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Landau operator on the quaternionic
field

Azzouz Zinoun *, Dominique Kazmierowski '
and Ahmed Intissar *

Abstract

The Landau operator on the quaternionic field is a differential operator
H 5 acting on C* (Hj; C), defined as the Fourier transform of the sub-
Laplacian associated to the quaternionic Heisenberg group SmH x , H,
where H ~ R* is viewed as the space of quaternions, w is a canonical
SmH-valued symplectic form on H, SmH ~ R3 and B € SmH is
fixed. Hz is the Hamiltonian of a charged particle in H, interacting
with a uniform magnetic field B. By a suitable orthogonal change of
basis in H, H 5 is transformed into an other Landau operator H||E?||
which is much simpler, ||B|| is the norm of the magnetic field B. This
new operator is the Hamiltonian of two superposed uncoupled complex
harmonic oscillators.

1 Introduction

Landau operator arises in both physics and mathematics, and appears in
the framework of the study of charged particles acted on by magnetic fields.
The aim of this paper is to present from a mathematical point of view an
operator analogue to the well known quantum mechanical Hamiltonian of a
charged particle moving in a uniform magnetic field [1]; this operator will
be denoted by H 5. Hz acts on C*(H, C), where H is the quaternion space
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and C is the complex field and B is a uniform magnetic field. In Section
2, we give a brief review of the Schrodinger equation. In Section 3, we
construct the Heisenberg group and its Heisenberg algebra from which we
derive the Landau operator. In Section 4, we show that the Landau operator
H 5 is defined as the Fourier transform of the sub-Laplacian associated to the
quaternionic Heisenberg group of dimension 7; we give the expressions of the
Landau operator both in real and complex form; we define also the angular
momentum operator on H ~ R*. In section 5, we state a theorem which
allows us to give a canonical expression HH B of H 5, which is more simpler
to study. In Section 6, the symmetry group and the gauge invariance of the
Landau operator are discussed. Section 7 relates this work with studies by
other people on a quantum system in a uniform magnetic field.

2 Physical motivation and a brief review of
Schrodinger equation

The standard procedure for extending the equations of motion of classical me-
chanics to the quantum Schrédinger equation (in position space) is through a
generalization of the Hamiltonian formulation of classical mechanics. For the
free particle in one dimension this consist of simply making the identification

2 ~2
b 2 b
Hc assical — — H =—. 1
: " om 2m (1)

The classical Hamiltonian function appropriate for a charged particle (of
charge ¢ and mass m) acted on by external electric and magnetic fields (in
three dimensions) is given by

—

1
Hcassica =—({@p—qA 2 . 2
tassical = 5 (0= qA)" +¢¢ (2)
The corresponding quantum mechanical Hamiltonian is obtained by replacing
the momentum variable by its operator counterpart giving the Schrodinger
equation

(7, 1) = Bo(r 1) = ih (1) )
where 1 .
H = 5= (0= qA(7,1))* + qo(7' 1) (4)



and 7 € R3 is the position and ¢t € R is the time.
One must be careful of the ordering of any differential operators, so we find

i
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5= g A OV 1) = ~FEV0(7, 1) + iah ¥ LA, )
+ighA(7, £). [NV O (7, )] + LA 1)

When the magnetic field B is uniform we can take the potential vector on the

following form A = %(é /\%), where 7 is the position vector operator. For the
sake of simplicity, we will forget the ‘hat’ symbol on the operators. Suppose
the Euclidian oriented space R? is endowed with the canonical basis (e}, €}, €})
and coordinates (1, 2, x3), the components of the momentum vector op-

erator are (—i , —1
( 8901 8@ 8x3
of the magnetic field, then the potential vector has components (Aj, Ay, A3)

given by

). Let (B, By, B3) denote the components

1
A = 5(321’3—331’2)

1

Ay = 5(33901 — Bix3)
1

A3 = 5(815[2‘2 - Bgl'l).

