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Abstract

We define and study on Lorentz manifolds a family of covariant diffusions in
which the quadratic variation is locally determined by the curvature. This allows the
interpretation of the diffusion effect on a particle by its interaction with the ambient
space-time. We will focus on the case of warped products, especially Robertson-
Walker manifolds, and analyse their asymptotic behaviour in the case of Einstein-de

Sitter-like manifolds.
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1 Introduction

It is known since Dudley’s pioneer’s work [Du] that a relativistic diffusion, i.e. a Lorentz-
covariant Markov diffusion process, cannot exist on the base space, even in the Minkowski
framework of special relativity, but possibly makes sense at the level of the tangent bundle.
In this spirit, the general case of a Lorentz manifold was first investigated in [F-LJ|, where
a general relativistic diffusion was introduced. The quadratic variation of this diffusion is
constant and does not vanish in the vacuum. In this article, we investigate diffusions whose
quadratic variation is locally determined by the curvature of the space, and then vanishes
in empty (or at least flat) regions.

The relativistic diffusion considered in [F-LJ] lives on the pseudo-unit tangent bundle
T' M of the given generic Lorentz manifold (M, g). As is recalled in Section 3.1 below, it
can be obtained by superposing, to the geodesic flow of 7" M, random fluctuations of the
velocity that are given by hyperbolic Brownian motion, if one identifies the tangent space
Tg/\/l with the hyperbolic space H? (at point ¢ € M, by means of the pseudo-metric g).
These Brownian fluctuations of the velocity can be defined by the vertical Dirichlet form

|, [vires|

The Dirichlet forms we investigate int his article depend only on the local geometry of
(M, g), e.g. on the curvature tensor at the current point ¢, and on the velocity ¢. We
consider several examples :

u(d€, d€) , considered with respect to the Liouville measure .

- If the scalar curvature R(&) is everywhere non-positive (which is physically relevant, see
12 :
[L-L]), then the Dirichlet form can be: — / )ng(g,g)’ R(€) p(dg, df)
TIM
leading to the covariant relativistic diffusion we call R-diffusion.

- If the energy £(&,€) is everywhere non-negative (which is physically relevant, see |L-
L], and [H-E|, where this is called the “weak energy condition”), then we can choose the

Dirichlet form to be: /TlM )VEF(& f)‘25(§75> p(dé, df) ]

leading to another covariant relativistic diffusion, we call energy £-diffusion.

Contrary to the basic relativistic diffusion, these new relativistic diffusions reduce to the
geodesic flow in every empty (vacuum) region.

Note that —R(£) and £(€,€) could be replaced by @(R(€)) and ¥(E(&,€), for more

or less arbitrary non-negative increasing functions ¢,1). We shall present this class of
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covariant =-relativistic diffusions, or =-diffusions, in Section 3 below.

- If the sectional curvatures of timelike planes are everywhere non-negative (sectional cur-
vature has proved to be a natural tool in Lorentzian geometry, see for example [H|, [H-R]),
as this is often the case (at least in usual symmetrical examples), then it is possible to
construct a covariant sectional relativistic diffusion which undergoes velocity fluctuations
that are no longer isotropically Brownian, using the whole curvature tensor (not the Ricci
tensor alone). See Section 6 below. This sectional relativistic diffusion depends on the
curvature tensor in a canonical way. But its diffusion symbol vanishes in flat regions, but
does not, in general, in empty regions.

Note that all these covariant diffusions are the projections on 7'M of diffusions on the
frame bundle G(M). Actually, they are constructed directly on G(M), as was done in
[F-LJ]. These constructions are performed in Sections 3 and 6 below.

Note also that, while in the flat case the Dudley diffusion [Du] is the unique covariant
diffusion, the above examples show that this is not at all the same for curved spaces.

In Sections 4 and 5, we study in more detail the case of warped products, and spec-
ify further some particularly symmetrical examples, namely Robertson-Walker manifolds,
which are warped products with energy-momentum tensor of perfect fluid type.

We investigate more closely Einstein-de Sitter-like manifolds (Robertson-Walker mani-
folds for which the expansion rate is «(t) = t° for some positive c¢), reviewing in this simple
class of examples, the relativistic diffusions we introduced, which appear to be distinct.
We perform in this setting an asymptotic study of the R-diffusion, and of the minimal
sub-diffusion (t,,7,) relative to the energy &£-diffusion.

2 Canonical vector fields and curvature

We present in this section the main notations and recall a few known facts (see [K-N]).

2.1 Isomorphism between A’RY and so(1,d)

On the Minkowski space-time R"?, we denote by 1 = ((1;;))o<i.j<a the Minkowski tensor
1 0 ... 0

0 -1 . ,
. We also denote by (n¥))o<; j<a the inverse tensor, so that n;;n'* = oF

O ... 0 -1
(or equivalently: n; = 7" := ly—j—oy — lui<izj<a}), and by (-,-), the corresponding
Minkowski pseudo-metric. For u,v,w € RY, we set
uAv(w) == (u,w), v — (v, W), u. (1)

In other terms, this is the interior product of u A v by the dual of w with respect to 7.
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This defines an endomorphism of R*® which belongs to so(1, d), since for any w,w’ € R*?
we have clearly (u A v(w),w'), + (w,u A v(w')), = 0. It vanishes only if u and v are
collinear, hence if and only if w A v = 0. We have thus an isomorphism between A2R?
and so(1,d).

Remark 2.1.1 The Lie bracket of so(1,d) can be expressed, for any a,b,u,v € RY by

laANb,u Nv] = (a,u), bAv+ (bv), a Nu— (a,v), bAu— (bu), aNv.

The Minkowski pseudo-metric (-, -),, extends to A2RYM by setting :
(uANv,a N b>n = (u, a>n (v, b>n — (u, b>n (v, a>77 = %((u Av(a), b>n — (uAv(b), a)n)= (2)
so that, if (eg,...,eq) is a Lorentz (i.e. pseudo-orthonormal) basis of (R™ 7), then

(eiNe;j |0 <i < j<d)isan orthogonal basis of (A2R"% n), such that {e; Ae;,e; Aej)y =
Tii Mjj -

2.2  Frame bundle G(M) over (M, g)

Let M be a time-oriented C*° (14-d)-dimensional Lorentz manifold, with pseudo-metric
g having signature (+,—,...,—), and let T'M denote the positive half of the pseudo-
unit tangent bundle. Let G(M) be the bundle of direct pseudo-orthonormal frames, with
first element in 7'M , which has its fibers modelled on the special Lorentz group. Let
m : u > (m(u),ep(u)) denote the canonical projection from G(M) onto the tangent
bundle 7" M, which to each frame (eo(u), ..., eq(u)) associates its first vector ey .

We denote by TM 2 M the tangent bundle, by G(M) "+ M the frame bundle, by
u = (m(u);eo(u), ..., eq(u)) the generic element of G(M). We extend (1) to a linear action
of so(1,d) = A’R** on G(M), by setting :

e Neg(ej(u)) == njke(u) — njex(u), for any 0 < j,k ¢ <d,

where (e, ..., eq) denotes the canonical basis of R,
The action of SO(d) on (ey,...,ey) induces the identification T'M = G(M)/SO(d).

The right action of so(1,d) on G(M) defines a linear map V' from so(1,d) into vector
fields on G(M) (i.e. sections of the canonical projection of T'G(M) on G(M)), such that

[Vars, Vans)l = Viarbang) for any a Ab,a A S e A’RY. (3)

Vector fields V,,, are called vertical.

Notation To abreviate the notations, we shall consider mostly the canonical vector fields:
Vij = Veine;, for 0<4,5 <d.
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By (3) and (1), for 0 <4,j,k,¢ < d we have:
Vi, Viel = mir Vie + 15¢ Vie — 1ie Vi — mjx Vie - (4)
We shall often write V; for Vj;.

A connection o, i.e. a section TM — TTM of Try, is metric if it extends into a
section: TM — TGM of Tw. A metric connection o defines the horizontal vector field
Hj, on G(M), given by :

Hy(u) = o(ex(u)), for any v e G(M) and 0 <k <d. (5)

The canonical vectors V;;, H, span T'G(M) (the horizontal (resp. vertical) sub-bundle of
TG(M) being spanned by Hj’s (resp. V;;’s)). Note that H, generates the geodesic flow,
that Vi,...,Vy generate the boosts, and that the V;; (0 <1, j < d) generate rotations.

This allows to define the intrinsic torsion tensor ((7;)) and curvature tensor (R;;*)) (with
0 <i,7,k,¢ <d) of the metric connection o, by the assignment :

d
(H;, Hj] Z -?Hk‘f‘ Z Rz‘jkgka (6)
=0

0<k<(<d

we can denote more simply Tk H,+ 1 RWM Vie .

