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LIMIT THEOREM FOR A MODIFIED LELAND HEDGING
STRATEGY UNDER CONSTANT TRANSACTION COSTS RATE

SEBASTIEN DARSES anD EMMANUEL DENIS

ABsTrRACT. We study the Leland model for hedging portfolios in the presence
of a constant proportional transaction costs coefficient. The modified Leland’s
strategy defined in [2], contrarily to the classical one, ensures the asymptotic
replication of a large class of payoff. In this setting, we prove a limit theorem for
the deviation between the real portfolio and the payoff. As Pergamenshchikov
did in the framework of the usual Leland’s strategy [11], we identify the rate
of convergence and the associated limit distribution. This rate turns out to be
improved using the modified strategy and non periodic revision dates.

Keywords: Asymptotic hedging — Leland-Lott strategy — Transaction costs —
Martingale limit theorem.

1. INTRODUCTION

The present paper is concerned with the study of asymptotic hedging in the pres-
ence of transaction costs. The asymptotic replication of a given payoff is performed
via a modified Leland’s strategy recently introduced in [2].

Let us briefly recall the history and the main known results about Leland’s
strategy. In 1985 Leland suggested an approach to price contingent claims under
proportional transaction costs. His main idea was to use the classical Black-Scholes
formula with a suitably adjusted volatility for a periodically revised portfolio whose
terminal value approximates the payoff. The intuition behind this practical method
is to compensate for transaction cost by increasing the volatility in the following
way:

(1.1) 52 = 0% + o/nkn, /87 (1),

where n is the number of the portfolio revision dates and k,, = kon™%, o € |0, %]
is the transaction costs coefficient generally depending of n; f is an increasing and
smooth function whose inverse g := f~1 defines the revision dates t? := g(%),
1<i<n.

The principal results on convergence for models with transaction costs can be
described as follows. First consider the case of approximate hedging of the European
call option using the strategy with periodic portfolio revisions (i.e g(t) = t). We
know the following results with T' = 1:

(a) For o = %, Lott gave the first rigorous result on the convergence of the
approximating portfolio value V7" to the payoff V4 = (S; — K)4. The
sequence V" — V; tends to zero in probability [10], and a stronger result
holds: n E (V{* — Vi)? converges to a constant A; > 0 [5];
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2 SEBASTIEN DARSES AND EMMANUEL DENIS

(b) For a € (0, %), the sequence Vi — V; tends to zero in probability (see [8]),
and it is shown in [1] that nP«E (V{* — V4)? — 0 as n — oo, with p, < a.

(¢) For o = 0, the terminal values of portfolios do not converge to the European
call as shown by Kabanov and Safarian [8]. Namely, there is a negative
{51 }-measurable random variable £ such that Vi* —V; — £ in probability.
Pergamenshchikov [11] then analyzed the rate of convergence and proved a
limit theorem: the sequence ni (Vi"—V; —€) converges in law to a mixture of
Gaussian distributions [11]. He noticed that one can increase the modified
volatility to obtain the asymptotic replication. To do so, he utilizes the
explicit form of the systematic hedging error for the European call option.
For related results see also [6] and [12].

For models including uniform and non-uniform revision intervals one needs to im-
pose certain conditions on the scale transform g. Generalizations of some of the
above results to this more technical case as well as extensions to contingent claims
of the form h(S;) can be found in [12, 5, 1]. In particular, n'/?**E (V* — 1})?
converges to a constant in the case o > 0. Moreover, for a = %, the distributions
of the process Y;" := n2 (V;* — V;) * in the Skorohod space D[0, 1] converges weakly
to the distribution of a two-dimensional Markov diffusion process component (see
[4]). Notice that the asymptotic replication still does not hold for & = 0 in this
more general setting. For more details we refer to [1, 3, 4] and references therein.

We solve the case a = 0 for a large class of payoff and with specific non uniform
revision dates by means of the modified strategy introduced in [2]. This one makes
the portfolio’s terminal value converge to the contingent claim as n tends to infinity,
that is the approximation error vanishes. The analysis we performed here suggests
that it might be difficult to obtain a better convergence rate regarding uniform
revision dates. In the framework of the non uniform grid we use, concentrating the
revision dates near the maturity T' = 1 accelerates the convergence rate. We leave
the issue concerning periodic revision dates as an open problem.

The asymptotic behavior of the hedging error is a practical important issue.
Since traders obviously prefer gains than losses, measuring the L?-norm of hedging
errors is strongly criticized. Of course, the limiting distribution of the hedging error
is much more informative. Our present work also aims at tackling this issue: we
prove that

itV h(S1) —— Z,
where the law of Z is explicitly identified and p > 0 depends on the choosen grid.

The paper is organized as follows. In Section 2, we introduce the basic notations,
models and assumptions of our study; In particular we recall the modified Leland’s
strategy defined in [2]. In Section 3, we state our main result: a limit theorem
for the renormalized asymptotic hedging error. In Section 4, we establish two
lemmas concerning, on one hand, random variables constructed from the geometric
Brownian motion, and on the other hand, some change of variables for the revision
dates. These auxiliary results will be used repeatedly throughout the paper. In

*Note that Y, corresponds to the deviation (up to a multiplicative constant) between the “real
world” portfolio and the theoretical Leland’s portfolio V3 = C(t, S¢) where C is the modified heat
equation solution suggested by Leland whose terminal value is the payoff function.
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Section 5, we prove the main result. An appendix finally recalls all the known
technical results we need for the various proofs.

2. NOTATIONS AND MODELS

2.1. Black—Scholes model and hedging strategy. We are given a filtered prob-
ability space (2, F, (Ft)[0,1]; ) on which a standard one-dimensional (F;)-adapted
Brownian motion W is defined. As usual, we denote by L?(£2) the space of square in-
tegrable F1-measurable random variables endowed with its norm || X ||z := VE X2

We consider the classical Black—Scholes model composed of two assets without
transaction costs, i.e. kg = 0 and & = o. The first one is riskless (bond) with the
interest rate r = 0 and the second asset is S = (S), t € [0, 1], a geometric Brownian
motion that is

(2.2) Sy = Spe”Wimzot
It satisfies the SDE
dSt = O'Stth,

with positive constants Sy, o. It means that the risky asset is seen under the
martingale measure.
The well-known Black and Scholes problem without transaction costs is to hedge
a payoff h(S1), h being a continuous function of polynomial growth. The pricing
function solves the terminal valued Cauchy problem
2

o
Cy(t,x) + ZLa22Cpy(t,z) = 0, te|0,1], x >0,
) ((1,2) + T Cra(t,2) 0.1

C(l,z) = h(x).

Its solution can be written as

o0 p2
(2.4) C(t,z) = / h (xep”’2t> o(y)dy
where p? = (1 —t)o? and ¢ is the standard Gaussian density.
Without transaction costs (o = @) the self-financed portfolio process reads

t
(2.5) v, = C(07SO)+/ Co(u, Su)dS,.
0

In the Itd formula for C(t,S;) the integral over dt vanishes and, therefore, V; =

C(t,Sy) for all t € [0,1]. In particular, V; = h(S1): At maturity the portfolio V'

replicates the terminal payoff of the option. Modeling assumptions of the above

formulation include frictionless market and continuous trading for instance.
However, an investor revises the portfolio at a finite set of dates

T"={t; €[0,1],i=0,--- ,n}

and keeps C,(t;,St;) units of the stock until the next revision date t;11. It is
well known that this discretized model converges to the Black—Scholes one in the
sense that the corresponding portfolio terminal value converges to the payoff as the
number of revision dates tends to infinity.
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2.2. Reminder about Leland’s strategy. We are now concerned with transac-
tion costs. We directly work in a discrete time setting.

