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PAC-BAYESIAN BOUNDS FOR SPARSE REGRESSION
ESTIMATION WITH EXPONENTIAL WEIGHTS

PIERRE ALQUIER, KARIM LOUNICI

AsstrAcT. We consider the sparse regression model where the number of pa-
rameters p is larger than the sample size n. The difficulty when considering
high-dimensional problems is to propose estimators achieving a good compro-
mise between statistical and computational performances. The BIC estimator
for instance performs well from the statistical point of view [BTWO0T7b] but
can be computed for values of p of at most a few tens. The Lasso estimator
is solution of a convex minimization problem. Hence it can be computed for
large value of p. However stringent conditions on the design are required to
establish the statistical properties of this estimator. Dalalyan and Tsybakov
|[DTO08] propose a method achieving a good compromise between the statistical
and computational aspects of the problem. Their estimator can be computed
for reasonably large p and satisfies nice statistical properties under weak as-
sumptions on the design. However, [DT08] concerns only the empirical risk
and proposes only results in expectation. In this paper, we propose an ag-
gregation procedure similar to that of [DT08] but with improved statistical
performances. Our main result concerns the expected risk and is given in
probability. We also propose a MCMC method to compute our estimator for
reasonably large values of p.

MSC 2000 subject classification: Primary: 62J07; Secondary: 62J05, 62G08,
62F15, 62B10, 68T05.

Key words and phrases: Sparsity Oracle Inequality, High-dimensional Re-
gression, Exponential Weights, PAC-bayesian, RJMCMC

1. INTRODUCTION

We observe n independent pairs (X1, Y1), ..., (X, Ys) € X x R (where X is any
measurable set) such that

where f : X — R is the unknown regression function and the noise variables
Wi,...,W, are independent of X, ..., X,, and such that EW; = 0 and EW? < o>
for some known o2 > 0 and any 1 < i < n. The distribution of the sample is denoted
by P, the corresponding expectation is denoted by E. For any function g : X — R
define [lglln = (X1 9(X:)2/n)""? and |lgl| = (Ellg|2)""*. Let F = {61,...,6,}
be a set of functions ¢; : X — R such that wlo.g. ||¢;|| = 1 for any j (this
assumption can be relaxed). For any 6 € R? define fp = Z?:l 0;¢; and the risk

R(0) = E[r(6)]

where
n

r(0) = -3 (i fo(X0) = 1Y — 5ol

i=1
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and Y = (Yi,...,Y,)T. Let us choose § € argming, R. Note that the minimum
may not be unique but this does not matter since we consider here the prediction
problem, that is the estimation of ming» R.

It is a known fact that the least-square estimator OLsp € arg ming r performs
poorly in high-dimension p > n since it satisfies

E (R(éLSE) - R(g)) < Co?,

for some C' > 0. Assume now there exists a vector § € arg ming» R with a number
of nonzero coordinates pg < n. If the indexes of these coordinates are known, then
we can construct an estimator 69 such that
E (R(6%) - RO)) < 002%.

The estimator 69 is called oracle estimator since the set of indexes of the nonzero co-
ordinates of 6 is unknown in practice. The problematic is now to build an estimator,
when the set of nonzero coordinates of 6 is unknown, with statistical performances
closed to that of the oracle estimator ég

A possible approach is to consider solutions of penalized empirical risk minimiza-
tion problems:

Open € arg min [r(6) + pen(0)],

where the penalization pen(6) is proportional to the number of nonzero components
of § as for instance C,, AIC and BIC criteria [Mal73, Aka73, Sch78]. Bunea,
Tsybakov and Wegkamp [BTWO7b] established for the BIC estimator §5C the
following result

E (ROE'C) - R(@)) < Co*Xlogp,
n

for some C' > 0. The above inequality is called sparsity oracle inequality be-
cause the upper bound is linear in py, the number of nonzero coordinates of 6,
and logarithmic in p, the total number of coordinates. Despite some good statisti-
cal properties, these estimators can be computed in practice for p of the order at
most a few tens since they are solutions of nonconvex optimization problems (the
only way to compute the estimator is to perform an exhaustive research among all
the possible submodels). Considering convex penalty function leads to computa-
tionally feasible optimization problems. A popular example is the Lasso estimator
(cf. Frank and Friedman [FF93] and Tibshirani [Tib96]) with the penalty term
pen(0) = A>°0_, |0;], where X > 0 is some regularization parameter. However, the
Lasso estimator requires strong assumptions on the dictionary D and the design
to establish the statistical properties. Bunea, Tsybakov and Wegkamp [BTWO07a]
assume a mutual coherence condition on the dictionary, Bickel, Ritov and Tsy-
bakov [BTWO07a] and Koltchinskii [Kol| established their results under a restricted
eigenvalue condition. An alternative to penalization, the LOL method, proposed
by Kerkyacharian, Mougeot, Picard and Tribouley [KMPT10], also requires the
mutual coherence assumption.