For any metric connection we have :

[VijaHk] = N Hj — nji Hy for 0<1,j,k<d. (7)

There exists a unique metric connection with vanishing torsion, called the

Levi-Civita connection. We shall henceforth consider this one.
Given two vector fields X,Y on M and & € M, the covariant derivative VxY (&) € TeM
d
is defined by writing X (7(u)) = > X*(u)er(u), and setting:
k=0

VY (€)=Y X¥u) T (H(u)Y(§), forany uen'(§). (8)

k=0

The curvature operator R¢ is defined on A*Ty M by:

Re(ei(u)Aej(u Z Ri;* ex(w) Aeg(u), for any u € m71(¢) and 0<1i,j<d. (9)

0<k<t<d

The curvature operator is alternatively given by : for any C!vector fields X,Y, 7, A,

(RXAY),ANZ), = (([Vx, W] = Vixy) Z, A), . (10)
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The Ricci tensor and Ricci operator are defined, for 0 < i,k < d, by:

d
= ZRU"”, and  Riccig (e;(u ZRk ex(u), forany wer '(§). (11)
=0
d
The scalar curvature is: R := Z Ry
k=0

The indexes of the curvature tensor (R;;*)) and of the Ricci tensor ((R¥)) are lowered or
raised by means of the Minkowski tensor ((14)) and its inverse (n?°)). For example, we
have: RPjo, = Ri* 0" g ner, and Rij = Ri ny; .

Remark 2.2.1 The curvature and Ricci operators and tensors are symmetrical :

(R(aNb),v ANw), = (a ANb,R(vAw)),, and (Ricci(v),w), = (v, Ricci(w)),,

for any a,b,v,w € R, Equivalently, for 0 <1, j, k¢ < d: R;;* = RF*;;, and R;; = R
The energy-momentum tensor (77)) and operator T¢ are defined as:
Tf:=RF—1R6 and T :=Riccii — 3 R. (12)
d . .
Note that ZT]] = —%1R. The energy at any line-element (¢,&) € T'M is
=0
E(&,€) = (Te(€),E)gte) = Tw(£,6). (13)

The weak energy condition (see [H-E]) stipulates that £(£,€) >0 on the whole T M.

We shall need the following general computation rule.

Lemma 2.2.2  For 0<14,5,k,0,p,q < d, we have:

) ke KL ke Kl | ok k ¢ E, st k
Vi Rij™ = Ngi Rpj™ —nip Ry +ng5 Rip"™ —1jp Rig +5q Rmﬁ 5 qu 6(1 Rijp +5pRUf1 .

Proof Using (9) and (1), we have indeed :
Vap Ri™ = Vop (Rles A €j)s en A ey ™ ™

= [<R<(77qiep — Nip€q) N ej) N em>77 + <R<e,- A (Ngj€p — njpeq)> NCRA €m> ]nknnzm
+ {<R(e,~ N e;), (Ngn€p — Mnpeq) N em>77 + <R(ei Nej)sen N (Ngmep — nmpeq)> ]nlmnzm

ke ke k¢ ke k l k l A k A k
=i Rpj" — Nip Rei™ +ngj Rip"™ — Mjp Rig + 04 Rigp — 0y Rijq — 0, Rigp" + 0, Rijg- ©



2.3 Expressions in local coordinates

. 0
Consider local coordinates (£, €¥) for u = (£, e, ..., eq) € G(M), with e; = ej e
Then the horizontal and vertical vector fields V;;, V;, Hy , which satify the commutation

relations (4),(6),(7) of the preceding section 2.2, read as follow. First, denoting by T}, =
ka the Christoffel coefficients of the Levi-Civita connexion V, we have for 0 <1i,j <d:

9 _ Tk
V@% a_gj = Fz’j(f)

9
ek

0 0
and Hj:efa—gk—e em T, (§)w (14)

i

Recall that the Christoffel coefficients (of V) are computed by :

gej  Ogie  0gij
Pk 1 gee(00 | Do Doy
39 (agl T oe ag@)

or equivalently, by the fact that geodesics solve &F + Ff]f”f] =0.
Then for 0 <i,j,k <d:

0 49

0
; — Njk eé) 8§Z - (niq e_] — Njq €; )a m €L 8§g )

Wj €k = Nik €5 — Njk € = (mk €;

whence for 0 <14,7 <d:

" 0
Vij = (mig€]" —mjq€; )8 (15)
0 0 0 0
thatis: Vi =ef — —e"— and V= , for 1<i,j<d.
at 1s j el@ef 6786? an 608k+78k or 1 <1e,9<

The curvature operator expresses in a local chart as: for 0 < m,n,p,q < d,

~ orr orr
. ol el 0 ol _ T s r s ng np
Runnga = (R (5% A 52 ) 505 agq> = G (rps R S ) (16)

Then, the Ricci operator can be computed similarly, as: for 0 < m,p < d,

) , Y ) R v
Rmp <R‘ICC1(8£m) 8—£P>g = Rmnpq g - anrmp - qu an + aén afp . (17)

The scalar curvature and the energy-momentum operator can be computed by :
R= Rij g9 and Ty = Repy — %Rggm. (18)

To summarize, the Riemann curvature tensor (R;;**)) is made of the coordinates of
the curvature operator R in an orthonormal moving frame, and its indexes are lowered
or raised by means of the Minkowski tensor ((14)), while the curvature tensor ((Rinpg))



is made of the coordinates of the curvature operator in a local chart, and its indexes are
lowered or raised by means of the metric tensor ((gap)).

To go from one tensor to the other, note that by (16) and (9) we have
R(agim A a%) = %ﬁmnab % A a%b , whence: ef ef ’jékgpq = R;;™" el el , or equivalently :

Rijab = Riers €F eﬁ ere;, oraswell: RIPI=RWMN e ef el ol (19)

2.4 Case of a perfect fluid

The energy-momentum tensor 7' (of (12), or equivalently T, recall (18)) is associated
to a perfect fluid (see [H-E|) if it has the form :
The = qUrUs — p gie (20)
for some C! field U in T'M , and some C' functions p,q on M.

By Einstein Equations (18), (20) is equivalent to:

Ree=qUpUs+Pgre, with p=(2p—q)/(d—1), (21)
or as well, by (17), to:
(Ricci(W), W), = qx g(UW)* +px g(W,W), forany W €TM. (22)

The quantity (U(&,),&), (which is the hyperbolic cosine of the distance, on the unit
hyperboloid at £ identified with the hyperbolic space between the space-time velocities of
the fluid and the path) will be denoted by A, or A(&, &s).

Note that necessarily A, > 1 if (U,U) = 1 . By Formulas (13) and (20), the energy
equals:

E(€.€) = q(€) A&, €)* — p(©). (23)

Remark 2.4.1 (i) The energy of the fluid is simply: T U*U’ = q—p. and the
scalar curvature equals R =2[(d+1)p—gq|/(d—1).

(17) By (23), the weak energy condition reads here: ¢ > p*.

3 Covariant =-relativistic diffusions

Let = denote a non-negative smooth function on G(M), invariant under the right
action of SO(d) (so that it identifies with a function on T'M).

—_
—

Our examples willbe Z=—*R and Z=*E (for a positive constant o).

We call E-relativistic diffusion or =-diffusion the G(M)-valued diffusion process ()
associated to = we will construct in Section 3.2 below, as well as its T M-valued projection
m1(Ps). Let us first recall our previous construction, which corresponds to a constant =.
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3.1 The basic relativistic diffusion

The relativistic diffusion process (£,,£,) was defined in [F-LJ], as the projection un-
der m of the G(M)-valued diffusion (V) solving the following Stratonovitch stochastic
differential equation (for a given R%valued Brownian motion (w?) and some fixed o > 0):

d
AV, = Ho(V,)ds + 0 )  V;(¥,) o dw). (24)
j=1
The infinitesimal generator of the G(M)-valued relativistic diffusion (W) is
d
Hi=Hot+ 5y Vi, (25)
j=1

and the infinitesimal generator of the relativistic diffusion (&, &,) := 1 (¥,) is the relativis-
tic operator :

. 2 AV 5 0 do® ¢k _ fidjpk 0 2 Ck e kl 0
H = L0458 = fhog o+ (& - E0THO) o+ 5 (€€~ 0"©) g
where £° denotes the vector field on T' M generating the geodesic flow, and A® denotes
the vertical Laplacian, i.e. the Laplacian on Tg./\/l equipped with the hyperbolic metric

(26)

induced by ¢(¢). The relativistic diffusion (&,,&,) is parametrized by proper time s > 0,
possibly till some positive explosion time.

In local coordinates (£, e}), setting W, = (&L, €¥(s)), Equation (24) becomes locally equiv-

alent to the following system of Itd equations:
d
dek = &b ds = ef(s)ds ; €l = —T(&) €1 €ds + 0D ef(s) dul + 2 Efds,  and
i=1

det(s) = —ng(ﬁs)eg(s) € ds + o€ dwl + %2€k(8) ds, for 1<j<d,0<k<d.

