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Abstract.

An electrical potential U on a bordered real surface X in R? with isotropic conductivity
function o > 0 satisfies equation d(adCU)’X = 0, where d® = i(0 — 0), d = 0 + O are
real operators associated with complex (conforme) structure on X induced by Euclidien
metric of R®. This paper gives exact reconstruction of conductivity function ¢ on X from
Dirichlet-to-Neumann mapping U ‘b v — odU ‘b +- This paper extends to the case of the
Riemann surfaces the reconstruction schemes of R.Novikov [N2] and of A.Bukhgeim [B],
given for the case X C R?. The paper extends and corrects the statements of [HM], where
the inverse boundary value problem on the Riemann surfaces was firstly considered.
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0. Introduction

0.1. Reduction of inverse boundary value problem on a surface in R® to the corre-
sponding problem on affine algebraic Riemann surface in C°.

Let X be bordered oriented two-dimensional manifold in R®. Manifold X is equiped
by complex (conformal) structure induced by Euclidean metric of R®. We say that X
possesses an isotropic conductivity function o > 0, if any electric potential v on bX
generates electrical potential U on X, solving the Dirichlet problem:

Ul,x =v and dodU|, =0, (0.1)

where d¢ = i(0—0), d = 0+0 and the Cauchy-Riemann operator 0 corresponds to complex
(conformal) structure on X. Inverse conductivity problem consists in the reconstruction
of a’X from the mapping potential U}bX — current j = ach}bX for solutions of (0.1).
This mapping is called Dirichlet-to-Neumann mapping.

This problem is the special case of the following more general inverse boundary value
problem, going back to I.M.Gelfand [Ge] and A.Calderon [C]: to find potential (2-forme)
g on X in the equation

dd°¢ = qv (0.2)
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from knowledge of Dirichlet-to-Neumann mapping QM bx d%/}’b + for solutions of (0.2).
Equation (0.2) is called in some context by stationary Schrédinger equation, in other
context by monochromatic acoustic equation etc. Equation (0.1) can be reduced to the
equation (0.2) with

q= dd\c/—‘g/; by the substitution ) = /o U.

Let restriction of Euclidean metric of R* on X have (in local coordinates) the form

ds? = Edz? 4+ 2Fdxdy + Gdy? = Adz* 4+ 2Bdzdz + Adz?,

_ : _ E+4G _ E-G-2iF _ A :
where z = z + iy, B = ==, A 7 . Put p BrJ/BTar By classical

results (going back to Gauss and Riemann) one can construct holomorphic embedding
0 : X — C3?, using some solution of Beltrami equation: dp = pudp on X. Moreover,
embedding ¢ can be chosen in such a way that ¢(X) belongs to smooth algebraic curve V'
in C*. Using existence of embedding ¢ we can identify further X with o(X).

0.2. Reconstruction schemes for the case X ¢ R? ~ C.

For the case X = Q C R? the exact reconstruction scheme for formulated inverse
problems was given in [N2], [N3] under some restriction (smallness assumption) for o or
q (see Corollary 2 of [N2]) . For the case of inverse conductivity problem, see (0.1), (0.2),

when ¢ = d’dc\g/g, restriction on ¢ in this scheme was eliminated by A.Nachman [Na] by

the reduction to the equivalent question for the first order system studied by R.Beals and
R.Coifman [BC2]. Recently A.Bukhgeim [B] has found new original reconstruction scheme
for inverse boundary value problem, see (0.2), without smallness assumption on q.
In a particular case, the scheme of [N2] for the inverse conductivity problem consists
in the following. Let o(x) > 0 for x € Q and o € C?(Q). Put o(z) = 1 for x € R*\Q.
Let g = %.

From L.Faddeev [F1] result it follows: 3 compact set £ C C such that for each
A € C\F there exists a unique solution ¥ (z, \) of the equation dd“y) = qip = %lﬂ, with
asymptotics
(2, N)e ™ o w(z,A) =1+4+0(1), z = oo.

