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Smoothness of the motion of a rigid body immersed in an
incompressible perfect fluid. Régularité du mouvement d’un solide
plongé dans un fluide parfait incompressible.

Olivier Glass? Franck Sueur! Takéo Takahashit

March 22, 2010

Abstract

We consider the motion of a rigid body immersed in an incompressible perfect fluid which occupies a three-
dimensional bounded domain. For such a system the Cauchy problem is well-posed locally in time if the initial
velocity of the fluid is in the Holder space C*". In this paper we prove that the smoothness of the motion of
the rigid body may be only limited by the smoothness of the boundaries (of the body and of the domain). In
particular for analytic boundaries the motion of the rigid body is analytic (till the classical solution exists and
till the solid does not hit the boundary). Moreover in this case this motion depends smoothly on the initial data.

On considere le mouvement d’un corps solide plongé dans un fluide parfait incompressible qui occupe un domaine
borné de R3. Pour ce systéme le probléme de Cauchy est bien posé localement en temps si la vitesse initiale du
fluide est dans l’espace de Hélder C*". Dans cet article on montre que la régularité du mouvement du corps
solide ne peut étre limitée que par la régularité des bords (du corps solide et du domaine). En particulier si les
bords sont analytiques alors le mouvement du corps solide est analytique (tant que la solution classique existe
et que le corps solide ne touche pas le bord). De plus, dans ce cas, le mouvement dépend de maniere C*° des
données initiales.

1 Introduction

The main result of this paper is about the motion of a rigid body immersed in an incompressible perfect fluid which
occupies a three-dimensional bounded domain. However our investigation of the problem also yields a slightly new
result concerning the case without any rigid body, that is when the fluid fills the whole domain. We first present
our result in this case as a warm-up.

1.1 Analyticity of the flow of a perfect fluid in a bounded domain

We consider a perfect incompressible fluid filling a bounded regular domain Q C R3 with impermeable boundary
09, so that the velocity and pressure fields u(t, z) and p(¢, x) satisfy the Euler equations:

%Jr(u-V)quVp = 0, forxeQ, forte (-T,7T), (1)
divu = 0, forz e, forte (-T,7T), (2)
ultmo = 1w, for x € O, (3)
u-n = 0, forxedQ, forte (-T,T). (4)
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Here n denotes the unit outward normal on 092. The existence (locally in time) and uniqueness of classical solutions
to this problem is well-known, since the classical works of Lichtenstein, Giinter and Wolibner who deal with the
Holder spaces CM(2) for A in N and r € (0, 1), endowed with the norms:

o 0%u(x) — 0%
llonr@y = sup (10%ullzmqey + sup 122 = O2ulw)
| <A TAYEN |z -y

)<—|—oo.

For A in N and r € (0,1), we consider the space
X7 (Q) = {u € CM(Q) / divu=01in Q and w.n=0on 89}.

Theorem 1. There exists a constant Cy, = C.(Q2) > 0 such that, for any X in N and r € (0,1), for any ug in
CA17(Q), there exist
T > T.( [Juollor+1.r(@)) = Ci/[[uollor+1ir(q)

and a unique solution u € Cy,((=T,T),CA1"(Q)) of (1)-(4).

Above, and in the sequel, C,, refers to continuity with respect to the weak-* topology of CAM17 (). Let us
refer to the recent papers [7, 12, 13].

Remark 1. We consider here (and in what follows) the earlier works cited above by using Holder spaces. Mean-
while, Theorem 1 holds also true for, say, any Sobolev space H*(2) with s > 5/2 or even any inhomogeneous
Besov spaces B, (), with 1 < p,q < 400 and with s > % +1 (see [7]) or s > % +1if ¢ = 1 (so that B; ()
is continuously embedded in Lip(£2)). Let us recall that it is still not known whether the classical solutions of
Theorem 1 remain smooth for all times or blow up in finite times. Let us also mention the recent work by Bardos
and Titi [2] which shows that the 3d Euler equations are not well-posed in the Holder spaces C%"(Q), for r € (0, 1).

To the solution given by Theorem 1 one associates the flow ® defined on (—T,T) x Q by
0@ (t, ) = u(t, ®(t,z)) and ®(0,2) = x.

The flow ® can be seen as a continuous function of the time with values in the volume and orientation preserving
diffeormorphisms defined on €2; in the sequel, in order to focus on the regularity properties, we consider ® as a
continuous function of ¢ € [0, 7] with values in the functions from € to R3.

The first result of this paper shows that the smoothness of the trajectories is only limited by the smoothness
of the domain boundary.

Theorem 2. Under the hypotheses of Theorem 1, and assuming moreover that the boundary OS2 is CFHATLT with
k €N, the flow ® is C* from (=T, T) to CATH(Q).

Theorem 2 entails in particular that if the boundary 92 is C then the flow ® is C°° from (—T,T) to C**17(Q).
We will precisely study this limit case “k = oo” thanks to general ultradifferentiable classes, which emcompass
in particular the class of analytic functions, as well as Gevrey and quasi-analytic classes. Let N := (Ns)s>0 be
a sequence of positive numbers. Let U be a domain in R™ and let E be a Banach space endowed with the norm
Il - le. We denote by C{N}(U; E) the class of functions f : U — E such that there exist Ly, Cy > 0 such that for
all s € N and for all z € U,

IV* (@)l < Cy L3N, (5)

as a function with values in the set of symmetric s-linear continuous operators on U. Since for any positive A > 0
there holds C{N} = C{A\N}, there is no loss of generality to assume Ny = 1. When N is increasing, logarithmically
convex (i.e. when the sequence (N;y1/N;) >0 does not decrease) then the class C{N}(U; E) is an algebra with
respect to pointwise multiplication. Theorem 2 extends as follows:

Theorem 3. Assume that the hypotheses of Theorem 1 hold, and moreover that the boundary 092 is in C{N},
where N = (s!Mj)s>0 with (Ms)s>o an increasing, logarithmically convexr sequence of real numbers, with My = 1,
and satisfying

M, 1/s
su <Cy < 0. 6
5211) <M51> ¢ ( )



Then the flow ® is in C{N}((=T,T); C**17(Q)). In particular if the boundary O is analytic (respectively Gevrey
of order m > 1) then ® is analytic (respectively Gevrey of order m > 1) from (=T,T) to C’17(Q).

The particular cases of the last sentence are obtained when N is the sequence N; := (j!)™, with m =1

(respectively m > 1); in these cases C{N}(E) is the set of analytic functions (respectively Gevrey of order m). An
important difference between the class of analytic functions and the class of Gevrey functions of order m > 1 is
that only the first one is quasi-analytic.! The logarithmic convexity of M entails that for any? s € N* and for any
a:=(ag,...,as) € N5,

Mal o Mozs < M\a|a (7)

where the notation |«| stands for |a| := a1 + ... 4+ as. The condition (6) is necessary and sufficient for the class
C{N?} to be stable under derivation (cf. for instance [22, Corollary 2]). We will prove Theorem 3 by induction in
such a way that Theorem 2 will be a simple byproduct of the proof of Theorem 3.

Remark 2. Theorem 3 fills the gap between the results of Chemin [4], [5], Serfati [18], [17], [19], Gamblin [9], [8]
which prove analyticity of the flow for fluids filling the whole space and the paper [11] of Kato which proves the
smoothness in time for classical solutions in a smooth bounded domain.

Remark 3. It is fair to point out that the works of Gamblin and Kato cover the more general case of spatial
dimension d > 2. Moreover Gamblin succeeds to prove that the flow of Yudovich’s solutions (that is, having merely
bounded vorticity) is Gevrey 3, when the fluid occupies the whole plane. We will address the extension of this
property in a bounded domain in a subsequent work.

Remark 4. As emphasized by Kato (cf. Example (0.2) in [11]) the smoothness of the trajectories can only be
proved under some kind of global constraint, namely the wall condition (4) in the case studied here of a bounded
domain. In the unbounded case one would have to restrict the behavior of u or p at infinity (for instance Gamblin
[9] considers initial velocities ug which are in L9(R?) with 1 < ¢ < +oo0, in addition to be in CM").

Remark 5. It is natural to wonder if Theorem 3 admits a local (in space) counterpart. We do not adress this
issue here since it does not seem relevant for considering the smoothness of the motion of an immersed body.

Remark 6. Gamblin’s approach, following Chemin’s one, uses a representation of the pressure via a singular
integral operator, and relies on the repeated action on it of the material field. On the opposite Kato’s approach for
bounded domains lies on the analysis of the action of the material field with differential operators, the non-local
features being tackled with a classical elliptic regularity lemma. Here we will refine the combinatorics in Kato’s
approach to obtain the analyticity, motivated by Gamblin’s result.

In the case where the boundary is analytic, the flow depends smoothly on the initial velocity. More precisely
let us introduce, for any R > 0,

Coi (@) = {ue 2 (Q) [ llullcrinr < R}
Then the following holds true.
Corollary 1. Let A in N, r € (0,1) and R > 0. Suppose that OS2 is analytic. Then the mapping
ug € CoH(Q) = ® € C¥((—Ty, T.); CM17(Q))
is C°, where T, = T\ (Q, R) is given by Theorem 1.

Above the notation C* stands for the space of real-analytic functions.

LActually the Denjoy-Carleman theorem states that C{N}(E) is quasi-analytic, with N as in Theorem 3 if and only if
M,

2j>0 GInin T <

2In the whole paper the notation N* stands for N\ {0}.

0.



1.2 Analyticity of the motion of a rigid body immersed in an incompressible perfect
fluid

The second and main result of this paper is about the motion of a rigid body immersed in an incompressible
homogeneous perfect fluid, so that the system fluid-rigid body now occupies €2. The solid is supposed to occupy at
each instant ¢ > 0 a closed connected subset S(t) C € which is surrounded by a perfect incompressible fluid filling
the domain F(t) := Q\ S(¢). The equations modelling the dynamics of the system read

%—i—(u-V)u%—Vp = 0, for z € F(t), (8)
divu = 0, for x € F(t), 9)
ma'h(t) = / pn dT, (10)
aS(t)
0@ = [ (a-am) (1)
a8(t)
u-n = 0, for x € 09, (12)
u-n = wv-n, for ze€ dS(t), (13)
ult=o = o, (14)
(,CB(O) = X, 6(0) = £07 7’(0) =T0. (15)

The equations (10) and (11) are the laws of conservation of linear momentum and angular momentum. Here we
denote by m the mass of the rigid body (normalized in order that the density of the fluid is pp = 1), by x5 (t) the
position of its center of mass, n(t,z) denotes the unit normal vector pointing outside the fluid and dI'(t) denotes
the surface measure on dS(t). The time-dependent vector £(t) := z'5(t) denotes the velocity of the center of mass
of the solid and r denotes its angular speed. The vector field u is the fluid velocity, v is the solid velocity and p is
the pressure field in the fluid domain. Finally in (11) the matrix J denotes the moment of inertia (which depends
on time).
The solid velocity is given by
v(t,x) = L(t) +r(t) A (z — xp(t)). (16)

The rotation matrix @ € SO(3) is deduced from r by the following differential equation (where we use the convention
to consider the operator r(f) A - as a matrix):

Q'(t) =r(t) AQ(t) and Q(0) = Ids. (17)

According to Sylvester’s law, J satisfies

J = QhQ*, (18)
where Jj is the initial value of J. Finally, the domains occupied by the solid and the fluid are given by

5(t) = {as(t) + QW)@ — 20), v € S} and F(t) = 2\ 5(1). (19)

Given a positive function pg, € L (Sp;R) describing the density in the solid (normalized in order that the
density of the fluid is pp = 1), the data m, zo and Jy can be computed by it first moments

m = / ps.dx > 0, (20)
So
mxg = /SO xps, (x)dx, (21)
Filt) = [ psafa) (o = a0 Ty (@ = 20) & (& = a0)) (22)



For potential flows the first studies of the problem (8)—(15) dates back to D’Alembert, Kelvin and Kirchoff. In the
general case, the existence and uniqueness of classical solutions to the problem (8)—(15) is now well-understood
thanks to the works of Ortega, Rosier and Takahashi [14]-[15], Rosier and Rosier [16] in the case of a body in R3
and Houot, San Martin and Tucsnak [10] in the case (considered here) of a bounded domain, in Sobolev spaces
H™ m > 3. We will use a rephrased version of their result in Holder spaces, which reads as follows. Let

CM"(Fo, o) == {(Eo,ro,uo) e R? x R3 x CM(Fo) /div(uo) =0 in Fp,
up-n=0o0n 9N and (ug—vg)-n =0 on Sy with vy ::fo—i—ro/\(x—xo)}.
Theorem 4. Let be given X in N, r € (0,1) and a regular closed connected subset Sy C Q). Consider a positive
function ps, € L>°(Sy). We denote m the mass, xo the position of the center of mass of So, Jo the initial matriz of

inertia and Fo = Q \ So. There exists a constant C, = Ci(Q, So, ps,) > 0 such that the following holds. Consider
(€o,70,uq) in COYLT(Fo,z0). Then there exists

Cy
luolleasr.r () + ol + lImoll”

T > Ti(2, S0, psy, l|wollcr+r. (7 + ol + [[roll) =

such that the problem (8)-(19) admits a unique solution
(zp,r,u) € CH((=T,T)) x C°((=T,T)) x L*((=T,T), C**"(F(t)))-

Moreover (zp,r) € C2((=T, T))xC*((=T,T)), u € Cyp (=T, T); CML7(F (1)) andu € C((=T,T); CML (F(1))),
for ' € (0,7); and the same holds for dzu instead of u with A instead of A + 1.