Leland suggested to replace ¢ in the Cauchy problem above by a suitable modi-
fied volatility &. In the case where & does not depend on ¢, the solution C satisfies

(2.6) C(t,z) = C(t,2,5),

i.e. practitioners do not need to rectify their algorithms to compute the strategy.
Leland obtained an explicit expression of ¢ by equalizing the transaction costs of
the portfolio and the drift term generated by the additional term & — o2 > 0 in
the Ito expansion of the payoff h(S1) = C(1,51). In the general case, the pricing

function can be written as
oo

(2.7) é(t,x) = / h(xep;tyf(p?’ﬁ/z)(p(y)dy

— 00

where
1
(28) e = [ s,
(2.9) G2 = o+ ovnka/8/ 7/ f(1),

¢ is the Gaussian density and g = f~! is the revision date function.
2.3. A possible modification of Leland’s strategy. In the model with propor-

tional transaction costs and a finite number of revision dates the current value of
the portfolio process at time ¢ is described as

t
(2.10) V=V / DS, — > koS,
0

t; <t

Diyy — DY

where D" is a piecewise-constant process with D™ = DI on the interval (t;_1,1,],
t; = t7', i < n, are the revision dates, and D} are F;, ,-measurable random vari-
ables.

Recall that the transaction costs coeflicient is a constant kg > 0 (that is & = 0 in
the Leland model) and the dates t; are defined by a function g, namely t; = g(%).

Let us denote by f the inverse of g. Set for all ig <n !
) = {i>do, t; <t, t; €T"}
and let us define the dates
by (t) = t(nfl)/\max Jo(t)
tj{ (t) = t1+(n71)/\max JE(t)-

The “enlarged volatility”, depending on n, is given by the formula (2.9).
We modify the usual Leland strategy (see [2]) by considering the process D™
with

~

1—1 tj
(211) D? = C;c(ti—la Sti—l) - Z/ C’xt(u, Stjfl)du.
j=1"t-1

Moreover, let us define
Kl = Y  AKp:

i€ Jp(t)
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where AK% :=0 and for i > 1,
ts N
(2.12) AKZ% = —/ Crt(u, Sy)du.
ti—1

In the same way, we set
L= Y ALpL
i€ (1) '
where AL?S :=0 and for i > 1,

~

t;
(213) AL??? = _/ Omt(u7Sti71)du'
‘ ti—1

2.4. Assumptions and notational conventions. Throughout the paper, we
adopt the following rules:

(i) we will often omit the indexes n and the variable ¢ (especially in the ap-
pendix) when there is no ambiguity;
(ii) the constants C' appearing in the various inequalities is independent of n
and may change from one line to the next;
(iii) we use the classical Landau notations O and o. These quantities will be
always deterministic.

We use the abbreviations

(2.14) 5 = Cult,Sy),
(2.15) Yo = Caalt, S).
We denote by (d'); the process equal to d;» on the interval [t7,¢7, ) and (/") is
defined similarly. For an arbitrary process H, we set A Hy, = H;, — H;, .
We will work under the following assumptions:

(A1) The function g has the following form:

(2.16) gt =1—(1—t)", pe (1, 3+8\/ﬁ> .

(A2) his a convex and continuous function on [0, 00) which is twice differentiable
except the points K7 < --- < K, where b’ and h” admit right and left limits;
| (x)| < Ma=F for x > K, where 8 > 3/2.

Assumption (Al) is not too restrictive. A trader can in particular choose p
sufficiently close to 1 to balance its portfolio quasi periodically. However, as we will
see, it is more preferable to increase 1 to obtain a better rate of convergence.

Note that f(t) = 1 — (1 —t)'/#, hence the derivative f’ for ;1 > 1 explodes at the
maturity date and so does the enlarged volatility. We define the increasing function

n—1
2.17 = =—
Under Assumption (A1), we have 0 < p < 1/16.
In the sequel, the quantity

P21 4 )t

(2.18) Qu) = o ( \/8/7)4p+1

will frequently appear.
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f(t, 1/mu)

i+3

i+2

i+1

0 t(i-1) t(i) t(i+1) t(i+2) t(i+3) 1
Revision dates

FIGURE 1. Revision dates with f(¢) =1 — (1 —#)¥, u = 1.5 and n = 10.

3. MAIN REsuLT

In [2], it is proven that V;* converges in probability to A(S1). Our main result
here provides the rate of convergence and identifies the associated limit distribution
of the deviation:

Theorem 3.1. Consider the portfolio V" defined by (2.10) and (2.11) under As-
sumptions (A1) and (A2). The following convergence then holds:

(3.19) nitP (V= h(S1) —— Z,
where the law of Z is given by the characteristic function ¢z(s) = E e*§"2 with
= Qu)(koo)' TPST x
00 [e%e) 2 2 ~
/ z* { (/ J(%Sl)dy> + (1 - 77) J(z, 51)2} dz,
0 T
and
1 o0
(820)  J(x.5) = oo B (V™ 2) (—y? — Vay + Dp(y)dy
~ 1 o0
(3.21)  J(x,8) = 7 /_0o B (SueY™ ) yo(y)dy.

Moreover

n2tPE (V" — h(5;))? —— E 2.

n—oo
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4. AUXILIARY RESULTS

4.1. Geometric Brownian motion and related quantities. In the sequel, we
shall use the decomposition given by Ito formula

(4.22) Co(t, Sy) = Cy (0, 80) + M + A7
where
t
Mp = / 0uSuCrz(t, Sy)dW,,
0

t
. . 1 .
Ay = / {Cxt(w Su) + 50353sz(u, Su)| du.
0
The process M"is a square integrable martingale on [0, 1] by virtue of [2].

We set for u < v

V=1
L 5 L
and
Eale = E (&) — &1
{E0}2 == (E)’sgn &L

In the sequel, we will use several times the following basic results.

Lemma 4.1. For all i the following inequalities and expansions hold:

(4.23) E (£ < Cpv—uw)", u<v

(4.24) E (5;;71)2 = o2At:(1+o(1))

(4.25) E [5;;71K - (1 - i) o2 At (1 + o(1))
(4.26) E {Sf;il}jsgn g = (1 - i) UQ(Ati)%(l +0(1))

(427) E {1 = kAt (1+on 1Y),

Proof. We refer to [1] or [4]. For the sake of completeness we recall the proof of the
last one. Let us notice the equality in law

{eb 32 4 (exp {a\/ATjg - 02Atj/2} - 1)2 (1520\/57-/2 - 15§a\/th/2) ’

where £ is the standard Gaussian variable. Since £ and —¢ has the same law, this
yields

2 2
E {gtt;il}g - E |:(eu§—u2/2 _ 1) _ (e—’uE—uQ/Q _ 1) :| 1521/./2
2
—E (6_“5_“/2 - 1) Ligi<uy2;
where u = 0,/At;. Moreover, we have the inequality

2
E (e—uf—u2/2 — 1) 1|E\Su/2 < ul.
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From [5], we recall that

E [(e"f—*/? - 1)2 - (e—“f—“2/2 - 1)2] lesus = \/%ﬁ +O(ub).

‘We then conclude. O

4.2. Basic results concerning the revision dates. The function p; decreases
from pg to 0. The following useful bounds are obvious:

(4.28) p? > (% +en?)(1—1t)

(4.20) pi < P(L— 1)+ okon® V/B/m(1—1)5 (1 f(1)*.
Moreover, it is straightforward that

(4.30) P = e/t —1),

provided that f’ is no decreasing.
Note that there is a constant C' independent of n such that for all : <n — 1,

11—t
4.31 < (.
(431 s
From there we deduce

At;
4.32 <
(432 oy S

We shall often use the inequality

n—1
Z At < C log(n)
i

where C' is a constant independent of n.

Lemma 4.2. Fiz & > 0 and t := t(n,z) such that x = pi. Set xi_1 = p}_|

and r; = pfi where t;_1, t; are such that t € [t;_1,t;). Then, v € (x;,x;—1] with

1/2 ¢ is a constant. There exists a constant C' > 0 such that
Atnl/2+2p

(4.33) S < O+ ).

Ti—1 — T4

|i—1 — x| <en”

—1/2

Moreover, for a given x, (1 —t) <cn Y2 — 0 as n — oo and

Atﬂll/2+2p Q(ILL)LLAP

4.34 .
(4:34) Tiy— i noeo (gko)PT!

Proof. Let us write

At;nt/2t2p n?p

Ti—1 — T o2n=1/2 4 ok 8/7rﬁ ttil V1 (u)du

n2p

n"o0 gko/ImN (L)

where #; € [t;_1,t;]. Moreover

o2(1 —t) + okor/8/mnt/? /1 vV (u)du
t

1+p

) 1/2

2 1/24H i
1—t¢ k —(1—1t)2
o’ ( ) + okor/8/mn 1+H( ) 20

_ 2
L= Py
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and

2p
T Rl R o
ako /8/7m1/2 2u1/2 .