J J
Remark 3.1.1 We have on T' M :

VR =2(d+1)E—2Te(T) =2(d+1)E+(d—1)R. (27)

J=1

Indeed, since for each 1 < j < d V; exchanges the basis vectors ey = £ and e; (recall
(15)) we get: VPE = 2V(Tun &' €') = 2Ty, (€1 €™ + €l €7"), whence

d
N VPE=2dE + 2Ty (£ — g"™) = 2(d+1) € - 2Tx(T),

j=1
and Formulas (27) follow at once by (12).

As an application, a direct computation yields the following evolution of the energy.
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Remark 3.1.2  The random energy process & = E(&s, és) associated to the basic relativis-
tic diffusion m (Vs) = (&,&s) satisfies the following equation (where V, :=v/V;):

A&y = V¢ Eods + 0° [(d+ 1)E + 5 R(&,)] ds + dM?
with the quadratic variation of its martingale part dM¢ given by :

[dE,, dE,) = [dME dME) = 40% [E2 — (T€,, TE,)] ds .

(We have here in particular ~ V; & = [85kﬂj(§s) —2T3(&,) Fﬁk(és)} gigiek)

Note that the energy &, is not, in general, a Markov process.

3.2 Construction of the =-diffusion

Let us start with the following Stratonovitch stochastic differential equation on G(M)
(for a given R%valued Brownian motion (w?)):

d

d
A0, = Hy(®,)ds + 1> ViE(R)V;(R)ds+ Y /E(D,) Vi(®,) odw].  (28)
j=1

Jj=1

Note that all coefficients in this equation are clearly smooth, except v/Z on its vanishing
set 271(0). However, v/Z is a locally Lipschitz function ; see ([I-W], Proposition IV.6.2).
Hence, Equation (28) does define a unique G(M)-valued diffusion (®y).

We have the following proposition, defining the Z-relativistic diffusion (or Z-diffusion)
(®5) on G(M), and (&, &) on T M, possibly till some positive explosion time.

Proposition 3.2.1 The Stratonovitch stochastic differential equation (28) has a unique
solution (®g) = (&3 &s,e1(8), ..., eq(s)), possibly defined till some positive explosion time.
This is a G(M)-valued covariant diffusion process, with generator

He = Ho+ 3> V,EV;. (29)

Its projection m (®s) = (s, &) defines a covariant diffusion on T* M, with SO(d)-invariant
generator
HE = LO+1VEVY, (30)
V* denoting the gradient on TgM equipped with the hyperbolic metric induced by g(&).
Moreover, the adjoint of Hg with respect to the Liouville measure of G(M) is

H

[1] %

d
= —Hy + % Y V;EV;. In particular, if there is no explosion, then the Liouville
j=1
measure s invariant. Furthermore, if = does not depend on &, i.e. is a function on M,

then the Liouville measure is preserved by the stochastic flow defined by Equation (28).

10



We specify at once how this looks in a local chart, before giving a proof for both statements.

Corollary 3.2.2 The T*M-valued =-diffusion (é‘s,fs) satisfies d¢s = &,ds, and in any
local chart, the following Ito stochastic differential equations:  for 0 <k < d, (denoting

E, = E(6.6))
déF = dMPF — T (€,) €160 ds + S5, €8 ds + L [EF € — gM(&,)] ag(fs,gs) (31)

with the quadratic covariation matriz of the martingale term (dMy) given by :

[del, del) = (€8 € — g™ (&) Eads,  for 0< k0 <d.

Proof In local coordinates (&7, ef), ® = (&5 ¢e,€1,...,€q), using Section 2.3, Equation
(28) reads: forany 0 <k <d, dé¥=¢EFds=el(s)ds,

d d
deh = —T(&) €6 ds + 5> ViE(6,6) €f(s) ds + Y \/E (&, &) ef(s) o duw ;
j=1

J=1

and for 1<57<d, 0<k<d,

def(s) = ~Tf(&) €5(s) Exds + 1 V; E (&, &) &0 ds + /2(&, &) & o dud .

We compute now the It6 corrections, which involve the partial derivatives of y/=(&, § ) with
respect to &. We get successively, for 1 < j <d, 0 <k <d:

=680 [0 (V2608 19)) ] = (e €0 [ae9), dud] + k(o) [22(60,60. ]

S 6N ds 1 L ek(s) fg(zss,ss) =(6, &) el (s) ds

hence,
{d( E(fs,fs)e;?(s)),dwg} = E(fs,fs)ff ds—l—%VjE(fs,fS)ef(s) ds
26060 [ (V36,60 &) dut| = =66 [a88 dul] + 5 [a2(6.,). ]
= E(&,6)Y 7 ef(s)ds + 3 €& 85@ 02 (6. €26 &) €)(s) ds
hence,

[1]

[

(€s,£s)£> dwﬂ] = Z(&, &) eb(s)ds + V2 (6, 6) Er ds.
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Note that the simplification by 1/Z(&,,£,) is allowed, since on Z71(0) both sides of the
simplified formula vanish identically.

Hence, in local coordinates and in It6 form, Equation (28) reads: for any 0 < k < d,

. d - ,
Al = £ ds = efi(s)ds, and setting dM} = Y \/E(&, &) €b(s) dw?
j=1

Al = dMF =Tl (&) €€ ds + SE (&, &) E ds + 1 [ €8 — g™ (&) a—égss,&s) ds ;

E(&, &) €8 dwl —Th (&) el(s) Eds + L2 (&, &) eh(s) ds + LV E(&,, &) EF ds .

d -
Note that we used the formula Y e¥(s)ef(s) = €8l — g¥(&), which expresses that
j=1

® € G(M). Using again this formula, we get the quadratic covariation matrix of the
martingale term (dMy), displayed in the above proposition, which shows that (m(®y)) is
indeed a diffusion, and proves Corollary 3.2.2.

On the other hand, comparing the above equations with Equations (24) and (25), which
correspond to = = p?, we get precisely the wanted form (29) for the generator of (®y).

Then, since V'EVY = EAY 4+ (VE) V", comparing the above equation (31) for &

with Equation (26) (for which Z = ¢?), we see that establishing Formula (30) giving the
o o=

projected generator HL reduces now to proving that (VYZ) VY = [¢F ¢l — M) 8_§£ 8_5’“ :

0
Now this becomes clear, noting that V; = e;? 8_5’“ , foreach 1 <5 <d.

Finally, the assertions relative to the Liouville measure are direct consequences of the
fact that the vectors Hy and V; are antisymmetric with respect to the Liouville measure of
G(M). (The invariance with respect to Hy, i.e. to the geodesic flow, is proved in the same
way as in the Riemannian case, and the invariance with respect to V; is straightforward.)
o

Remark 3.2.3 (i) The vertical terms could be seen as an effect of the matter or the
radiation present in the space-time M. The =Z-diffusion (®;) reduces to the geodesic flow
in the regions of the space where = vanishes, which happens in particular for empty space-
times M in the cases = = —p® R(€), or Z = 02E(£,€), oralso == —g? R(€) erEE/RE)
(for positive constant k) for example.

(73) As well as for the basic relativistic diffusion, the law of the =-relativistic diffusion
is covariant with any isometry of (M, g). The basic relativistic diffusion corresponds to
== 0? >0, and the geodesic flow to Z=0.

(73i) In [B] is considered a general model for relativistic diffusions, which may be
covariant or not. Up to enlarge it slightly, by allowing the “rest frame” (denoted by z in
[B]) to have space vectors of non-unit norm, this model includes the generic =-diffusion
(compare the above equation (29) to (2.5) in [B]).
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3.3 The R-diffusion

We assume here that the scalar curvature R = R({) is everywhere non-positive on
M, which is physically relevant (see [L-L]), and consider the particular case of Section 3.2
corresponding to = = —p* R(£), with a constant positive parameter o.

In this case, as its central term clearly vanishes, Equation (28) takes on the simple form :

d
A0, = Hy(®,)ds + 0 Y /—R(D,) V;(®.) 0 duw] .
j=1

3.4 The &-diffusion

We assume that the Weak Energy Condition (recall Section 2.3) holds (everywhere on
T* M), which is physically relevant (see [L-L|, [H-E]), and consider the particular case of
Section 3.2 corresponding to = = 0? & = > E(&,€) = 0* Tyo -
We call energy relativistic diffusion or £-diffusion the G(M)-valued diffusion process (®;)
we get in this way, as well as its T' M-valued projection m(®,).

The following is easily derived from Lemma 2.2.2 and Formula (11). As a consequence, the
central drift term in Equation (28) is a function of the Ricci tensor alone when Z is.

Lemma 3.4.1 We have V;RF = 8o; R — 1;j R + 0§ Rij — 0% R, for 0 < i,k < d and
1<j5<d. Inparticular, V;R=0, and V;E = V;Tho = VR = 2Ro; .

By Lemma 3.4.1, the drift term of Equation (31) which involves the derivatives of =

d
equals here: ¢” Z Ry; (&) ef(s) ds. As we have Ry; = Ry, el e} by (17), we get the

j=1
d
alternative expression: o Z Ro;(&) b (s) ds = ¢ R (&) EM[ER €7 — g*(€,)] ds .
j=1

Another expression is got by using Einstein equation (18), or equivalently, by computing

directly from (31) and (13): [£8€f — g*] g—; = 2[EREL — gH) T™ = 2[E € — TE]F, where

the notation (T€)* = T#&™ has the meaning of a matrix product.