We define the differential 1-form A = A; dx1+ As dxgy + A dxs. If we identify
at each point (x1,xs, z3) the basis (dzg A dzs, dxs A dzy,dxy A dzy) of the 2-
forms with the canonical basis (€], €}, €5) of R3, then we get dA = B since
the magnetic field is uniform. The correspondmg Hamiltonian operator H
at x = (x1, x9, x3) is then equal to

mf(o a, N (0 a,\ (0 ., )
H = {(axl ZﬁAl) +(6—:702_27_1A2) +<8—l‘3_27_iA3)}

SRl (A N P
 2m | 022 022 02 h "\ o ’

0 0 q 0 0
—i— BQ ( a o xlﬁ—x?) — Zf_iBg <l‘1a—x2 — an—{L‘l)

~LNBIPIaP + (B | )




The orbital momentum is :

L

q L O
L=ing=| Lo | = —in| 23— — 2,2
L 8.’171 81’3

3 0 0

xlal‘g _anwl

The Hamiltonian H can be written in the following form :

H = _» A+ Lrp_ q—2||§||2||f||2 + ‘1—2(13%3)2
om h2 4h2 4h2

If B is directed along € then :
A 0? 0? q 0 0
H = — —i=B — — Ty
Qm{ax% * dx3 * ox3 B <x18x2 xQ@xl)
2
_q—B:),Q(:L‘% +{L‘§)}

4h?
= HL~|>H//.

In the (21, x2)-plane, the particle is described by the operator

(0 0? q 0 0 q°
H =—<—+——i=B —— — 29— | — —=B3*(2? SR
+ Qm{(?x% - 03 e <x1 01y 2 8:51) ap27? (21 + xz)}
H ), is called the Landau operator.
h2 62
The operator H;) = ————— is the Hamiltonian along the x3-axis.
2m 0z3

If we introduce the complex variable z = xy + x5, the Landau operator
becomes

i 00 q 0 0 P 5
o=y 29 dp (.0 ;9\ _4p .
L Qm{ 9:02 3(”82« Zaz) i }

All these expressions of H represent the well known Hamiltonian of a charged
particle in a uniform magnetic field (see [1] and [2]).

3 Mathematical point of view and the statement of
the main results.

The space we work in is the Euclidean space R* identified with the quater-
nionic space H. In the basis (eg, €1, €2, €3), an element x of R* is written in
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the following form :

T = Xo€y+ T1€1 + Taeg + Tze3 (7)

= (20, 7) (8)

where T = (21, T9, 73) € R® ~ SmH.
Let {1,1,j,k} be the basis of H, with

iP=j7=k>=-1
ij = —ji, ik = —ki, jk= —kj.
An element z of H is written as :

r = xo+ xi+ xoj+ a3k 9)
= (29, Smz). (10)

A U(1) potential will be given by functions A, (z) € R. It will be convenient
if we go further to work with the differential 1-form on R* defined by

3

Al) = Aa(w)dz,. (11)

a=0

The 1-form A has a geometric significance: it is the connection form which
is used to define covariant derivatives. We shall also write the curvature F
as an exterior 2-form

1
F = §Fuvd37u Adzx,. (12)

The 2-form F' is computed from A by

3
F = dA=) dA,Adz,

©=0

1

= 52Fuyda:ﬂ/\dx,,
sV
1 (0A, 84, 1 /04, 84,

= (20 ) drgAday + = (222 - 220 ) dag A d
2(8370 31’1) o x1+2<a.§lfo 8372 o T2+
1 (0As 0Ay 1 (0Ay, 0A
(22 T ) dpg Adas + = [ o2 — 2L ) dey A d
2(8370 61’3) o x3+2<81’1 8372) T1 A 0T +
1 (0As 0A, 1 (0A, 0A;
(22 T2 ) dwg Adas + = [ ot — 5B ) dag Adar. (1
2(8372 61’3) 2 x3+2<81’3 8.’171 T3 1\ 6T (3>



In this work we are concerned by a uniform magnetic field B € R3. Since R?
is identified with SmH, we write

Bq — Bli+82j—|—83k
- B

(B, represents the quaternion version of the magnetic field B € R3). A
matrix representation of i, j, k on R* is:

0 -1 0 O
. 10 0 0
“lo 0o o0 -1 (14)
0 0 1 0
0 0 -1 0
. 0O 0 0 1
711 0o o o (15)
0 -1 0 O
0 0 0 -1
0O 0 -1 0
k= 0O 1 0 0 (16)
1 0 0 O
The matrix associated to the magnetic field Bis:
0 —-By —By —Bj3
Q; — By 0 —Bs By (17)