Note that = > en'/?(1 —t) so that (1 —t) < en™Y2z — 0. In a similar way, we
have
@iy —mi = p;,_, — pj, = 0 A+ en' P/ f1(B) A
where £; € [t;_1,t;]. We deduce that

i1 — 1 = 02AL; + cnl/Qq/f’(f,;)g'(Gi)nfl

where 6; € [(i — 1)/n,i/n]. Moreover,

’ Vi '(0;) = gl(ei)
VI Eg ) = )

is bounded since f(;) € [(i — 1)/n,i/n], i < n — 1. Hence there is a constant c
satisfying x;_1 — x; < en~ /2. Since p is decreasing, = € [, 1]

Eventually, £; € [t;_1,t;] is such that &; = ptg € [x;, ;1] and T; — z. Similarly
we have '

24
(4.35) I e (DR S AT
’ ’ oko/8/mnt/2 24172

which yields

1—p
- fi—o2(1—t)14+p) "
4.36 i) =2 (B (A=t
( ) frt) =p oko F8/7m1/2 21/2
and
Atin1/2+2p n2p

Tio1 — T n=oo gk /87y f(L;)
1-u
n?p 12 [ okoy/8/mnt/? 2pt/2\ T
n—00 O'k(]\/8/’/TM 561—02(1—22)1+,u
1 1/2 oko\/8/m  2ut/2\ "
n—00 O’kO\/S/’iTM Ti—o2(1—t)1+p '
Since #; — z and ¢; — 0, we deduce that
1—p
At;nl/2t2p 1 1/2 oko/8/m 2ut/? T
Ti—1 —Tj n—oo akm/S/W'u T 1+p .
Since 0 < (p—1)/(1 + p) < 1, we also find a constant ¢ such that

-

At 1/2+2p . p=1
S <e|f— (-8 <c@+1),
Ti—1 — T4

which concludes the proof. [
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We now stress an important remark regarding a slight abuse of notation repeat-
edly used along the paper.

Remark 4.3. Throughout the sequel, we shall often use the change of variable
x = p? with dv = —52dt. For ease of notation, we will use the abuse of notation ¢
instead of t(n, z) := (p?)~!(z) when applying this change of variable in an integral.

Similarly, a direct computation yields the following lemma.

Lemma 4.4. Set y > 0 and v := v(n,y) such that y = p2. There exists a constant

C > 0 such that
(1 —v)nt/2+2p

<Cy.
Yy
Moreover, for a given y, (1 —v) < cen™ /2y — 0 as n — oo and
(1 _ ,U)nl/2+2p M—1/2—2p(1 T M)4p+1y4p

)4p+1

y T ot (O’kow/S/Tl'
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5. PROOF OF THE LIMIT THEOREM

The proof is divided into three parts. In Step 1 we split the hedging error into a
martingale part M and a residual part . In Step 2 we show that the residual terms
tend to 0 in L?(f2) with rate nit? as n tends to infinity. We identify in Step 3 the
asymptotic distribution of the martingale nitP )™ and we conclude the proof of
the main result.

5.1. Step 1: Splitting of the hedging error. Comparing Expression (2.10)

with the Ito expansion of h(S;) = C(1,5;) yields the following decompositions.
The hedging error reads

(5.37) V" —h(S1) = M{* + &7
where for all n € N, M™ is a martingale of terminal value
1
(5.38) My = ko Y w57, [85;71} +/ K!dS,.
i<n—1 ¢ Jo
The residual term can be splited as
(5.39) ey = R(t) + RY(t) + Ry (t) + Ry (t)
where
2 ,
6a0) 750) = ko 3 i (o 2T - )
ieJr(t)
t
(1) R0 = [ (6~ 6.)dS.,
0
(5.42) Ry (t) := ko Z (|A5,Z +AK]| A + ALZ\) St

ieJr (t)

(5.43) RI(t) /0 (L~ K™ds,,

5.2. Step 2: The mean square residue tends to 0 with rate nzt2p,

The most technical part of this paper is the following. The deviation of the
approximating portfolio from the payoff has been written in an integral form by
virtue of the Ito formula. The “real world” portfolio may be interpreted as a discrete-
time approximation of the theoretical portfolio c (t,S) yielding the residual terms
above. Consequently, the following analysis is mainly based on Taylor approxima-
tions involving the successive derivatives of C and so heavily utilizes estimates of
the appendix. Standard tools from stochastic calculus are also frequently used.

Theorem 5.1. The following convergence holds:
(5.44) n2t?E (72 —— 0.
To prove this theorem, we show the suitable convergence to 0 concerning the
R;, 0<j5<3.
Lemma 5.2.
(5.45) n2t?E (R})? —— 0.

n—oo
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Proof. We have

B el

= 40 (" 2%)_2 - a\/z\/rti—f—(Ati)o(l),

2 1 2
g fn5\/f’(ti_1)Ati = 0\ —V Ati &;
T V
where €; = n%\/Atm/f’(ti_l) verifies

CAti
g — 1| < —
e =1l < 1—t;
by virtue of Lemma 6.12. Hence, there is a constant C' > 0 such that:
n—1 3
n 2 (Atl)i
sup | Rg (1)| - < Ckoz;m_lstH g
1=

From Corollary 6.5 and Inequalities (4.28-4.32), we deduce the following

2 n—1 ) %
(5.46) niﬂ’\/E (sglea‘(tN) < Cnéﬂz((mz)
1

= L (1 —t;)5/4
ns TP
(5.47) < C—logn ——0
ni n

A Taylor formula suggests to write the following splitting:

(5.48) Ry = o(Ry— R}y — Ry — Ri5 +2R{y),
where
) tiNt Su
WO = Yownst, [ e g,
i<n ti—1 At ti—1
n-l ct;nt
1) = Z/ Cae(ti—1, St,_, ) (u — tim1)SudWo,
i=1 ti_1 Nt
n—1 tiAt
n 1 ‘ A g I u 2 Su
12(t) = 5 Zsf)i—l / fobz(ti717sti—1) (gti_1> S qu’
i=1 ti—1 A\t ti—1
1 n—1 ti N\t R . . S
n) = 138, / Con o1, S ) — i1 )22,
13 2 ,Lz:; ! ti—1 Nt ! Sti—l
1 n—1 0 tiNt N _ - S
L = -3 > sti_l/ Coat(tiv1, St )EL_, (0= tiny) g——dWy.
i=1 ti—1 At ti—1
Lemma 5.3.
2
(5.49) n3tPE (sup R{"O(t)> — 0.
te(0,1] n—0o0

Proof. The Doob inequality yields
n* P PE sup(Ri (1)) < dn B (Rf(1))*
t
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where the r.h.s tends to 0 as shown below. Indeed, by the independence of the
increments of the Wiener process, we write:

n t; SQ
B (R =* Y A, [ B (8,) ptdu
=1

ti—1 i—1

where
(5.50) Ay :=E C?,(t,5,)S%
It is easy to check the following asymptotic

2 G2
E (& v = o (u—tim1) + (u—t,_1)O(nh.
(tz—l) St21-_1 ( 1) ( 1) ( )
Therefore
4
n 2_ O 2 -1
E (Rf(1)) —;ZAtH(Ati) (1+0(n 7))

i<n

where At; = ¢/(6;)/n with 6; € [(¢ —1)/n,i/n]. We then deduce

, a1 -1 Atin3+2r
n%-ﬁ-?pE (R?O(l))2 _ M ZAtiil(Atin)tlni($¢,1 - CCZ)

2 Tio1 — Ty
i<n i—1 i
where z; = p% So, we have:

a1+ 0(m™Y) [

iR (R (1) = 0 | fa(2)da
0
where
-~ Atin%+2p
fn(z) = ZAtH(Atin)ml(zi,mia](@-
i=1 T ¢

Let us remark the abuse of notations p2 = P%,n and t; = t(n,x;) as previously
mentioned.

First, let us show that f,, satisfies the dominated convergence bound condition.
If x € (z;,2;-1] then from Corollary 6.5, we have

C

0< Ati,l < —xi—1/4 < —x/4
Ti—1 x
Thus, from (4.33) we obtain
(5.51) Fal@) < \%e-w/‘*a ).