Hence, Formula (31) of Proposition 3.2.2 expressing dé, reads here:
dEl = M} — T} (&) €& ds + 51 E,E0ds + & Rua(&) € [EEEL — 98] s, (32)
or equivalently :

déy = dM, —T;;(&) €L ds + 0* (4 + 1) £, 6, ds — 0® T, ds . (33)
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We can then compute the equation satisfied by the random energy & . In particular,
the drift term discussed above for d¢* contributes now for :

20" Ty €M € — TE]F = 20°(E Thom €"E" — Thom € [TE)*) = 20°(€7 — [TE]x [TE]").
This leads to the following, to be compared with Corollary 3.1.2.

Remark 3.4.2 The random energy & = (&, &) associated to the E-diffusion (D)
satisfies the following equation (where V, :=vIV;):

A€, = V¢ E(&. &) ds + (d +2) 0> E2ds — 20° g(TE,, TE,) ds + 20dME
with the quadratic variation of its martingale part dM¢ given by :
[dE,, dE,] = 40° [dME, dME) = 40% [E2 — g(TE,, TE,)] &, ds .

Note that the diffusion coefficient [£2 — g(T g, Tfs)] appearing in the quadratic variation
[dE, €] is necessarily non-negative, which can of course be checked directly.

Remark 3.4.3 Clase of Einstein Lorentz manifolds.

The Lorentz manifold M is said to be Einstein if its Ricci tensor is proportional to
its metric tensor. Bianchi’s contracted identities (see [H-E| or |[K-NJ), which entail the
conservation equations V,T77% = 0, force the proportionality coefficient p to be constant
on M. Hence:

Rom (&) =P gem(€), forany € in M and 0<£,m <d.
Then the scalar curvature is R(§) = (d + 1)p, and by Einstein Equations (18) we have:

Tim(f) = (A - %ﬁ) gém(§> = _pgém(g) .

Hence Equation (20) holds, with ¢ = 0: we are in a limiting case of perfect fluid.
Moreover, R and & are constant, so that on an Einstein Lorentz manifold, the R-diffusion
and the E-diffusion coincide with the basic relativistic diffusion (of Section 3.1).

4 Warped (or skew) products

Let us consider here a Lorentz manifold (M, g) having the warped product form :
M =1 x M, where I is an open interval of R, and (M, h) is a Riemannian manifold, is
endowed with the Lorentzian pseudo-norm g given by :

ds® = dt* — a(t)? |dzl|; (34)
or equivalently

gok =00k and gy = —a(t)’ hy(x), for 0<k<d, 1<4,j<d. (35)
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Here & = (t,x) € I x M denotes the generic point of M, and the expansion factor « is a
positive C? function on I. The so-called Hubble function is:

H(t) :=d'(t)/alt) . (36)
This structure is considered in |[B-E|, which contains most of the following proposition.

Proposition 4.1 Consider a Lorentz manifold (M, g) having the warped product form.
(i) Its curvature operator R is given by: for u,v,w,a € C°(I) and X,Y,Z, A€ TM,

<R((u8t FX)A 00 +Y)), (ady + A) A (wd; + Z)> — —Q2(K(XAY), ANZ)

9
+ad"h(uY —vX,aZ —wA) + (ad)? [0(X, Z) WY, A) — WX, A)h(Y,Z)], (37)
KC denoting the curvature operator of (M, h).

(i1) Denoting by Ric the Ricci operator of (M, h) and by (-,-) the standard canonical inner
product of RY, we have :

"
(Ricci(vd; + V), wd; + Z), = (Ric(Y), Z) + [(d — 1) |)* + aa”1h(Y, Z) — d % vw. (38)
(iit) If V9 and V" denote the Levi-Civita connections of (M, g) and (M, h) respectively :

Vixy) (W0 +Y) = [uv' 4 a(t)d (t) h(X,Y)] 0, + VY + H(t) (uY +v X). (39)

Remark 4.2 [In any warped local chart (t,27) : for 1 < m,n,p,q < d (Kunp, denoting
the curvature tensor of (M, h), and K,,, its Ricci tensor) and 0 < k <d, we have

Toolg) =03 Th(9)=Hd; To.(9)=ad hy,; TP, (9)=T%.(h),  (40)

7z()nkt;{ = ok oz(t)o/’(t) Png ; 7imnpq = (040/)2(75) [hmq Pnp — Py hnq] - a2<t)]~(mnpqv (41)
ROk = —dor d X o//(t)/oz(t) ; Rmp = [(mp + [(d - 1) |CY/|2 + 050/,] mp - (42)

Let us outline the proof for the convenience of the reader.
Proof  We get (39), and then (40), by using Koszul formula:

2h(VRY, Z) = Xh(Y, Z)+Y h(X, Z)=Zh(X,Y)+h([X, Y], Z2)=h([X, Z],Y)+h([Z,Y], X),
for both V" and V9. Hence,

V4 o Voo W0+ Z) = V4 ([vu/ +ad WY, Z))0,+ V7 + H[vZ + wY]>
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- (u[u’w'+vw”+(aa’)'h(y, D) +ad | XB(Y, Z)+h(X, VEZ)+Hvh(X, Z)+wh(X, Y)]])at
+VAVEZ + HoVYZ + VY +ulH [vZ +wY] +uH [V Z +w'Y],
+H (u ViZ +uHvZ +wY] + [ow + ad’ WY, Z)] X).

Therefore
[v?uaﬁX ) V?U6t+y) (WO + Z)

= ([uv’ —uvjw' + () [uh(Y, Z) —v (X, Z)] + ad' [ XY, Z) — Yh(X, Z)])@t

+ (aa' (W(X, V" 2Z) — h(Y, V" 2)] + 2H? [v h(X, Z) — uh(Y, Z)])@t
+[VAe VR Z + H(wV%Z —uViZ +w[X,Y]) + (Hw) [uY — v X]+ H [uv' — u'v] Z
+H (u VhZ oV Z 4 (Hw— )Y — v X) +ad [0(Y, Z2) X — h(X, Z) Y]).
And since
Viwonrx), oy (WO + Z) = Vi o xv)) (WO + Z)
= ([uv' — dv]w + ad W([X,Y], Z))@t +VikyZ + H (w' —u'v] Z +w[X,Y]),

we get
< [V?u8t+X)’ V?v@t-&-Y)] - Vf](uat+X),(vat+y)}> (w@t + Z)

- ((ao/)' Wwh(Y, Z) — v h(X, Z)] + ad’ [XW(Y, Z) — YI(X, Z)])@t
+ (aa’[h(X, VLZ) — h(Y,V%Z) — h([X, Y], Z)] + 2H? [vh(X, Z) — uh(Y, Z)])@t
+(IV4, V4] = Vi) 2 + H (094 Z = u Vi Z) + (Hw) [uY — v X]

+HV", Z4+ H(Hw—uw)uY —vX)+PH* WY, Z) X — WX, 2)Y]

7

a
= ad”h(uY —vX, Z)0,+([V%, V2] —VE‘X’Y])Z—i—Ew(uY—vX)—ko/Q[h(Y, )X —h(X, 2)Y).
By Formula (10), this entails Formula (37), which is equivalent to (41), by (16).

Then, denoting by (e, ..., e4) an orthonormal basis of (M, h):
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(mm@&+ﬂm@+2%:<R@A@@+WL@AW&+@>
—a(t) 23 (Res A0, +Y)) o5 A (wy + 2))

1 n

n

J

which yields (38); which is in turn equivalent to (42), by (17). ¢

Corollary 4.3 A Lorentz manifold (M, g) having the warped product form is of perfect
fluid type (recall Section 2.4) if and only if the Ricci operator of its Riemannian factor M
is conform to the identical map: Ric = Q x Id, for some Q € C°(M).

If this holds, we must have: U =0;, p+q=—d(a"/a), and q=Qa? — (d—1)H'.

