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Abstract

We show that the conjecture of Kannan, Lovasz, and Simonovits on isoperimetric properties of
convex bodies and log-concave measures, is true for log-concave measures of the form p(|z|s)dz on
R™ and p(t,|z|5)dz on R where |z|p is the norm associated to any convex body B already
satisfying the conjecture. In particular, the conjecture holds for convex bodies of revolution.

1 Introduction

Let K C R™ be a convex body. We denote the uniform probability measure on K by ux. We say that
K is isotropic if

e its barycenter [z duk () is 0,
o [(z,0)*dux () is constant over § € S"1.
This means that the covariance matrix of px is a multiple of the identity. In this case,

n—1 2 By [ X[ 2
Vo e snY, /@,9) dure(a) = L < B (X7),
Here (., .) stands for the euclidean scalar product of R” and |. | the associated euclidean norm; S*~! is
the euclidean sphere of radius 1, E,, is the expectation under the measure ;, and X the first coordinate
of X. Let us note that others authors require more, namely Vol(K) = 1 in [2d] or J{x,0)?durx = 1in
[@], but we do not. For such isotropic convex bodies, Kannan, Lovdsz, and Simonovits state in [[L1]
a conjecture (called here KLS conjecture for short) on a certain isoperimetric property, which can be
formulated by results of Maz'ya [[7, [§] and Cheeger [{], and also Ledoux [[L], as follows:

KLS conjecture for convex bodies. There exists a universal constant C' such that for every n > 1
and every isotropic convex body K C R™, the Poincaré constant Cp(ux) of ux is bounded from above
by C e (X22) = C B, [X[2/n.

Let us recall that the Poincaré constant Cp(u) of a measure u is the best constant C' such that, for
every smooth function f,

Var, f < C’/|Vf|2du,

where V f is the gradient of f and Var, f = [ (f — [ fdu)Qdu is its variance under p. So the conjecture
tells us that the Poincaré inequality for convex bodies is tight for linear functions, up to a universal
constant.

Up to now, this conjecture is known to be true for ¢P-balls with p > 1 (see [ for the euclidean case
p =2, P4 for p € [1,2] and [i4] for p > 2 ), for the hypercube (see [L]] or [H]), and for the regular
simplex (see [[l]). Moreover, as the Poincaré inequality is stable under tensorization ([f]), an arbitrary
product of convex sets satisfying the KLS conjecture, also satisfies it. Quite obviously, it is stable under
dilation, too.
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One can also extend the definition of isotropy and the conjecture to any log-concave measure p on
R™, by just replacing px by p in the statements. Recall that a measure p on R" is log-concave if it
satisfies the following Brunn-Minkowski inequality for all compact sets A, B and real A € [0, 1]:

A + (1= N)B) = u(A) u(B) .

Equivalently p is absolutely continuous with respect to the Lebesgue measure on an affine space of
dimension m < n and its density’s logarithm is a concave function (see [[f}). Then the KLS conjecture
becomes

KLS conjecture for log-concave measures. Let u be a log-concave probability measure on R™. If u
is isotropic then Cp(p) < C E,(X1%) = C E,|X|?/n, where C is a universal constant, independent of n.

This conjecture seems rather difficult to tackle. It has been only checked in cases where some ad-
ditional structure is involved. For instance, the conjecture holds for any log-concave product measure
or more generally for any product of measures satisfying the KLS conjecture [E], which generalizes the
case of the hypercube. In addition, the conjecture was confirmed by Bobkov for spherically symmetric
log-concave measures in [E], which generalizes the case of the euclidean ball. Let us note also the exitence
of dimension-dependent bounds for the Poincaré constant of isotropic log-concave measures:

Cp() < C B,|X]? < CnE,(X,?) 1)

whenever p is an isotropic log-concave measure on R™. This follows from a theorem proved by Kannan,
Lovész, and Simonovits [[L1] thanks to their localization lemma, and also deduced by Bobkov [f] from its
isoperimetric inequality for log-concave measures.