Simultaneously, the PAC-Bayesian approach for regression estimation was devel-
oped by Audibert [Aud04a, Aud04b] and Alquier [Alq06, Alq08], based on previous
works in the classification context by Catoni [Cat03, Cat04, Cat07], Mc Allester
[McA98|, Shawe-Taylor and Williamson [STW97]. This framework is very interest-
ing to study the excess risk R(-) — R(#) in the regression context since it requires
very weak conditions on the dictionary. However, the methods of these papers
are not computationally feasible when p becomes large. Dalalyan and Tsybakov
[DT08, DT09, DT10a, DT10b] propose an exponential weights procedure related to
the PAC-Bayesian approach with good statistical and computational performances.
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However they consider deterministic design, thus they established their statistical
result only for the empirical excess risk instead of the true excess risk R(-) — R(6).

In this paper, we propose two exponential weights estimation procedures. The
first one is an exponential weights combination of the least squares estimators in all
the possible sub-models. Note that in the literature on aggregation, the elements
of the dictionary are often preliminary estimators computed with a frozen frac-
tion of the initial sample so that these estimators are considered as deterministic
functions. Next the aggregate is computed using this dictionary and the remain-
ing data. This scheme is referred to as ’data splitting’. Experiments were carried
out on the necessity of data splitting. They tend to show that data splitting may
not be necessary in practice in some situations. However, to our knowledge, these
observations lack theoretical confirmation. In this paper, our framework does not
require any data splitting scheme. The same sample is used to build the preliminary
estimators and to construct the aggregate. We establish for this procedure a spar-
sity oracle inequality with optimal bounds in the deterministic design case in the
spirit of [DTO08]. For the second procedure, the design is assumed to be random.
We use the PAC-bayesian techniques of Catoni [Cat07] to produce an estimator
satisfying a sparsity oracle inequality for the true excess risk. Then we propose an
efficient Monte Carlo computation algorithms to compute both estimators. Our al-
gorithms are inspired from the computational bayesian theory for model selection,
see George and McCulloch [GM97] or Cui and George [CG08] among others. A re-
view on Monte Carlo algorithms applied to bayesian analysis and variable selection
can be found in Casella and Robert [MRO7] or George [Geo00]. Both estimators are
computed using the Hastings-Metropolis algorithm. For the second one, we use a
particular form of the RIMCMC ("Reversible Jump Markov Chain Monte Carlo")
method proposed by Green [Gre95]. Note that in a work parallel to ours, Rigollet
and Tsybakov [RT10] consider exponentially weighted aggregates with discrete pri-
ors and suggest another version of the Metropolis-Hastings algorithm to compute
them.

The paper is organized as follows. In Section 2 we define a general aggregation
procedure and derive a sparsity oracle inequality in the deterministic design case.
In Section 3 the design can be either deterministic or random. We propose a
modification of the first aggregation procedure for which we can establish a sparsity
oracle inequality in probability for the true excess risk. Section 4 is devoted to the
RJMCMC algorithm used to effectively implement our estimators. In Section 5 we
carry out a simulation study and compare the performances of our methods with
the Lasso. Finally, Section 6 is devoted to the proofs of our results.

2. SPARSITY ORACLE INEQUALITY IN EXPECTATION

Throughout this section, we assume that the design is deterministic and the
noise variables Wi, ..., W, are i.i.d. gaussian N(0,02). For any integer d > 2, real
p > 0 and vector z € R? define |z|, = (Zj\il |0§’|)1/p and |z|eo = maxi<j<ar |0,

For any J C {1,...,p} and K > 0 define

(2.1) o(J) = {9 ERP: VigJ 0= o},
and
(2.2) @K(J): {QGRPZ |9|1 < K and V]%J, 9]20}

For the sake of simplicity we will write O = O ({1,...,p}).
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For any subset J C {1, ...,p} define

;€ in 7(6).
J argeén@l(rlJ)T()

The aggregate f is defined as follows

—A(r(éJH@) .

n
D ohe02s JC{l..p} TJIE 0,
s A =k

(23) fa=1fs, Op="0.(\7)=

(0 202|J|
EZ:OZ J Cl‘]{‘l’,“,‘c’p} Tje (T( )+ )

where A > 0 is the temperature parameter, 7 is the prior probability distribution
on P({1,...,p}) ( the set of all subset of {1,...,p}), that is, for any J € {1, ..., p},
Ty 2 0and 3 epqr,. p ™ = 1). In Section 4 we show that the estimator On
can be computed in reasonable time even when p is large using a MCMC scheme,
namely, Hastings-Metropolis algorithm. The parameters 7 and A must be tuned in
a suitable way. The choice of 7 is discussed below. The choice of the temperature
parameter A is discussed in Section 5.
We now state the main results of this section.

Proposition 1. Assume that the noise variables Wy, ..., W, are i.i.d. N(0,0?).
Then the aggregate 0,, defined by (2.3) with 0 < A < ;% satisfies

o2

R . X 1 1
(2.4) E {r(@n)} <, min {E[T(HJ)] + 1 log (m) }
[Tl < n

Proposition 1 can be compared with [DT08]. We emphasize that contrary to
[DT08] which considered the pure aggregation problem with the dictionary F, here
we consider the dictionary D = {fé‘], J e P{1,...,p}),|J| < n} which depends
on the data. Note also that the same data set is used to build the dictionary D and
the aggregate fn, which shows in this case that data splitting is not necessary.