Proof By (22) and (38), this happens if and only if for any v € C°(I),Y € TM :
(Ric(Y), V) +[(d—1)a' >+ ad”|h(Y,Y) —d(a" /a)v* = qg(U,v0;+ Y )? +p [v* —a*h(Y,Y)],

which (seen as a polynomial in v) forces U = 0;, and then splits into p+ g = —d (/)
and (Ric(Y),Y) = —[(d —1)a/? + ad” + pa?| h(Y,Y). This latter equation is equivalent
to p = —[(d — 1)H?* + (a”/a) + Qa~?], and then, using p +q = —d(a’/a), to ¢ =
Qa?—(d-1)H" ¢

Corollary 4.4 Consider a Lorentz manifold (M, g) having the warped product form. The
energy (13) at & = (f,4) € T{M = Téw)(l X M) equals :

M

£(¢,€) = (Ric(i), &) — (d— 1) H'(t) (I = 1) + §d(d — 1) H*(1) + 202(0)

(43)

Then the weak energy condition is equivalent to the following lower bounds for the Ricci
operator and the scalar curvature RM of the Riemannian factor (M, h) :

(Ric(w), w)

> (d — W2y pM s 0 1Y i o 2
weT M h(w7w) - (d 1) Sl}lp {OéOé o } ) R = d(d 1) 1r11f [0 (44)

And the scalar curvature R of (M, g) equals :
R:—u*RM—d@LJH%P+2%} (45)

so that its non-positivity is equivalent to the lower bound on the scalar curvature RM :

RM Z—dxil}f{(d—l)a’2+2aa”}. (46)
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Proof From (38), we compute the scalar curvature of M :
d
R = (Ricci(0;), 0,), — a2 Z (Ricci(e;), =—a?RM —d|(d—1)|<|* +2 %/]
J=1

On the other hand, by (38) we have at ¢ = (£,4) € TiM = T(lt’z)(l x M) :

(Ricci(€), €), = (Ric(#), &) + [(d — 1) o' + aa”] 5t — d & £

1

= (Ric(&), &) — (d — 1) H'(t) (£* — 1) — d 2(¢) .

Thence Formula (43). Then, the weak energy condition holds if and only if for any ¢ € I
and w e TM:

(Ric(w),w) > (d — 1) OéQ(ﬂH,(t) h(w,w) — %d(d —1) HQ(t) - 202(1) :

By homogeneity with respect to w, this can be split into the following lower bound for
the Ricci operator of the Riemannian factor M :

f (Ric(w), w)

> _ //_ ’2
o T w) > (d 1)81}1){0404 o' 7},

together with the condition particularised to w = 0, which yields the following lower
bound for the scalar curvature of the Riemannian factor M :

did—1)H*(t) + a(t)2RM >0, or RM™ > —d(d—1) inf o2 0

5 Example of Robertson-Walker (R-W) manifolds

These important manifolds are particular cases of warped product : they can be written
M =1 x M, where I is an open interval of R, and M € {S* R® H?}, with canonical
global spherical coordinates & = (¢, 7, ¢, 1), and are endowed with the pseudo-norm :

g(€,€) =2 —a(t)? (1 jQI{:TZ + 1% + r?sin®p ¢2) : (47)

where the constant scalar spatial curvature k belongs to {—1,0,1} (note that r € [0,1]
for k=1 and r € R, for k = 0,—1), and the expansion factor « is as in the previous
section 4. Note that we have necessarily ¢+ > 1 everywhere on 7'M .

By (37), we have the curvature operator given by :

<7z (wdy + X) A (W0, +Y)), (ads + A) A (wd, + Z)>

n
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= ad" h(uY —vX,aZ —wA) — o*(a'? + k) [h(X, Ah(Y, Z) — h(X, Z)h(Y, A)] .
By (38), the Ricci tensor ((Rpy)) is diagonal, with diagonal entries :

(-3 O;:/(Efg) T f(?rz JA@) 7%, A1) rsin®p),  where A(t) = a(t)a(t) +2a/(t)? + 2k,

and the scalar curvature is R = —6[a(t) o (t) + o/ (t)? + k] a(t) 2.

The Einstein energy-momentum tensor Rgm — %Rggm = Tgm is diagonal as well, with
diagonal entries:

<3 0/(0215)—; k ’ 1__’4](;;)2 , — A@) 7"27 _A(t) r2 Sin2gp>7 with A(t) — 206(75)04”(75) 4 o/(t)2 Tk

Hence, we have
Tom — () 2A(1) gomn = 2 [k @()™2 = H'(0)] T(pmmesy .

Thus, in accordance with Corollary 4.3, we have here an example of perfect fluid : Equation
(20) holds, with

Uj=0d), —p&)=ka(t)?+2H'(t) +3H*(t), q(§)=2[ka(t) - H'()], (48)

BE) = —2[2kalt)? + H'(H) + 3H*(1)]/(d — 1).
Note that

A = Ui(fs)éi =1, and & =2[ka(t,)?— H'(t,)]t —p(&,). (49)
By Corollary 4.4 (or by Remark 2.4.1(i7) as well), the weak energy condition is equivalent
to: o?4+k > (aa)t.
5.1 Case of an expanding R-W manifold

We consider an eternal Robertson-Walker space-time, which has its future-directed

°° «
half-geodesics complete. This amounts to I = R’ , together with / —— =
& P B8 Vita?

In the case of the basic relativistic diffusion (solving Equation (24) in this same

Robertson-Walker model), we have in particular:

diy, = o\/12 — 1 dw, + 2L i, ds — H(t,)[i? — 1] ds. (50)
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5.2 =-relativistic diffusions in an Einstein-de Sitter-like manifold

We consider henceforth the particular case I =]0,00[, k=0, and «(t) =t°,

with exponent ¢ > 0. Note that such expansion functions « can be obtained by solving
a proportionality relation between p and ¢ (see [H-E| or [L-L}).

Thus ¢q=2ct™2, p=(2—3c)ct 2, R=—6c(2c—1)t72, E=ct™2(2{2+3c—2).

Note that the weak energy condition holds. The scalar curvature is non-positive if and
only if ¢ > 1/2, and the pressure p is non-negative if and only if ¢ < 2/3.

Note that the particular case ¢ = % corresponds to a vanishing pressure p, and is

precisely known as that of Einstein-de Sitter universe (see for example [H-E]). And the
2 1

analysis of [L-L] shows up precisely both limiting cases ¢ = £ and ¢ = 5.

5.2.1 Basic relativistic diffusion in an Einstein-de Sitter-like manifold

In order to compare with the other relativistic diffusions, we mention first for the basic
relativistic diffusion (of Section 3.1), the stochastic differential equations satisfied by the
main coordinates f, and 7, , appearing in the 4-dimensional sub-diffusion (¢, t,, s, 7). By
(50), we have, for independent standard real Brownian motions w, @ :

disz@\/53—1dws+%tﬁsds—tﬁ(ii—nds; (51)

S

.oty 1 P2 g 2—1  ,lds 2c. .
d?”s——,—tg_ldws“_Q tsa_tg—ldws_FTTSdS_'_ tgc _Ts T_S_Etsrsds' (52)

Almost surely (see [A]), lim f, = oo, and w,/r, ~ @,/|#,| converges in S°.
5—00

5.2.2 R-diffusion in an Einstein-de Sitter-like manifold
With the above, Section 3.3 reads here, for the R-relativistic diffusion, when ¢ > 1/2:
dg; = odM; +9c (2c = 1)g* 1% € ds — Ty (€,) €1 €L ds, (53)
with the quadratic covariation matrix of the martingale part dM, given by :
0 2[dex def) = 6c(2¢ — 1) [€R €L — " (&)t ds, for 0 <k, 0<d.

In particular, we have for independent standard real Brownian motions w, w :

2c(2¢—1) . .
%@ ds— C(B-1)ds; (54)

, 0y/6c(2c—1) | tors 1 vz
dr, = dw, — — 5 55
" L, JE_ 1 e e (53)
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di, = 7 V/6e (2c — 1)(i2 — 1) dw, +




90%c (2c — 1)
£

2—1 ds  2c
f’sds+{st2c —fﬁ]—s——ctsnds.

As the scalar curvature R, = 6c(1—2c)/t? vanishes asymptotically, we expect that almost
surely the R-diffusion behaves eventually as a timelike geodesic, and in particular that

limf{;=1.
5—00

5.2.3 €&-diffusion in an Einstein-de Sitter-like manifold

Similarly, using (33), (48), (49), we have here £&—T¢ = 2(0— H')(i% —{U), so that
Section 3.4 reads here, for the &-diffusion :

dE, = 0 dM,+ 322472 (242 4+ 3¢ — 2)  ds + 20°c ;2 (i, €, — U, ) s ds — Iy (&) €& ds, (56)
with the quadratic covariation matrix of the martingale part dM, given by :
0 2 [del, de] = e[l €5 — g™ (€)] (282 + 3¢ — 2) 2 ds, for 0 <k, 0 <d.

In particular, we have for some standard real Brownian motion w :

. 0y/c : : : oty 121
dt, = - \/(2t3—2+3c)(t§—1)dws+c[592(t§—1+"f—0)t—2— 0 ds;  (57)
. _ovVe [ ts7s 2
drs = 212 - 24 3¢ | —=dw, + | — — —>— dw, 58
ts s Viz—1 t2¢ 21 ] (58)
2 (r j2 9c\ s 2c ;. 2—-1  ,]ds
+Qc(5t8—3+3)gds—ztsrsds+[ = — 77 -

Remark 5.2.4 Comparison of =Z-diffusions in an E.-d.S.-like manifold

Along the preceding sections 5.2.1, 5.2.2, 5.2.3, we specified to an Einstein-de Sitter-like
manifold the various Z-diffusions we considered successively in Sections 3.1, 3.3, 3.4. Re-
stricting to the only equation relating to the hyperbolic angle A, = ¢, , or in other words,
to the simplest sub-diffusion (t,,,), this yields Equations (51), (54), (57) respectively. We
observe that even in this simple case, all these covariant relativistic diffusions differ notably,
having pairwise distinct minimal sub-diffusions (with 3 non-proportional diffusion factors).