Regarding the pointwise convergence of f,,, for a given x € (z;, x,_1], there exists
u € [ti_1,t;) such that x = p2 > en2(1 — u). It follows that not only u — 1 but
also t;,t;—1 — 1. Recall that At; = ¢/(;)n~" where 6; € [(i — 1)/n,i/n]. Thus
g(6;) — 1 and 6; — 1 since f is continuous. Therefore At;n — ¢'(1) = 0. Moreover,
note that

1 oo
Aty = oy / 620@27”2“‘11}(2)90(,2)(1!2

— 00
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where

00 S2; o, 2
ri<z>=(/ W (¢- 51+ﬂ~y+%1)yw(y>dy).

— 00

Applying the Lebesgue theorem, we deduce that A, , converges to

1
1 o 2 o0 o2 x 2
A(z) == 7/ e202=0 (/ h' (602_7+ﬁy+5> ygp(y)dy) o(z)dz.
TJ - —o0
Finally, together with (4.34), f,, —— 0 a.e. We then apply the Lebesgue theorem
to conclude the following limit
o (1+0(n"1)) [

2 0 n—oo

Lemma 5.4. n3+2PE (sup; RY, (1)) —— 0.

n—oo

Proof. Using the Doob inequality, we obtain that E (sup, R} (¢))? < 4E (R} (1))%
By independence of the increments of the Wiener process, we deduce that

WHE (R (1)) = b S B S5 / " wt)B ( SS) du.
— i1 i
It follows that Z
n3T2E (R (1))? < cn%+2p§E agt(tiq,Sti,l)stgi,l(Ati)s < en~Tlogn,
i=1
since Corollary 6.14 gives
E C2(t 1,8, )52, < cm
where nf’(t;_1)At; is bounded. We then conclude. O

Lemma 5.5. nz+2PE (sup; Riy(t))? 0.

n—oo

Proof. As previously, we have the Doob inequality E (sup, R7(t))? < 4E (R7,(1))?
and the equality

n—1 t; N _ " S 4 52
4E (R7,(1))? = Z/t E (cgm(t“,sti_l)sg_l (1 g ¢ ) SQt )dt.
i=1 i—1 i—1 trifl

From (6.125), there exists a constant C such that:

1o
i
Using the Cauchy-Schwarz inequality and (4.23) with m = 8, we deduce that

n—1 3
142 2 1+2 (Aty)
R (RL()) < Cndr Y

(552) E aﬁmm(%vi*hgtifl) <

i=1
n?Plogn

3
nz22
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which proves the desired convergence to 0. O

Lemma 5.6. n3+2PE (sup, R(t))* —— 0.

n—oo

Proof. We still consider the Doob inequality E (sup, R75(t))? < 4E (R75(1))? and

4E < Z/ Crue(Bimrs S, 1)(t_ti—1)45t2) dt.

Moreover, using Lemma 6.19 and the Cauchy-Schwarz inequality, we deduce that

C

B (Cultin Su)5?) < i

Then, we obtain

n—1

n2t’E (R75(1))* < C’n2+2pz §l t 1 < Cn 2t logn.

The conclusion follows. (I

Lemma 5.7. n:+2PE (sup, Ry (t))> —— 0.

n—oo

Proof. We use the Doob inequality E (sup, R}y (t))? < 4E (R7,(1))? and the equal-
ity

n—1 t; B . S 2 S2
wryP=Y [ B <sf Gt B (1- 5= ) (-t S) .

i1 ti—1 ti—1

From (6.126), we deduce that

- S, \? s2 t—t;
4 ~2 _ 1— t t < i1 .
E (St Cont(tiz1, Ss,_) ( Si._, St2i_1 = c(l —t;)3

Then,
n—1 (t ¢ )4
1 i — li— 1
n2+2pE (Rn ( ))2 < cn5+2pz Oit)l‘n’ <cn 2P logn.
=1 i
Thus, we can conclude. ([

Let us now study the residual term R%. Again, a Taylor formula suggests to
write the following splitting:

(5.53) 5 = Ry + -+ Ry,
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where

[2 . [t
So(t) = ok ;nf / )Sifyu\/f’(u)du,
to (t
1 /2 ti
31 (t) = okon? ; Z /ti1 (53% V f/(u) - St2i,1'yti71 f/(tifl)) du,

i€JT(t)
SZ(t) = ky Z ,yti—1|sti_sti—1|(sti—l_Sti)7
i€JT(t)
Ba(t) = ko Y ©i(Sh, —Si_,),
i€ J7(t)
B(t) = ko Y, ©iSh,,
ieJr(t)
(554) 92 = ’ytri71|St1:_St1171|_‘aﬂdtiasti)_6£(ti—175t171)+AKg|'

Lemma 5.8. n2+2PE (R5 (1)) —— 0.

n—oo

Proof. We have
nitE (Ry(1))* = cnTE /[ | SaruSero/ I )/ ' (v)dudv.
tn—1,1]2

We use the Cauchy—Schwarz inequality, Inequalities (6.5) and (4.30). From the
explicit formula of f’, we thus obtain

dudv
12 (1 — u)3/8=3/Bu) (1 — v)5/8-3/(81)”

D3RR (Rp(1))2 < enlt /
[tn—1,

n1+2p

€ 3/t

Since u € (1, 2],

3 3 —3u? +5p+ 3
-4 — —14+2p)=— >0
4 Ap (1+2p) dp(p+1)
so that we can conclude. O

Lemma 5.9. n3+2PE (sup, R, (t))? 0.

n—oo

Proof. Let us consider U(¢,x) := 22Cou(t, 2)\/F(t). The Ito formula yields

boov boov
\Il(t,St) = \Il(ti_l,Sti_l)+/ %(U,Su)Usuqu*F/ E(’UJ, Su)du
ti—1

L[t oxv 9 02
+§ /til W(U,Su)o' Sudu,

ti—1
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where
P — 7 (1)
5 (t,z) = Cmt(t,:n)\/f(t)JrCm(t,x)z\/m],
g—\i’(t,x) _ [2xém(t,m)+x2ém(t,x)} 7,
i Y 42C 26 /
Sz (he) = [ o (t, @) + 42Chue(t,2) + @ mx(t,x)} f'(t).

If we set X; = Stzé’m(t,x)\/f’(t) then dX; = pydt + B, dW,; where

ov 10%v

Ht = ot —(t,5) + 2 0 Q(t Si)o 25t2’
ov

/Bt = or (t St)JSf

We write nitPRY, (t) = A7 + Bl with

Al = Uk0n4+pf > / (/ BudW, ) dt,
1€ J(t)
B = ak0n4+p\/> / (/ uudu> dt.
1€ J(t)
From (6.120), there exists a constant C' such that:
()1
B 5 <o (B 5907+ B SPC2,,(.5)) /() < L
ni(l—1t)2

Using A1, we claim that there exists a constant ¢ such that

TR0
) (1—t)s-1e/mw’

Thus, using (6.119-6.124), we obtain some constant C' such that the following
inequality holds:

(1 —1)3/ ) (1 —¢)3/(4n) ¢

Wi Z )/ | A= 03 T /AL — oA

o

(5.55) E pu? <

By means of the stochastic Fubini theorem, we obtain that

2 b
A = Okonin\/» Z / (ti — u)BudWy.
T iegp(t) Y ti-t

Since the Doob inequality E (sup, A7) < 4E (A7)? holds, it suffices to estimate

E (A7)%. From the boundedness of \/(t; — u)/(1 — u) and f'(u)(t; — u)n on u €
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[ti—1,t;), we deduce the following estimates:

E (A7) < cn2+2pz (t; —u)’E B2du,

2 / 1
< cnngZ/ f(u24de
b n3/4( —u)3
en? w) n?P logn
< u<¢c———— — 0.
- Z/tl ) 1,u)%d =¢c n3/4 n—oo 0

Then, we conclude that E (sup, A7)> —— 0.

n—00

Secondly, we write:

14 14
By = ety / L / 1,5, dt du,

’LEJ" ti—1 ti—1
cn3/4+p Z / (t; — u)pudu.
iedp(t) T timt
Then,
bup |BP| < en®/4FP Z/ w)| o | dus.