Proposition 1 holds true for any prior 7. We now define a prior yielding an
interesting sparsity oracle inequality. Fix « € (0,1). Define 7 as follows

NE -1
(2.5) Ty = W(p) . Ve P{L,...p}).

We have the following theorem

Theorem 1. Assume that the noise variables Wy, ..., W, arei.i.d. N(0,02). Then
the aggregate f, = f; , with A = 175 and 7 taken as in (2.5), satisfies

(26) E[Ifu—1I2]

2 1
2|J(0)] pe 407 log (ﬁ)
o g2 4 2O B
< iy = 12+ (v (5550 ) 1)+ =0

where for any 6 € RP J(6) = {j : 0; # 0}.

Tsybakov [Tsy03] introduced the notion of optimal rate of aggregation adapting
existing tools from the minimax theory. Note that the rate we derive in Theorem
1 is the optimal rate of sparse aggregation if M > n and |J(0)| < +/n (this is a
straightforward consequence of Theorem 5 in [Lou07]). Theorem 1 improves upon
[DT08] where a similar sparsity oracle inequality is derived with sub-optimal rate
of aggregation and the restriction 0 € © for some K > 0 in the right-hand-side
whereas our result holds for any 6 € RP.
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3. SPARSITY ORACLE INEQUALITY IN PROBABILITY

From now on, the design can be either deterministic or random. We
make the mild assumption that L := maxi<;j<um ||¢j]c0 < 00.
We also make the following assumption on the noise in this section.

Assumption 1. The noise variables W7, ..., W,, are independent and independent
from Xi,...,X,. We assume also that there exists two known constants ¢ > 0 and
& > 0 such that
E(W?) < o2
Vk >3, B(W*) < oklg" 2.
Remark 1. This just mean that the W; are sub-gaussian random variables.

The estimation method is a version of the Gibbs estimator introduced by Catoni
[Cat04, Cat07]. Fix K > 1 and ¢ > 0. First we define the prior probability
distribution as follows. For any J C {1,...,p} let u; denote the uniform measure
on Og.(J). We define

m(df) = > wu(do)
Jc{1,...,p}
with 7 taken as in (2.5).
We are now ready to define our estimator. For any A > 0 we consider the prob-
ability measure p admitting the following density w.r.t. the probability measure
m

@ p 67)\7“(0)

(3.1 i = T e
Ok

The aggregate f,, is defined as follows
(3.2) fao="15, On=0,(Am)= / 05 (d9).

Ok
The practical computation of f,, is discussed in Section 4, using Green’s [20] RJM-
CMC method.
Define

C1 = [80" + (2| flloo + L2K +¢))?] V [8[¢ + (2/| flloc + L(2K + ¢))|L(2K +¢)],

and
Co = L[2|| flloc + L(2K + ¢) + 20].
We can now state the main result of this section.

Theorem 2. Let Assumption 1 be satisfied. Take K > 1, c=n""' and A = \* =

2%1. Then we have, for any € € (0,1), with probability at least 1 — e,

R(6y) < min {R(@) + 3732 + 87?

T €Ok
+ (J(H)Ilog (aE]n(Z;n) +log (6(12—00)” }

The choice A = A* comes from the optimization of a (rather pessimistic) upper
bound on the risk R (see Inequality (6.5) below). However this choice is not neces-
sarily the best choice in practice even though it gives the good order of magnitude
for A. Section 5 illustrates this point. The practitioner may use cross-validation to
properly tune the temperature parameter.

|J(0)]log (K + ¢)
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"Localization" techniques introduced by Catoni [Cat04] would allow us to replace
the log np term by logp. We refrain from implementing these techniques here for
the sake of simplicity.

4. PRACTICAL COMPUTATION OF THE ESTIMATOR

Practical computation of 6,, and 6,, for a given temperature A\ > 0, is deli-
cate. Indeed, exact computation of these estimators requires considering all subsets
Ok (J), for any J C {1,...,p}. Since there are 2P such subsets, exact computation
of ,, or 6, is not feasible for large p. However, since our estimators are defined as
expectations of posterior distributions, we can approximate them via a Monte Carlo
procedure. There is an extensive literature on Monte Carlo computational meth-
ods, especially in bayesian statistics where estimators can sometimes be expressed
as expectations of posterior distribution, see Marin and Robert [MRO7] for example.
Markov Chains Monte Carlo (MCMC) algorithms such as Hastings-Metropolis or
Gibbs sampling are classical in the case where we integrate w.r.t a discrete distri-
bution, or to an absolutely continuous probability distribution w.r.t. the Lebesgue
measure on RP. We use this procedure to compute 6,. The computation of 6, is
more delicate. Indeed py is absolutely continuous w.r.t. the measure m(df) that
involves a mixture of Lebesgue measures on spaces of different dimensions. A way
to proceed with such measures was proposed by Green [Gre95] under the name
"Reversible Jump Markov Chain Monte Carlo", RIMCMC, and applied success-
fully in various problems of model selection like multiple change-point problems,
image segmentation and partition models in [Gre95] or selection of the number of
components in a mixture model in Green and Richardson [GR97]. We propose to
adapt this procedure to our setting to approximate 6,,.