5.3 Asymptotic behavior of the R-diffusion in an
Einstein-de Sitter-like manifold

We present here the asymptotic study of the R-diffusion of an Einstein-de Sitter-like
manifold (recall Sections 5.2, 5.2.2). We will focus our attention on the simplest sub-
diffusion (t,,%,), and on the space component z, € R®. Recall from (49) that i, = A,
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equals the hyperbolic angle, measuring the gap between the ambient fluid and the velocity
of the diffusing particle. Recall also that, by the unit pseudo-norm relation, ¢, controls
the behavior of the whole velocity SS . We get as a consequence the asymptotic behavior
of the energy & . As quoted in Section 5.2.2, we must have here ¢ > % .

Note that for ¢ = %, the scalar curvature vanishes, and the R-diffusion reduces to the
geodesic flow, whose equations are easily solved and whose time coordinate satisfies (for
constants a and s):

s — 8o = +/ts (ts + a?) — a*log[\/ts + Vs +a®], whence ts~s.

The proofs of this section (and of the following one) will use several times the elementary
fact that almost surely a continuous local martingale cannot go to infinity.

The following confirms a conjecture stated in Section 5.1.
Proposition 5.3.1 The process t, goes almost surely to 1, and £ — 0, as s — 00 .

Proof By Equation (54),
ts y N y ot
log == — 30%c(2c — 1)/ (2 —i—t;z)—T + c/ (1—£2) Zdr
131 1 t?— 1 Zf‘r

dr

S
is a continuous martingale with quadratic variation 6¢%c(2c — 1) / (1—+%; 2>t_2 - Hence,
1 T

since ¢, > 1 and therefore ¢, > 7, the non-negative process

: s oty
logts+c/ (1—172) t—dT
1

-
converges almost surely as s — oo. This forces the almost sure convergence of the

o0 ot : : L
integral : / (1—1%7%) - dr < 00, and of tg, towards some t,, € [1,00[. This implies in
1

Tre .
turn t, = O(7), hence / (1—12) =< oo, whence finally t,, =1. ¢
1 T
Consider now the functional @ := t°\/#2 — 1, which is constant along any geodesic.

Lemma 5.3.2 For ¢ > %, the process a, = tS\/t2 — 1 goes almost surely to infinity, and

cannot vanish. Moreover, for any € > 0 we have almost surely : / t2e2 5 < 0.
1 ag
Proof We get from Equation (54):
0 ) 3a? + 2%
das = t—\/Gc (2¢ — 1)(a? + t2¢) dws + 3p°c (2¢ — 1) —ha ds,
S S aS
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and then for any € €]0,1] and for some continuous local martingale M :

2 1— t2c
a; +[L—e]t>
t72_ a72_+€

2—¢

Ogass:als—Ms—&SQzC(QC—l)/ [ ]
1

The signs in this last formula, and the fact that almost surely a continuous local martingale

cannot go to infinity, imply the the convergence of the last integral and of the martingale

term My, entailing the almost sure existence of a finite limit a_!, hence of a,, €]0,00],

dr

q2+2e $2-2¢ < 00. Now, by Proposition
T T

[e.e]
and the almost sure convergence of the integral /
1
5.3.1, this implies | —7 < [ 7 h = Finally, th
3.1, this mmplies . a27_+—257'_ W<oo, ence Gy = 00. mally, the
equation for a;° forbids also the existence of a finite zero sy for ag. Indeed, s 7 sg
would force the martingale term of this equation to go to —oo, which is impossible. ©

The following reveals the asymptotic behavior of the space component (xy) for ¢ > % .

Proposition 5.3.3 For ¢ > %, the space component converges almost surely (ass — o0) :

Ty — Too € R3.

Proof (i) Let us consider the non-negative process us := t,(£> — 1), which is constant
for ¢ = % , and cannot vanish for ¢ > % , by Lemma 5.3.2. By Equation (54),

s 7'757' s ; d
us + (2¢ — 1)/ ut dr — 60°c(2c — 1)/ [412 —1] t—T
1 1

T

T

is a continuous local martingale. Then, for any ¢ > 0,

s S[4f2 —1]d “urdt,
7:—E—6@20[20—1]/u%—[?c—ljtzz]/u
1 1

1+4¢ 1+e
tl t1

S
is a continuous local martingale. By Proposition 5.3.1, the central term converges almost

©u, dt,
surely. This implies that /1 JThe

U
< oo and that t_: converges, almost surely.
S

(i) By the unit pseudo-norm relation, we have t2¢i? =¢2 —1 = u,/t,. Let us apply
(i) above with € := ¢ — 3, to get:

0o 2 00 0o ©
- -2 2c—¢ | |2 2 s

[/1 \:Us\dsl §/1 ts Cdsx/1 7% @7 ds < 26_1/1 Fds < 00.
S

S o0
This proves that x, = —I—/ T, dT — 11 +/ isds € R?, almost surely as s — 00. ¢
1 1

In the case ¢ = % of the R-diffusion being the geodesic flow, we have

re = \/b2/a? + (a + o(1))logs ~ y/alogs as s— oo,
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which shows that Proposition 5.3.3 does not hold for the limiting case ¢ = % .

To compare the R-diffusion with geodesics, note that (as is easily seen; see for ex-

adr i
_tZC (and FAE

ample [A]) along any timelike geodesic, we have =z, =11+ % /
L1l J1

%), which converges precisely for ¢ > %; and along any lightlike geodesic, we have

. t
.T]_ s dT 1—c . .
— ~ V X sTFe (and Ls. = %), which converges only for ¢ > 1.

||

Ts =01+ =
° ' |:L'1| t1 T

On the other hand, for ¢ < 1, the behavior of the basic relativistic diffusion proves to

S Td .
satisfy (see [A]): ry ~ / T (exponentially fast, at least for ¢ < 1).

5—00 t72_c

Hence, the R-diffusion behaves asymptotically more like a (timelike) geodesic than like
the basic relativistic diffusion. However, owing to Lemma 5.3.2, the asymptotic behavior
of the R-diffusion seems to be somehow intermediate between those of the geodesic flow
and of the basic relativistic diffusion.

5.4 Asymptotic energy of the £-diffusion in an E.-d.S. manifold

We consider here the case of Section 5.2.3, dealing with the energy diffusion in an
Einstein-de Sitter-like manifold, and more precisely, with its absolute-time minimal sub-
diffusion (s, ts) satisfying Equation (57), and with the resulting random energy :

E = ct72 (2124 3¢ — 2) = 2c(t,/t,)? + O(s72).
Let us denote by ( the explosion time: ( :=sup{s > 0|t, < oo} €]0,00].

Lemma 5.4.1 We have almost surely : either lilré to=1 and ( =00, or lin% ty = 00.
S—> S—r

Proof By Equation (57),

SAC A
e n- g e B

ts/\( S0 T EN)

SAC dr
is a continuous martingale with quadratic variation 2¢%c / [1+32‘3t._22}[1—£i2} e Hence,
1 T Tl

since ¢, > 1 and therefore ¢, > 7, the process

. SAC ) d
i—e [ a-in T
S0 t

T

converges almost surely as s — oco. As 0 < is_/\lg < 1, this forces the almost sure

¢ dr , .
convergence of the integral : / [1 — t%} . < 00, and of tssc, towards some t. € [1,00].
S0 T T
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Moreover, the convergence of the integral forces either ( < oo and then ig = 00, Or
¢ = oo and then t, € {1,00}. ©

The asymptotic behavior can, with positive probability, be partly opposite to that of
the preceding R-diffusion :

Proposition 5.4.2 From any starting point (ts,,ts,), there is a positive probability that
both Ay = t; and the energy & explode. This happens with arbitrary large probability,
starting with ts,/ts, sufficiently large and to bounded away from zero.

On the other hand, there is also a positive probability that the hyperbolic angle A, = t, does
not explode and goes to 1, and then that the random energy £, goes to 0. This happens
actually with arbitrary large probability, starting with sufficiently large tg, /ts, .

Proof Letusset A, :=t,/f, > 0. From the above proof of Lemma 5.4.1, we get directly :

e 2 e 30-2 | 3e-214T
Asne — Asg = s/\<+[1+c]/ [1—@](17—90/ [34—2%—1—%})\— (59)
S0 S0 T
ST 3 14 2¢2
< MSAC+[1+C](S/\C_SO)_Q2C/ L\——%l dr, (60)
50 T Tbr
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(M,) denoting a martingale having quadratic variation 2¢c / [1+ 22][1 — %]dr.

S0

(1) Let us first start the time sub-diffusion from (¢,,,s,) such that t,, > sp > 1 and
iso > nmts, , with fixed n > 2 and m > 2+ ¢, and consider

El I 3@2C ’
T :=( Ainf{s > so|mAs > 1}. Thus, we have on [so, T]: A;' > m, and then
/\i — % >3m—-3>3+ % . Therefore, by inequality 60, we have almost surely for
any s > sp:

0 < Aar < Ay, —30%c(s AT — 59) + Mpr .