B, By 0 —-B
By -Bs B, 0

Since we deal with uniform fields, the matrix Q5 can be obtained from (13)
by considering that the coefficients of the 2-form F' are constants and that

F is self-dual 2-form. We have
L(0A DAY\ | 1[04y 0AY oL (0 A oo
8x0 8903

5 &xo 8$‘1 2 &xo 8l‘2
1 /0A 0A 1 /0A 0A 1 /0A 0A
(=222 ) =By, o ([ 2B ) =By, o (2 - = Bs(19)
2 8262 8l‘3 2 aZL'g 8$‘1 2 8$‘1 8262
The matrix associated to F'is :
0 —-EFE, —FE, —F;
- E; 0 —Bs B>
EB B, Bs 0 -—-B (20)
E;s —B, B, 0

N | —
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Note the analogy of the tensor Q; 5 and the electromagnetic tensor (F*),
which one can derive from the Maxwell equations (we work in the Euclidean
space R? instead of the Minkowski space R*'). This matrix may be inter-
preted as the matrix associated to an electric and a magnetic uniform fields

£y By
E - E2 y B BQ
Ly By

We define the connection A associated to these uniform fields by its potential
vector

A=Qp 5
where
Zo
= | ™ e RY,

T2

T3
AO —El.iL’l — EQZL’Q — E3.T3
O~ -7 — A1 . leO — Bgl’z + BQ.Tg
E.B N AQ - BQZL’O + Bgﬂfl — Blﬂfg
As Bsxy — Boxy + By

Let x be the Hodge operator; the self-duality of the 2-form F' is: xF = F,
this implies £ = B, hence the matrix (20) becomes :

0 -B, —By —DBs
B, 0 —-By B,
a B, By 0 -B

Bs -B, B, 0

which is exactly the matrix (17). Then,

Ay —Byx1 — Byry — B33

S A Bixg — B3ry + Baxs
Qqu o A2 o BQIL‘Q + Bgl‘l — Bll‘g ' <21>

Ag Bg.ﬁlfo — le’l + Blﬂfg

The Landau operator Hp, is obtained from (4) and (5) (Quantum Mechanics



result), (for simplicity we take A =1, ¢ =1, and 2m = 1):

= A =2 < Qp @,V > +]|Qp, 7] (22)

which is the Hamiltonian of a charged particle in H ~ R* acted on by a
uniform magnetic field B, € SmH ~ R3.

3.1 Heisenberg group

We will derive the Landau operator (22) from a Lie group and its associated
Lie algebra approach. This Landau operator on the quaternionic field may
be viewed as the Fourier transform of the sub-Laplacian associated to the
quaternionic Heisenberg group SmH x,, H of dimension 7, where H ~ R* is
viewed as the space of quaternions, w is a canonical ImH-valued symplectic
form on H, SmH ~ R3 and v € SmH is fixed. This Heisenberg group is
associated to the exact sequence

0—SmH — SmHx, H—H —0

that is,
0 — R —Rx,R* — R*—0.
3.1.1 Canonical form on H

Define a 2-form w on H by
L, _
w(w,y) =5 (yz - 27)
for every x,y € H, where & = 291 — 211 — 22 j — x3k is the quaternionic
conjugate of x. It is easily checked that w(z,y) € Sm (H) can be written
CU(ZL‘, y) = wl(xa y)l + CUQ(ZL‘, y).] + CU3(I‘, y)k

where wq, wq, w3 are real valued 2-forms on H.

~—~

T,Y) = Toy1 — T1Yo + T2ys — T3Y2
T,Y) = ToY2 — TaYo + T3Y1 — T1Y3

wi(z,y) = Toys — T3Yo + T1Y2 — Tayi.

w1

W2

—~
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Wi, wa, w3 are symplectic forms on R*, so that w can be viewed as a R3-valued
symplectic form on R* given by

w ("L‘a y) = wl(xa y)ell + WZ(‘Tv y)el2 + W3(ZL', y)eg

where (e}, €}, €3) is the canonical basis of R? corresponding to the basis (i, j, k)
of Im(H). In the following we consider the quaternionic Heisenberg group
N, = R3 x,R* associated to the symplectic form w defined above. Note that
N, is topologically R? x R* = R7.