Such solution can be found from the integral equation

ue ) =1+ [ gt e nHEVET, 0.3

£eq

where the function

g(zv )‘) =

(w+2)w  2(27)2
we(c wGC

i / AUAqw AN dw i / e (WD) quy A di
(2m)2 (D — i)

is called the Faddeev-Green function for the operator
p = 0(0 + Mdz)p.
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From [N2] it follows that YA € C\E the function lﬂ}bﬂ can be found through Dirichlet-to-
Neumann mapping by integral equation

(2N = AZ*‘l/’GA@_QQ(Z"wa(éﬁ(f,A)—'@0¢(§ww)7 (0.4)

€EbQ

where &y = v, Doy = ol g, oy = ¥,q and 9ol =0.
By results of [BC1], [GN] and [N2] it follows that 1)(z, ) satisfies 0-equation of Bers-
Vekua type with respect to A € C\E:

o

U b(\)y, where (0.5)

3 1 -z 3 1 Z2—AZ

Ab(A) = _% 8)\z A 6ZIM(Z, >‘) - E /6>\ A qpt, (06)
z€EbQ Q

Y(z,Ne ™™ = pu(z,\) =1, A = o0, Vz€C. (0.7)

From [BC2] and [Na] it follows that for ¢ = dd\c/—;/g, o> 0,0 € C?(Q) the exceptional

set £ = {(} and function A — b()\) belongs to L?>*(C) N L?7¢(C) for some ¢ > 0. As a
consequence function p = e~ *#1) is a unique solution of the Fredholm integral equation

dN' A d)\’

pe) + 5o [ B0 () S

™

xeC

(0.8)

Integral equations (0.4), (0.8) permit, starting from the Dirichlet-to-Neumann map-
ping, to find firstly the boundary values 1) ‘ yo Secondly 7 O-scattering data” b(\) and thirdly

function 1/1‘9 From equality dd“y = dd” \/_¢ on X we find finally dd \/_;/_ on X.

The scheme of the Bukhgeim type [B] can be presented in the following way. Let
¢ = Qdd®|z|?, where Q € C1(Q), but potential @Q is not necessary of the conductivity

form dd\c/_f. By variation of Faddeev statement and proof we obtain that V a € C 3

compact set E C C such that VA € C\E there exists a unique solution t,(z, A) of the
equation ddy = gy with asymptotics

ba(z,X)e 2EDT = 1 (2,0) = 14 0(1), 2z = oo

Such a solution can be found from integral equation (0.3), where kernel g(z, ) is replaced
by kernel

ieAaz_S‘az / e—A(C—U+a)2+5\(E—77+@)2

ga<27<7)\) = 27'('2 (77—2)(5_77)

dn N dp.

Kernel g,(z,(,A) can be called the Faddeev type Green function for the operator
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p— (8 + Ad(z — a)?)p. Equation (9 + Ad(z — a)?)p = %qu and Green formula implies

/ek(z—a)z—j\(i—&)zéuz /6)\(z—a)2—5\(2—&)2¥‘ (0.9)
1

bQ2 Q

Stationary phase method, applied to the integral in the right-hand side of (0.9), gives for
T — 00, T € R, equality

lim 2T / Tl H =% i) = Qa), (0.10)

T—0 1
TER ZEbQ

Formula (0.10) means that values of potential @ in the arbitrary point a of £ can be
reconstructed from Dirichlet-to-Neumann mapping p, ‘ o " Ozlla ‘ po for family of functions

ta(z, A) depending on parameter A = iT, 7 > const, where we assume that p, b 18 found
using an analog of (0.4) for wa}bﬂ.

Bukhgeim’s scheme works well at least V Q € C1)(Q).

More constructive scheme of [N2] works quite well only in the absence of exceptional
set F in the A-plane for Faddeev type functions. In papers [BLMP], [Ts|, [N3] it was con-
structed modified Faddeev-Green function permitting to solve inverse boundary problem
(0.2), on the R? = C, at least, under some smallness assumptions on potential Q.

Let us note that the first uniqueness results in the two-dimensional inverse boundary
value or scattering problems for (0.1) or (0.2) goes back to A.Calderon [C], V.Druskin [D],
R.Kohn, M.Vogelius [KV], J.Sylvester, G.Uhlmann [SU] and R.Novikov [N1].