Thus there exists a constant ¢ such that E sup, |BJ|? < cn3 Y™ where

1n—1 2
E (/ Z(tl - u)|/”'u|1(t11,t1](u)du> 5

1 n 1
/ / Wt — )l L,y 0 (0) Lty ) (0)du o

’I"IL

Using the Cauchy—Schwarz inequality and (5.55), we can then bound Y™

1 p1 n—l L i
™ < / / > (ti—u)(t; —v) (B ) (B p2)® L,y o) (W), (v)du do,
o Jo ;55
1n—1 N 2
< </ Z(ti —u) (B ;) 1(til,ti](U)dU> 7
< (T )
where
2
in (At;)? 1 clogn
(556) T < Z (1 _ ti) n1/8(1 _ t)5/8_3/(8H) < ’I’Ll+3/(4“) .
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In a same way, we obtain the following inequalities
2

(At;)? -
Z R —t)7/8 | =
2
(At;)? < Ct logn
(1 — t;)1+(1/8+1/(8)) = p7/2+1/(4p) "

34 Q

T2n S
i<n—1

3n

(5.58) T < _E: 75
i<n—1

Then, from inequalities (5.56), (5.57) and (5.58) we deduce that
Clogn

(5.57)

Cn2t2Plogn -
n1+3/(4u) n3/(4p‘)7%72p

E sup | B2 <
t
where
1 —4p? 4+ 3p+3
3/(4p) — 5 —2p = —HTS
2 Ap(p+1)
Assumption (A1) yields —4u? + 3u + 3 > 0. Hence the result follows. O

n—oo

Lemma 5.10. n>+2PE (sup, R3,(t))> —— 0.

Proof. We write
“R(0) =kn D S {ELE =0T+ V)
ieJI(t)

where U™ is a martingale defined as
UM = ke > S, (8L B AEL ),
i€JT(t)

Vi) =k Y St BA{& )2

and
i 7 (t)
(At;)2. Using the Doob

Recall that from Lemma 4.1
E (&}, }2 = k(At)? (140(n™H))
2 <ec

We deduce that for n large enough, 0 < E {Eff_l : <
inequality E (sup, U"(t))* < 4E (U"(1))?, it suffices to estimate E (U™(1))?. The
independence of the increments of the Brownian motion implies the equality
2

n—1
E (U"(1)" =k > B C2(ti1, 8, )8t E ({6} - E{&,)?)
=1

1
n—oo

Then, there exists a constant C' such that
Cn?
— 0.
na

n3tPE (U™(1))? <
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At last, for n large enough, E {Ettkl}ﬁ > 0. Hence, 0 < sup, V™(t) < N"(1). In

order to prove that n2t2PE V™(1)2 —— 0, we first analyze the following sum
n—oo

cn?P

— 0.

n—1
1 =5 )
nz“pkégE Claltion, S )SE_ (B{ELL )’ € 7 ——

Using the Cauchy-Schwarz inequality, we also have

2p
1 ; ts cn
nit2p Z E v, St .5 (E{E NE{E] )< —— 0

n—oo
ti<t;<tp_1

We then deduce that nzt2PE V"(1)2 —— 0 and finally

n—oo

n3tE (sup Ry (t))? —— 0.
¢

n—oo

Lemma 5.11. n3+2PE (sup; R35(t))*> —— 0.

Proof. We write RY5(t) = R4, (t) + R354(t) where
gBl(t) = ko Z 611(5157 - Sti—l)
i€ J7(t)
Rg32(t) = kO Z (@l - 611) (Sh - Sti—l)
ieJp(t)

with R R
@zl =Vt |St7 - Stq',—l‘ - |O$(ti7 Stz) - Cﬂc(ti—la Sti—1)|'
We note that sup, [R5, (t)| is bounded by

n—1
kO Z |Cf6(ti’ Stl) - Ci(ti—la Stq‘,—l) - %&‘—1(5251‘ - Sti—l)HSti - Stq‘,—l |
=1

Applying Taylor’s formula to the difference @m (ti, St, )faﬂ (ti—1,St,_,) it is sufficient
to estimate the following sums (5.59),--- ,(5.62). The first one satisfies

n—1
1 - p
(5.59) 0377 ko S Corltior, St J(AL)(S, — Si,)| < Cpe 5 0.
n
=1 2

Indeed, from Corollary 6.14, we deduce that:

NG

— A
E O (111, So_)(AL)A(S,, — S_,)? < 0121

i 371%]”(751'—1)
3

(1—1t;)2
The second one verifies
n—1 . _ N P
(5.60)n5 7 ko 3 Craw (i1 S_tio1)(Sh, — Siiy)?|| < 02" 0,
, nz
1=1 2
Thirdly, from (6.126), we deduce that
C(At;)*

E aizt({i*hgtifd(sti - Sti71)4(Ati)2 < S
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and it follows that

n—1 N _ " pl
(5.61)n4 7 ko 37 Coan(Fimt, 8u,_))(Su, — Suiy)?Ati]| < CE o,
. ni n— oo
=1 2
Finally, from Lemma 6.19, we get that
o o~ o~ C(At;)?
E C:%tt(ti717sti—l)(sti - Sti71)2(Ati)4 < (7>4
(1-1t)
and
, n—1 R _ N ]
(562047 |k 3 Cute(Fimrs 81, ) (St — S )(A)?|| < 08—,
. ni n—oo
=1 2

From above, we can conclude about that nzt2°E (sup, Rbs, (t))2 —— 0.

n—oo

As for R54,(t), we use the inequality

[6: - 6] < |A K|
and we deduce from Definition (2.12) the bound
tno1
R (0] < csup Sy ] [ Curltus Su)ldu
i 0
with
= c

Cz 11,Su < —
| t( )| \/Su(l—u)
so that

1
|R335(t)| < clog(n) sup Sy ? sup |ASy,|.
Using the Cauchy-Schwarz inequality, the boundedness of E sup, S; 2 yields
E sup (R§32(t))2 < Clog*(n), /E sup (AStl.)4.
t i

Moreover,

4 _3 4
E sgp (AS;,)” < n 24E sgp(ASti) 1Supi(ASti)42n_%’

n~% 4 C\/IP’ (sqp (AS;)* > n3>

By virtue of the Bienaymé-Tchebytchev inequality P(|X| > k) < k~5E X8,

IN

P <sqp (AS;)! > n_g) < n'? ZE (AS;)** < Cn™3.

‘We deduce that
E sup (AS;,)* < Cn™%
i

and finally E sup, (R, (t))* < Cn=3/*log?(n) so that we can conclude the lemma.
O
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Lemma 5.12. We have

n2t?¥E (sup R%,(t))? —— 0.
t n

— 00

Proof. Let us notice that sup, |R%,(t)| is bounded by the random variable

n—1
kO Z ‘az(tu Stl) - am(t’bflﬂ Stifl) + AKZ - me(ti717 Stifl) (Stl - Stifl) Sti71~
i=1

Using the Ito formula for the increments @.(ti, St,) — CA'$(ti_1, St,_,), we obtain

n—1
sgp\R%(t)IS koo Y S,
=1

/ USu [Omm(ua Su) - me(ti—la Sti_l):| qu
ti—1

I -
(5.63) + 3 / 0252C s (u, Sy )dul.
ti—1
Thus )
nd 4 sup B3, (02 < T} + 72
where )
T = 1ip = i 2 Q2 2 ’
n —O'kOn4 Z E Sti,lsu (’V’Uz_/yti—l) du
i=1 \Yti-1
and

2

l4p an—l . t; N
T2 = ko”% Z(Amg (/ E S S'C? (u,Su)du>
ti—1

1 Murrx
i=1

We first prove that 7! —— 0. Using the Taylor Formula, we get that

Yu — Vtio:e = Yu — aT”c(ua Sti,—l) + éIT(uv Sti—l) — Vi
. 1 ~ _
= CIME(U’ St'i—l)(Su - St'i—l) + 5010%536(”7 St'i—l)(‘s’u - St'i—1)2

+ Coat(fio, St )(w—ticn).
Using the suitable estimations from the Appendix, we then obtain
E 515217153 (7u - ’7151'—1))2 7 CAti 7 3 C(Ati)Q 3 C(Ati)Q T
n8(17ti)4 n2(17ti)3f’(ti)2 77,3/4(17@)14
The last estimate follows from Corollary 6.124. Indeed, the proof is the same since
pz,_, < pt,_,- We can therefore deduce that T} —— 0.

n—oo

We then prove that T? —— 0. We deduce from Appendix the following in-

equality:
c

2 4 A2

I Muzax

It suffices to obtain the convergence

n—1
. p
n%_,'_p Z Atl < CT 0
P n7/16(1 7ti)7/8 - n3/16 n—00

to conclude the lemma. O

This last lemma completes the proof of Theorem 5.1.
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5.3. Step 3: Asymptotic distribution.