3.1.2 Heisenberg group associated to w

Let (t,x) be an element of (R® x R*), where:
t € R3 t =t1€) + toely + tael

4
r € R* x = xpeg + x161 + 269 + T3€3.

We define the multiplication law -,, in R3 x R* by

(t,z) - (t',2) = (t +t' +w(z,2),z+ x').

It is easily verified that <R3 x R*, -w) is the Heisenberg group associated to

the form w. A matrix representation of the Heisenberg group element (¢, x)
is :

1 00 —zy 29 —2x3 29 U
01 0 —x9 x5 To —I1 1o
00 1 —x3 —a0 x4 To I3
000 1 0 0 0 x9
ED=1000 0 1 0 0 =
000 O 0 1 0
000 O 0 0 1 z3
000 O 0 0 0 1

It is easily checked that

C(t,z)¢(ty) = C(t +t' +w(z,y),z +y)

and ((t,x) is an invertible matrix with inverse ((—t,—z). Hence N, =
R3 x,, R* may be viewed as a Lie subgroup of the affine group of R7 :

N, C Aff R") ¢ GL(R®).



3.1.3 Lie algebra of the Heisenberg group

One can determine in the usual manner the infinitesimal generators which
characterize the Lie algebra of the Heisenberg group. We obtain a Heisenberg
algebra b of dimension 7 generated by the following vector fields:

Fy = % — xlﬁitl — xgaitQ - x?’ﬁitg (23)
F = Ry + 321 + 23 822 28%3 (24)
}%25% £ﬁ0£+ﬂi (25)
;= %+x2%—x1%+x0% (26)
and 5 9 5
Ti=g- T=g To=p

The commutation relations between the generators are:
T0T =0 (Ap=123),
[Fo, T\ =0 (a=0,...,3; A=1,2,3)
and
[Fo, F5] = 2T,

where (af7y) is a circular permutation of (123). The center of the algebra
b is the abelian ideal generated by Ti, T and T5. This algebra is a 2-step
nilpotent Lie algebra.

4 The Landau operator H;

In the universal envelopping algebra U(h) of b, we define the following quadratic

operator, which is the Laplace element in U(h):
Q=F+F+F+F;+T¢ +T5 +T5.
Explicitly, Q takes the following form:

8370 8t1 8t2 ot 0 T 815 8t2 ot

<a B) B) ) f <a B B B
Q = |m— -5 Xz —T3—+ | +| =— + 0o T3 — Ta—
3

)

(a o B, af <a 0 0 af
+ | =— —23— + 20— + 11 + +To— —T1=— +To=—
3

(27)

ox 2 8 8 ot ox 3 8751 6152 ot
0? 0? 0?
Ton T om  om

10



and may be written
3
Q=ANs +A¥
where o o o
R3
e R T
1 2 3
is the standard Laplacian on R3 and AZE is the sub-Laplacian associated to
the Heisenberg group N, = R3 x,, R*. The partial Fourier transform F(Q)

0
of @ on the t-variable is obtained by replacing T by ivy, A = 1,2,3, (where
A
7 = (v1, 15, 113) is the dual variable of £ = (1, t5,t3)); this defines an operator
denoted by F(Q) which has the form:

F(Q) = F(AN) + F(A®)

sub
_ 2 2 2
=v +vy+ U3

0 2 (0 ?
+ <8—xo +i(—1nx) — voxg — 1/3563)) + <8—3:1 +i (nwg — V32 + V2.’173))
0 (0 ?
+ (8—902 + i (oo + v3x) — 1/1903)) + <8—x3 + i (v3mg — V911 + 1/11‘2)> (28)
with
FARY =02 412 + Vs (29)
and
F(ALG) =

0 +i(—1x; — 1/3:)2+ 0 +i(xg — V3 +1/x)2
D2g 101 — Volly — V313 9, 170 — V3T + V23

0 , 2 o . 2
+ (6—:702 +i (1ox0 + V31 — 1/1903)) + (6—:703 +i (v3mg — Vo + ym))_ (30)

By identifying vy with By, A = 1,2, 3 we have
Hy = —.7:<AN‘”) (31>

sub

which is exactly the expression (22); then we can say that the variables
(t1,t2,t3) are the dual variables of the components of the magnetic field
B = (By, By, B3) = (v1,19,v3); and that the Landau operator is equal to
minus the partial Fourier transform of the sub-laplacian associated to the
Heisenberg group R? x,, R*.