Integrating this inequality and letting s " oo yields:

%P(t507t’80)[T < C] S lim inf E[)‘s/\T] S /\80 S L whence P(tso,iso)[T = C] 2 1-—

Y
§—00 nm

S|

Moreover, almost surely on the event {T" = (}, the above inequality
0 < Asne < Ay — 3920(3 A ¢ —sg) + Msnc

implies clearly (using that a continuous martingale almost surely cannot go to infinity)
¢ < 00, and by the previous lemma that ¢ = co. Then 59 implies the convergence of
Aspe tosome Ar € Ry .

Furthermore, i( =00 and A¢ > 0 for finite ¢ would imply trivially ¢, = oo, whence its
logarithmic derivative should explode, which leads to a contradiction.
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This proves that we have P(tso,t'so) [C <00, A\¢ = O] >1-n"

Since (by the support theorem of Stroock and Varadhan, see for example Theorem 8.1
in [I-W]) from any starting point the sub-diffusion (¢, ) hits with a positive probability
some (t,,,1s,) as above, we find there is always a positive probability that f, and &,
explode (together).

(i) Let us now start the time sub-diffusion from (t,,,f, ) such that nm't, <t ,
with fixed m’ > 9¢%c(1+4c¢) and n > 2+c¢, and consider T" := ( Ainf{s > s1|\s < m'}.

By Equation (57) we have at once: almost surely, for any s > s,

sAT' sAT' SAC
A = A0+ 59%/ (14 2=2 AP dr — 1+ c]/ A2 dr + c/ t22dr + M.,

S1 S1 S1

(M!) denoting a martingale having quadratic variation 2¢%c / [1 + 320;22} [1 — t%] Atdr.

51

Since on [s1,7"] we have A\;! < 1/m’, and then 5p%c[1+ 2=0]A11 < % <5/9, we
get:

SAT'
0< My < Asll—c/ AS dr+t—+M’AT,.

S1 S1

T/
This entails / A %dr < oo and A, — A} € Ry (which implies moreover ' =0

almost surely on {7" = oo} ), and

1 1+c
o Pt i) [T < (< B, iy Mo ] <AL+ 5 <5

tsl — nm/

Hence, we get P(tsl,fésl)[T/ =( >1- 1%‘3 > 0. Furthermore, as in (i) above, {7 = oo
and Ay > 0 for finite 7" is impossible, which excludes 7" = ( < co. Therefore

]P’(tspiﬂ)[T’ =(=o00] 21— >0.

Then from the equation for X, using that [3 - %] et < (J;Q—;L),QQC < % on [s1,T"], we
get almost surely :
sAT’ dT
)\s/\T’ — )\51 Z (S /\T, — 51) — [3+ %] QQC/ )\— + Ms/\T’ Z % (S /\T/ — 81) + Ms/\T’ ,
S1 T

which shows (since [M;, M| = O(s)) that almost surely {T" = ( = oo} C {\; — o0}. On
this same event, by Equation (57) we have almost surely for any s > s :

e 2] t e 1
ts —t/_g/ \/201+2t2 1——] /\waT—i—c/s/1 50 32 T . dt,,

which shows that f, cannot go to infinity, since this would forbid the last integral, and
then the right hand side, to go to infinity. Hence, by Lemma 5.4.1, we obtain that almost
surely {T" = ( = oo} C {t, — 1}. The proof is ended as in (i) above, by applying the
support theorem of Stroock and Varadhan, and by taking n arbitrary large. ¢
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6 Sectional relativistic diffusion

We turn now our attention towards a different class of intrinsic relativistic generators
on G(M), whose expressions derive directly from the commutation relations of Section 2.2,
on canonical vector fields of TG(M). They all project on the unit tangent bundle T M
onto a unique relativistic generator H!, . , whose expression involves the curvature tensor.
Semi-ellipticity of H.,, requires the assumption of non-negativity of timelike sectional
curvatures. Note that in general H

! . does not induce the geodesic flow in an empty
space.

6.1 Intrinsic relativistic generators on G(M)

We shall actually consider among these generators, those which are invariant under the
action of SO(d) on G(M). To this aim, we introduce the following dual vertical operators,
by lifting indexes: V¥ := p™mpmV, . Note that V/ = VY = —Vo; = —Vj, and that
Vi =V, for 1 <i,57<d. We consider again a positive parameter o.

Proposition 6.1.1 The following four SO(d)-invariant differential operators define the

same operator H},,., on T'M :

d d
Hy — 43" ([Ho, HIV? + V/[Ho, Hy] ) 3 Ho+ 0> [H, HolV7
j=1

J=1

d
Ho+ S RYV;—o* 3 RO™ViVis Ho—% S ([Hy Hj) Vi3 + Vi [H, Hy])

j=1 1<j,k<d 1<i,j<d

Note that (H}

curv

— L) is self-adjoint with respect to the Liouville measure of T* M.

The proof will be broken in several lemmas. We begin with the following general and useful
computation rules, derived from Sections 2.1 and 2.2.

Lemma 6.1.2 For 0 < j,k, 0 <d, we have:
VIR = 06 RS — 6§ RY + (1 — d)Ro™ + R 0" — RF ;0

V'Ro™ =65 Ry — 8 Ry ; [[H;, H;],V'] = (d— 1)[Ho, Hj].

Proof We get the first formula by multiplying by n® the formula of Lemma 2.2.2, and
particularising to ¢ = 0. As to the second one, by particularising the latter to j = 0 and
changing sign, we get :

VIR = &5 Ri — 65 R + R0 — R'0o".
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Then, we note that Rfy* = Ro*y = RFyp’. Finally, the last formula derives from the
second one and from the commutation relations (4) and (6), as follows:

[ [Hl7 Hj]a VZ] - % [Rijke Vkéy vz] - %Rijke [ka, VZ] - % (VZRw]d)ng
= ;R (%VE — Vi + 1 (110¢Vor — 770kVpZ)> <5k RS+ 594 RoM + R >ng
- R§ W+Rpjk0 V}:k_Rf W“'(%)RO]'M VM—RéjO Vkﬂ = (%)Roj ke ng = (d—l)[Ho, Hj]. <
We get then first the following.

Lemma 6.1.3 On C*(T'M), we have [[Hy, H;],Vi]=0, and

d d
ngr'u = _% Z [[HO; Hj]vj‘i‘vj[Hg,Hj]} = Z HO VJ ZRJ V Z ROJOk VVk

=1 j=1 1<j,k<d
Proof  Using the commutation relations (4) and (6), that Vi, = 0 on C*(T'M) for
1 <k, £<d,and (11), we have on one hand:

[Ho, H;]V? = L Ro;F Vi VI = LR, ([Vie, V7] + V7 Vi)

=L Ro;" 0" (Ve — m:eVie + n0eVik — 1okVie) + Ro; > VIV,

= —R()jkj Vi + Ro™o Vi, + ROjOk VIV, = ROjOk VIV, — Ry V..
On the other hand, using this first part of proof and Lemma 6.1.2, we get :

[[Ho, H;], V'] = [Ro;" Vie, V7] = L Ro;™ [Vie, V] = (VIR ) Vie

= —Rg Vi — Y65 Ry — 6§ RO)Vie = —REVi+ Ry Vi = 0.
USiIlg [Ho, Hj]Vj + Vj[Ho,Hj} =2 [H(), Hj]Vj - [[Ho, Hj], V]} ends the pI'OOf. %

We get then the following.

Lemma 6.1.4 On C*(T'M), we have Y. [[H;, H;],VY] =0, and

1<i,j<d

Z ([H“HJ] Vij + Vij [H’HHJ]> = _47_[21““1) :

1<i,j<d
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Proof  As for the proof of Lemma 6.1.3, we use the commutation relations (4) and (6),
that Vi = 0 on C*(T*M) for 1 < k¢ < d, (11), Lemmas 2.2.2 and 6.1.2, and the
symmetries of the Riemann tensor. We have thus on one hand and on C*(T'M):

[Hy, Hj], Vi) = %[Rpjkzvkey Vin] 11" P = %Rpjke[vkéa V] ™ p™ — %(an Rpgke) " Ve

= %’Rpjké <nkan + ankm — Wm‘/;m — 77kn%m> nimnjn _ % %

[nmp ankf ~np RmJM g Rnpke N anpM + 5];1 Rpj ng - 55 Rpj mé - 5;;1 Rpj nk + (5£L Rpj mk]nim Uj” Vie

= LR (8} Vi + 1in Vi* = 8} Vi = i Vi)
_ % [ _ Ripké I Ripké —(d+ 1)Ripk€ 4 nikRp]jE _ nijpjié _ nmejjk . njERpjik:| Vi

_ % [ _ Rpkie X ,r]iZRI; _ Rpekz' _ nikRé +(d+ )Rz L nsze Rpkz’é it R R ézk] Vie
— (i) Rz ke ka
In particular, we get  [[H;, H;], VY] = (4L R Vi = 0.
And on the other hand, on C?(T* M) again :
[H;, HJVT = 20" R Vig Vi = 007" Ri* Vi Vi = R Vi V;
= R ([Vie, Vil + V; Vie) = Re™ (s Ve — 1jeVie + 10eVie — 10k Vie) + Ro™ Vi Ve
= 2R Vi + 2R 0 Vit + 2R ViV = 2(Re'™ ViVi — RE Vi) = —2H20 -

The final assertion relating to the Liouville measure is proved as in Theorem 3.2.1.