Theorem 1 (Kannan-Lovész-Simonovits [[L1], Bobkov [B]). Let X = (Xi,...,X,) be a log-concave
random vector in R™ of law . Then, there exists a universal constant C such that

Cp (i) < OB,|X —E(X)|" = 0 Var,(X,).
=1

This was improved by Bobkov [[f] to:

Cp(p) < C (Var|X|?) vz
Using Klartag’s power-law estimates [[LJ for Var|X |2, this yields (cf [[L9]) the following improvement of
the bound ([l): for any ¢ > 0, there exists C. > 0 such that

Cp(p) < Con=1/5% B(X,?).

If moreover p is uniform on an unconditional convex set, i.e. invariant under coordinate reflections,
Klartag shows [[LJ that
Cp(p) < Clogn)? E(X,?).

In Section E, we deal with the case of log-concave measures symmetric with respect to the norm
associated to a convex body B satisfying the KLS conjecture. It encompasses the result of Bobkov on
spherically symmetric log-concave measures. Bobkov’s proof relied on the tensorization of the radial
measure with the uniform measure on the sphere. He used the following property of the law of the
radius:

Theorem 2 (Bobkov [[]). Let v be a probability measure on Ry defined by
v(dr) ="' p(r)Lg, (r)dr
with p log-concave. Then

El,(r2).

n

Var, (r) <



Here, a natural idea would be to use the polar representation X = Rf, where R = |X|p is the norm
of X, and the distribution of # is the cone measure on 0B. However, in the non-euclidean case, the
differentiation on 0B is more difficult to handle. So we choose to decompose X into SU where S € Ry
and U is uniform on B. Using the same method, we study convex bodies of revolution in Section E, as
well as more general log-concave measures of the form p(zg, |21|p,, .- .,|Zk| B, )dz, with convex bodies B;
satisfying the KLS conjecture. To simplify the statements, we use the following definition.

Definition. An isotropic convex body B (respectively an isotropic log-concave probability u) is said to
satisfy KLS with constant C if Cp(ug) < CE,, (|X|?)/n (respectively Cp(u) < CE,(|X|*)/n).

If XY are random variables and p is a probability measure, we will note X ~ Y when the two random
variables have the same distribution, and X ~ p when p is the law of X. We close this introduction by
stating a very useful theorem due to E. Milman (see [@, Theorem 2.4] where a stronger result is stated).

Theorem 3 (E. Milman [E]) Let o be a log-concave probability measure. If there exists C > 0 such
that for every smooth function f,

Var,(f) < CH|vf|Hc2>o’

then Cp(p) < ¢C, where ¢ > 0 is a universal constant.

2 B-symmetric log-concave measures

Let B be a convex body on R", whose interior contains 0. We associate to B the (non-necessary
symmetric) norm |.|p defined by

|x|B:inf{)\>0, ;EB}.
Then B and its boundary 0B correspond respectively to the unit ball and the unit sphere for this
norm. Let us note respectively up and op the uniform measure on B and the cone measure on 0B
normalized so as to be probability measures. Recall that the cone measure is characterized by the
following decomposition formula for all measurable f : R™ — R:

1
/ fdug :/ nr" 1 f(ré)dogp(0) dr.
B 0 OB

Let p be a probability measure on R™ with density p(|z|p) with respect to the Lebesgue measure. If p
is log-concave and non-increasing then p is log-concave. In that case, we say that u is a B-symmetric
log-concave probability measure. Note that the isotropy of p amounts to the isotropy of B.

Proposition 4. Let B be an isotropic conver body of R™ satisfying KLS with constant C. Then any
probability measure u(dz) = p(|x|g)dz with p log-concave and non-increasing on R, satisfies KLS with
constant aC', where o is a universal constant.

To prove the latter, we use the following decomposition of pu.

Lemma 5. Let X be a random variable on R™ of law p(dz) = p(|z|g)dx with p log-concave and non-
increasing on RT. Then X ~ SU where U and S are independent random variables respectively on B
and RY, of law U ~ pp and S ~ —Vol(B)s"p'(s)1 g+ (s)ds.

Note that, as p is log-concave, p is locally Lipschitz, and thereby is differentiable almost everywhere
and satisfies the fundamental theorem of calculus (see for instance [23]).