F(A®) is the intensity of the magnetic field.

11



4.1 Angular momentum in R*

The momentum operator of a particle in R® with coordinates (xy, x2, z3) is
defined by p = —tAV and its components are:
0 0 0

= —ihe | Py = —ihe—, P = —ihe .
p Za.ﬁlfl p Za.ﬁlfg p 261’3

~ ~

The angular momentum operator ['is defined by [=7A /ﬁ, where 7 is the
p081t10n operator of the particle defined by its components (21, T2, #3). Thus

Z A p has components

~ . 0 0
l$ = —ih <x26—1‘3 — X 8—@>
~ . 0 0
l, = —ih (:pga—xl — T 8@)
~ . 0 0
l, = —ih (:pla—xz — Ty 8:1:1)

and these operators verify the commutation relations:
id)] =il [id] =il [id] =i,

In R* the position operator is :

~

T = Xog€y + T1€1 + o€y + T3€3

and the nabla operator

59 ,,9 . ,9 .0
A T L R R P T

Here 7 and 8; are meant to be elements of the free module
A <607 €1, €2, €3> = A ®R R <607 €1, €2, €3>

with basis (e, e1, ea, €3) and coefficients in the Weyl algebra A of linear op-
erators on C°(R*; C) with generators: the identity map on C°°(R*; C), mul-
tiplication by z,, partial derivatives % and relations: [%,xﬁ] = 0qap, for
a, b =0,...,3, the other commutators being zero. We now consider the ex-

terior product T A d, , belonging to the module A% (A (eg, ey, 3, e3)) which is

12



contained in A @ A*(R?):

T A Ax = (xoi — xli) eg N ey + (:cgi — l’gi) es A es+
8.’171 8370 8373 8372
0 0 0 0
+ (1’0—8xz — .Tg—axo) eg N\ es + (x3—8$‘1 — xl—ax3> es \Nel +

(DN (0o
Zo 8353 i 8353 €p €3 T 8352 i) a{L‘l €1 €9.

In the orthonormal direct basis (eg, ey, €2, €3) of R*, the Hodge x-operator is
a linear involution of A%2(R*) (i.e. 2 = idgs) given by

S5

xeg/Nep = ey Nes
xeg/Ney = ez/Ne
xeg/Nes = e; Nes.
We have: R
TN O, +*(£/\ 8;,3) =
0 0 + 0 0 (eg Neyp+ex Neg) +
= X — T X — X € e e e
0, O, ? 05 50y LR
+ 0 AP 9\ (eoheatesher) +
X — T X — X € e e e
0, * 0o S0, 'Oy L
0 0 0 0
- — A A . 32
+ (l‘o 8:53 ZTo al'g -+ I 8332 To 8]}1) (60 €3 —+ €1 62) ( )

The space of self-adjoint elements of A? (R?) is a 3-dimensional vector space
with basis

(o Nep+exNes, eg ANea+esAer, eg Aes+ep Aes),

which we identify with the basis (e}, €, e;) of R3) so that the self-adjoint
elements of A% (A (eg, ey, €2, e3)) can be viewed as elements of A (¢}, e}, €}) =
A g R (€], €}, es).

We define the angular momentum operator of a particle in R* as the
element [ of A®g C (€], €}, €;) given by

~

1= —ih (§A51+* (EA am)).

13



The components of T are :

ll —ih <.T}0i .Tli + X2 0 l’gi)
8901 8900 al‘g 8$2
lg = —ih <l‘0i l‘gi + T3 a ZEli)
8902 8900 al‘l 8x3
0

Iy = —ih (20— — 23— + 11— — Ty——
3 ! <anZL‘3 x38x0+x18x2 anl‘l

The components of [ in terms of the complex variables z; = x¢ + ix; and
zh = xo +ix3 are :

ll = h,<2/ 0 Z 0 + ’i_g’i)
Lozl Ttoz T 2oz 20z

ly, = —ih(z’i—z’ 0 — 2 0 + 2 8)
Yozt "0z oz T Tloz

o= w20 0,0 0
37 MM T R0y Moz oz )