Remark 7. The notation L*°((—T,T),C Y7 (F(t))) is slightly improper since the domain F(t) depends on t.
One should more precisely think of u as the section of a vector bundle. However, since we think that there should
not be any ambiguity, we will keep this notation in what follows. The space C((=T,T); C)‘“’T,(]:(t))) stands for
the space of functions defined in the fluid domain, which can be extended to functions in C((=T,T); cHHLr (R3)).

Remark 8. The regularity of ps, is not an issue here since the solid density only intervenes through m, xo and

Jo-

For the sake of completeness, we prove Theorem 4 in the appendix. This proof will also allow us to get the
following result concerning the continuous dependence of the solution with respect to initial data, which we will
use later. Let us denote, for any R > 0,

Cop(Fo, o) = {(50;7“07“0) € C2"(Fo, o) / lwollenrr () + ol + llroll < R}«

Proposition 1. Let R > 0. In the context of Theorem 4, consider (5,rd,ul) and (3,73, u) in C’?}l’r(]-'o,mo).
Let

T = T*(Q780apSoaR)'
Consider (¢*,r*, u') and (€%,r%,u?) the corresponding solutions of (8)—(19) in [=T;T), and let n; and 1y be the
flows of ut, u? respectively. Then for some K = K(Q, Sy, ps,, R) > 0 one has

[l — 772||L°°(—T,T;C*+“(fo))
+ Jur (8, m1(t,0)) — ua(t,m2(t, )l Lo~ et (7)) + 1(1,71) — (b2, 72) || Loe (— 1, 7;m0)
<K |65 = Bl + b = 731 + s = oy |

The aim of this paper is to prove additional smoothness of the motion of the solid and of the trajectories of the
fluid particles. We define the flow corresponding to the fluid as

0,07 (t,x) = u(t,®” (t,2)) and ®7(0,z) =z, for (t,z) € (=T, T) x Fo,



and the flow corresponding to the solid as
0,5 (t,x) = v(t,®5(t,x)) and ®°(0,z) = z for (t,z) € (=T, T) x Sp.

The flow corresponding to the solid is a rigid movement, that can be considered as a function of ¢ € (=T, T') with
values in the special Euclidean group SFE(3). Let us emphasize that in the previous result 7T is sufficiently small in
order that there is no collision between S(t) and the boundary 99).

We introduce, for T'> 0, A € N and r € (0,1),
AZ(T) = C¥((=T,T); SE(3) x C™" (Fo)),

the space of real-analytic functions from (—T,T) to SE(3) x CM"(Fo).
The main result of this paper is the following.

Theorem 5. Assume that the boundaries 02 and Sy are analytic and that the assumptions of Theorem 4 are
satisfied. Then (®°,®7) Agjl’T(T).

The proof of Theorem 5 establishes that the motion of the solid and the trajectories of the fluid particles are
at least as smooth as the boundaries 02 and 0Sy. It would also be possible to consider general ultradifferentiable
classes as in Theorem 3 or a limited regularity for the boundary as in Theorem 2.

Remark 9. Theorem 5 does not involve the concept of energy. However it gives as a corollary that the energy of
the fluid E7 (t) := § f}.(t) u? dz is analytic on (=T, T, since the total energy of the fluid-body system E¥ (t)+ES(t)

is constant, where the energy of the body reads ES := %mfz + %._77’ T

Let us now state the following corollary of Theorem 5, which is the counterpart of Corollary 1 in the case where
a rigid body is immersed in an incompressible homogeneous perfect fluid.

Corollary 2. Let be given A in N, r € (0,1), R > 0 and a closed connected regular subset Sy C 2, a positive
function pg, in L>(Sy). Assume that the boundaries 02 and Sy are analytic. Then the mapping

(fo,?‘oﬂLQ) S é(;\’_gl’r<.7:0,.’170) — (‘I)S,‘I)]:) S Ag:l’r<T*)
is C*°, where T\, = T\.(Q, So, ps,, R) is given by Theorem 4 .

The proof of Corollary 2 is omitted since its proof is similar to the proof of Corollary 1. It is the equivalent of
the one given in Section 2.2 for Corollary 1.

Remark 10. When the boundary is merely C*°, we do not prove the analyticity of the flow, hence Corollary 2
cannot be deduced. However a simple compactness argument shows that the operator

(0,70, u0) € Co " (Fo, 20) = (25, 87) € C%([-T0, Tu); SE(3) x CM1 (Fy)),

is continuous for v’ < r (even, to C® ([T, T.]; SE(3)x Cpt1"(Fy)) ). Indeed, for a sequence (g, 70, ug) converging
to (o, 70,u0), we have both compactness of the images in C*([=T,,T.]; SE(3) x CML(Fy)), (by the uniform
estimates in C*¥*1([=Ty, T.]; SE(3) x CAMY"(Fy))) and the continuity for a weaker norm in the range such as
CO[~Tx, T.]; SE(3) x CAMLr(Fy)), which follows from Proposition 1).

Another Corollary of Theorem 5, or, to be more precise, of the estimates leading to Theorem 5, deals with an
inverse problem on the trajectory of the solid. A trivial consequence of the analyticity in time of the trajectory
of the solid, is that, if we know this trajectory for some time interval [—7, 7] inside [T, T,] where the solution is
defined (see Theorem 4) — without knowing precisely ug —, then we know it for the whole time interval (in the sense
of unique continuation). The following corollary states that we can be a little more quantitative on this unique
continuation property.



Corollary 3. We consider Q, Sy, and ps, fixed as previously. Let R > 0. Consider 7 > 0 such that
T < T*(Qa SO) pSOa R)a

where T is defined in Theorem 4. There exist C = C(7,, Sy, ps,, R) > 0 and 6 = 6(7,Q, S0, ps,, R) in (0,1)
such that the following holds. Let (£5,r§,ud) and (63,73, u) in C;‘:El’r(fo,xo). Let (4;,7;,u;) be the corresponding
solution, and ®F the corresponding solid flows. Then one has

197 — @5l oo (—7.7) < Cl1@F = D57 (23)

—ryr)

Let us emphasize that the constants C' > 0 and ¢ € (0,1) depend on the knowledge (of an estimate) of the size
of the initial data, but not on the initial data itself.

Remark 11. As will follow from the proof, we could in fact replace the norm in the left hand side by a stronger
norm such as C*([-T., T.]).

Corollary 3 will be proven in Section 7.

Let us now briefly describe the structure of the paper. In Section 2, we prove the claims concerning the system
without immersed body, namely, Theorem 3 and Corollary 1. In Section 3, we describe the structure of the proof,
reduced to the proof of two main propositions. In Section 4, we describe some formal identities needed in the proof.
Section 5 establishes the two main propositions. In Section 6 we prove the formal identities. Finally, in Section 7,
we prove Corollary 3.

Remark 12. In the last years, several papers have been devoted to the study of the dynamics of a rigid body
immersed into a fluid governed by the Navier—Stokes equations. We refer to the introduction of [15] for a survey
of these results.

2 Proofs of Theorem 3 and Corollary 1

2.1 Proof of Theorem 3

From now on, we fix A\ € N and r € (0,1), and we introduce the following norms for functions defined in 2 or 92

] =1 ||CM(Q) and | - [a0 = || - ||cw(aQ)7
[ 1= 1" llerrir) and [ flog = || - lor+1a0)-

First it is classical to get that the flow map ® is L>®((~T,T), C**17(Q)) from its definition and Gronwall’s
Lemma. In order to tackle the higher time derivatives of ® we will use the material derivative

D = 815 + uV

Let us also introduce p as a function defined on a neighborhood of 92 as the signed distance to 952, let us say,
negative inside €. Since we assume that the boundary 9 is in C{N} with N satisfying the hypothesis of Theorem
3, there exists ¢, > 1 such that for all s € N,

IVpll < ¢ s'M, (24)

as a function with values in the set of symmetric s-linear forms. Let us introduce for L > 0 the following function

k+1 2 k—1 2
kE+1 . k—s kE+1
o 1-s s s
v(L) := sup{?) E L 7°s(c,Cq) (k — S+2> 20° + Cq E The ((ker 1)5) } (25)

k>1 s=2 s=1




The constant Cy (which can be assumed to be larger than 1) above was introduced in (6); the constant Cq depends
only on the geometry of 0 and will be introduced below in (45). Without loss of generality, we suppose that
c,Cq 2 1. Now we fix L large enough such that

(L) < :

X -
3¢

(26)

The constant ¢, appearing in (26) will be introduced in Lemma 1. We are going to prove by induction that for all
keN,allte (-T7,7),
kM, L*

Dk: Dk—l <
Dl + VD4 <

] (27)
where the second term is omitted when £ = 0. Since
ML (t, z) = DFu(t, ®(t, ),

this will prove Theorem 3. We will proceed by regularization, working from now on a smooth flow, with the same
notation. Since the estimates that we are going to prove are uniform with respect to the regularization parameter,
the result will follow. We refer to [9] for more details on this step.

Remark 13. One should ask whether the flow could get smoother in x at some time: it could be that some
cancellations arise in the composition of the field with the flow. Loosely speaking Theorem 5 of Shnirelman’s paper
[20] indicates that it is never the case, despite the fact that its setting is slightly different, Shnirelman considering
fluid motions on the two-dimensional torus, in a Besov space B3, with s > 3.

For k = 0, there is nothing to prove. Let us assume that (27) holds up to order k — 1. To estimate D*u we will
use the following regularity lemma for the div-curl system.

Lemma 1 (Regularity). LetT; (i =1,...,9) a family of smooth oriented loops which generates a basis of the first
singular homology space of 0 with real coefficients. For any u € CM(Q) such that

divu € CM(Q), curlu e CM(Q), w-ne CML7(0Q),
one has u € CMU7(Q) and there exists a constant c. depending only on Q and I'; (1 <i < g) such that

l[ull < ce (| divul + [curlu| + [lu- n|| + [Hulrs ) , (28)
where 11 is the mapping defined by u — (fl“l w-rdo, ..., $ u- Tda) )

Proof. This is more or less classical. The same result appears for instance in Kato’s paper (see [11, Lemma 1.2])
with |TI(u)|rs replaced by |[TL(u)|ca.r(q), where IT is the L?() projector on the tangential harmonic vector fields
(that is, having null divergence, curl and normal trace):

Jull < e (Idivul + | curlu] + [Ju-n + [iTul) (29)

Given u € CM (), we apply (29) to u — II(u), so that
Ju = T < (| div ] + |eurlu] + lu- n]). (30)

Now we notice that on the space of tangential harmonic vector fields, II is injective, since a vector field v satisfying
curlv = 0 and II(v) = 0 is a global gradient field (as a matter of fact, II is even bijective on this space as a
consequence of de Rham’s theorem). Since the space of tangential harmonic vector fields is finite-dimensional, it
follows that for some C' > 0 independent of u, one has

TI(w)[| < CITI(TI(u)) |-
Using the continuity of II and (30), we infer

[TI(u — () |re < C (|divu| + |curlu| + ||u-n|).