4.1. Computation of 0, via Hastings-Metropolis sampling. In this subsec-
tion, we write a particular form of Hastings-Metropolis algorithm that will allow to
compute any estimator of the form

é(w) = Z U}JéJ

JcA{1,...,p}
[J| <n

where we already defined
0y € arg min r(0),

0e0(J)
and
wy >0, VJC{l,..,p} and Z wy = 1.
JC{1,...,p}
[J| <n
Hastings-Metropolis algorithm starts from an arbitrary value (say J 0 = 0), a

simple transition kernel k(-,-) on the set {J C {1,...,p},|J| < n} and updates J®
to J+1) using the following scheme:

e draw I*) from k(J®),.);
e take

. s . w o kI, TD)
J(t+1) _ I(t) with probablhty OL(J(t), I(t)) = min (17 W
J®  with probability 1 — a(J®, 1),
We stop after T" steps and compute our estimator as the mean of the éJ(t):

1 T
qw,T,bo _ ) .
o T—bo+1 > b0

t=bo
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where, as usual in MCMC methods, we remove the bo first simulations (burn-in
period).

This algorithm ensures that (J®), is a Markov chain with invariant proba-
bility distribution (wy); (see Marin and Robert [MR07]). Here, the set {J C
{1,...,p},|J] < n} being finite, we just have to remark that the chain is irreducible
and aperiodic to obtain the convergence of Gw-T:bo ¢ glw) (in probability).

In practice, we use the following kernel k:

ke (J,) + k_(J,)
k(J,-) = ky(J,)Lgg=0y + + 5 ( Tio<isj<ny + k- (J, ) L{71=n}

where k4 (-,-) and k_(+,-) are two kernels that we define now. The kernel &k, adds
an element to J whereas k_ removes one element from J. When we try to add an
element, it is reasonable to consider first features that are the most correlated with
the current residual. Similarly when we try to remove one element, we give priority
the feature with the smallest coefficients in absolute value.

Formally, we choose some parameter ¢ > 0. We put, for j ¢ J:

gch'
ko (J,JU{j}) = =———
IO = =
where ¢; is the coefficient of linear correlation between (YZ — féJ (Xi>)1<,< and
(¢;(X3))1<i<n- And, for j € J: ==
] e*C|(éJ)j‘
b\ = G
e J)h
heJ

Remark 2. The motivation for this choice for k4 (.,.) is quite obvious. If ¢ = 0,
then we choose to add any possible new coordinate in the model, with a uniform
distribution on the coordinates. This choice seems reasonnable, but if p is large
(think of p = 10000 and py = 2), a large number of steps can be necessary before
we reach an interesting coordinate. On the other hand, if { is very large, we try to
add the coordinate corresponding to the feature ¢; that is the most correlated with
the current residual. This is the strategy of so-called greedy algorithms, see Barron
et ol [BCDDO08, HCBO08]. It is computationnaly efficient, but can be trapped in
local minimas in some cases. An intermediary value for ¢ seems to give a good
balance between these extreme cases.

4.2. RIMCMC algorithm and computation of 0,,. The RIMCMC algorithm
proposed by Green [Gre95] is an application of the Hastings-Metropolis to the case
of a measure absolutely continuous with relation to a more sophisticated distribu-
tion (in our case m). We use here this method to compute 6, = fG)K 0px(do). We
start from #(®) = 0 and then, at each step, update ) to #¢+1) using the transition
kernel. Be careful, this time k has a density w.r.t. the measure, say m, and for the
sake of simplicity, we let py(-) denote indifferently the measure g, and its density
with respect to m. This is a standard notation in the MCMC literature:

o draw 7(*) from k(6 -);

e take

: . 5y (r (O k() (O
6)  with proba. 1 — a(d®,7®)
o draw #*Y from the distribution py(df|6 € O(J(¥EHD))).

This algorithm ensures that (6(Y)); is a Markov chain with invariant probability
distribution py, see [MRO7]. The last step ensures that we can make a move inside
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the current model even if the model change was rejected by the Hastings-Metropolis
step. Note that is is straightforward to draw 0(**1) as, for any J, the distribution

pa(d0)0 € () o e MOy (dh)

is a truncated gaussian distribution
D St
N6y, =L
< 772

1
Yy = ;A§AJ and Aj = (¢;(X;))1<i<n jes-

where

Moreover, this step does not affect the fact that py is an invariant distribution of
the simulated Markov chain
Here, we use the following kernel k:

k(0,-) = ki (0, )L 50)=0y + b+ (6,) ; b= (0, .)]1{0<|J(9)|<n}
+ k-0, )Lg1(0)1=n))
where, for some ¢ > 0,
o<1y ()

e (6, d0') = 818 € B(I(6) U {j})

15Ty g &

with ¢;(0) is the coefficient of linear correlation between (Y; — fp(X;)),<,<, and
(¢j(Xi))1<i<n and,
67<|0j|

= —qa /(@010 € ©(J () \ {j})).

k_(6,d0") =
JET(O) EhGJ(@)

5. SIMULATIONS

We compare in this section the exponential weights estimators 0,, and 6, to the
LASSO on a toy example introduced by Tibshirani [Tib96].