Proof. Let us recall the classical polar decomposition: if § and R are independent random variables
respectively on 9B and R, of law 0 ~ op and R ~ nVol(B)r"~1p(r)lg+(r)dr, then R ~ p. Let
T~ nt”*11[07l] (t)dt be independent of 6 ~ og. By the same polar decomposition, U = T is uniform on



B. So, if S ~ —Vol(B)s"p'(s)1r+(s)ds is independent of T and 0, it remains only to show that ST ~ R
to prove that SU = (ST)f ~ u. Let f : R™ — R be a measurable function, then

E(f(ST)) = //f(st) nVol(B) "~ 's™ (= p/(s)) Ljo,1)(t) L p+ (s) dtds
+oo
= /f(r) nVol(B) "M g4 (1) </ p’(s)ds) dr
= [ £0) aVoB) " o) e (1)

In the last equality, we use that —p’(x) > 0 and p(z) — 0 when x — +4o0o. Actually, as p is log-
concave, non-increasing, and non-constant as a density, there exists ¢;0 such that p(x) < e~ for z large
enough. ([l

We need then a kind of Poincaré inequality for S in the above representation.

Lemma 6. Let S be a random variable on RT of law n(ds) = —s"p'(s)ds where p : Rt — RT is a
log-concave non-increasing function. Then, for every smooth function f on RT

2
vary() < 2z,

where ¢ > 0 is a universal constant.

Proof. By integration by parts, we see that — 0+°° o (r)dr = 0+00 nr"p(r)dr = 1. So v(dr) =
nr"~Lp(r)dr is a probability measure, and by Theorems EI and f, if R ~ v, then there exists a universal
constant ¢ > 0 such that )
E(R
Cp(v) < cVar(R) < c ( )
n

Remark. As pointed out by the referee, Theorem [l| is not really necessary here to derive the first
inequality since we are in one dimension. For instance, the inequality is true with ¢ = 12 by Corollary
4.3 of [E]

Let f be a smooth function on R¥ such that E(f(R)) = 0 and ||f/||oc < co. We perform again an
integration by parts:

+o0
E(f2(S)) = - / Py (r)dr
+o0
- / (P2t + 2£ () f (7)™ p(r)dr

—E(/(R) + B(RF(R)f (R)).

In the second equality, we use that f2(r)r"p(r) — 0 when r — 400 since f was assumed Lipschitz and
since p decays exponentially. The Poincaré inequality for R leads to

B(2(mR) < 20 e,

Moreover,
E(RF(R)F'(R)) < ||/ ECREJE(£2(R))
< e VBB 2T s,
=\ ZBEII



Thus

B (12(5) < (e+2v/em) e

Now, for any smooth function g on R*, we set f = g — E(g(R)) As Var,(g) < E(g(S) — a)2 for every

a € R, it holds
Var,(g) < (c+2\/c/n) lg'11% .

To conclude, let us remark that

+o0 +oo
E(RQ) = /0 m"”Jrlp(T)dT = :L_ 5 /o 7’"+2p’(7")d7" - E(SQ).

We can now prove Proposition E by tensorization.

Proof of Proposition [}. Let u(dz) = p(|z|g)da be a probability measure with p log-concave non-increasing.
Let S and U be independent random variables respectively on RT and uniform on B, such that X =
SU ~ p as in Lemma E Let f be a smooth function on R™. By Lemma E, there exists a universal
constant ¢ > 0 such that

Es(£2(50)) < [Bs(FSUN] + 25D max (v (50, 1)?)

n s>0

E(S?
*+ P v g )

< [Es(f(SU))]
As B satisfies KL.S with constant C, we can also apply the Poincaré inequality to u — Eg ( f (Su)):

By [Bs(£(SU))]” < [BuBs(f(SU))]” C%U'Q)EU [Es(SVF(SU))[’

< (s (rs0)]* + 2w o 2,

So, if we take the expectation with respect to U in @), we obtain:

Var, f < (c+ C)M‘“Vﬂ”

= e+ o) 2D

9 A1
since S and U are independent, and X = SU. Let us remark that C' > 1 as it can be seen by testing the
Poincaré inequality on linear functions, so that ¢+ C < (1 4 ¢)C. We conclude by Theorem E O