From the above inequalities we deduce (28). O



Now applying Lemma 1 to the solution of (1)—(4) we get
| D¥ul| < e (|div D*u| + | curl D*u| + || D*u - n|aq + [IID*ul) . (31)

We establish formal identities for div D*u, curl D*u, (respectively the normal trace n - D¥u on the boundary 92),
for k € N*, as combinations of the functionals

f(@)u] :=VDYy-...- VDYu, (32)
respectively h(0)[u] := Vi p{Du,...,D%u}, (33)
with
0 := (s,a),
where s € N* and o := (g, ..., a5) € N°. Furthermore, these combinations will only involve indices (s, &) belonging
to
A ={0=(s,a) /2<s<k+1land a:=(a1,...,a5) EN*/ |a| =k +1—s}. (34)
Here the notation || stands for |a| :== a3 + ... + as.
We will need to estimate the coefficients of these combinations. To that purpose, we introduce the following
notations: for a := (aq,...,as) € N° we will denote a! := a;1!...as!. We will denote by tr{A} the trace of

A € M3(R) and by as{A} := A — A* the antisymmetric part of A € M3(R). In the sequel, we use the convention
that the curl is a square matrix rather than a vector.
The precise statement is the following (compare to [11, Proposition 3.1]).

Proposition 2. For k € N*, we have in Q)

div D*u = tr {F*[u]} where F*u] := Z i (0) £(0)[u], (35)
€Ay

curl DFu = as {GF[u]} where G*[u] := Z 2 (0) £(0)[u], (36)
0c Ay

where, for i =1, 2, the ci(0) are integers satisfying

e (0)] < =, (37)
and on the boundary 0€2:
n - D*u = H*[u] where H*[u] := Z cp (0) h(6)[u], (38)
€Ay
where the c3(6) are negative integers satisfying
40 < o (39)

Proposition 2 is a particular case of a more general statement, namely Proposition 6, which will be proven in
Section 6.

Now thanks to Proposition 2, (7), the fact that the sequence (Mj)s>¢ is increasing and the induction hypothesis
(see (27)), we have

k! S\ M,, LY
P < Y H“ gt

(s, a)GAk : 1=1 CY +1
k+1
k k+1 1-s
< RIMLE luf N L > H H% (40)
s=2 a/ |lal=k+1—s i= 1

We now use [6, Lemma 7.3.3], which we recall for the reader’s convenience.



Lemma 2. For any couple of positive integers (s, m) we have

S

20° - 1

T(s,a) , where T(s,a) = || ——. (41)
= CEn ey
le]=

We deduce from (40) and from the above lemma
k+1
k1M, L (k+1)?

ol k+1 [i=sops v 1/ 49
PRl < el 2 T (12)

We have the exact same bound on |G*[u]| using (36). For what concerns H*[u], by using (6), (7), (24) and (38)
we obtain

k+1

k! o;'M,,. L%
o < S ﬁsMcpHﬁ

s=2 af |a|=k+1-s

kM, LF
<
(k+1)2

k+1

1 2
|| ||k+1z SLl s CpC )5205 (k+ )

(k—s+2)2

(43)

Concerning the pressure it is possible to get by induction from (1) the following identities, due to Kato, see [11,
Proposition 3.5].

Proposition 3. For k > 1, we have in the domain <)
DFu+ VD 1p = K*[u] (44)
where K1[u] =0 and for k > 2

k—1 E_1
Kru]=->" ( . )VDT_lu - D=y,
r=1

Now using Proposition 3 we have
(D*u) = (K" [u])
and, together with Proposition 2,
k-1

K<Y e S o e Mo Ml

r=

k—1 2
RIMLE = k- k+1
< L~ .
e 8 (e

p 1/2
Q= (Z |Fi|2> ; (45)

i=1

Taking

where |T';| is the length of T';, we deduce that

KM L _r k+1 ?
& < o ML e 1

Plugging the previous bounds into inequality (31), using (35)—(36)—(38) and (44), and thanks to (26) we get

kUM LE 1 kIMG LF
lul** < 2 Jul

||Dk'LLH < ct’Y(L) (k + 1)2 (k? + 1)2

(46)

Finally going back to (44) to estimate the pressure we get (27) at rank k and Theorem 3 is proved.

10



2.2 Proof of Corollary 1

Let us denote by ®[ug] the flow associated to an initial velocity ug € C;‘ELT(Q). We consider R such that

sup  |lu(®)||cri- < R
te(=T,T)

By the time-invariance of the equation, it is sufficient to prove that there exists T, > 0 depending on R and £

only, such that ug € C’;“%l’r(Q) = ®lug] € C¥((=Ty, T,); CME7(Q)) is C.

According to Theorem 3, ®[ug] € C¥((—T,T); C*T17(2)), so there holds for (¢t,7) € (—=T,T) x Q,

Ofugl(t,x) = > Prfuo)(t, 7). (47)

k>0

where

tF xz,ifk=0
o t,x) = —(0f®)[uo](0,2) = § ’
ul(t2) = GOkl = { IR
Proceeding by iteration as in Section 2.1, we obtain that for any k& > 1, the operator uy € C**17(Q) —
(D*=1u)(0,-) € CAL7(Q) is the restriction to the diagonal of a k-linear continuous operator from CA17(Q)F

to CALT(Q), with the estimate
K k1L k1
(D% u)|r=oll < 5 lluoll ™7

(k+1)

Therefore, for any k > 0, the mapping ug € Cp ™7 (Q) = ®p[ug] € C¥(R; CATL7(Q)) is C*° and there exists T, > 0
depending only on 2 and R such that the series

> @k [wolll o (e(0.1),07 01 (@)
k>0

converges. Since the [-th order derivatives with respect to ug of ®j[ug] can be bounded as above with an extra
multiplicative constant k!, the series

Y ID' Rxfuo s+ ol L (Be(o. 1) 341 (@)
k>0

also converge. We obtain that uy € C;\:ELT(Q) — ®fug] € C¥((=T,,T,); CATL(Q)) is C. Repeating the same
process on a finite number of small time intervals yields the result.

3 Skeleton of the proof of Theorem 5

Before entering the core of the proof, let us explain its general strategy as a motivation for the next sections. In
what follows, T' > 0 is chosen suitably small so that the distance from S(t) to 9 is bounded from below by a
positive real number d and so that we have a uniform constant for the div-curl elliptic estimate on 2\ S(t) for
t € (—T,T), see Lemma 6 below.

As in the proof of Theorem 3 we introduce pq as a function defined on a neighborhood of 02 as the signed
distance to 02, negative inside €2. Since here the boundary 0f) is analytic, there exists ¢, > 1 such that for all
seN,

19 pall < ¢ sl (48)

The norm in (48) is the C**1" norm in the above neighborhood. We also introduce an analytic function pg(t, z)
defined on a neighborhood of the body’s boundary 9S5(t) as the signed distance function to 9S(t) (let us say,
positive inside S(t)), so that the inward unit normal to the body boundary is n(t,z) := Vp(t,z) (defined in a
neighborhood of 95(t)). We denote by pg the initial value of p which is therefore an analytic function py(x) defined

11



on a neighborhood of the body’s boundary 95y at initial time and satisfying po(z) = dist(x,9Sp). Note that the
norms ||V?p|| are independent of ¢ (see (64)-(65) below). The analytic estimates on 95 read

IVz pBll < c) sl (49)

The norm considered in (49) is again the C**" norm in the neighborhood where pp is defined. In the sequel we
will omit to write the index x in the derivation of pp.

As in Section 2, we consider solutions (¢,r,u) which are smooth. For this, we proceed by regularization and
prove estimates which not depend on the regulartization parameter. Note that the passage to the limit requires
Proposition 1.

As for Theorem 3, the goal is to prove by induction an estimate on the k-th material derivative of the fluid and
the body velocities. Precisely, what we want to prove is the following inequality: there exists L > 0 such that for
all k e N,

RILY
SV, where V= |lul| + [|€]] + [ (50)

D¥ (k) B < ith — :
0¥l 9+ ) < Vi, with Vi = s

The norm on vectors (here £, r and their derivatives) of R? is the usual Euclidean one. We will also the notation
|| - || for the associated operator norm. Here the spaces and norms are the following;:

X(t)=CM(FW) |- =1 lxay, X :=C*@8W®), |- loswy =l Iz
Xog = CM(09), |- |aa = || - [[xoa-
Y(t) = CME(FED), | = 1y, Y(t):=C108®), |- losw = |- 152y
Yog := CMU7(09), || - llaa = || - lvpe-

The inequality (50) is true for k& = 0. Now in order to propagate the induction hypothesis we will proceed in two
parts looking first at the estimates of the pressure and then deducing estimates for the velocities of the solid and
of the fluid. These two steps are summed up into two propositions below. Their proof is based on estimates of the
pressure. The idea is to decompose the pressure into pieces which we estimate separately.

Lemma 3. Equation (8) can be written as
é !/
Du=-Vu+V(®- [r} ), (51)

with ® := (®;);=1...6, where the functions ®; and p are the solutions of the following problems:

—A®; =0 forxe F(t), (52)
o0;
o 0 forx e 09, (53)
o0;
5 = K; forxz e dS(t), (54)
/ ®; de =0, (55)
F(t)
where "
n; ifie=1,2,3,
K= { [(x —2p)An)i_s ifi=4,5,6, (56)
and
~Ap = tr{F'[u]} = tr{Vu-Vu} = forz € F(t), (57)
% = —H'u = -V?p(u,u) forx € 09, (58)

12



on _

o = for z € 0S8(t),

/ wdr =0.
F(t)

where F1[u] and H'[u] were introduced in Proposition 2, where v = v(t, ) is given by (16) and where
c=V?p{u—vu—vl—n-(rAQRu—v-1)).
Proof. Using (8) we have the following equations:

—Ap = tr{F'[u]} forz € F(t),

dp 1

%__H [u] for z € 09,
@—_n.Du for x € dS(t)
on ’

which determine uniquely p, with the extra condition:

/ pdx =0.
F(t)

Let us now deal with the boundary condition (62). Since the motion of the body is rigid there holds

plt,) = polR (2, 2),

where

X(t,z) =20+ Q) (x —xp(t)).

Hence by spatial derivation we infer that for any (u!,u?) in (R3)2,

n(t,z) -u' = Vpo(X(t,2)) - Q) ut,  V2p(t,x){u',u®} = V2po(X(t,2)){Q(1)"u", Q1) u?}.

Due to (16), (17) and (65), we have

9 .

aX(t,x) = —Q(t)"v(t, x),

Then applying a time derivative to (66) and using (17) and (67), we get for any u! in R?,
D(n(t,z)-u') = —n(t,z) - (r ANu') + V2p(t, 2){u — v, u'}.

We now use Leibniz’s formula to get that for any smooth vector field

n-Dy=D(n-¢)+n-(rAv) = Vplu—vp}.

(62)

(63)

(68)

Next we apply this to 1 = u — v and we use the identity Dv = ¢ + ' A (x —xp) +r A (u—{) (obtained from (16))

and the boundary condition (13) to obtain

o _

[ /
o =o—-K- [7‘} for x € 0S(t),

/

(69)

. . ¢
where K := (K;);=1..6. We therefore obtain that the pressure can be decomposed into p = yu—&- [r} . Let us stress

that the functions ®; and p are well-defined because the compatibility conditions are fulfilled; their uniqueness are

granted from (55) and (60).
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Lemma 4. The equations (10)-(11) can be written as

4 0
M = + =, (70)
r JrAr
where
E(t) = |:/ Vu-Vo, d$:| , M(t) = Mq(t) + May(t),
F(t) ae{l,...,6}
My (t) = mlds 0 Mo(t) == [f Vo, -V, daz} (71)
1 0 J’ 2 F(t) ¢ abe{l,....6}

and J was defined in (22). Furthermore the matriz M is symmetric and positive definite.

Proof. Tt is sufficient to use the previous lemma and to notice that for i € {1,...,6}, for any t € (=T, T), for any
function f € C1(F(t);R),

K; fdl = V-V da.
dS(t) F(b)

O

Remark 14. The matrix M is referred as the “virtual inertia tensor”, it incorporates the “added inertia tensor”
My which, loosely speaking, measures how much the surrounding fluid resists the acceleration as the body moves
through it. This effect was probably first identified by du Buat in 1786, and the efficient way of evaluating this
effect through the functions ®, dates back to Kirchoff.

We will first prove the following (see Subsection 5.2).
Proposition 4. The functions ®; (i =1,...,6) and p satisfy the following assertions.
o There exists a positive constant Cy = Cy(Q2, So,d) such that

> Ve < Co.