5.1. Description of the experiments. We consider the toy example of [Tib96]:
Vie{lL..n=20} Yi={3X)+e

with X; € X = RP, § € RP and the ¢; are i.i.d. from a gaussian distribution with
mean 0 and standard deviation o.

The X;’s are i.i.d. (and independent from the ¢;) and drawn from the gaussian
distribution with zero mean and variance matrix:

for some p € [0,1). Note that Tibshirani’s toy example is set with p = 8 whereas
we consider here p > 8.
Define the regression vector as follows

B=(3,15,0,0,2,0,0,0,...),

corresponding to a "sparse situation.
We will take o respectively equal to 1 ("low noise") and 3 ("noisy case"); the
value of p is fixed to 0.5.



PAC-BAYESIAN BOUNDS FOR SPARSE REGRESSION ESTIMATION 9

TABLE 1. Results for the estimation of 8, with small p. For each
possible combination of o and p, we report the median, mean and
the standard deviation values of respectively infycp [ X (6, — £)[2,
infyea [ X (0, — )3 and inf,err | X (0F — B) 3.

R ) 7, )
3 8 median 0.70 0.99 0.94
mean 0.75 0.94 0.83
s.d. 0.40 0.47 0.37
1 8 median 0.17 0.14 0.14
mean 0.23 0.20 0.19
s.d. 0.17 0.16 0.15
3 30 median 0.82 1.47 0.88
mean 1.03 1.81 1.02
s.d. 0.66 1.00 0.57
1 30 median 0.34 0.20 0.19
mean 0.40 0.24 0.20
s.d. 0.22 0.16 0.12

5.2. Estimation results for small p. In this subsection, we carry out experiments
for p = 8 and p = 30.

We compute for our exponential weights estimator the oracle quadratic risk
infaca | X (6, (N, 7) — B)]2 where the temperature parameter X is taken in a grid A.
We proceed similarly for 6,, = 6,,(\,m) and for the LASSO estimator

O = 0 (1) = argmin [r(6) + pu|6)]1]

for p taken in a grid A’. We take

1 n
A={2,3,4,...25} ——
{ 5 9y Iy ) }20 82
(motivated by our theoretical results) and
1 Jo*log(p)
N ={1,2,3,...,70} —/ ———=
{ ) ) 9 Y }10 n

(motivated, for example, by [BTWO07a]). We fix ( = 2 in the algorithm and o =
1/10. The MCMC algorithms are implemented with 7' = 12000 and bo = 2000.

We perform every experiment 20 times and give the results in Table 1. Conver-
gence of the estimator can be checked, see for example Figure 1.

We can see on these experiments that the exponential weights estimators out-
performs the LASSO in the low noise model ¢ = 1. When o grows, our procedures
seem to become less stable, especially the estimator 6,,. However for p = 30, we
observe that the estimator 6, performs better than the LASSO for both value of
the noise.

5.3. Estimation results for large p. In this subsection, we consider the cases
p = 100 and p = 1000. As 6,, becomes unstable when the dimension grows so
that we simply remove it from the simulation study and focus on the comparison
between én and the LASSO. The results are given in Table 2.

We observe on these simulations that 6,, outperforms the LASSO in all cases.

5.4. Some comments on model selection. It is a known fact that the regular-
ization parameter should be chosen differently for the LASSO depending on the
problem at hand: prediction (minimization of |X (0% (1) — 8)|3) or variable selec-

tion. Denote for the Lasso estimator by p(.S) the set of regularization parameters
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o zooo - Tafala] 5000 s000 10000

F1GURE 1. Convergence of the first coefficient of 6 in an experi-
ment with 02 = 1, p = 8. We represent the first coordinate of
ﬁoﬂ Zi\]:bo O as a function of N = by, ..., T.

TABLE 2. Results for the estimation of 3, with large p. For
each possible combination of ¢ and p, we report the median,
mean and the standard deviation values of infyep |X (0, — 3)|2
and inf e p | X (BF — B)[3.

’ o ‘ P ‘ what? GﬁAsso ‘ 6, ‘
3 100 median 1.55 1.46
mean 1.69 1.58
s.d. 0.86 0.92
1 100 median 0.44 0.14
mean 0.47 0.22
s.d. 0.23 0.20
3 1000 median 2.13 1.96
mean 2.11 2.03
s.d. 0.62 0.56
1 1000 median 0.72 0.40
mean 0.75 0.50
s.d. 0.32 0.31

yielding a good result for the variables selection problem and by u(P) the set of
regularization parameters yielding a good result for the prediction problem. We
consider below the estimators 6% (u(P)) and 6% (u(S)). Note that if the sets u(S)
and u(P) contain more than one element, we consider the value of the regulariza-
tion parameter p yielding the best possible performance depending on the criterion
of interest, prediction risk or variable selection. We define the selected number of
components as the bayesian MAP, maximum a posteriori). We define similarly for
the exponential weights estimator ,,(\, m) the regularization parameters A(S) and
A(P).