3 Convex bodies of revolution

The same method works with convex bodies of revolution or more generally for convex bodies K C R*+!
defined by
K ={(t,z) e I x R™;|z|p < R(t)},

where I is a bounded interval of R and R : I — R™ is a concave function. Actually we show the KLS
conjecture for corresponding measures p(t, |z|p)dtde and more generally log-concave measures of the
form p(an |:C1|B17 ceey |$k|Bk)dZL'

Let ng, ..., ng be positive integers and N = Y n;. Let Bi,..., By be isotropic convex bodies
respectively of R™ ... R™ satisfying KLS with constant C. Let p : R™ x (RT)* — R* be a smooth
log-concave function such that:

(i) 9jp<0forall j=1,...,k and

(ii) (—1)j3]z_(j_1),___,kp >0foralj=1,...,k,



where 0;p is the partial derivative of s; — p(zo, 81, .. ., Sk)-

Proposition 7. With the above notations and hypotheses, if p(dx) = p(zo, |x1|By, - - -, |Tk| B, )dz defines
an isotropic probability measure on RY, then p satisfies KLS with a constant depending only on C, ng,

and k.

The above condition (ﬁ) on p is not satisfactory, but we did not succed in getting rid of it with
our method of decomposition. When using the classical polar decomposition instead, we do not need
anymore this condition, but an other one arises on the B;’s themselves, because of the differentiation on
0B;. Nevertheless, when ng = k = 1 and Bj is an euclidean ball, the latter proposition is sufficient to
deduce the following.

Corollary 8. The convex bodies of revolution satisfy the KLS conjecture.

Proof of Proposition ﬂ The same method as for B-symmetric measures applies. In the same way as
in Lemma E, let (Xo,S) = (Xo,51,...,5%) and Uy, ..., Uy be independent variables respectively on

R x (R*)" and By, ..., By, with
(Xo0,8) ~ (=1)*Vol(By) - - - Vol(By,) s} - szkaf___7kp(x0, $) Lig+yr(s)dzods,
Vi; U; ~ KUB;-

Then X = (Xo,S51U1,...,S:Uk) is of law . Moreover, we can suppose without loss of generality that
that for all 4,

E|U;* = 1.
Else, we choose A\;? = E(|U;|?) such that V; ~ uy,p satisfies E(|V;|?) = 1, and replace p by py :
(zo,81,.-,8k) — p(xo, A\181,. .., Ak, Sk) which is still log-concave and non-increasing with respect to its
k last variables. In this case, pu(dz) = pa(zo, |€1|x By - - - |Tk|r. B, )d2

Recall now that p is isotropic, i.e. that

E(X)=0

e (X?)
E(|X
VyERN, E(<X’y>2) = T|y|2

This implies that each B; had to be itself an isotropic convex body, Xy is an isotropic log-concave

variable, and
- E(S?) _ E(IXo]?) _ E(XP)
vi, == Zeel) 2ol ()

since E(|U;[?) = 1. In the same spirit as Lemma [, one can show

Lemma 9. For any smooth function f on R™ x (R*)*,

E|X|?
Va9 (1) < clno + ¥ 2L o 2.

where ¢ > 0 is a universal constant.

Let us postpone the proof of this lemma and show how to deduce the claim of the proposition. Let f be
a smooth function on RY. Let us denote by V; f the derivative of

xT; € R™ f($0,$1,...,$k),

and su = (sjuy,...,s,us) whenever s = (s1,...,5;) € R¥ and u = (uy,...,ux) with u; € R™. As in the
proof of Proposition E, we apply Poincaré inequality for (Xo,S) and then for each U;. First we consider
(0,8) = f(xo,sU), where U = (Uy,...,Uy):

E(xo.5) (2(X0, SU)) < [Bixy.s) (f(Xo, SU))]?

te(no + 1) EXE)

k
2 ) \2
. (l%f(sco,sU)l +Z<sz($0,5U),Uz>>

BT
N

< [E(xo,9) (£ (X0, SU))]* + e(ng + &2 L+ 102 IV 112



Then, as each B; satisfies KLLS with constant C,

k 2
Ev [E(x,,s) (f(Xo, SU))}Q < [E(f(X))]Q + Z C%E 9 (SiVif(Xo,SU)) |2

IN

k 2
2y Z c%E(S})E(IVJ(XﬂQ)

L oEIXP)

BV XOP).