From the previous subsection, it turns out that the deviation between the “real
world” terminal portfolio and the payoff h(S7) is essentially composed of a martin-
gale as n — oo. To study the asymptotic distribution of ni“’Ml”, we consider it as
terminal values of the following sequence of martingales (N j") j=0,.-.,n With respect
to the filtration F™ = (Fy,),:

J
N} = n%ﬂ’Mf = Z(Xi +7:),

=1
where
(564) Xi = k0n1/4+p’7ti715t2ifl |:€ttz771i| c )
(565) 191 = k0n1/4+pKtni—1 (Stz - Sti—l)'

Theorem 5.13. The following convergence holds:

(5.66) Nt —% 7

n—oo

2
where the law of Z is given by the characteristic function ¢z(s) = E e =" with

= Q(u)(koo)' ST x
/OOO o { (/:O Iy, Sl)dy>2 + (1 - i) J(z, 51)2} dz,
and
(5.67)  J(x,S) = % O:o W (Sue¥ ™ 2) (—y? — Vay + De(y)dy
(5.68)  J(x,51) = % /_Z B (SueY™ 2 yo(y)dy.
Moreover

E (N')? —— E »°.

We achieve the proof of this theorem by means of the result page 58 in [7] recalled
by Theorem 6.1 in the Appendix. (Note that the completion of the o-field generated
by the collection (F™),, coincides with F;.) We thus need to prove the following
lemmas.

Lemma 5.14. The sequence of martingales (N]")i=o,... n Satisfies

(5.69) foralle >0, Y B ((xi +9:)*Lpys0,152|Frr ) —— 0.

n—oo

Proof. We use the inequality (x; + 9;)? < 2x? + 29? and we shall prove a stronger
result, i.e. a convergence in L'.

First let us show that
(5.70) E (071, 4+9,5:) —— O.

n— oo
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By virtue of the Markov inequality, we obtain

E (1 5e2) < /B O}VP(0i] > ¢/2)

< Ce % /E 94/E v}2.

By independance, we have

(5.71) Ev; = kn'"™"E (K] )'s! E (&' )
(5.72) Ev* = kn*""PE (K] )'S/? E (& )"
Recall that
tio1
K  =- Cyi(u, Sy)du
0

and by virtue of Lemma 6.8 there exists a constant C' such that

tn—1 d 4
milt o s s ([T ) e s st o)

0<u<T 1-u 0<u<lT

‘We deduce that
E v}
E v}?

C log*(n)n**~1,

C log"?(n)n'?=3.

IN A

Since p < 1/8, we deduce

SB (Plpen) € O logn) Sn~!

i<n

< Ce %n® 1og®(n) —— 0.

n—oo

Let us study E (19121|Xi‘>5/2). Again,

E (0f15c2) < EIVP(xil >¢/2)

< Ce?\/E9H/E x}.
Once again by independence,
4
Bx! = KnE5f S B [g]

We easily deduce from Lemma 4.1 the inequality
to 14
E ] < can?
Using Corollary 6.119 we obtain

(At;)?
(n/4yT—15)°

(5.73) Ex} < Cn't? < Cntrm1/4,
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Since p < % < 3—?’2, then

ZE (97113,15¢/2)

At;
-2, 4p 2 [
Ce™*n"Plog (n)zi:n?’/g(l—ti,l)w‘l'

At;
—24p—3/8 7,2 i
< Ce*n™ log (n)g T

IN

< Ce 2 p73/8H P 10g3(n) —— 0.

- n— oo

From the inequality 1|y, 9,1>c < 1jy,|>e/2 + Ljg,|>e/2 We then deduce that

ZE (ﬂ?lerH%‘ > 5) m 0.
i

Second let us show that

(5.74) E (XiLpto:/>e) 0.

n—oo

In the same way, we have

(5.75) E (Xl 5e2) < VEXIVP(0i] > ¢/2)
(5.76) < Ce % /E x#/E v}2

From (5.73) we have
Ex! < Cn'V4
1

Thus, using p < 15 < 6—54,

n—oo

(5.77) > E (Gl se2) < Ce ¥ n75Flogb(n) —— 0.

Let us now study E (X?1|Xi‘>8/2).

(5.78) E (X1l >e2) < VEXIVP(l > €/2)
(5.79) < Ce’E xi.
Using the bound (5.73), we obtain
(5.80) S E (X1, se2) < Cn*7V4——0.
We finally conclude the lemma. (Il

Lemma 5.15. The sequence of martingales (M)i=o,... n Satisfies the following
convergence

(5.81) V2= "E ((xi + )| F,_,) U

n—oo



26 SEBASTIEN DARSES AND EMMANUEL DENIS

where
n o= O (ko) P82 x
0o ) 0o 2 2 " )
/0 o {( / J(y,sl)dy) +(1—7T) J(x,5)) }dx,
with
(682 J@S) = ;x SV (g =V Dl
683 J@s) = /_ B (SueV )y () dy.

Proof. First, let us study the term

(5.84) & = Y B (JF.,).

i

By independence, we obtain

2 2
(5.85) E (0F,,) = K2 (k) s E (g,)
Hence, using Lemma 4.1 and the change of variable y = p? and z; = pfi,

E (0?|F, ) = kn'/*PR? S2 o?At;(1+0(n™"))
2

tio1
= kio’n!/?tSE </ C’zt(u,Su)du> At;(1+0(n™1))
0

tio1 1/2+2pAt
K022 (/ Coe(u, Su)du ) Sl An (14 0mY)
0

Ti—1 — T4

i1 Ti—1 — L4

We then deduce that

(5.86) ¢ = (1+O(n_1))/ 2% (2)dx
0
where
7’L1/2+2pAti
S Z</ o ) o )

Recall that
1Coi(u, S5 2ldu < cGi(z,8,), ==p2
where

j=1

In particular,

(5.87) VaGi(z,y) < G(x)

2 2
Po 1/242p .
koo®Si,_, (/ Cat(u, Su)o ‘2dy> "m0

).
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where G(z) = ca=2e7%/16 ¢ > 0 is a constant. Hence, a.s.
I

(5.88) Cot(u, Sy) G, 2dy / G(x')dx' < / G(z')dz' < +o0.
Ti1

Therefore, using (4.34),
[e'e) 2

(5.89) |2%(z)] < C(1+ax) (/ G(m')dx’) sup S2.
x u€l0,1]

But, due to Hélder’s inequality,

(5.90) /000(1 + ) (/:o G(az’)dx')zdx < +oo.

We can thus apply Lebesgue’s theorem using Corollary 6.22 and (4.33):

(5.91)

€0 - Q) (hoo)' 87 [ ( / J(y,sndy) .
n—oo 0 T

Second, let us study the term

(5.92) & = ZE 0G| Fy) -

By independence, we obtain Z

(5.93) E (| Fi,) = Kn'/22y7 S [«ff:_l]j

Then

(5.94) E (}|F,) = kio*n!/?ta2 gSh (1 - i) At;(1+o(1)).

We then deduce that
(5.95) SE (3F, ) = (1+0(n) / X(x)da
i 0

where ;
nl/2+2p Ay,
2X(x) = S} k2o? Z V2 ﬁl(mi’xifl](x).
Let us obtain a suitable bound for Z,Zf( ), integrable in z. Recall that

(5.96) Vi, = axac(ti—la Sti1)

1 oo
(5.97) - PtT/ B (Ser_, eV PP Yy o(y)dy
-1t o0
1 & . s
(598) = m/ h/(Sti_le\/Her 171/2)y(p(y)dy'
i—109t; 1 J—co

Due to Inequality (6.117), we claim that a.s.(w) for n large enough, there is a
constant ¢,, which does not depend on n such that

5.99 < Csup S—3/2e—/8 (1, € 1)1, ).
(5.99) |yl < sup 5, /e >1+ \/:E+ 2<1
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Indeed, this is obvious for > 1. Otherwise, 1 > z = p2 > ¢n'/?(1—u"(z)) implies
that u = u™(x) is close to 1 uniformly in = < 1 as soon as n is large enough. It then
suffices to choose Sy out of the null-set {S; = K1,--- , K,} to obtain by continuity
that S,n () is also far enough from the points Ky,---, K, if x > 1.