We propose some additional results on the first experiment (p = 8, ¢ = 1) in
Table 3. We compare the performances of 0% (u(P)), 6% (u(S), 6,(A(P),m) and
On(A(S), m).

The results show that our method can perform variables selection and estimation
simultaneously while the LASSO cannot.
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TABLE 3. Additional results for the case p =8, 0 = 1. First array:
prediction result. Second array: number of selected components
(the target is 3).

| 105(u(s)  [bruP)  [6.(AS),m) | 8u(A(P),m) |

median 1.30 0.17 0.24 0.14
mean 2.03 0.23 0.27 0.19
s.d. 1.77 0.17 0.16 0.15
! [0L(u(S)  [0L(u(P)  [0.(A\(S),m) [6,(\(P),m) |
median 3.00 6.00 3.00 2.50
mean 3.00 5.65 3.00 2.40
s.d. 0.00 1.04 0.00 1.19

5.5. Some comments on computation time. We can roughly analyze the com-
putational complexity of our MCMC algorithm 6,,:

(1) First, there are T MCMC steps.

(2) At each step t < T, we have to choose which new component we want
to add (or remove) from the current model. There are at most p possible
choices, and for each choice j we have to compute the correlation between
Yi—f; o )i and (¢;(X;))?, so this takes O(np) operations.

J

(3) Finally, at each step t we have to compute 6 ;), this takes at most O(|.J|3)
operations.

So finally, the number of operations is O (T'(np + Ex(|J]))) where Ex(|J|) is the
expectation of |J| under the aggregation distribution with temperature parameter

A

—k<r(éj)+2”i”‘)
ZZ:O Z J clj{ll:];p} TJjE |J|

Ex(lJ]) =

j o2
D hm020 JC L} WJefA(T(e"H%)
|[J| =k

For properly tuned A, we observe E(|.J|) ~ |J(6)|. We understand why the sparsity
of the parameter has an important influence on the computation time. Consider

for example the case p = 100 and n = 50. If [J(#)| = 10 then n x p = 5000 >
1000 = |J ()| whereas if |.J(6)| = 25 then n x p = 5000 < 15625 = |J()|>.

All the simulations were performed with the R software [R D08]. The code are
available on request by e-mail.

6. PROOFS

6.1. Proofs of Section 2. This proof uses an argument from Leung and Barron
[LBO06].

Proof of Proposition 1. The mapping ¥ — fn(Y) = (fn(Xl,Y), .. .,fn(Xn,Y))T
is clearly continuously differentiable by composition of elementary differentiable
functions. For any subset J C {1,...,p} define Ay = (¢,;(Xs))1<i<n,jes, 2 =

LATA;, ®;(-) = (¢5(-))jes and

2
(=g 2
g;s=e

where
1
fi(z,Y) = EYTAszch(m)T,
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and Zj denotes the pseudo-inverse of X ;. Denote by 0; the derivative w.r.t. Y;.
Simple computations give

Oifs(x,Y) = %‘I’J(Xi)zflq’J(ff)Ta

(0ifr(X1,Y),...,0if1(Xn, Y)Y = f7(X3,Y),
and

Z (X1, Y)0: f5(X1,Y) = fr(Xs,Y).

Thus we have

0i(gr) = =20 (1Y = £s112) 9
= 2;\ ((Y f1(X3,Y)) ZafJ X, Y)Y, — fJ(XlaY))> g7
2\

= _7(Y fJ(XZ7Y)>gJ7
Recall that

]E _ ZZ:O ZJGP({l

,,,,,

> k=0 EJEP({l,...,p}),\ﬂ:k Ti95

o)) 1=k 7797 f7

We have
D k0 2P (1) =k T (0i(9.0) f5( X3, Y) + 950 (f5(X;,Y)))
> k=0 ZJE’P({L..A,;D}),lJl:k TJ9J

(ZZ=0 ZJEP({l,A..,p}),\J\=k 7rJngJ) (ZZ=0 ZJEP({l,...,p}),lJl:k 7TJai(gJ))

0ifn(Xi,Y) =

(k=0 Zsep (1, o}, 1=k TI97)?

B QAYf 2) D h=0 2 geP ({1 g gl=k J7(Xi Y)?T19s
" n

ZZ:O ZJEP({l,.»-,p}) \J\ kTI9T

,,,,,

Zk OEJEP 1,. ,p}),\J\:kﬂJgJ

2\ - 2\ 4
n n
2\ D k0 2P ({1 =k (Fr (X Y) = fu( X3, Y)) 7595
n D k=0 2T eP ({1}l =k TG
13m0 g ({1l ®1(X) 2T @ (Xi) 79,
(6.1) +-
Zk:o ZJGP({I

Consider the following estimator of the risk

plT|=k TG

.....