1<i<6

o There exists vyo a positive decreasing function with Llirf v2(L) = 0 such that if for all j < k,
—10C

ID7ul| + €] + [P <y, (72)
then for all1 < j<k+1,
. Y,
> 1DV < p(D)55 (73)
1<i<6

e There exists a positive constant Cy = Co(Q,Sp,d) such that
IVl < Co V2. (74)

o There exists v2 a positive decreasing function with LEIEOOW (L) =0 such that if for all j < k, (72) holds true
then for all 1 < j < k, 4
DV ull < 32 (L)VV;. (75)
The second proposition allows to propagate the induction hypothesis.
Proposition 5. There exist a positive decreasing functions s with LEIEOO’YB(L) = 0 such that for any k € N*, if

for all j < k, (72) holds, then
IEEEDN [ E D) 4 D | < Viesa 73(L)- (76)

The proof of Proposition 5 is given in Subsection 5.3. It consists in differentiating k times relations (51) and (70)
and relies on Proposition 4. Once Proposition 5 established, Theorem 5 is deduced by induction in a straightforward
manner.
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4 Formal identities

In this section, we give several formal identities used to prove Theorem 5. Some of them generalize Proposition 2
and Proposition 3. Their proofs are given in Section 6. We first recall the following commutator rules to exchange
D and the other differentiations, which are valid for ¢ a scalar/vector field defined in the fluid domain:

D(1¢p2) = (D1) 2 + 1 (D),
V(DY) — D(VY) = (Vu) - (Vy),

div Dy — Ddivep = tr {(Va) - (V§)},
curl Dy — D curly = as {(Vu) - (V) }.

4.1 Formal identities in the fluid and on the fixed boundary

Let us be given a smooth vector field ©». We will establish formal identities for div D*%, for curl D4, respectively
for the normal trace n - D¥3) on the boundary 952, of the iterated material derivatives (D*v)ren- as combinations
of the functionals

f@)]u, 9] :=VDu-...- VDY ty - VD%, (81)
respectively h(0)[u, ] := Vi p{Du, ..., DY 1u, Dy}, (82)
with 6 := (s,«), where s € N* and « := (a1, ...,as) € N°. Furthermore, these combinations only involve indices

(s, @) belonging to the set Ay defined in (34). The precise statement is the following.
Proposition 6. For k € N*, we have in F(t)

div D*+p = D¥ (div)) + tr {Fk[u, Y]} where FFlu, 4] := Z i (0) £(0)[u, v, (83)
e Ay

curl D*vp = D* (curltp) + as {Gk [u, ]} where G*lu, 9] == Z c2(0) £(0)[u,v), (84)
e Ay

where, for i =1, 2, the ci.(0) are integers satisfying

k!

e (0)] < =, (85)
with 0 := (s, ), and on the boundary O
n- D' = D (n ) + H* u, ] where H"[u, v} := Y ¢p(6) h(0)[u, ¥], (86)
o€ Ay
where the ci(@) are negative integers satisfying
k!
3 < -

401 < o~y (87)

The above proposition will be proved in Section 6. It generalizes Proposition 2, where F¥[u] = F¥[u,u] (and
similarly for the other functionals).

We can also establish identities for the gradient V.D¥4 for a smooth scalar-valued function :

Proposition 7. For k > 1, we have in the domain F(t)

DFVp = VDRp 4+ K*[u, 4], (88)
where for k > 1,
k
K u, ) = =) <’:> VD" u - DRV,
r=1

The proof of this proposition is completely identical to the proof of [11, Prop. 3.5] and is therefore omitted.
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4.2 Formal identities on the body boundary

The aim of this section is to present some formal identities for normal traces on the boundary 9S5(t) of the rigid
body of iterated material derivatives D¥1, and for iterated material derivatives of the functions K; defined in (56).
With respect to the previous section the analysis is complicated by the dynamic of the body.

To a vector r € R? we associate the operator R(r) := r A-. To any 3 € N°* and r € C!8I((—T, T); R®) we define
the functional Rg[r] which associates to the time-dependent function r the rotation operator

Ralr] == R(rP)) o ..o R(r(P)), (89)
For any s € N*, we will use some indices s’ := (s/,...,s,) in N°. Then s’ will denote s’ := |s'| = s| + ... + s,
(aq,..,ag) will be in N*1 x ... x N% and a := (aq,...,Q, Qs 11, .-, g ys) Will be an element of N¥ ™5 The

bricks of the formal identity will be the functionals, defined for smooth vector fields ¢ and 1 and a multi-index
¢:=(s,8',a) € N* x N¥ x N¥+5";

WOlrs @, 9] = V2p(t, 2){Ra, [FID*" 1, .., Ra, [r| D210, Ry [r] D +21p}. (90)
In (90) the term R, [r] should be omitted when s} := 0. We introduce the following set
Br:={C=(s,8,a)/2<s+s <k+1land |o|+s+s =k+1}. (91)
We have the following formal identity. Here 1) is a smooth vector field.

Proposition 8. For k € N*, there holds on the boundary 9S(t)

n-D¥p = D (n 1) + H¥[r,u — v, ] where H [r,u — v, 1] := Z dy(¢) h(O)[r,u — v, 4], (92)
CEB

DFE; = H[r,u — v, 0] where H*[r,u — v, 0;] := Z d2(¢) h(O)[r,u — v, 7y, (93)
CEB

where the K; are defined in (56),
o, =e; ifi=1,2,3, and o; ;= e;_3 N (x —xp) if i = 4,5,6, (94)
and where the di({), 4 =1,2, are integers satisfying

355kl

O < S

for any ¢ := (s,8', @) € By.

4.3 Estimates on the body rotation
We state a formal identity for the iterated time derivatives of the rotation matrix.

Proposition 9. For k € N*, we have

QW =>" > al)RarQ, (96)
a€AL_1,s

s=1

where

Aps ={aeN*/|a|=k+1—s},
and where the c(a) are integers satisfying

(k — 1)1

e (a)] < m
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5 Proofs of the results of Section 3

This section is devoted to the proofs of the main steps of the proof of Theorem 5: Proposition 4 and Proposition
5. They are proved by using the formal estimates of the above section.

5.1 A regularity lemma

To establish Propositions 4 and 5, we use as in the proof of Theorem 3 a regularity lemma, but here we need to
take the modification of the geometry into account. Thus, we modify the regularity lemma (Lemma 1 in the proof
of Theorem 3).

First, we establish the following.

Lemma 5. Let S a regular closed subset of Q. Let T'; (i =1,... ,g) a family of smooth oriented loops in Q\ S
which give a basis of the first singular homology space of Q\ S with real coefficients. There exist two constants
¢,C > 0 such that for any C*+27-diffeomorphism n: Q\ S — G := n(Q\ S) satisfying

I —1d [[oa+arrs) <6 (98)
one has the following estimate. Let u € CM(G) such that
divu € CM(G), curlu € CM(G), u-ne CMLT(HG),

where n is the unit outward normal on 0G. Then u € C”“(g) and

[ullorsirigy < C (Il divullorr(g) + [l curlulleargy + lu- nllorsiragy + [Myul) (99)
where 11, is the mapping defined by u — (§W(F1) u-rdo,. .., ﬁz(l“g) U - TdO').

Proof. We apply the regularity Lemma 1 to w o n: there exists a constant ¢, depending only on 2\ S and T;
(1 <i < g) such that

lluon| < e ([div(uon)| + [curl(uon)|+ ||(won) - nll + Ma(uen)|rs), (100)

where n is the normal on 992 U dS. Now, using the exponent j for the j-th coordinate, we have

di(uon) = Z(aju) on.din’ and (O;u)on= Z(@-u) on.o;1d’ .

J J
Moreover, it is clear that for ||y —Id ||ga+2- < 1/2, one has for some constant C' > 0:
CHY| < [ on| < Cly| and C7H[l| < [l¥ onll < Cllwl, (101)
It follows that form some constant C' > 0 (and ¢ < 1/2):
|div(uon) — (divu) on| + | curl(uw o ) — (curlw) o | < C|lu||||n — Id ||.

Thus these terms can be absorbed by the left hand-side for ¢ small enough (¢ being the constant in (98)). Also,
one has

1L (won) — a(u)|re < Cllulllln —1d]], (102)
[(won) -n—(u-n,)onlleriiros) < Cllulllln —1d ||crer@\s) (103)

where n,, is the normal on 9QU0[n(S)]. Indeed the normal n,, can be obtained by using the differential of 1 on two
tangents of S, taking the cross product and normalizing. Consequently the terms in (102)-(103) can be absorbed
as well by the left hand-side. This gives

[uonl] < e (|div(w) o n| + [curl(w) o gl + [|(u - ny) o nl| + [Ty (u)[rs) -

Using again (101), this concludes the proof of Lemma 5. O
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As a consequence of Lemma 5, the constant in the elliptic estimate for the div-curl system is uniform for all
the domains that can be obtained from Q \ §(0) by moving the solid S inside € while keeping a minimal distance
from S to the boundary. This is given in the following statement.

Lemma 6. For e > 0, define
D.:={reSEB)/3ve C°([0,1], SE(3)) s.t. v(0) =1d, ~(1) =7, d(y(t)[S(0)],090) > ¢ in [0, 1}} (104)

Choose the familyT; (i = 1,...,g) giving a homology basis of Q\S(0), inside 9NUIS(0), let us say Ty, ..., Ty C 0Q
and Tiq1,...,Ty C 0S(0). Then one can find a constant ¢, > 0 such that (99) is valid for all G = Q\ 7(S5(0)),

uniformly for T € D., where Il is defined by u — <§F1 u-Tdo,. .., fl“k u-Tdo, §_ w-tdo,..., ¢

() U TdO').

(Tr+1)

Remark 15. We also obtain the inequality with a uniform constant when we replace the curves T(Lry1), ...,

7(Ty) by homotopic curves I'yi1, ..., Ty in O7(S). It is a direct consequence of the fact that the difference of
circulations around 7(T';) and T'; is obtained by the flux of curlu across the part of S between 7(T';) and T';.

We will need the following.

Lemma 7. Let A € N, r € (0,1), Q and S C Q a smooth closed domain be given. Let ¢ > 0. There exists a
neighborhood U of 1d in SE(3) such that for any T € U, there exists 1 € C®(Q;R?) a smooth diffeomorphism
sending Q\ 7(S) into Q\ S, such that n = Id in the neighborhood of O and n = T in the neighborhood of 9S(0),
and satisfying

|7 —1d || caser < c. (105)

Proof. Denote d := d(S,99), and
H, ={z e /dx,0IS)<r}.
d

Fix r € (0, 5) such that H, is a tubular neighborhood of 8S. This allows (for instance) to define ¢ € C§°(R?,R)

such that
¢(z) =1 on H,/3 and ¢(z) = 0 on R® \ Hy, 3.

For k > 0, we define (considering temporarily 7 as a C! function on Q)

. (T
U = {T € SE(3) / I = 1d | (g < min (g, m)}
Given 7 € U, let
(@) = (1= p(x))z + o(x)7(z).

Clearly, for x > 0 small enough, 1 is a diffeomorphism of R3, and hence a diffeomorphism of 2 on its image,
satisfying (105). Also, 1 equals Id on R3 \ Har/3 which is a neighborhood of 99 and 7 on H,,3 which is a
neighborhood of 9S. For & € Hy, /3 \ H, /3, we see that n(x) € Q\ 7(S), hence 7 is a diffeomorphism from 2\ S to
QN 7(S). O

Proof of Lemma 6. Since Q2 is bounded, it is clear that D, is compact (to prove that it is closed, one can for
instance parameterize the curves « in order that |y| < K where K depends on the geometry only). For each
7 € D., apply Lemma 7 with § = 7(5(0)) and ¢ such that Lemma 5 applies. A vicinity of 7 € SE(3) is composed
of {hor, h € U}. Extract a finite subcover. This gives the claim since any 7 € D, can be connected to Id through
a finite number of these vicinities. O

5.2 Proof of Proposition 4
The functions V®; (i = 1,...,6) defined by (52)—(54), satisfy
divV®, =0 in F(t), curlV®, =0 inF(t), n-V® =K; ondSt), n-VP, =0 on 0. (106)
Then by applying the regularity lemma (Lemma 6), we obtain
V@]l < Co, (107)
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where C is a positive constant depending only on the geometry.
To prove the second point of the proposition, we proceed by induction. Assume that (73) holds for all indices
up to j < k. Let us prove that it holds at the index j + 1.