We conclude that for all j, log? (K;/Sun(z)) > cw,j for some constants ¢, j > 0.
Therefore,

(5.100)

e
‘Sti—1|4|’yti—1|2 < C sup Sﬁ sup 5173671/4 <1z>1 + ( + 1) 1x<1> .

0<u<l  0<u<l
Thus, due to (4.33)
(5.101)

e 2
|zX(2)] < C sup Sﬁ sup 8’173(1 —1—9(;)6_”’/4 <1$>1 + (em + 1) 1z<1> .
0<u<1l  0<u<1 NG

We can then apply the dominated convergence theorem using the limit (4.34). We
obtain

(5.102)

x 22, (1 - 72r> Q(u)(koa)k“’Sf/ 2* J(x,51)2dz.

0

Finally, let us study the term Y, E (x;%i|F,_,).
By independence, we have
E (Xiﬁi|fti—l) = k8n1/2+2p’7t1‘_15162i_1Ktrz_lsti_1E ([gff_l}cgffq) .
But
ti t t; 2 ti 2 2 2

E (|:gti;1j|cgti’—l) =E |:5ti/—1i|c sgn gti—l =|1- ; g (At’i)z (1 + 0(1))

Due to (4.33), we obtain
(Ati)%nl/2+2p

Ti—1 — Ty M0

0.

From the bounds (4.34), (5.88), (5.99) and by applying again Lebesgue’s theorem,
we then deduce the following limit

(5.103)

n—oo

Y E (xithlFi, ) =2 0.

7

Lemma 5.16. We have
(5.104) E (N'")? —— E 7°.
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Proof. Due to the independence of the increments of the Wiener process, we have
E (x; +v:)(x; +9;) = 0 whenever ¢ # j. We thus obtain

(5.105) E (V) = Y B (u+0)

(5.106)

E ZE ((XZ +19i)2|fti71)

But
5107ZE (G +00)%Fu,) < 23 E (G +93F, ) =265 + &)

Let us show that &, := £X + &7 is uniformly integrable. First let us note that &,
is bounded in L'(€2). Indeed, from Corollary 6.5, Inequalities (5.89) and (4.33), we
obtain for all n

(5.108) E |¢,| < C/ 1+:c)<(ES1 (/ Gz dm>><oo

Now, using the Cauchy-Schwarz inequality and then the Markov inequality, we have

[e’e) [e's) 2
E e, < C/ (1+x) (/ G(a:’)dx’) dz\/E S{/P(&, > k)
0 x

k k— o0
Recall that
nl/2+20 A¢
2X(2)Lgn >, = ko Z St Len> ﬁl@sm_l](gﬂ)-
3

Therefore, applying successively the Cauchy-Schwarz inequality, (4.33), Corollary
6.16, and the Markov inequality, we obtain

4/5 n/2t2 Ag,
EGle>e < CZ (E St 5’/21) (PE" > k)Y ——"1(, ) (@)

Ti—1 — X4

o—bx/32 4/5 sup. E 1/5
P, E &
< C/ 1+ ( 15/16> dx( A > P 0.

Therefore, &, is uniformly integrable, and so is >, E ((x; + 9:)?|F,_, ), which
moreover converges to 1 a.s. This yields the conclusion of the Lemma.

O

This last lemma completes the proof of Theorem 5.13.

5.4. Conclusion. Let us summarize the results of the previous theorems:

(5.109) n3tPE (e7)? ——0
(5.110) nitPNm® ﬁ Z.
Therefore

(5.111) ni P = h(S1)) —— Z,

n—oo
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and
nA 2R (V' — h(81))? —— En? =E 7%
n—oo

The proof of the limit theorem is then complete.
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6. APPENDIX

The following limit result combines Theorem 3.2 page 58 [7] with its corollary
3.1 and its remarks.

Theorem 6.1 ([7] page 58). Let {M F;,,0 < i < n} be a zZero-mean square
integrable martingale with increments AMZ" = X7 and let n* be an a.s. finite r.v.
Suppose that

(6.112) for alle > 0, ZE D21 sl Friy) —— 0,
(6.113) ZE 2| F ) —— .

Then M) — % .Y where the r.v. Y has the characteristic function E exp —%772152.

n—oo

6.1. AO.

We recall from [3] the following expressions for the successive derivatives. They
are based on direct computations using the integration by parts formula under
suitable assumptions on the payoff function h.

Lemma 6.2. Let C(t,x) is given by (2.7). Then

Cultir) = / W (e 12) () dy,

Coult,z) = pm h’(xepy+P Y ye(y)dy,
A 1 )2

C\wmww (ta .13)

1 [ .
5 [ W e ) Pty
where
P(y) = y*—py—1,
Ps(y) = y°—3py° + (20° = 3)y + 3p.

In particular, |C (¢, 2)| < ||1/]]oo.
Similarly, we obtain the following expressions for the successive derivatives in ¢:

Lemma 6.3. Let C(t,x) is given by (2.7). Then

~ 7/\2 o0
(6.114) Ci(t,x) = ;Ttx/ h/(xepy+p2/2)ygp(y)dy,
P )
-~ 0'2 o
(6.115) Culta) = 35 W (e 2)Qa (y) ) dy.
~ 0'2 0
(6.116) met(t7x) = 2pt$/ h/(xepyﬂ’z/z)@g(y)go(y)d%
—00
with
Qy) = - —py+1,

Qs(y) = —y*>—py®+3y+p.
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To study the residual terms generated by the discretization of the theoretical

C(T, St), we use Taylor approximations. We then need to estimate some bounds
of the successive derivatives of C.

Lemma 6.4. There is a constant C' > 0 such that

2 2
PN e P /8 L 1log*(K;/x) e P /8
]:

Corollary 6.5. There exists a constant C such that for t € [0,1]
~ C 2
E S:C2(t,8,) < ;e*P /4,
Similarly, we can deduce the following bounds:

Corollary 6.6. There exists a constant ¢ such that for t € [0,1]

p
E S7C2,(t,8) <c|>

j=1

Yj

1 2 R
———exXp — 5 e
p2v2u? +1 Pl 221
where ¢ is a constant, u = ay/p and

1 N A2
v; = Og(SO/K;) at/2+

[NV) st

Corollary 6.7. There exists a constant ¢ such that for t € [%, 1],
~ 1 2
E S?C2,.(t,S;) <c ( +e P /4> )
p

Lemma 6.8. There exists a constant ¢ such that
~ ce=P’/8
|Caaa(t,z)] < T (L(z,p) +p),

Craa(t, )] < ce™ /B2 T2Py(p7Y),
c&ze’é 9
< e La e+,

|Cra(t, )]

Caat(t.2)| < 02 Bu™32(p71 4 p72),
where Ps is a polynomial of the third order and

P 2
|log(z/Kj)| log”(z/Kj)
L(z,p) := Z fexp —T .
j=1
Lemma 6.9. There exists a constant ¢ and a polynomial Q of third order such that
E S"C2.(t,5;) < c’a\fQ(p_l)e_”ZM.

6.2. A.1.

We give here some necessary calculus and inequalities for the present work.
Moreover, we recall some results from [2] and [3]. In particular, we can show the
following in a similar way:
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Lemma 6.10. We have:

~ 0'2 o0 2
Conltin) = oot [ Wlaer )Py ()t
t —00
/! o0
-~ 2
Conttia) = 2 / W (2eP V) Py, ) ply)dy
o[ pry+pi/2
+2—p4 B (xe? VP 2) Py (pe, y)e(y)dy,
t —00
Cosar(t,z) = 27 x2/ W (ze? P12 Py (py, y)p(y) dy
where
Pi(z,y) = -y’ —ay*+3y+a,
Py(z,y) == -y —azy+1,
Py(z,y) = y'—(4+2")y’ +2zy+a2>+1,
Py(z,y) = —y*+2xy®+ (6 —2?)y* — Sxy +2? — 3.