The expressions (22) and (31) can be written in terms of the angular mo-
mentum as follows

Ho= —A+2 < 5,0> +]7exs (33)

4.2 Complex form of H; = H 3

Since R* is isomorphic to C?, we define the complex coordinates on R* by
21 =z + iz and 2z = x9 + ix3; we have:

o 10 0 0 10 0
02y 2 0xg oxy”’ 0z, 2 0xg 0xy
o 10 o, 0 10 0
0z, 2'0xy  Oxz”’ 0z, 2 0xy  Oxs
then
82 82 o 8 , 8 0
o = s Yauaz +2“( 107 M9z TP T 228_25)
iz g0 .0 O
P\ M0m T o T o Mo

to (20 5 0 O DN L 1 1P,
02}, 02} 0z} 0z,



By introducing the angular momentum l_: the precedent formula may be
condensed into

02 02

—4 — —4 2 < 7,0 > +|72(|4 % + |2]?).

Hy =

5 Canonical Landau operator 7-[||,7||

5.1 Canonical form of the matrix ();

As we have seen above, for each uniform magnetic field B = 7/ = (v, 1o, 13),
we associate the linear operator ) acting on R*, defined by its matrix in the
canonical basis (eq, 1, €2, €3)

0 —UVy —lVy —Ul3
0. — 1%} 0 —Ul3 1]
v 1] V3 0 —1
V3 —Ul9y %1 0
We remark that:
07 = —||7L, (34)
I is the identity matrix on R%.
Since i’ = j* = k = —1, as particular solutions of the equation (34) we
have:
Q5 = |7l (35)
Q7 = £[|7]]j (36)
0 = +[ 7]k (37)

We have three particular orthogonal complex structures ; these solutions have
a physical interpretation, since SmH ~ R3, the equation (35) means that the
magnetic field is taken along the x; axis, the equation (36) means that the
magnetic field is taken along the xo axis and the equation (37) means that
the magnetic field is taken along the x3 axis. We will prove that, for any
7 € R3 there exist an orthogonal transformation which passes from € to
Q||’7H = Hlel or to QH,jH = HﬁHJ or to Q||’7H = ”Ij”k ; 1, j, k are represented by
the matrices (14), (15) and (16).

Theorem 5.1. For every U = (v, 15, v3) € R3, there exists R € SO(4) such
that
RQ;Ril = Q”gH (38)

15



Proof. We give the proof for the case €5 = ||7||i; the proof for the other
cases is similar to this one. We denote as above (eq, €1, €9, €3) the canonical
basis of oriented Euclidian space R* and we identify a linear operator in R*
with its matrix in this basis.

1. If v = v3 = 0 then

0 —1 0 0
o 1%} 0 0 0
QV - 0 0 0 —
0O 0 vy O
and if v; > 0, we have 5 = Q7 and we can choose for instance R = I. If
v1 <0, we have 7 = —{7 and we can choose
1 0 0 0
0O -1 0 O
R = O 0 1 0
0o 0 0 -1

This matrix evidently belongs to SO(4).
2. Suppose V3 + 3 # 0 and set A = /13 + v3. Define

Ey = €
1
g1 = —TQg €0
7]l
hence
Qreo = —|l7|e
1 i
Qg{fl = _WQI% 60:||l/||€0.

We seek now &5 as a linear combination of e; and es3, €9 = aey + bes, with the
orthonormality conditions:

||€2||2 = 1, <€1,€2>R4 = 0.
We get thus a = i”f and b = :F”—)\Q, we write €, in the form: €5 = % 62—”72 Bes.
The vector ¢35 is defined as

1

—— €2,
171l

E3 =

16



that is g3 = —”—gnel + ;ﬁ;ﬁ ey + f\’hl’;ﬂ e3. We can easily verify that Qz e, =
—||V||es, Q7 €3 = ||V]|es and that the matrix
1 0 0 0
0 & 0 =2
R — 7]l 17
0 & w
[ Al
vs _ vz s
O @ =% X
is orthogonal with determinant 1. O

Remark 5.2. One can easily show that the centralizer of Qz in SO(4)
is U(2). For a fixed 7 € R3 \ {0}, the set of orthonormal changes of basis
B={Re€SO4)|RQ»nR™" =} can be written B = RoU (2) for some
Ry € B. The quotient space SO(4)/U(2) is the so called space of orthogonal
complex structures on R* and it is diffeomorphic to the projective line CP*
(i.e. the sphere S?).