(6.2) Fn(Y) = ||fn( YHn + - Za fn (X3, Y) —

i=1

Using an argument based on Stein’s identity as in [LC98] we now prove that

E(in(1) = E (Ifa(V) = 1112)
We have

E(Ifa)-fI2) = E (nfn(Y) YIS S Wi (X Y) - f(Xm) -
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i=1

For z = (21,...,2,)T € R™ write Fyi(z) = [, i Fw,i(zj), where Fy denotes the
c.d.f. of the random variable Wj. Since E(W;) = 0 we have

w,
E(Wifn(XiaY)> = E<Wi/0 8ifn(Xi,Y17~-~7Yi—1,f(Xz‘)+Z7Yi+1,-~-,Yn)dZ>

/Rnil (/Ry/oy O fn(Xi, f + z)dzidFW(y)) dFyw.i(z).

In view of (6.1) we can apply Fubini’s Theorem to the right-hand-side of (6.4). We
obtain under the assumption W ~ N(0,0?) that

(6.4)

/ /y (“)ifn(XZ-, f+2z)dzdFw(y) / /00 deW(y)&fn(Xi, f+z)dz
R+ J0 Rt Jz;

[ ot +a)F ).
A Similar equality holds for the integral over R™. Thus we obtain
E (Wifu(X:,Y)) = 0%E (8:fa(X0,Y))
Combining (6.2), (6.3) and the above display gives
E (7n (V) =E (Ifa(¥) = 112)

Since fn(, Y') is the expectation of f;(-,Y) w.r.t. the probability distribution x g-,
we have

Yo X serttoaniiok (s Y) = YI2 =156 Y) = FaV)I12) gy

. oy | 2k=02.JEP({1,..,
176 Y)Y = > k=0 2 rep{1
For the sake of simplicity set f; = f;(-,Y) and f, = fn(-,Y). Combining (6.2),
the above display and A < ;75 yields
S0 Zsepuapiaimn (s = Y12 = X0y (B2 = 1) 15y = full2) gy
> k=0 ZJE’P({L...,p}),\J\:k Ti9J
+E Y ko o gep ({1, ik BI(XD DT @ (Xi) g,

n? im1 > k=0 ZJEP({l ..... p}),|J|=k 7791

. 202
> 0 (v 2o

k=0 JeP({1,...,p}),|J|=k

.....

(YY) =

By definition of g; we have

204|J
- vz + 2 Ly, -
n D ke OZJEP({L o)) |=k 9T

L0 DONEED SRS

k=0 JC{1,....p}, | J|=k
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Summing the above inequality w.r.t. the probability distribution ¢ - 7= (with the
suitable normalization) and using the fact that

> > 0.(Y)log (ZZ_O S o 97 ) =K(g-mm) >0

Vs
k=0 JC{Loop}, | J|=k pY.1 1=k 97T

as well as a convex duality argument (cf., e.g., [DZ98], p. 264) we get
Y)<i Z ||Y—f||2+E|J| 7T/+1K(7T/ ) — o?
B Jlin n J /\ ) )
k=0JeP({1,....p}),|J|=k

for all probability measure 7’ on P({1,...,p}). Taking the expectation in the last
inequality we get for any 7’

E(Ifa=7I2) = E@a(¥)

- 202 1
<> X (Bl YR+ ) & ) - o
k=0 JeP({1,...,p}),|J|=k
- gy 2 202
<> X B(lfs = fl2) + = D EWifs (X0, Y)) + =~
k=0 JeP({1,....p}),|J|=k i=1

N

k=0 JEP({1,....p}),|J| =k

where we have used Stein’s argument E(W; f;(X;,Y)) = 02K (9;f;(X;,Y)) and the
fact that > | ;f7(X;,Y) = 1 in the last line. Finally taking 7’ in the set of Dirac
distributions on the subset J of {1,...,p} yields the theorem. O

Proof of Theorem 1. First note that any minimizer § € RP? of the right-hand-side in

(2.6) is such that |J(#)| < rank(A) < n where we recall that A = (¢, (X;))1<i<n,1<i<p-

Indeed, for any 6 € R? such that |J(0)| > rank(A) we can construct a vector ' € RP
such that fo = for and |J(0")| < rank(A) and the mapping  — zlog (“£%) is non-
decreasing on (0, p].

Next for any J € P({1,...,p}) we have

0,2
Ell7s - 120 = ain 1o = 12+ T2 = g figa— i+ 2O,

Thus

1 o2J
min - 10 + —
JeP({L---,p}LlJlén( (175 = £z + g( J) n )

. 1 UZJ(9)|>
= min min — fln flo +
JEP{1,....,p}):|J|<n 0€O(J) (||f9 f” J ( J(g)) n

2
fmm (||f]9f||2 log( ! )+JJ( )|)
T7(6) n

Combining the above display with Proposition 1 and our definition of the prior =
gives the result. U

DD SR C (R R <) EAS Y e}

/!
> ’n—.]
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6.2. Proof of Theorem 2. We state below a version of Bernstein’s inequality
useful in the proof of Theorem 2. See Proposition 2.9 page 24 in [Mas07], more
precisely Inequality (2.21).