By applying Di*! to (106) and by using Propositions 6, 7, and 8 we obtain that DI *1V®; satisfies the following
relations

div DIFIV®, = tr {FIH [u, V&) in F(t), cull DTV, = as {GIH [u, VO,]}  in F(t),  (108)

n-DITIVO, = DITUK + HI P u — 0, V®;] on 0S(t), n-DIT'VO; = HM [u, V®,] on 0Q. (109)

Using these relations and Lemma 6, we obtain

DTV D,|| < e (|F/ u, V| + |GTH [u, VO] + |H* u, VO] lon
+ DT K llasey + 1 H T r,u — 0, V@i lasey + [ K7 u, VO][) - (110)
Then we can proceed as in the proof of Theorem 3 and by using that (72) and (73) hold for all indices up to j < k,
we deduce

C

|4 u, VO + [GTH u, VO] + || HH [u, VO o) + K7+ [u, V]| < 707(L)Vj+1, (111)
where v is defined by (25). On the other hand, using Proposition 8,
1 sts’ (] + 1)

17 [y =0, VOl llasy < D “aits =1 IOl w = v, Veillas), (112)

(s = 1)!

where ¢ := (s,8, @) and h(Q)[r,u— v, V®;] is defined in (90). To estimate the body velocity v in h(¢)[r,u—v, V®;],
we will use the following result.

CEBjt+1

Lemma 8. Under the same assumptions as Proposition 4, there exists a geometric constant C'(2) > 1 such that
for any m < k
1D ]| < C(Q) V. (113)

Proof. For any m € N* applying D™ to the equation (16) yields
m—1
DMy = Z(m) + 'r‘(m) A (SL‘ _ xB) + Z (T;’) T(l) A (Dm—l—lu _ E(m—l—l)) )
1=0

Consequently, using the fact that (72) is valid for indices 1,..., k&, we deduce that for any m < k,

m—1
m! z' L vl“ (m — 11— 1) pmoistym-l
D™ < 2
m—1
(m + 1)2 1 mlL™
< 2 "L C Vo,
( )+ lz B+ 1)2 L) mre’ ¢
by noticing that the term inside brackets is bounded in m, as seen by distinguishing [ > m/2 and [ < m/2. O

Now from (89) and the fact that (72) is true for indices 1,...,k, we deduce the following relation for § =
(B1,...,0s) € N° such that |5]||eqk:
R[]Il < YL Y (s, )V, (114)
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(recall that T was defined in (41)). Hence using (49) and (90) we deduce that for ¢ € B;, we have

(Qlru =0, V@illlosey < ¢ [TIRa I TTUD™ +ull + D +0])
=1 1

1=

’

s’
s , i 1 s Qs '!Laf‘/*ivaS/*i—i_l
< S ,!L‘Qi|V|Qi‘+3i - 14+ 0(Q s'+i
Cp Z]_:Il &% ”erll (1 +Qi,m)2 71:11( + ( )) (1 ¥+ a5’+i)2

Co

< (1 +C(Q))° 8! T(s + 8/ a)al Lol pitt N (115)

where o, ,, is the m-th term in q;.

=i,m

Combining (112) and (115) yields

, 35+ s [, (1 + C(Q)]° _ 10 Co
V= 0, Y8 los < 3 GUICAL S v s
2<s+s'<j+2 la|=j4+2—s—s’

Applying Lemma 2 in the above inequality implies

| L+ OO s+5) (i+2 ), Go
Hi v — v, VO, < e Vit
I [ryu—wv ]HBS(t) 2<S_§<j+2 Is+s—1 j+3—s—¢ J+1 v

, 2
We notice that for 2 < j' < j 4+ 2 we have (J_‘{;'_Q]J < 44", by distinguishing j' > (j +2)/2 and j’ < (j + 2)/2.

Hence we can set ,
(L) - (60c,(1+ C(2)))" 57
=13, 1 :
i'>2

and deduce
Co

1y
For what concerns the term D/T!K; we may apply Proposition 8 (giving the same estimates for H* and H k) to
deduce in the same manner

[H [ru — v, V&i][lase) < 71 (L)Y, (116)

‘ c,
DI Ko < 7071(L)Vj+1- (117)

As a consequence, combining (110), (111) and (116) yields

; C
IDFIVD| < en (L) Vi, (118)

with 1 := 271 + . Hence we obtain the second point of the Proposition for

Y2 = ¢.Coi.

We now turn to the claims concerning p. The function Vy defined by (57)—(59) satisfies

divVp = —tr {F'lu,u]} = —tr {Vu-Vu}, carlVp=0 indF(¢),
n-Vu=0 ondS(t), n-Vu=—H[uul ondQ,
where o is defined by (61). Hence (74) follows again from Lemma 6.
The proof that the validity of (72) for j < k implies the one of (75) for 1 < j < k is completely similar to the

equivalent proof for ®;. It is mainly a matter of considering (111) where one multiplies by V rather than dividing
by it; following the same lines we reach the conclusion.
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5.3 Proof of Proposition 5

We cut the proof of Proposition 5 into two pieces. Under the same assumption that (72) is valid for all j < k, we

first prove
1EFHD) 4 [V < Vi ya (L), (119)

and then prove
D || < Viprv5(L), (120)

for positive decreasing functions 74, 5 with Llirf Y4(L) + v5(L) = 0.
— 400

Let us first prove (119). Differentiating the equations (70) k times with respect to the time yields the formal

identity:
(k+1) k (k—j+1) k
12 k NP d 0
- (4) il =(k)
M [r} = E 1 (])M [r} + pTE {Jr/\r} + =Y. (121)
]:

Since Q is orthogonal, we have ||Q(®)|| = 1. Applying Proposition 9, using the fact that (72) is valid for 1 < j < k,
and using Lemma 2, we obtain for j € {1,...,k}

109 < Z y V=D ;mevwawsnﬁ

=1 acd, @ 1=1
J - 2 s
< VJZ .]+1 20 .
s=1 (s—1)\j—s+1) Ls—2

Thus, for all j € {1,...,k}, we have

<IS

. . V.
Q9] <4()%,

j . 2
_ Jj+1 20°
32?(2 s—1)! (j—s+1) Ls—=2 )"

s:l

70) = z]: (Z) (Qo—z‘)) N (Qm)*

=0

with

Now, thanks to (18),

Using that for some ¢ > 0, one has 42(L) < C4 (one can take ¢ = 1 for L large enough), it follows that for
jed{l, ..., k},

G i (s A P
) ~ ] o LYY (]fZ)ILJ ij—i
7] < a3 )i ot

J
L 1
< RNV Y ——
—(i+1)2(—i+1)?
272 . V;
< CTHJOHW’(L)#,

but splitting again the sum according to ¢ < j/2 and ¢ > j/2. From (71) we deduce for j > 1,

G _ |0 0
M1] - |:0 j(g):| )

hence we obtain

IMP | = TN < (D)=, (122)
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with 41 = C%HJOH'?(L). Using the definition of Ms (see (71)), we have
(M= <J> DiVe, - DI-iVd, d. (123)
ab 3] F(t)
By using Proposition 4, we deduce as above that
Vi

M < Aa(L) 5]

(j=1),
with 42 = co max(Cp, 1) 22 3 72, ¢z being a constant such that 72 < ca7ys.

Fixing 45 := 41 + 92 we can now estimate the first term of the right hand side of (121) as follows:

k

(k=D 2
A oY o2
> <,>M<J) M < > Ve < %73(L)vk+1. (124)

= N =
Next, we consider the term

dF k! N
(TrAr) = Z 70 @0) p @),

dtk 4 iljla!
i+j+a=k

Using that (72) is valid for j < k and (122), we deduce

k k!
Hdtk(JTAT) < ). () VV+ Z
i+j+a=k J:a Jjta= k
i#0

KILFVEF2 k+1)> k+1)2

S (k+1)2 n(L) Z (i + 1)2Ej + 1))2(a +1)2 * Z (J +(1)2(a)+ 12|’
i+j-;(é:k j+a=k
272
< -
< k: T 1 <9 (L) + 3 ,> (125)
where we distinguished the cases where i > k/3, j > k and a > k/3.

Finally, we estimate for a € {1,...,6}
L _ _
EM =3 ( ) / DIV - DIV, dz.
=0 J F(t)
Applying Proposition 4, we deduce from the above equality, in the same way as previously, that

7T.2 (k + 1>!Lk+1vk+2

2
20| < 72(L) max(Co, 1) - 126
a \’72( )max( 05 ) 3 (k+1)2 ( )
Gathering (121), (124), (125) and (126), we obtain (119).
In order to obtain (120), we write
!/
DFly = —D*Vp = —D*Vyu + DF <V<1> m ) : (127)

We notice that

Dk( H') é()m e}

K2
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Thus, by using (72) (valid up to rank k) and (73) (valid up to rank k¥ + 1 due to Proposition 4) to estimate the
terms of the above sum corresponding to ¢ > 1 and by using (119) for the term corresponding to i = 0, we deduce

(o[

Combining the above inequality, (127) and (75) (valid up to rank k), we obtain (120), and the proof is complete.

272
< 772(13)‘*‘73@)00 Vit1-

6 Proof of the formal identities

We introduce the following notations:

Definition 1. For any s € N*, for any 1 < j < s we define the operators Ty ; from N° into N° and Tsyj from N*
into NSt by setting, for any a = (aq,...,as) € N,

Ts’j(O[) =a+ €j with ej = (5i,j)1<i<57

T, j(a) = (B1,- .-, Bag1) with B = a; if i < j,B; =0 and B; = a;_y if i > j.

The operators T ; and Ts’j naturally generate operators T and Tj from H N® into itself (with the convention
sEN*
that T j(a) = Ts j(a) = a for s < j).

6.1 Proof of Proposition 6

We consider a smooth vector field .

Proof of (83). We proceed by induction on k. We first deduce from (79) the relation (83) for k¥ = 1 with
c1(2,(0,0)) = 1 since in this case s takes only the value 2 and the set Ay (defined in (34)) reduces to {(2,(0,0))}.
Now let us assume that (83) with estimate (85) holds up to rank k. Then using the rule of commutation (79)

we obtain
div D*yp = DFFY (divy) + tr { FF [, )}
with
F* Y u, o] = DF*[u, 4] + (Vu) - (VD). (128)
To simplify the notations we will from now on drop the dependence of the functions f(0)[u, ] on [u, ).

As a consequence of the Leibniz rule (77) and the rule of commutation (78), we immediately infer that for any
0 := (s,a) with s € N* and o € N?, the derivative w.r.t. D of the functional f(0) (defined in (81)) is given by

DfE) = 3 [F(RLO) - F(R)O)], (129)
1<j<s
where A _ ~
R1(0) := (s,T;(«)) and R} (0) := (s + 1, Tj(«)). (130)
Hence DFF = F, — F, with for | = a,b
k+1
Fii=) > a@f(R9) =) > cl0)f(R]®),
0c A, 1<j<s j=1 QGA}Q

with ‘
7= {9:: (s,a)EAk/s>j}.

The mappings R} and Rg are injective on A‘,i and take values in

RI(A]) C Ai—&-l and in R}(A]) C Aiill, respectively. (131)
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For [ = a,b operating R{ yields

k+1
=3 > qloro= > S el £0)
j= 196RJ(A] GGAk+1j€ij(0)

where

41(0) = k(R (9)) and TH(0) == {j € N" / 0 € RI(AD) }.

)

Recalling (128) we finally get that (83) holds at the order k + 1 when setting for 6 € Ay,

i (0) = Z Cilc’j (0) — Z Ck 10) + 8(2,(0,k) (0)-

JETEO) JETF ()
When j € JF(0) (respectively j € J;¥(0)) we have, thanks to the previous steps and recalling the definition (130):

; E! k! 4 k! k!
\Cllc’,zz(eﬂ < T - Y and |Cllc’,%(9)\ < o al
(T (a))! - (17 ()t @
Moreover it is a consequence of (131) that JF(0) C {1,...,s} and JF(0) C {1,...,s—1}. Hence for 3 < s < k+2,
we have

1,j 1,j
(G I D A C) ) D S A )]
JETE(0) JETE®)
k!
1<j<s
!
< (k-i—l).’
al

since 0 € Ag41.
Besides, for s = 2, one can see that J*(f) = . In that case we have o := (a1, a2) with a; + ag = k, so that
a! <k!and

k! k+1)!
eh1(2.0) < 1+ (a1 +a0) 0 < EED

9

ol

and (83) is proved.

Proof of (84). Proceeding as previously we can also obtain formal identities of the curl of the iterated material
derivatives (D¥1))gen+. Substituting the rule of commutation (80) to (79) in the proof of (83) we obtain (84). Note
that here the case k =1 is a direct consequence of (1).