< [B(f(0)]°

The second inequality comes from Cauchy—Schwarz inequality and the independence of S and U. It
follows that

Vamf)s[a(no+k2>(1+ziE<|Ui|2>)+ ¢ 2D v g2,
= [2e(no + K)(1 + k) + €] 2D HIVfIH

We are done, thanks to Theorem E O

Proof of Lemma [} Let R = (Ry, ..., Rg) be a random variable on (R*)* such that

(Xo, R) ~ v(dxodr) = p(xo,r (H Vol(B;)nilg+ (ri)ry "~ ! d7’1> dxg.

Then one can see thanks to the classical polar decomposition of u that

Vi,

In particular, and thanks to (ff),

g B m B(S) __m E(XP) _E(XP)

n; ni+2 n; n; + 2 N N

Moreover v is a log-concave (non-isotropic) measure and by Theorem El, there exists a universal constant

¢ > 0 such that
cp(y)gc< (| Xo|?) ZVar )

Now the density of R; is proportional to
7’;”_1 /p(zo, r)dxodry -+ - dri—1drigr - - drg

and r; — f p(xo,r)dxodry - - - dri_1driqq - - - dry, is a non-increasing function which is also log-concave by
the Prékopa-Leindler theorem [, [id, BJ). According to Theorem ,

Var(r) < EUE) < BUXD)
Using (), we conclude that:
Co(v) < elng + 1) EEEL). @

As in the proof of Lemma ﬂ, to prove the claim, it is enough to consider smooth functions f on
R™ x (RT)* such that E(f(R)) = 0 and H|Vf|||OO < 00. We can also assume f > 0, else we consider

g = |f] instead of f: ¢ is differentiable almost everywhere and H|Vg|Hoo = H|Vf|||OO We set Z =



Vol(Bj) - - - Vol(By). Then we apply k successive integrations by parts and bound the derivatives of f by
|| |Vf|Hoo each times they appear:

fZ/f xo,7) (—1)Fryt .. ~T2k8f7m,kp(zo,7’) L g+ yr (r)daodr

=7 / 7 *2_f‘91f]( DF g e kb p(ao, ) ey (r)daodr

SZ/ f2+2 fH|Vf|H ] 177,17’7111 17’32 . rgkagiikp(:co,r) H(R+)k(7’>d1}0d7’
rir
:Z/ P2 L f VAl + 2,2 f0ef +2o 2 on 191 ]
(=) 2nyngrt ~lph2 s "kak Qkp(:co, 7) L gye(r)daodr
[ T T riT
<z f|rea (e 2) sl 2w
L ni n
(=) 2nyngrit ~ 1y~ 1T§3~~~rgk8§7i%kp(xo,r) L gy (r)daodr

R; R;R;
< E(f*(Xo, R)) +2[[[VfI[| B <f<Xo,R)Z ;) 2 [VAILE [ D ) (5)
7 )

i<j

By Cauchy—Schwarz inequality,

e (f(Xo, Ry -
and

2(S) = () () it g

The Poincaré inequality @) satisfied by v leads to

B(f2(Xo. B)) < cno + b 2L jw 2. ®)

2
We note that ZK] o L < (ZZ f—Z) and plug the estimates (f), (]), and (§) in the inequality (), so
that

2 2 E|X|2 2
B(f2(Xo,5)) < (clmo + k) +2/clno + )k + 2k?) — VA
.\ ElX|? 5
< (2¢(no + k) + 3k )—N NIV

Consequently, the assertion follows. [l

Remark. In the special case of the euclidean ball, one can improve the above estimate using the classical
polar decomposition X = (R161, ..., Rg0;) with 6; ~ ogn;—1. Moreover, we can drop the condition (H)
of page E We omit the details and only state:

Proposition 10. Let u(dx) = p(xg, |21|, ..., |xk|)dz be an isotropic log-concave probability measure on
RN, with x; € R™. Then there exists a universal constant ¢ such that

BuXP

Cp(p) < c(no + k) N
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