + S\th)}dt, (5.13)

Vi = exp(—€),

then Y = JSF(t), P — a.s., for any t € [0,T).
We can now define the indifference pricing of the contingent claim £. The Hodges ap-
proach to pricing of unhedgeable claims is a utility-based approach and can be summarized
as follows: the issue at hand is to assess the value of some (defaultable) claim & as seen from

the perspective of an investor who optimizes his behavior relative to some utility function,
in our case we use the exponential utility function. The investor has two choices:

— he only invests in the risk-free asset and in the risky assets, in this case the associated
optimization problem is

V(2,0) = sup E[—exp(—~(X3%))],
pEA(T)

— he also invests in the contingent claim, whose price is p at 0, in this case the associated
optimization problem is

V(z—p& = sup E[—exp(—y(X7P+¢)]
peA(x—p)

Definition 5.3. For a given initial capital z, the Hodges buying price of a defaultable
claim £ is the price p such that the investor’s value functions are indifferent between holding
and not holding the contingent claim, i.e.

V(z,0) =V (z —p,¢§).

2That is for any solution (J,Z,U, K) of the BSDE (5.12) in ST x L*(W) x L*(M) x A%, we have
Je < Ji, VEE€[0,T], P—a.s.

16



The Hodges price p can be derived explicitly by applying the results of Theorem 5.3. If
the agent buys the contingent claim at the price p and invests the rest of his wealth in the
risk-free asset and in the risky assets, the value function is equal to

V(z—p,&) = —exp(—y(z — p))J*(0).

If he invests all his wealth in the risk-free asset and in the risky assets, the value function
is equal to
V(,0) = — exp(—12)J°(0).

The Hodges price for the contingent claim & is clearly given by the formula

1 <J0(0)>'

EAYE0

Remark 5.2. If we restrict the admissible strategies to the bounded set A*, the indifference
price pF can also be defined by the same method. More precisely,

oL (JO”“(O)»

v

JER(0)

where J&*(0) is defined in Theorem 5.3.
Note that
p= lim p*.

k—00
This allows to approximate the indifference price by numerical computation, since the value
functions (J(¢))ren are the solution of a Lipschitz BSDE and the results of [3] can be
applied.

We assume that there are two kinds of agents in the market: the insider agents and the
classical agents. We define the information price d for a contingent claim as the difference
between the buying price for a classical agent and the buying price for an insider agent.
The buying price, if the agent knows the full information, is defined by (see [25])

0
%m<igo’

p:

where (J¢, Z,U, K) is the maximal solution of the BSDE (5.12) with (W, M, fi, 5\) replaced
by (W, M, p, ).
Then the benefit of an insider agent who has a full information is the information price

d=p-—np.

This price can be computed as the limit of the information prices (dk )ken, where d* is the
information price if we restrict the admissible strategies to the bounded set A*

70,k 7€,k
# =2 (n (o)~ (exey))
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where J&* is the solution of the BSDE (5.13) with (W, M, f, 5\) replaced by (W, M, p, ).
Then we have

d= lim d*.
k—o0
Appendix

A Proof of Propositions 4.2 and 4.3

The proofs of these two propositions are based on the following lemma:

Lemma A.1. The set {J[, m € A} is stable by supremum for any t € [0,T], i.e. for any
7l w2 € Ay, there exists € Ay such that JF = Jt’Tl \% J{rz.
Furthermore, there exists a sequence (1" )nen € Ai for any t € [0,T], such that

J(t) _nlLH;oTJt , P—a.s.
Proof. Let us introduce the set F = {J,ZT1 > sz)} which belongs to F;. Let us define the
strategy 7 by the formula 7, = w11 g + 721 ge for any s € [t, T]. It is obvious that 7 € A;.
And by construction of 7, it is clear that J[ = JJ Y JI .

The second part of the lemma follows by classical results on the essential supremum (see
[27]). O

We first prove that the process (X™)7J(.) is a supermartingale for any 7 € A. For that
it is sufficient to show for any s < ¢ that

E[(X; ™) J(t)|Fs] < J(s) a

By Lemma A.1, there exists a sequence (7"),en of A; such that J(t) = lim 1 JI a.s. We
define the strategy 7" by 7 = 7, 1[5 4(u) + 77 1y 7y (u), which is clearly admissible. By the
monotone convergence theorem and using the definition of J(.), one can easily show that

E[(X)™)VJ(t)|Fs] = Jim T E[(X7 )7‘.7-"8] < J(s) a.s

Hence, the process (X™)7J(.) is a supermartingale for any = € A.