Moreover, we have the following inequalities:
Lemma 6.11.
e_p?/s atQ p

t

j=1
Conelt, )| < XM(t,2) + X%(t,2)
where
6 Pf/g /!
X'(t,x) = |p‘ ZQ (2)e= @ @2 4 p, 4 p2 ]

j=1
2 6”’/8 7t v @ N
X=(t,x) = i ot > (e j(x)) e +> .
to\j=1 Jj=1

and g (x) = [log(K; /)| /.

Lemma 6.12. Assume that Assumption A1 holds. Then there exists a constant

c such that g; == n'/2\/At;\/f (ti_1), i < n — 1 satisfies the inequality |e; — 1| <
cAt; /(1 —t;) for n large enough.

Proof. We have obviously
|5i — 1| < |’I”[,Atif/(ti_1) — 1‘,

where At; = ¢'(6;)n=" and 0; € [(i —1)/n,i/n]. Then, d; := g(0;) — t;_1 € [0, At;].
We deduce that:

4 92 — hl Ati
oy 6@ st

f'(9(6:)) 1—t;
Indeed, we use a first order Taylor expansion to estimate the difference f'(g(6;) —
hi) — f'(g(0;)). We conclude by using the explicit expression of f, g but also the

inequality (1 —¢;—1)/(1 —¢;) <cfori<mn-—1. O
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The following lemma is of first importance to get estimations of expectations we
need in some of our proofs.

Lemma 6.13. Suppose thatt <u <1, m R, g € 2N and K > 0. There exists a
constant ¢ = ¢(m, q) such that

2
E S log? % exp {kng(j;/f{)} < cPy(pr)
where
Po(pt) = Pty
Po(p) = pi+pi,
Pypr) = pl+pi+p,
Pay(pr) = p{" 4o 4 T

Proof. We set p = log % —o%u/2 , a = oy/u and

2
Alq) = B 7 1ogt 2 xp { EE IO

ot
Then,
A N Sgt [~ q 2m/2 1 2 2/9% d
(q) = Tﬂ' 3 (p+ ay)?exp amy — a“m/ —E(p-f-ay) -y/ Y,
SmeAl o0 1 20[2 2p
A = 2 / +ay)lex {—(l+> 2—|—oz<m—) }d
(q) Jor 700(1) y)iexpy—3 7)Y 7)) vy
where 5 9
a‘m
Al_* 71772.
2 Pt

Let y = z/Ay with Ay = /1 + 2a?/p?. Then
SgreAs [ az 1
Alq) = =2 / +—)%e {— 22 —2(Az/A z+A2A2}dz
@ = [+ e { =5 [~ 2(da/ )z + 43/43)
where A3 = o (m — 2p/p?) and Ay = Ay + A3/(2A3). After the change of variable
y =z — As/As, we obtain that

gm0 As 2 A 2 2 2
A@2) = 20 Pee <p+ op 32> L
Vit | 72a2) Trea
Moreover, if u > t, then p? > 0?(1 — t) implies that
P2+ 202 > 0% (1 —t) + o?u > o

We have

A, met P o?py ( 2, 4pm>
4= - - = v
2 7 2pf+2a7) Pt P}
where p, a are bounded. But, the term
o?pf m2

2(pf +202)
is obviously bounded whereas we can establish the following inequality

ot w7

2(pf +202) pp P}’
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The following term
a?p? 4pm

2(pf +2a2) pf
is also bounded. It follows that e+ is bounded and we can conclude easily for g = 2.
In a similar way, we can conclude for any ¢ € 2N because we use in particular the
property

/OO yFo(y)dy =0

if k e 2N 4 1. d
From now on, we can deduce the following results.

Corollary 6.14. If m € R and u > t, then there exists a constant c,, > 0 such
that

—~4
-~ C.
E S5'C2(t,8,) < Titerils,
Pt

Proof. Indeed, it suffices to use Lemma 6.8 and apply the previous lemma. (]
In a similar way, we have:

Corollary 6.15. If m € R and u > t, then there exists a constant C,, > 0 such
that

N ~8
(6.118) E S™C4(t,8,) < C’;#efp?/g
t
(6.119) E S™CH (t,8,) < (;—”;e—f’?/‘*.
t

Corollary 6.16. If m € R then there exists a constant c,, > 0 such that
m A Cm k2
E 5 02‘432(@5}) < ~15/8°¢ 50:/32,
Pt
Proof. We write
E S7"C5/2(t,8,) = E S"C3/2(t,8,)Coa(t, Sy)

and we apply Cauchy-Schwarz’ inequality with p = 4/3 and q = 4 such that p=! +
¢~' = 1. We obtain

~ ~ 3/4 ~ 1/4
ESPCos) < (BP0 s))" (ECLES)) ",
~ 3/8 N 1/4
< (cm E C (t, st)) (E Ci (¢, st)) ,
3/8 1/4
< <Cm Ceﬂf/4> (0693/4)
- pi pi

where the last inequality is deduced from Corollary 6.119. The conclusion follows.
O
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Corollary 6.17. If m € R and u > t, then there exists a constant c,, > 0 such
that

(6.120) E S"C2,(t,8,) < ;—”;e—p?/s
t
~4
(6.121) E STC2,(t,8,) < “mILe—ri/s
Pt
(6.122) E S7CA,(1,S,) < “merils
Pt
(6.123) E S™C2, (t,S.) < Cp—’ge*P?/S
t
R ~8
(6.124) E S7CL(1S,) < Ttemel/s,

PL

Let S, , € [Si,_,,S:] and #;_1 € [ti_1,t;] be some random variables. We have
the following inequalities:

Lemma 6.18. There exists a constant ¢ such that
2
—pi, /4
/\4 ~ ~ ce i
E Co;t(ti—hstzq) < (1— ti)4'

Proof. We have §t7?71 < 57, + S0, and p;_ > pi,. Furthermore, in virtue of
Lemma 6.8, recall that we have
a\?e—p?/s

zl/2p?

Cor(t,z)| < c

Then, the conclusion follows. (|

In the same way, we can prove the following results:
Lemma 6.19. There exists a constant C' such that

Ce—pfi/‘1

PO
E Cpyy(ti-1,5,_,) < [(EAk

Proof. The arguments are similar to the previous ones but we also use the inequal-
ity:

9" (u) ¢
< Yu < 1
gw? = 11— gl
in order to have
/!
Pt < ¢ .
pe — (1—1)
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Lemma 6.20. There exists a constant C' such that

2
=N " - Ce_pti/4
(6.125) E Cppo(tion, Siy) < s
ti
o _ Ce_"?f,/‘l
6.126 E Cy,(tim1, S, e
( ) wat(tie1,50, ) < n(1— ;)8 f(t;)
R _ N C —pi, /4
(6127) E Cimzz(tiflv Sti—l) S GT
Pt;
6.3. A.2.

Recall the two following lemmas (see [2]). These results ensures the convergence
of the Leland scheme without any hedging error when using the modified Leland
strategy. The change of variable z = p? appears to be as essential in the following
proofs and points out the significative role of the revision dates near the maturity.

Lemma 6.21. We have the following equality

t P
/ Cot(u, Sy)du = / Cat(u, Su)a\;de’
s P

2
t

where u = u(x,n) is defined by x = p?. and verifies lim,,_, o u(z,n) = 1. Moreover,

1 o0
Cat(u, 8,)5,% = / W (SueVvHe/2) (—y? — xy + 1)p(y)dy

=5 -
satisfies the following inequality
|Cot(u, S0)7, 2|du < Gy (, S.,)

where

Gi(z,S) = %6_”8 Zbg(\%/f{j)'exp{—mgi/m} +Vr+ 2
i=1

Corollary 6.22. Assume that we have two sequences (tin)nen and (Sgn)neN 0
[0,1] such that p,. and ps,. respectively converge to a € [0,00] and b € [0, c0].
Then,

trn

b
lim Crt(u, Sy)du = / J(z,51)dr < 00, a.s.
SEn a

Proof. We apply Lemma 6.21 with the change of variable z = p2. Recall that
0<l—-wu<czn?2sothat u —1asn — oo for a given x > 0. We can apply
the Lebesgue theorem by dominating the function Gy(x,S,) whether x < 1 or not
because x < 1 implies that u is sufficiently near from 1 independently of x for n >
ng. Indeed, outside of the null-set U;{S1 = K}, we have 0 < a < |log(S,/K;)| <b
for some constants a, b (depending on w) provided that u is sufficiently near one. O
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