Proof of (86). We now establish formal identities for the normal trace n - D¥1) of iterated material derivatives
(D*%)ken+ on the boundary 92 as combinations of the functionals () defined in (81).
As D is tangential to the boundary (=7,7T) x 92 we infer that

n- (DY) =D (n-v) = V?pa{u, v},

so that (86) holds for k& = 1 since in this case the set A; reduces to {(2,(0,0))}. Hence c}(2,(0,0)) = —1 and
satisfies |cf(2, (0,0))] < gh-
Now let us assume that (86) with estimate (87) holds up to rank k. Applying D to the relation (86) yields the

relation
H* = DH* — V2 po{u, D*4}. (132)
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Now using the chain rule we easily get that for s € N* and o := (a1, ...,as) € N° one has

Dh(0) = h(Ry(0)) + > h(R(9)), (133)

where RJ and R} were defined in (130). We deduce that

pH* = Y GO)hRIO)+ D o) S nERi(®)

oAy 0e Ay 1<j<s
= D GORRO)+ D> 0)h(RLO)).
0€ Ay 1<j<k+1 GEAi

We proceed as previously and change the index 6 in the sums via the maps R} and R‘Z:

DHF = Z ci’ Z Z cka ),

QER})(Ak) 1<i<k+1 geRrd _AJ)

where czf(ﬁ) =} ((R])~1(0)) for | = a,b. Hence

pit = Y [l @0+ Y io)]no)

0€AL 11 JETE(0)

where we define for 6 € Ay, 1 the set
TEO) = {jeN" /e Ri(A)}.
Recalling (132) we get that (38) holds at the order k + 1 when setting for 6 € Agy;

G i1(0) = Lraa () (O + D G2 (60) = S(a,0.k))(60)-
JETF(0)

Thus, for 3 < s <k + 2, we have using the induction hypothesis (87) on cii and ck -

! (k+1)!
3 < ; -1 <
@< | 2 o+ (=D | ey < Ao

and since the inequality also holds for s = 2, (86)-(87) is proved at rank k + 1.

6.2 Proof of Proposition 8

We first prove a lemma. Here and in the sequel, the symbol “V” refers to a derivation with respect to the variable
x only.

Lemma 9. For all k > 1, for any (u',...,u") in (R3)*
D(VFp(t,z){u',... u*}) = - Z VEp(t, x){ut, .. R, .. ub} + VRt o) {u —v,ut, o ubY (134)
1<j<k

Proof. We recall that, since the motion of the body is rigid, p(¢, x) is given by (64)-(65). Hence by spatial derivation
we infer that for any k > 1,

Vot a){u',... uly = VEpo (X (t,2){Q() ', ..., Q) u"}. (135)



We then apply a time derivative:
(VP plt, 2)) = VM po(E(t,2) {92 (t,2), Q)" ..., Q(t) )}
+ ) vk,o@,x){Q(t)*ul,...,(

1<5<k

Now we use (17) to infer
L @ ryn
da '

With (67), and using again (135), this gives the result.

aQ*

)uj,...7Q(t)*uk}.

O

The derivative computed in (134) is the partial derivative of V*p(t,z){u!,... , u*} with respect to the first
variables (¢,z), the variables between brackets being let fixed. Now to differentiate h(¢)[r,u — v, 4] (defined in
(90)), we have to take the dependence of the second group of variables into account. This is the aim of the next

lemma.

Lemma 10. For any s € N*, for any s’ := (s}, ...,s.) in N*, for any a € N5 we have

ceey Og

Dh()=| > h(RQ)| +h(R(Q) - Y h(RI),

1< <s' 45 1<5<s

where all the functions h are evaluated at [r,u —v,v] and where

Ri(g) = (Svsl7Tj(O‘))v Rb(C) = (8 + 17T1(S/)7T8/+1(a)) and Ri(C) = (Svjvj(sl)vfrjfﬂs’)Jrl(a))

for 1 < j < s, where we denote 7;(s’) the “position” of the index s

J
Ty (S/) = Z S;w
k=1

/.
G-

with the convention that o(s') := 0.

(136)

(137)

(138)

Proof. Roughly speaking, the three expressions in (136) correspond in the use of Leibniz’s rule, to derivate once
more an expression in the arguments of V*®p, to differentiate V°p once more with the additional argument u — v in
first position, and to add a rotation factor » A - in one of the arguments. To be more precise, using the chain rule

we deduce

D [Vsp(t, 2){Ra, [r]DY' +1 (u —v),..., Ra__, [P]D*" =1 (u — ), R, [T]DO‘S’Hd)}}

= D[V°p(t,2)[{Ra, [r] D1 (u = v),.. ., Ra,  [r]D" 71 (u = ), R, [r] DV}

=s

+ > Volt,e){Ry, [r|D* '+ (u—v),...,D [jo [F] D%+ (u — v)} o Ra [F] D +e0h}

1<<s—1

+ Vip(t, 2){Rq, [r] D" +1 (u — v), ... Ra, [r] D% +s=1(u — v) D [Rﬁs [T]DO‘S’+81/)] 1.

(139)

Now for the last two terms in (139), we use that D(Rq, [r|D¥'+i¢) = Rq 41[r]D%"+ip+ Ry, [r] D' +i+1¢). Hence
these two terms yield the first sum in (136). For what concerns the first term in (139), we use Lemma 9 and obtain

the second and third part of (136).

Let us now establish Proposition 8. We first prove (92). First, according to (68),

n- Dy =D (n-$) + Vp{RIr} - V3p{u—v,¢}.
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Hence (92) holds for k£ = 1. Now let us assume that (92) with estimate (95) holds up to rank k. Applying D to
relation (92), using Leibniz’s rule and (68) yields the relation

H* Y r u —v,9) = DH*[r,u —v,9] +n- (r A D*y) — V2p{u — v, D*y}. (140)

To simplify the notations, from now on we omit the dependence on [r,u — v,1]. According to Lemma 10 there
holds

DH* = H, + H, — H,, (141)
where

Hy = Y di(¢) > h(R(), (142)
CEBy 1<j<s’+s

Hy, = Y  di(¢) h(Ru(0)), (143)
CEBy

H. = 2; di(¢) Y h(RIQ). (144)
CEB 1<j<s

Define for j > 1
Bi’k = {C = (s,8,a) € By [/ j< s—l—s’} and Bz’k = {C = (s,8,a) € By [/ j< s},

so that
k+1

= Z Z d,ﬁ(()g(R{(()) forl =a,c.

i=1¢en],
We notice that the mappings R7, Ry, and R} are injective respectively on B, By and B/, so that

k+1

= Z Z dilcg(C)g(C)forl:mc,

J=1 CeR{(B] ;)
H, = Z dy,5(0) 9(C),

CERL(Br)

where di%(() = d}((R])~'(¢)) for l = a,c and i 5(¢) == d},((Ry)~1(¢)). Now we introduce the sets associated to
any ¢ € Bg1: o
THO) =i el k+1} / Ce BBl } for I =ac.

As previously J*(¢) € {1,...,s+ s’} and J¥(¢) C {1,...,s}. Now putting together the relations (140), (141),
(142), (143) and (144), we get that (92) holds at the order k + 1 when setting for ¢ € By11,

A ()= Y 2O = D Q)+ 1r,,)(C) diy(C) + 01,1).0)0) () = I2,(0,0).(0.8)) ()
JETE(C) JETE)
Thus for 3 < s+ s < k+ 2, we have

i O < D0 12O+ Y 1diOl + a5, diy (O,

VISVA4(9) JETE(C)

so that we get, using the induction hypothesis and Card[7*(¢)] <

35tk 3S+s “lgL o gsts ol
d} <
42 (€)] 2 T TG o T sl —2)
JETE Q)
25— 1\ 35tk
<
= Z @+ al(s —1)!
JETE(Q)
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Now using that for j € {1,...,s+ s}, (€ Ré(Bik) <= «; > 1, we see that

s+s'
Z aj:Zaj:k+1—5—s'.
JETE(Q) j=1

Since 2 — s — 3s’ < —2s’ < 0, we deduce

2—s5— 33’) 35kl 35t (k4 1))

|dllc+1(<)‘ < (k+ L+ 3 al(s—1)! = al(s—1) "’

since (s,s', ) € B.
Now if s + s’ =2,  is not in the range of Ry or R, and there holds a; + as = k so that o! < k!. We deduce
j 32kl 9(k +1)!
(OIS Y lda(©] S 1+ k=— < ==,
F€TE Q)

al

Hence (92) with estimate (95) is proved at rank k + 1, which concludes the induction.

The proof of (93) with estimate (95) is similar: it suffices to notice that
DFK; = D*Vp{e;} (i=1,2,3) or DFK;=D'Vp{e; 3N (x—xp)} (i=4,5,6)

where the (ej, es, e3) is the canonical basis of R3.

6.3 Proof of Proposition 9

The case k = 1 corresponds to (17). Let us assume that identity (96) with estimate (97) holds up to order k. We
have by derivation that

k s
Q(k+1)y = Z Z Ck (Oé) Z RTj (o) [’I"]Qy + Rfﬂ_l(a) [T}Qy y

s=1 a€Ar_1; j=1
k k+1 }
= > > Y al )Ry +Y. D (@) Ralr]Qy,
s=1 a€Ak;s jETF(a) 5=2 a€Ap.
s.t. as=0
k+1
= 3 Y anl(@RaQy,
s=1 a€Ag,s
with
THa) = {j e N*/ a € Tj(Ar_15)}
and with

er1(0) == Licoer(@) D el (@) + Lacscrst () 1a,—o(@)en(T7(@)).
It is therefore easy to conclude.

7 Proof of Corollary 3

It follows from the proof of Theorem 5 that both solid flows satisfy for some constant L depending on €2, So, PSo
and R only:

< LFEL (145)

Lo (=T, Ty;SE(3))
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This involves that the flows ®; defined on [—T,T.] can be analytically extended in

0= {z eC /d(z[-T.T.]) < i}

Let U an open Jordan domain with analytic boundary (the interior of an ellipse for instance) such that
[-T.,T.)cU CUCO.

Now the domain U \ [-7, 7] is a doubly connected domain in the complex plane. It follows that there is a conformal
mapping ¥ from U \ [—7, 7] to some annulus:

A::{ze(C/1<|z|<p},

with [—7, 7] sent to S(0,1) and JU sent to S(0, p). A way to realize this is to use a conformal map of C \ B(0,1)
to C\ [—7,7] (here C stands for the Riemann sphere) for instance the Joukowski map

1
J:zl—>T(z+>.
2 z

Now J~1(U \ [-7,7]) is a doubly connected domain in the complex plane with analytic boundaries boundaries.
Such a domain can be made conformally equivalent to A by a mapping which is smooth up to the boundary, see
for instance Ahlfors [1, Section 6.5.1].

Now, clearly, there exists r € (1, p) such that

U([-T.,T.]) C B(0,7).

Define _
p(z) = ®7(2) — ®5(2) on U.
Apply Hadamard’s three circle theorem to ¢ := o ¥~ in A (note that ¢ is continuous up to the boundary since
J is). For 6 =log(p/r)/log(p), we have
5 5 S1=06
161l o= (507 < 1820 (50,1 181 L (50,0

Returning to U, we deduce

5 1-6
”(P”LOC(fT*,T*) < ”(p”LW(\I}*l(B(O,r))) < ||<P||Loo(—r,7)”<P| Lo @)

(Here we could have put a stronger norm on the left hand side). Now (145) allows us to bound the factor ||<,0||la_5
in terms of 2, Sp, ps, and R, which concludes the proof of Corollary 3.

8 Appendix: Cauchy problem

In this appendix, we prove Theorem 4 and Proposition 1.

8.1 Preliminaries and notations

In what follows, we prove existence and uniqueness for positive times, that is, on [0,7]. This is not a restriction
since the system is clearly reversible.

Note that in this appendix, we will use the letter 5 for the fluid flow and 7 for the solid flow.

We suppose Sy and ps, fixed. By a geometric constant, we mean below a constant depending on 2, Sy and
pses A and r only. The various constants C' > 0 that will appear, and which can grow from line to line, will be
geometrical.
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To (¢,7) € C°([0, T]; R®) we can associate (a:g,QZ*T) € C1([0, T); R? x R3*3) by

x5 brt) = z0 —|—/ l, —Q“ =r(t) AQY"(t) and Q%"(0) = Id, (146)

and the velocity
ohT (@) = A(E) + 7 (E) A (z — 25 (). (147)
We also deduce the rigid displacement and the position of the solid, let us say 75" (¢) and S*"(t) defined by
(1) s - QYT ()| — xo] + 247 (t) € SE(3), and ST(t) = 747 (1)So. (148)

Then we fix the fluid domain as F*"(t) := Q\ S*"(t). We may omit the dependence on (£,7) when there is no
ambiguity on the various objects defined above.