Lemma 1. Let Ty, ..., T, be independent real valued random wvariables. Let us
assume that there is two constants v and w such that

zn:]E(Tf) <w
i=1

and for all integers k > 3,

Then, for any ¢ € (0,1/w),

]Eexp {CZ [TL — E(ﬂ)}} < exp <2(1v_<,wo> .

Proof of Theorem 2. For any 6 € Ok . and §' € O define the random variables
T = — (Vi = fo(X0)* + (Y = for (X0))

Note that these variables are independent. We have
SRR = Y B{RY: - for (X)) — fo(Xa)) for(X) — fo(X0)))}
i=1 i=1
=Y E {[2Wi +2(X3) + for (Xi) — fo(X0)]? [for (Xi) — fe(Xi)]Q}
i=1

< S E{ W7 + (2l flloo + LK +))?] [for (X2) = fol(X))*}
=1

I
INGER

<
l
—

E[SW2 + (2l flloe + LK + )] E{ [for (X:) = fo(X0)] |

IN

n [80> + (2] flloo + LK +0)°] 2[R(6) — R(#)] == v(0.0) = v.

For any integer k£ > 3 we have
STE[M)] < SE[12Yi — for(X0) — fo(Xo) Lo (X) — fo(Xa)I"]
i=1 i=1

< SR [22 WAl + (1 lloo + LUK + ¢/2)*] for (Xi) = fo(Xi) ]

i=1

<SE 2257 W+ (1flloo + LUK + /)] LK + )72 [fr (X)) = fo(X0)]?]
=1

< 2 [0 o (oo + LUK + ¢/2)"] L@+ DB { [0 (X0) - fa(X0)’)

=1
o BOPHE 4 (|l + LK + c/2))ALEK + )82 b=
- 802 + (2| flloc + L(2K + ¢))? vSu———

with w := 8[¢ + 2(|| flleo + LK + ¢/2))]L(2K + c).
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Next, for any A €]0,n/w[ and 6 € Ok ., applying Lemma 1 with { = A\/n gives

E exp {/\ (R(e) —R(#') —r(0) + r(e’))] < exp [W(?zm)] .

Set C' =802 + (2| f|loo + L(2K + ¢))?. For any € > 0 the last display yields

Eexp

()\ - M“) (R(e) - R(e')) + )\(—r(é) + T(g/)) ~log i] <e.

A
=)

Integrating w.r.t. the probability distribution m(-) we get

[ e KA - Qn(f 20%> (R60) - R(0))

+ )\(77’(9) + r(e')) ~log i] m(df) < e.

Next, Fubini’s theorem gives

E/exp[()\ — 271(1)\2_010)\)> (R(9) — R(Hl))

n

+ A(—r(&) + 7"(9’)) —log i] m(df) < e.

Jensen’s inequality yields

(/\ - 2n(1>\2—0“;3)> </ Rdpy — R(e’)>

A (—/rdﬁ,\ + r(@’)) — K(py,m) — log i] <e

Eexp

Now, using the basic inequality exp(z) > 1r_ (x) we get

IP’{ (A - m) (/ Rdjy — R((;'))

A (— /rdﬁA + 7“(0’)) — K(py,m) — log i] > o} <e

Using Jensen’s inequality again gives

/ Rdjy > R ( / em(dﬂ)) — R(By),

Combining the last two displays we obtain

S o)+ LK 1
1= 2(n—wX)
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Now, using Lemma 1.1.3 (page 4) in Catoni [Cat07] we obtain that

P{R@) ~R()<  inf Jrdp —r(0') + 5 [K(p,m) +1log ;] }

— AC
pGM}*_(@Kﬁ»c) 1-— m

>1—¢
where M’ (O ) is the set of all probability measures over Ok (with the borel o-

algebra). A similar argument to upper bound r by R combined with the union
bound yield

P{R(e}) — R(0)

< inf
PEM#(@K_*_C)

(1 + W) (f Rdp — R(6")) + X [K(p, m) + log Z]
1— AC
2(n—w)
>1—c.

Now for any 6’ € O and any § €]0, ¢] taking p as the uniform probability measure
on the set {t € ©(J(0)) : [t — 0|1 <0} C Ok4(J(0)) gives
. , 1

T 2(n—wX) 2(’/7, -w )

+§ (|J(e')|1ogK5+c +1J(0)| log — o+ log (1 : ) *loe (IJ(pe’N) s iﬂ}

>1—c.

1

Taking § = ¢ = n~!, applying the inequality log (IJ(%’)I) < |J(6")|1og 7|J](”§,)| and

choosing ¢’ as the minimizer of the right-hand side leads to

~ 1 AC Ca
6.5) P< R(Oy) < mi RO 1
(6.5) { ()\)_G;EIGHK< ( )'1'1_72(”{%” ( +2(n—w)\>n

2 , , epn
+X (|J(9)log(K+c)+J(H)log(oMe/)')+lg ])}Zl—a

Taking now A = n/(2C;) (where we recall that C; = C' V w) i ) gives

|7 (6)] log (K +c)

(o) oo

P{R(GA) < min (R(G’) + 3 + 87(31
0'cOK

where we have used that 1 — (717 >1/2and 1+ 2( 5 < 3/2. O
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