Second, we prove that J(.) is the smallest process satisfying (X™)7.J(.) is a supermartin-
gale for any 7 € A. For that we suppose that .J is an F-adapted process such that (X™)7.J
is a supermartingale for any 7 € A with Jp = 1. Fix ¢t € [0,T]. For any 7 € A, we have
E[(X7)|F] < (X])?J; a.s. This inequality is equivalent to E[(erp’”)ﬂft] < J;. Which
implies

esssup E[(X37)| 7] < J; as.,
TeAL

which clearly gives that J; < J; a.s.
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At last, we prove the optimality criterion, that is Proposition 4.3. Suppose that the
strategy 7 is an optimal strategy, hence we have

J(0) = swpE[(XF)"] = E[(XF)"].

As the process (X™)7.J(.) is a supermartingale by Proposition 4.2 and that J(0) = E[(X7)"],
the process (X7)7.J(.) is a martingale.

To show the converse, suppose that the process (X™)7.J(.) is a martingale, then E[(X7)?] =
J(0). Moreover E[(X])7J(t)] < J(0) for any m € A by Proposition 4.2. Which implies that

J(0) = swpE[(XF)"] = E[(XF)"].

B Proof of Theorem 4.1

The proof of this theorem is based on Propositions 4.2 and 4.3, on Doob-Meyer’s de-
composition and on the martingale representation theorem.

Since the process J is a supermartingale, it can be written under the following form by
using Doob-Meyer’s decomposition (see [5]) and the martingale representation theorem

dJ, = Z,dW, + UpdM,; — dA; (B.1)

with Z € L (W), U € L} (M) and A is a non-decreasing F-adapted process with Ag = 0.

loc
From product rule, the derivative of process (X7 )?J can be written under the form

A((XFY" i) = (X] )7 (AT +dMT)
with A7 = 0 and

—1
dA? = [’}/ﬂ't(,utjt + O'tZt) + %F?O’gjt + )\t((l + Ftﬁt)'y — 1)(:]15 + Ut) dt — dA; R

thﬂ = (’YTI’tO'tJt + Zt)th + (Ut + ((1 + Wtﬂt)'y - 1)(Jt + Ut))th .
(B.2)
From Proposition 4.2, we have dA] < 0 for any 7 € A, which implies

—1
dA; > esssup {ywt(utJt + o1 Zy) + %Wf()’fﬂ + (L +mB)T — 1) (Je + Ut)}dt.
TeA

From [21], there exists an optimal strategy 7 € A to the optimization problem and from
Proposition 4.3, we get

N -1
dA; = [’Yﬂt(ﬂtjt +01Z;) + L)

T AROR T+ (1 + 7)) = 1) (e + Uy d.

Which imply that

-1
dA; = ess SEP {’yﬂt(utJt +o17y) + %Wfaft]t + (L +7Be) — 1) (Jp + Ut)}dt. (B.3)
TE
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Therefore the process (J, Z,U) is a solution of the BSDE (4.6).

We now prove that it is the minimal solution. Let (J, Z,U) be a solution of the BSDE
(4.6). Let us prove that (X7™)7J is a supermartingale for any 7 € A. From the product
rule, we can write the derivative of this process under the form

d((X7)" Je) = (X)) [dMT + dAT — dA] (B4)
where A and M™ are given by (B.3) and B.2 with (J,Z,U) replaced by (J,Z,U), and
AT = 0 and
0

_ _ -1 - = =
dAT = {fym(utJt + 01 Z;) + %7&203% + M((L 4+ mB) = 1)(J + Ut)]dt-

By integrating (B.4), we get
(P~ ho= [ oemyantz - [ (X, - D).
0 0
As dAg > dAT, we have fg(X;L)“’dM;r > (XTI Jy — Jo > —Jo. It implies that M7 is a
supermartingale, since it is a lower bounded local martingale. Hence, the process (X™)7.J
is a supermartingale for any m € A, because it is the sum of a supermartingale and a

non-increasing process. Proposition 4.2 implies that J; < J;, VYt € [0,T] a.s., which ends
this proof.

C Proof of Theorem 4.2

We first remark that J* satisfies the following property:

Lemma C.1. The process J* is the smallest F-adapted process such that (X™)VJ* is a
supermartingale for any © € AF with th =1.