We will use the following lemmas which are elementary consequences of Faa di Bruno’s formula and the fact
that Holder spaces are algebras, see [3, Lemmas A.2 & 4] in the case of Sobolev spaces.

Lemma 11. Let k in N* and o € (0,1), and let w, w' be smooth bounded domains. Let F € C*®(w') and
G € C*(w) with G(w) Cw'. Then F o G € C**(w) with, for some constant C depending only on w, w' and k:

IF 0 Gllorae) < ClFlloraqn (IG1Emaq) +1)- (149)

Lemma 12. Let w a smooth bounded domain, F € C**(w) and G € Diff() N C*(w). Then for some constant
C depending only on w, k € N*, a € (0,1) and ||G| ¢k .a(w), one has

10:(F 0 G™) 0 G = 0iF|lor-1.0() < CIIG = 1d | ora () [ Fllor.a w)- (150)

8.2 With a prescribed solid movement

In this paragraph we prove the following results, which concern the Euler system with a prescribed solid movement
of §(t) inside . The first result gives existence and uniqueness of a solution for small times. The second one
estimates the dependance of the solution with respect to the prescribed movement (in Lagrangian coordinates).

Proposition 10. Let A in N, r € (0,1), Ty > 0 and a regular closed connected subset So C 2. There exists a
constant Cy, = C,(,8p) > 0 such that the following holds. Consider (¢,7) € C°([0,T1]; R®) such that

for any t € [0,T1], d(7°"(t)[So], Q) > 0. (151)
Consider ug in CANTUT(Fy) satisfying
div(ug) =0 in Fo, uo.n=0 on 0 and ug(x).n(z) = [£(0)+ r(0) A (x — xo)].n(z) on dSp. (152)

Then for

T = min <T1, C. > , (153)
luollcrsrr(zyy + 1€ 7)o (o, 11re)

the problem (8)-(9)-(12)-(13) (with S(t) := 757 (So) and F(t) := Q\S(t)) admits a unique solution u in L>°(0,T; CA L7 (F (1)),
which is moreover in Cy, ([0, T]; CAL7(F(t))), for v’ € (0,7) and the same holds for Oyu instead of u with X instead
of A+ 1.

Proposition 11. There ezists K > 0 such that, for ({1,71), (f2,72) in C°([0,T1];R®) satisfying (151),
£1(0) = £2(0), 71(0) = r2(0), (154)

and
(€1, 7)) lcoqo, yire)s [|(£2y 72)[lco(po,myrey < M, (155)
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for any ug € CMUT(Fy) satisfying (152) (with both (£1,71) and (f2,73)), the following holds. Call uy, us the
corresponding solutions given by Proposition 10 on [0,T] with

C.
T = min [ T}, . 156
e < ' luollcrtr.r () + M) (156)

and n' and n? the corresponding flows. One has

Im1 = 2l Loe (o, 1:03 41 m(70)y + Tllwa (81 (8, @) — ua(t, m2(t, )| Loe (jo,77,03+17 (7o)
< KTH(&,Tl) — (£2aT2)||CO([O,T];R6)- (157)

8.2.1 Proof of Proposition 10

1. Let (¢4,7) be fixed so that (151) holds. We deduce 7(t), S(t) and F(¢) as previously. We introduce (I';);=1...4 &
family of of smooth oriented loops in Fy giving a homology basis of it.
We let

C:= {n € C°([0, T); CA 7 (Fo; R?)) /

i. Vt €[0,T), n(t,-) is a volume-preserving diffeomorphism from Fy to F(t),
sending 99 to 9N and 9S8, to IS(t),

.. 1
11. ||77 —1Id ||CO([O7T];C)\+1,'r'(fO)) < 5}
Note that, due to the fact that F(¢) has the same volume as Fy, the property i. defining C is equivalent to
Vt € [0,T], det[Jac(n(t,-))] =1 on Q and n(t,dQ) = 9N, n(t,0Sy) = 0S(t). (158)
Hence it is not difficult to check that C is closed for the C°([0, T]; C**17(Fp; R?)) distance.
Now we define 7 = 75" : C — C as follows. Given n € C, we define w : [0,T] x F(t) — R3 by
w(t,z) = (V) (t,n~" (t,2)) - wo(n™ (t, @), (159)
where wq := curlug in Fy. (Note that when 7 is the flow of a vector field w, one has
Ow + (w- V)w = (w-Vw.) (160)
Next we define u : [0,7] x F(t) — R? by the following system
curlu = w in [0,7] x F(t),
divu = 01in [0,7T] x F(t),
u.n =0 on [0,T] x 09, (161)
u(z).n = wv(t).n on [0,T] x dS(t),
f"](ri) w.dr = §Fi uo.dr foralli=1...g,

with v defined in (147).
Then we define the flow 7(¢, z) associated to u, which for each ¢ sends Fy to F(t). (In order to deal with the
flow of a vector field on a fixed domain, for instance, extend u on R3, define the flow, and then restrict it to Fo.)
Finally, we let

T(n) = i. (162)

2. Let us prove that 7 has a unique fixed point by Banach-Picard’s theorem. First, let us prove that 7(C) C C.
That 7 (n) satisfies the property i. defining C is a direct consequence of (158) and (161). Let us prove that for
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T < T small enough, the property ii. holds. Given n € C, using Lemma 6 (and Remark 15) and (161), we see that
for some constant C' > 0 depending on the geometry only:

[ull o= 0.0 +1m (F (1)) < C (HUOHCA“”"(FO) + ||”||00([0,T]x§)> : (163)
Also, for some geometric constant, one has
[vllcogo,7yxm) < ClET)co(0,7)R8)-

Now, since 7(t,-) — Id = fot u o 7, using Lemma 11, we see that
11 = Td | cooa1:cr 1m0y < CF (1 +n—1d ||é‘—g(1[0,t];0*+1v7'(.7:o))) l[ll L= (0,6s03 177 (s)) -

Hence if T' > 0 is such that CT (1 + (%))\H) lull oo (0, 7507417 (7)) < 1/2, by a connectedness in time argument,

wee see that 7 satisfies the property ii. Hence there is a constant C, > 0 such that for

T < c ,
luollersrr 7y + 106 7) |l co(fo,m;me)

7 (n) satisfies property ii., so that 7 (n) € C.

3. Let us now prove that 7 is contractive for small T' > 0. Given 11,12 € C, we let wy, ws, uy, us, etc. be the
various objects associated to 7; and 72 in the construction of 7. We also define

Ui(t,z) = u;i(t,7;(t,z)) on Fy fort € [0,T)] and i =1,2. (164)
We have .
n(ta) ~n(t.) = [ Rhs,a) ~ (o) ds.
0

Now let us prove that for some geometric constant C' > 0, we have

1Ly — Us | oo (o, 1303+ (79)) < C (o llrsrrmy) + 18Tl coo,m1ire) ) 1M — m2ll oo ([0, 7703+ 1.7 (0 -

We follow [3]. For ¢ € [0,T], we have, omiting the dependence on ¢ to simplify the notations, using Lemma 6 and
Lemma 11:

Uy —Usllorsrr(myy = llur om —uz o mallgrsir(zy)

N

Cllug om0 ny ' — wallex+rr (7

N

C(H curl(ug omy omy t) — curl(uz) [loxr (7 @)
+ [ div(us o my oy ) — div(ug)llorr(F )

g
S| e -
i=1 n2(T3)
(e om ong)n — s mlonsnn o ). (165)

Concerning the first term in the right-hand side, using (159), (161) and Lemmas 11 and 12, we see that

[| curl(ugons omy ') — curl(uz) || o (7 (1))
< Jlewrl(u oy 075 ") = (eurlur) o1 015 flone ey + lcurlun) omy o™ = (ewrlua) o (o
< Clm = mellertir @z lwr@lloxirzw) + Cll(curlur) o m — (curlug) o n2floxr ()

< C ([lwollerm(zoy) + s @) llertrrzwy) Im = m2llextir(r)-
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The second term in (165) is treated likewise (this is even slightly simpler since div u; = div us = 0); hence we can
bound it by

Cllurllex+rrFz@pllm — nellor+rr(zy)- (166)
Using (161), we see that the third term in (165) can be bounded by (166) as well. Using (161), we see that the
last term can be bounded by

Cllvllcoqo,myxa llm — n2llex+1.r (7).
since || - [[cog and || - [|oa+1.r(q) are equivalent as long as v is concerned. Hence, using (163), we get
Ly = Us || errrr iz < O ([[uollersir @z + 18 ) looo,m1e)) I = m2llorsrnzy)s (167)

and it follows that for some T of the form (153), the operator 7T is contractive. Now a fixed point in C gives a
solution of the Euler equation and reciprocally. This comes from (160) which gives for a fixed point

curl (?;: + (u- V)u> =01in (0,7) x F(t),
and the fact that:

oy 07 L (G 9] a0
— u.dr = — +(w-V)u).dr=0in (0,7).
dt S nrs) \ O

This proves the claim. Note that n € C°([0,T];CM17(Fy)) and uwon € CO([0,T); C*17(Fy)) involve u €
L*(0,T; CAMLr(F(t))); the weak continuity then follows from the continuity into a weaker space, for instance
u e CO([0, T); OV (F(1))).

8.2.2 Proof of Proposition 11

Given (f1,71) and (f2,72) satisfying (154) and (155), we introduce the respective fixed points 7, and 7y in
CO([0,T); CAML7(Fy)) of the operators 74" and 722 defined above (as well as the corresponding objects S;(t),
Fi(t), u;, U;, ete.), defined on [0, 7] with T introduced in (156).

We proceed as previously (again, we omit to write the dependence on ¢ to simplify the notations):

lur om —uz o mallortirmy < Clluromong” = uzlloxtir(zm )
g C(HCUI‘I(Ul om 077271) _Curl(UQ)HC')\«T(]:z(t))

+l div(uy om0y ') = div(ug) [ orr (2 (1))

g
>
i=1

]g (uromony ' —ug).dr|+ |(ugomony')m — u2-n||CA+1ﬂ‘(6]-'2(t)))'

Using Lemma 12, we deduce

| curl(ur om0 ny ) = curl(usz) loar (1) < C (lluallorr @y + llwollerrz) llm = nzllerr ),
[ div(ur om0y ") = div(uz)llorrz, (1)) < Clluallorsir e wyllm = n2llorsirz)-
And it is not difficult to see that

g

>

i=1

% (urom ony ' —uz).dr| + [[(ur om0y t).n — uznf|orerrom, )
r;

< C (urller+rrm @ llm = mellesrrr @z + (€1, 71) = (€2, 72)||rs ) -
Hence we have

Jur o1 — ug 0 allorrrr(zy) < C (uallortrrm @) + lwollorr(z)) Im — m2llerrr iz + Cll(¢1,71) — (b2, 72)||Re-

Since .
nl(t)—nz(t)=/ s o 11— uz 0 73]
0

the conclusion easily follows from Gronwall’s lemma.
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Remark 16. The operator T defined above can be defined for any initial datum wug, with ug divergence-free,
tangential to 052, and satisfying the compatibility condition:

ug.n = (£(0) +r(0) A (z — o)) on 0So.

Equivalently, we could associate an operator A to any initial data (wo, A\, - .., AJ) in CM"(Fy) xRY, and reconstruct
ug satisfying the compatibility conditions by

curl ug = wg in Fo,

divug = 0 in Fo,

up.n =0 on 09, (168)
uo(x).n = (£(0) + r(0) A (x — x)).n on ISy,

$p, uo-dT = Ny foralli=1...g.

Doing so, Proposition 11 extends to (¢1,71) and ({2,r2) which do no longer satisfy (154). In that case, (157) com-
pares solutions with initial velocity fields ul and u3 given by (168) with (¢1(0),71(0)) and (£2(0),r2(0)), respectively.

8.3 With a moving solid
8.3.1 Proof of Theorem 4

Here we prove Theorem 4. Again we rely on a Banach-Picard fixed point strategy.
1. We introduce
D= {(t.r) € C°(0, TR /

i. 707 satisfies d (757 (¢)(So), 09) >

Wil

i 1(6,7) = (fo, 7o) oo o,myime) < luollon e + (6o, 7o) s J-

Remark 17. As we follow from the proof, we could replace ii. by

ii. [[(€;r) = (€o,r0)llco(o,1);R0) < C,

for any positive constant C > 0.