Proposition 6.1.5 In local coordinates, the second order operator Hl,. defined on T* M
by Proposition 6.1.1 reads :

. 4 0 iT 0 "k 0 péa 3 0?
chrv - 6 aé-j 5 5 7,] 8€k + 5 85 2 5 5 p q 8€ka€£
9 ] 9 ng pk "~ 0 p nk qZ 82 ) .
535] §eTy a§k+ 2 €™ Ry (g 7 o ~&y 9 ot

Proof By Section 2.3, we have on C*(T*"M):

52 9 52 9 52
_6ekanaf+5jk€°aen+€°€°a"af+ De _”’fanaf

ViV

D
<3

n O
+ 5jk‘ 60 aen Y
0

3
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whence by Lemma 6.1.3:

2

d
k n_t 0k ] el
H\w = —Ro?% elle — R 61, € § j —
curv j kaegaeé Oan —~ 0 ]a[T)L

2
delde
On the other hand, by Formula (19)

- 0
= —R* ejel RO g 8 (including now j = 0).

we have :

b0, ck ¢, aj b0, ck 0, aj . ck
ROJ =R Oabc 7] 77 Ui 6 € Rmnpf eb €M ] non = 60 60 €q 7?’77”17Z €N ! n
whence
R jOk n R 0, aj. ck _n R ™ _ R n q
e; ek—eo eher mrpt €1 1 €5 ek—eo ep mrpl g 9 =eg' € m p -

And in a similar way, by (17):
R} ej = eg' e Ry ej = eg' R" = el Rynpq 90 g7

This and (14),(15) yield the wanted formula, whose coefficients depend only on (&,€) €
T'M, as it must be by the SO(d)-invariance underlined in Proposition 6.1.1. ©

6.2 Sign condition on timelike sectional curvatures

The generator H.,,. defined on T' M by Proposition 6.1.1 is covariant with any Lorentz
isometry of (M, g). Hence, it is a candidate to generate a covariant “sectional” relativistic
diffusion on T M, provided it be semi-elliptic.

As a consequence of Section 6.1, the mtrlnsm sectional generator we are led to consider
on T'M is H! restriction of HU + £ (RJ Vi — Ry VVk)

curv ’

Now, a necessary and sufficient condition, in order that such an operator be the gener-
ator of a well defined diffusion, is that it be subelliptic.

We are thus led to consider the following negativity condition on the curvature:
<R(u Av),u A v>77 <0, for any timelike u and any spacelike v . (61)

This condition is equivalent to the lower bound on sectional curvatures of timelike planes

Ru + Ro:
(R(uAv),uAv),

gluANv,uAv)

)

since g(u Av,uAv):= g(u,u)g(v,v) — g(u,v)? <0 for such planes.
Note that Sectional Curvature has proved to be a natural tool in Lorentzian geometry, see
for example [H]|, [H-R].

We test this negativity condition on warped products, in Corollary 6.2.1 below. When
this negativity condition is fulfilled, we call the resulting covariant diffusion on 7' M, which
has generator H.,,, given by Propositions 6.1.1, 6.1.5, the sectional relativistic diffusion.

30



Corollary 6.2.1 Consider a Lorentz manifold (M, g) having the warped product form.
Then the sign condition (61) is equivalent to: o" <0 on I, together with the following
lower bound on sectional curvatures of the Riemannian factor (M, h) :

. (K(XAY),XAY)
xyers h(X,X)h(Y,Y) — h(X,Y)

" /12
5 > sgp{aa —a' ‘). (62)

Proof Let us denote by SR(UAV') the sectional curvature of the timelike plane associated
with U A V. Recall from Section 6.2 that the negativity condition (61) reads simply
SR(UAV) >0, for any timelike U and spacelike V. By choosing a pseudo-orthonormal
basis of such given timelike plane, we can moreover restrict to g(U,U) =1 = —g(V, V') and
g(U, V) =0. Setting U = ud;+X and V =vd;+Y , with u,v € C°(J) and X,Y € TM,
we can thus suppose that :

u=+/2h(X,X)+1; v=+a2h(Y,Y)—1; uv=0c*h(X,Y),
which implies @?R(X AY, X AY)+h(Y,Y)—h(X,X)=a"2 and
h(uX —vY,uX —vY) = (X AY,XAY) +a 2.
Recall that (X AY, X AY) := (X, X)h(Y,Y) — h(X,Y)? Now, by (37), this entails:
SRUNV) =a? (K(X AY), X ANY)—aa"[a® h(XAY, XAY )+a"2)+|ad’|> h(XAY, XAY)
- a2[<IC(X/\Y),X/\Y> —(aad" — (X AY,XAY)| - a"/a.

Reciprocally, given any X,Y € T'M such that
Ah(XANY, XAY)+h(Y,)Y)—h(X,X)=a? and h(Y,Y)>a 2, setting

u:=+/a?h(X,X)+1 and v:=+/a?h(Y,Y)—1, we get (w)?> = a?h(X,Y)?, and
thence a basis (U, V') as above.

Hence, the negativity condition (61) is equivalent to:
0< a2<(IC(XAY),XAY> - (aa”—a’2)h(X/\Y,XAY)> —a"/a,

for any XY € TM such that o?hW(X AY, X AY)+ (YY) — h(X,X) = a2 and
h(Y,)Y)>a 2.
Distinguishing between collinear and non-collinear pairs X,Y, and denoting in the

latter case by SK(X AY') the sectional curvature of the plane associated with X AY’, this
condition splits into both:  (a”/a) <0, together with:

(O/’/Oz) " 12
<
WX AY.XAY) SK(XAY)—(aad"—a'7),
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for any non-collinear X,Y € T'M such that o? h(XAY, XAY)+h(Y,Y)-h(X,X) =

and h(Y,Y) > a 2. We shall have proved that this condition is equivalent to the wanted
inequality (62), if we show now that for any given o« > 0, any given plane P in TM
is generated by pairs X,Y such that o*h(X AY, X AY)+ A(Y,Y) — (X, X) = a2,
h(Y,Y) > a2, and such that h(X AY, X AY) is arbitrary large.

Now, starting from an arbitrary {Xg, Yy} generating P, take Y := —22_ and

ay/h(Y0,Y0)

X = q[XO o o) YO] Then o? (X AY, X AY)+h(Y,Y)—h(X,X)=a 2 =h(Y,Y),

and h(X AY,XAY) = ¢* % is indeed arbitrary large, for arbitrary large ¢.
o

In particular, in an Einstein-de Sitter-like manifold, the sign condition (61) holds if and
only if o’ <0, i.e. ifand onlyif ¢ < 1.

6.3 Sectional diffusion in an Einstein-de Sitter-like manifold
We must have here ¢ < 1. By (41), we have: for 0 <k <d and 1 <m,n,p,q <d,
Ronkg = Oor ¢ (¢ — 1)t 2 hoy  and  Ronpg = 7 g Py — Panp Bng) — 12 Kpg -

Using Cartesian coordinates (z7) instead of spherical coordinates (r, , 1) for the Euclidian
factor M = R®, we have merely :

Ronkg = ¢ (¢ — 1)t 2001 0ng  and  Ronnpg = & 122 [61g Orip — O O] -
Thence, for 0 <k <d and 1 <m,n,p,q <d:
Ro" = c(c—1) 172728, 6™ and R o= cle=1)12725,,, 0" 81422 [04) Oy —Omp 0™].
And Ry =6, (3¢(1 —¢)t7200; + ¢ (3c — 1) t*72[1 — y;]),  whence
RE = —6%ct72 (3(c — 1)on + (3¢ — 1)[1 — don)) -
And by (40), the non-vanishing Christoffel coefficients are :
F’g] —FJO —ct’15f, and FO =ct* 16, for 1<i,j,k<d.

Therefore, by Proposition 6.1.5, we have:

: B 0 82
1 _ ] 1y k PEIR
Heurs fa@ e, ogr " TR ack TR DErDEe

_ g9 Q_Q_Cni_@ 0 e 1y 0

Yag i Vg~ 71 am el Vg B D55

2 2 2 2 2

_90(0_1) 2 9 _QC(C_l) 2 —2c(i2 i 9
i~ g~ S U At G [ - DA -8
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o°c(l—c¢), 0 o°c . o°ct ... 0
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We see that even in this simple case, the sectional and curvature diffusion differ tangibly,
apart from the fact that the range of values of ¢ for which they are defined are different.
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