To prove this lemma, we use exactly the same arguments as in the proof of Proposition 4.2,
since Lemma A.1 is still true with A} instead of A;.

Fix ¢t € [0,T]. It is obvious with the definition of sets A; and AF that AF C A; for each
k € N and hence
JE < J; as. (C.1)

Moreover, since AF C Af“ for each k € N, it follows that the positive sequence (J*),ey is
non-decreasing. Let us define the random variable

J(t) = lim 1 JF a.s.
k—o0

It is obvious that J(t) < J; a.s. from (C.1) and this holds for any ¢ € [0,7]. It remains to
prove that for any ¢t € [0, 7], J; < J (t) a.s. As in the proof of Theorem 4.2 of the companion
paper [25], we first prove that the process J(t1) is cad-lag and satisfies J(t1) < J(t) a.s.
The process ((XF)YJ(tT)) is a supermartingale for any bounded strategy = € A. In the
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sequel, we shall denote .J; instead of J(t). We now prove that J; > J;, Yt € [0,T] a.s.
Since J is a cad-lag supermartingale, it admits the following Doob-Meyer’s decomposition

dJ; = Zy dWy + UydM; — dA;

with Z € L (W), U € L} (M) and A is a non-decreasing G-adapted process with Ag = 0.
As before, we use the fact that the process (X7)7.J is a supermartingale for any bounded
strategy m € A to give some conditions satisfied by the process A. Let m € A be a uniformly

bounded strategy, the product rule gives
d(XT)V ) = (X[)7(dAT + dMY) (C.2)

where A™ and M7™ are given by (B.2) with (J, Z,U, A) replaced by (J, Z,U, A).
Let A; be the subset of uniformly bounded strategies of A;. Since the process (X™)7.J
is a supermartingale for any 7 € A, we have

_ _ _ 1 _ L
dA; > esssup {vm(,utJt +o0vZ) + %wfof% F (L +me )T — 1) (S + Ut)}dt . (C.3)
TeA

It is not possible to give an exact expression of A; as in the previous proof, because we
do not know if # € A. But this inequality is sufficient for the demonstration. Now, the
following equality holds dt ® dP a.s.

_ _ ~1 _ o
esssup {’Yﬂt(MtJt +0tZt) + %W?@?Jt + (T +mB)” = 1)(Je + Ut)} =
TeEA

_ _ 1 _ L
ess s;llp {"}/T{'t(utjt +o017;) + 77(72 )ﬂ?ath + M (1 4+ mB) — D) (e + Ut)} . (C4)
S

We now want to show that (X7)7.J is a supermartingale for any 7 € A. Fix 7 € A (not
necessarily uniformly bounded), we get

t t
(X7 Ji — Ty = /0 (X™ )dNIT + /0 (XTY'dAT,

with A™ and M7™ given by (B.2) with (J, Z,U, A) replaced by (J, Z,U, A).
Inequality (C.3) and equality (C.4) imply that dAT < 0 a.s. Therefore, we have

t
| sy ant; = gy - gz -,
0

Thus, M™ is a supermartingale, since it is a lower bounded local martingale. As MT™ is
a supermartingale and A™ is non-increasing, the process (X™)7.J is a supermartingale and
this holds for any m € A. Since J is the smallest process (see Proposition 4.2) satisfying
these properties, we have J; < J; a.s. Which ends the proof.

D Proof of Lemma 5.2

First, recall Bayes formula: for any ¢ € [0,7] and X € L'(Q, F;,P), one has

_ Eq[AiX[Gi]

B[x|g] = Z2

(D.1)
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Let & be the optional projection of the P-martingale L to G, so
& =E[Li|Gi].

By applying relation (D.1) to X = L;, we immediately obtain & = 1/A; and thus

t B 1 t
= — | 0 dWs— = [ |0s]%ds).
(- (a4 [ 00
Let m be a (P, G)-local martingale. From Bayes rule, the process m defined by
my=myt, 0<t<T,
is a (Q,G)-local martingale. From Remark 5.1 and Lemma 5.2, there exists a couple of
processes (a,b) with a € L2 (W) and be L} (M) such that

t t_
mtz/ a;dWSJr/ V.dMg, 0<t<T.
0 0

By Ité’s formula applied to my = s, definition of W and M (see (5.6)), we obtain that

t t
my :/ al,dWs +/ b.d M,
0 0

with a; = &a; — & py and by = & by.
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