Now we construct an operator A on D in the following way. To (¢,7) € D, we associate Q(t), S(t) and F(t)
defined from (¢,7). Next we associate the fixed point n € C°([0,T]; C}17(Fy)) of the operator 7% defined in
Paragraph 8.2 with 7" of the form (153). Note that due to properties i. and ii. in the definition of D and Proposition
10, there is a time

C*

T = ,
lluollcr+rm 7y + 1(£os 70) || Re

such that 7% is defined on [0, T}], uniformly in (¢,r) € D. Together with this flow 7, we will consider the various
functions u, U, etc. defined on [0, 7.
Define j, (‘I)i)izlmg and 1% by

J(t) = Q) JoQ"(t) on [0,T], (169)
—A®;, =0 forxze F(t),
2% — () for x € O9,
% =K, forx e dS(t), (170)
f]—'(t) (I)z dx = 07
where .
n; ifi=1,2,3,
K= { (x—25) Anlis ifi=456 (171)
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and
—Ap =tr{Vu-Vu} for xz € F(t),
9 — _2p(u,u) for z € 9Q,

% =V {u—viu—v}—n-(rAQu—v—1{)), forzedSt), (172)
ff_(t) wdx =0.
Introduce
M(t) == Mi(t) + Ma(t) = [méd‘“’ O] ;o T+ [ Vd; - Vd; d:c} , (173)
J F®) i,je{l,....6}
and then define A(¢,7) := ({,7) as
0 Lo . 0
g To 0 T(s)r(s) Ar(s) F ) i€f1,....6}

2. We now show that for suitable T, the operator A maps D into itself. Then we will prove that it is contractive.
First, we see from (163) that we have the following bound on u = u%", when (¢,7) € D:

[ull oo (0, 7:03+1.m (7 (1)) < C (lluollor+rr(z) + 1o, 0) ) - (175)
Also, the following bound is immediate from ii.:
[ollcogo,rr) < C (luoller+rm (7 + I1(€0,70)[[rs) - (176)

It follows easily using Lemma 6 that for some geometric constant C' > 0:

2
IV iell oo 0,503+ (7)) < C (lluollexsrrzyy + 11(Los o) llrs )~ - (177)

Lemma 6 also yields that
Vil oo 0, :07+1m(F (1)) < C-

Next, the matrix Q(t) is bounded since it is orthogonal, so [J (¢) is bounded as well by a geometric constant. Finally
the matrix My(t) being always positive-definite, the matrix M~! is also bounded by a geometric constant. We
deduce that we have the following estimate uniformly on D:

[(£,7) — (€o,70)llco(o,1ire) < OT (|luollcr+rr + (€0, 70) |[rs)? -

It follows easily that for some geometric constant C, > 0, one has A(D) C D provided that

T< C.

< . 178
[woloreir iz + 1(0r70) e (178)

3. Let us now prove that for T of the form (178), the operator A is contractive. Let (¢1,71) and ({2,72) in D. As
previously we denote with an index 1 or 2 the objects associated to these couples above (except for ®; where 1 and
2 come as an exponent).

It is a straightforward consequence of Proposition 11 that for some constant C' > 0, one has

1 = m2ll oo (o, 730741 (7)) + Tllua (t,m (¢, @) — uz(t, m2(t, )| Lo (o, 17,0317 (7o)
< CTH(&,Tl) — (EQ,TQ)HCO([O’T];RG). (179)

Also, the following bound is immediate:

lvi — v2llco(o,1yire) < Cl(€1,71) — (L2, 72) [l co([0,7:R) - (180)
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Now proceeding as previously, using Lemma 6, we infer that for ¢ € [0, T:

(Vi) 0 m = (Vhz) 0 mallorsrrzy) < 1(Vpa) o mony ' = (Viz) | o, 1:72)
< O (Il eurl(Vur o1 0 n5Y) = cwrl(Vps) ey
+ [[div(Vps om oy ) — div(Vua) [ err#0))

g
>
i=1

+ (Vo m ong)n = Vizmllerssror )- (181)

f (Vpromony ' — Vig).dr
Tr;

For what concerns the second term in the right hand side, we have, using Lemma 11, Lemma 12 and (177),
[ div(Vpr om0y t) = div Vs o (2,1

<[ div(Vpyomony ) = (divVius) omr o ny Hioar iz + 11(div Vi) o mromy 't — div Vsl exor (2, )

2 . .

<C { [luollersrr gy + 1(€os o) lre] ™ llm — m2llcoo.rys0n 1 (7)) + | div(Vpn) o i — (div Vpz) o 772||cw(f0)} :

Now using (172), (175) and (Vu;) on; = V(u; on;) - (V) 71, we see that
| div(Vpr) oy = div(Vipz) o n2lloxr(5)
= |[tr{Vus - Vus } oy — tr{Vuz - Vua} o ma|l oz,

2
< C [luoller+rr(z) + 10, m0)llre |~ I — m2ll oo, 031 (o))
+ C[lluollcr+r.r () + (o, o) lIre ] llur © m — wz 0 2l oo, ;0741m () (182)

Using (179), we deduce that for T of the form (178), we have
[ div(Vpr) oy = div(Vpz) o nalloxrz,) < Cll(1,71) = (b2;m2) || co(po,7)sme)- (183)

The first term in (181) can be also estimated by the right hand side of (183), using Lemmas 11 and 12 (it is simpler
here since curl(Vy;) = 0). The third term in (181) can also be estimated by the first term in the right hand side
of (182), using Lemma 12. The last term is estimated likewise, using (175), (176) and (180). Hence we get that

(V1) om — (Viuz) o mallersirzy < Cll(€r,m1) — (b2, 72) oo o, 7R
Also, it is again a consequence of Lemma 12 that

2
[(V®}) o m — (V) 0 nal e (0, 750310 (70) < C [lluoller+rr ) + [1(€o,70) [[rs] ™ [l — m2llco(o,zyme)-

This involves that the integrand in (174) is Lipschitz with respect to (¢,r): for instance, using that n; and 7 are
volume-preserving;:

/ wl~vq>§da:—/ Vg - VO? dx
fl(t) .7:2(15)

)

\/ (Fm)om - (V@h)omdr— [ (Vpz)om (V) omada
Fo Fo

and the claim follows. More precisely, we have

S ~ 2
[(€1,71) = (L2, 72) || co(jo,r) < CT{ [luollersrrzy) + 1 (o, 70)Irs |~ [l — m2llco o, .0 1m (7))

+ [lluollersrr 7y + (€0, 70) lrs] [|(£1,71) — (52,T2)||00([0,T];R6)}- (184)
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Hence using Proposition 11, we see that for some T" of the form (178) with a geometric constant C, the operator
A is contractive.

4. Hence, the operator A has a unique fixed point in D, which proves the existence part of Theorem 4. For what
concerns uniqueness: if we are given a solution (¢,7,u) of the system, then is is easy to see that for T sufficiently
small, one has (¢,7) € D, and the flow of u belongs to C. Then, because of the uniqueness in Proposition 10, (¢,r)
must be a fixed point of the operator 4, which proves that it must be equal to the one that we have constructed.

5. It remains to prove that the velocity field in the solution (¢,r,u) that we constructed belongs to the space
C([0,T); CAML7(F(t))) in the sense of Remark 7. Let p > 0 such that dist(S(t), Q) > 3p in [0,T]. Let

G, :={z e R*\ Sp, d(z,080) < p} and H,:={z € Q, d(x,00) < p}.

Let s (resp. 7g) be a continuous linear extension operator from functions defined in G, (resp. H,) to function
defined in G,USy (resp. H,U(R3\2) and supported in some ball B(0, M)), which sends C*T1%(G,) to CM1<(G,U
So) (resp. CM1(H,) to CAME(H,U(R3\Q)), for all @ € (0,1). (The construction of such an “universal” extension
operator is classical, see [21].) For any 7 € Dy, (defined in 104), define the extension operator 7%:

TS C’)""l’a(T(gip)) — CM‘L“(T(QT))U 7(So)) by mg:=Tomo L

Now we deduce the extension operator @7 : CAM1¥(Q\ 7(8S)) — CAML¥(R3) as follows. For f € CATLo(Q\ 7(S)),
we let 77[f](z) equal to 75[f](z) in 7(S), to f(z) in Q\ 7(S) and to 7g[f](z) in R?\ Q. Now we define

a(t,) = 7" Ofu(t,-)] in [0,T] x R3.

Let us now check that the function @ is in C([0, T]; CA+1"" (R3)) for 7/ € (0,7). From the construction, we see that
it suffices to prove that in [0, 7],

[u(t, z) = u(s, )llcarrr 3,y + [lult, 7(8) (@) — uls, 7(s) (@)l crs1.7(g,) — 0 as [t —s| — 0.

Equivalently, it suffices that

Hu(tv 77(37 33)) - u(37 77(8a 37)) ”CA“’T'/(n(s)*l(H,,))
# llut,7(2) 0 7 (5) (s 2))) — (5, 7(5) @) e (o -ren ey — O

But this follows from the facts that u € L%(0,T;C 17 (F(t))), that n € C([0,T];C M1 (Fy)), that 7 €
C([0,T); SE(3)) and that

[ut, n(t, x)) —uls,n(s, ) crerr(7) = 0 as [t —s[ — 0.
Now, that @ belongs to Cy, ([0, T]; CA+17(R?)) is an automatic consequence of the fact that it belongs to C([0, T]; CA1 (R3))
and to L>(0,T;CM1L7(R?)). Finally, using the equations we infer that (vp,7) € C?((~T,T)) x C*((~T,T)),
O € Coy((=T,T); CM"(F(t))) and dyu € C((=T,T); CM (F(t))), for ' € (0,7).
8.3.2 Proof of Proposition 1

Consider (£1,71,ul), (£2,72,u?), 71 and 7y as in the statement. Introduce u™ as the solution given by Proposition
10, with the solid movement given by (¢1,71) and where the initial condition u{" is given by (168) associated to
(€5, 76, W5 $p, up-dr - . ., frg u3.dr). Call 5, the corresponding fluid flow.

Consider the operator Az (resp. A;) associated to the initial datum (£3,rZ,u3) (vesp. (€5, 7, ud)). Since As is
contractive and has (¢, 73) as its fixed point, we have

104,71 = (¢, r*) | coo,rymey S I 7h) — Az (€, rH) [ oo, 1m0

(For instance, we use Remark 17 with C large enough, depending on R, so that both (¢1,71) and (¢2,72) belong to
D))
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Note that when computing A3(¢1,r1) by the formulas (169)-(174), the fluid domain is exactly F;(t). Conse-
quently when computing (174) corresponding to A3 (¢1,71) and comparing with (174) corresponding to A;(¢1,71) =
(¢1,71), the only differences concern the term Vy and the initial data (€, o). Hence proceeding as for (184), one
deduces that

104,71 = (2,7 || coo,ryime) < C(H(%ﬂ“é) — (3, r5)Irs + 1mm — M1l L= (o, 1,03 +1m (o))
o e (b, o (8 2)) = 1 (£ (&, @) | o o 2,001 ) - (185)

From Proposition 11 and Remark 16, we deduce

7m = m2ll Lo (0,121 (7)) + T lltm (E i (t, @) — ua(t, m2(t, )| Los ([0, 77:03+ 17 (o))
< KTH(&’H) - (£2a7“2)”C0([0,T];]R6)- (186)

Since T (associated to initial data (w{, ¥, ug.dr, ..., §. uj.dr)) is contractive, and using (167), we see that
9
for some C' > 0,

[7m = il Loo 0,130 +17 (7)) + Ntm (E 0 (8, 7)) — wr (8,1 (E, @) | oo (jo,77:07 410 (7o)
1 1
< CHTé T (Mm) — nm||L°°([O,T];C*+1v7'(fo))' (187)

We proceed as for (165) (it is, in fact, simpler here). Calling U,, the function U constructed when computing
T (n,), we see that at each ¢:

||Z/[m — Um © 77m||c>\+1,7‘(]:0) < C(” curl(Z/{m o) ’I],;ll) — Curl(um)ch,r(]:(t))

+ [ divUsm 0 1" ) — div(um) | orr (7))
g

> ]{ (U © 03" = tm).dr
i=1 |7/ m2(I%)

+

+ | @ 0 1) = tm 1070

g
j{ ug.dr —j{ ud.dr
= n(Ty) Iy

i

< O(lwf = wBlicrrry +

(3

).

Recalling that ’Z’Zl’rl(nm(t7 ) = Nty ) = fot Uy, — U, © Ny, with (185), (186) and (187), we deduce the claim.

1
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