Remark 5.3. The construction of R can be done in the following way. Let
(€}, ey, €4) be the canonical basis of the Euclidian oriented space R* endowed
with the vector product A. For 7/ = (vq,15,13) € R? such that v3 + v3 # 0

(i.e. ”—117”17 # €}) we set A = /12 + 12 and we define

1
gl = T _), (39)
' 171
1
g, = e ne), 40
2 ”8/1 /\€1H 1 1 ( )
gy = &) Ney. (41)

The relating matrix between the basis (£, €5, ¢%) and (€], €5, €5) is

v 0 —2
71| 71|
L O Vi
171l A Al
3 _v2 s
il A Al

so that (£, €}, %) is easily seen to be a direct orthonormal basis of R3. We
consider the embedding ® : R? — R* given by ®(z1€} + zoch + x3€}) =
Toep + x1€1 + Toeg + x3e3. Thus Ry @ = (e, P (), D (g}), P (£5)) is a direct
orthonormal basis of R* which represents an element of the quotient space
SO(4)/U(2). Denote o the coset of U(2) in SO(4)/U(2). When restricted to
the punctured sphere S*~\ {&]} of R¥i.e. to the set {7 € R3|||7|| = 1,7 # €},
the assignment

R: 2 {e} — SO@)/UE2)~ {o}
v — R,j
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is one-to-one and continuous, as we can see by the formulas (39), (40) and
(41). Since R, can be identified with o, R extends to an homeomorphism
R : 5% — SO (4)/U (2). In other words: each direction 7 € S* defines an
orthogonal complex structure on R* to which will correspond a quaternionic
Landau operator H;.

5.2 canonical form of the Landau operator

3
a=0

Recall that by a suitable orthogonal change of basis R : (eq)2_, — (€),)
of R*, we have

0 -7 0 0
. 17| 0 0 0 i
ROR ™ = 0 0 0 —|7| = Q7 = |17l
0 0 | 7]] 0

where i is the element of the base of ImMH represented by (14) and

17]| = vf 4+ v3 + v3.

Let (yo,y1,Yy2,ys) denote the new coordinates in the basis (e,

sider the connection defined by

)3 _o. We con-

0 —[7 0 0 Yo
% 0 0 0 Y
| 17 0 | [ w
0 0 0 7 Ys
0 0 7l 0 Ys
that is .
7l 4
PR B L B
—[17ly2 A
17]lys As

and the covariant derivative is :
, 0
VA = — 1A (y).
© = o oY)

The corresponding Hamilton operator is

8 2 a 2 8 2 a 2
Hizy = — | =— — 1|V — | = 41|V — = —i||lv — = +i||V
17 (8% | ||y1) <ay1 I IIyo> <8y2 I IIys) <8y3 | ||y2)
4 0 0 0 0
= —AR — 2|7 oy — g
(Yo,y1,Y2,Y3) ZHV” (?/0 ayl W 8?/0 + Y2 8y3 Y3 0yz)

+||17||2<y§ + i+ s+ y?,)
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One can show from Section 4 that the Landau operator Hz may be de-
fined as the partial Fourier Transform of the sub-Laplacian associated to the
Heisenberg group R x R?*; the Lie algebra b’ of this group is generated by the
following vector fields:

0 0 0 0
F/ o _ F/ _ .
0 ayo n at/ ) 1 ayl + Yo at/ )
0 0 0 0
= _4u2 Rm=24,2
2 8y2 Ys o’ 3 8y3 + Y2 By
and 5
g
ot!

The quotient of h by the ideal generated by T5, T3 is none other than the
Heisenberg algebra §’ of dimension 5.

The partial Fourier transform with respect to the variable t is 70, ¥ is
identified with ||7/]|.

5.3 Complex form of H

We define the new complex coordinates on R* by 2, = yo + iy, and 2z, =
Y2 +iys. We get,

W 00 00 Ao .o
= 821 821 822652 2 1821 1821

()| )}

The precedent expression (42) is much simpler to study than the expression
(34).

From the second quantization formalism [7], we define the annihilation
operators in the following manner:

Ym0 27 P om0 2 7
and the corresponding creation operators are
aT:—i+Mz aT:_i+MZ
L 621 2 b 2 82’2 2 2
They satisfy the following commutation relations:
lai,a;] = [al,al] =0
[ai,al] = ||7]|6;
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A straightforward calculation gives

9 0 H 2l _ H 71\ ? 17
T _ =i 2 _ 107
G = 82’1 821 2 821 82 |21l 2
o9 9 |7 9 1711\ * 17l
T T | 1 v = 2 17
4202 = 0%y 029 + 2 622 282 + 2 2] 2
We have,

Hyz) = 4 (aial + ai@z) +47]

which is the Hamiltonian of two superposed uncoupled harmonic oscillators.
The spectral analysis of this operator is well known [2] and references there
in.

6 Symmetry group of the Landau operator

Here we examine a group theoretical aspect of the quantum system in a
magnetic field. It is known that the translation symmetry group becomes
noncommutative when a uniform magnetic field is introduced into the Eu-
clidean space.

Theorem 6.1. Let T, be the operator defined by
(Tof)(@) = A2 f (2 + a)
where (, ) denotes the scalar product in R*. Then
TooHy =HyzoT,.

Proof. We set, for every x € R g(z) = *4@:2) f(3 4 @). Thus for a =
0,...,3, we have the following expressions:

0 0

o) = Z (O [+ a)

| | B
= A (@)@ f (1) 1 eita@a) O
Lo

Lga) = 0 (@) f( +a)

) o & f
a—xa(:era) + —(:p+a)}

+2iA.(a) o2
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af -
—|—8—xa(:c+a)}
= @l 2% Ay (1) Aa(a)f(x + a)

120y Aa<x)%(x + a)}

—|I7lls [12llrag () = _HV”R?’ [ (2 + a)

so that

(Hoo Ta)(f)(2) =

Since

we get finally

(oo Ta)(f)(2)

= <ZA2 ) (A (2 + a)

(Hzg)(z)

{AR4+222A x+a)8i

3

=3 (A2 (a) + 244 (2) Aula) + A§<x))}f(x +a).

> (Al(a) +240(2)Agla) + Al(z)) = D A2(z+a)

17]|gs | + allGs,

= ¥ {AR +222A x+a)8i

ﬂWhﬂx+d@}(w+@
= (TooHa)(f)(a).

21



Remark. Fora =0,...,3, we have
Vo (eA@2) f(2 4 q)) = (6% + iAa(x)> (A2 f(z + a))
= e““‘(“)’”{aa—i( +a) +iA4(a)f(x + a)
+ida(z)f(z +a)}
= ez‘<A(a),x>{%( +a) +iAq (v +a) f(z + a)}
_ e“A(a)’x){a%a + A (x + a)}f(:c + a)
that is

VaoTu(f) = Tao Valf).

3
Since Hy = > V2, we obtain immediately
a=0

HioTa=TaoHy

It is to be noted that 7, is a combination of a translation in the a-direction
and a gauge transformation. We have unitary transformations, the set of
these transformations form a noncommutative group, which is the magnetic
translation group; the law of the group is:

7?,7;f<l’) _ ei(A(a),b>€i<A(b+a),x>Jc<x +b+ a)

where ¢ € R* and b € R?* are fixed vectors. It is also to be noted that the
translation in the a-direction and the one in the b direction do not commute
but satisfy

7;—17‘—1737; _ 622‘(A(a),b)'

a

The precedent relation means that the translation symmetry group becomes
noncommutative when a uniform magnetic field is introduced into the Eu-
clidean space.

7 Concluding remarks and comments

In the preceding sections, we have derived the Landau operator from a Lie
group theoretical approach. We have shown that there exists a canonical
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form of this operator which is easier to handle. An interesting investigation
involving theta functions, which describes a charged particle moving in a
uniform magnetic field on a lattice of R*, was done in [4]. Other connections
with this work via the magnetic translation group can be found in [6] and [7]
and references therein. Tanimura [6] studied the magnetic translation groups
in a n-dimensional torus and their representations. Brown [7] found that
the translation symmetry if an electron in a lattice in a uniform magnetic
filed is noncommutative and that the quantum system obeys a projective
representation of the translation group.
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