Note in this connection that the first seminal results on reconstruction of the two-
dimensional Schrodinger operator H on the torus from the data ”extracted” from the
family of eigenfunctions (Bloch-Floquet) of single energy level Hy = E1 were obtained in
series of papers starting from B.Dubrovin, I.Krichever, S.P.Novikov [DKN], S.P.Novikov,
A.Veselov [NV]. These results were obtained in connection with (241)- dimensional evo-
lution equations.

This paper extends to the case of Riemann surfaces reconstruction procedures of [N2]
and of [B]. The paper extends (and also corrects) the recent paper [HM2] where the inverse
boundary value problem on Riemann surface was firstly considered.Earlier in [HM1] it was
proved that if X C R® possesses a constant conductivity then X with complex structure
can be effectively reconstructed by at most three generic potential — current measurements
on bX.

Very recently, motivated by [B] and [HM1], [HM2], C.Guillarmou and L.Tzou [GT]
have obtained general identifiability result (without reconstruction procedure): if for all
solutions of equations dd“u + gju = 0, ¢; € C?)(X), j = 1,2, Cauchy datas u}bx, d°
coincide, then ¢; = ¢2 on X.

“}bx’

1. Preliminaries and main results
Let CP3 be complex projective space with homogeneous coordinates



w = (wp : wy : wy : w3). Let CP2 = {w € CP?®: wy = 0}. Then CP3\CP2Z can
be considered as the complex affine space with coordinates z, = wy/wo, k = 1,2,3. By
classical result of G. Halphen (see R.Hartshorne [H], ch.IV, § 6) any compact Riemann
surface of genus g can be embedded in CP? as projective algebraic curve V, which intersects
CP2, transversally in d > g points, where d > 1if g=0,d >3 ifg=1and d > g+ 3 if
g > 2. Without loss of generality one can suppose that
i) V = V\CP2 is connected affine algebraic curve in C* defined by polynomial equations
V ={z € C®: pi(2) = p2(2) = p3(z) = 0} such that the rang of the matrix
(%2(), 22 (2), (o) =2V z € V.
ii) VNCP2 ={B1,...,B4}, where

0. ala2. g (BB 2 g _
Bi=0:6;:8:8), (T,E) eC’ 1=12,...,d
1P
iii) For ro > 0 large enough
9o Opa
det ggz g’ﬁ‘;&o for zeV: |z1| >rg and a # .
82:2 8Z3
iv) For |z| large enough:
dzs o 1 dzs . 1
el [ Io(=). I8 - o=
d21’Vl %+Z% + (zf’)’ dzl}Vl W+z% + (zi)’)’

where v, J1, 77, Y #0, for i =1,...,d,d > 2.
Let Vo = {z € V : |z1| < ro} and V\V = UL, V), where {V;} are connected
components of V\V;. Let us equip V by Euclidean volume form dd®|z|?. Let
WP(V) = {F € L=(V) : OF € L ,(V)}, Wig(V) = {f € Li%(V) = 9f € LY, (V)},
D > 2. Let Hp 1(V) denotes the space of antiholomorphic (0,1)-forms on V. Let
Hg (V) = Ho (V)N LG (V), 1 <p<2.
Let WhP(V) ={F € LP(V) : 9F € L (V)}.
From the Hodge-Riemann decomposition theorem (see [GH], [Ho]) V®, € Wol”f (V) we
have
Py = 0(0*G®g) + HPo, where HP( € Ho,l(f/) and G is the Hodge-Green operator for the
Laplacian d90* + 9*0 on V with the properties: G(Ho 1(V)) =0, 0G = G, 9*G = GO*.
Straight generalization of Proposition 1 from [He] gives explicit operators:
Ry: LE (V) = LP(V), Ry LE (V) = WEB(V)and H : L (V) = HY(V), 1 <p<2,

% = % — %, such that V® € Lg’l(V) we have decomposition of Hodge-Riemann type:
® = ORP + HP, where R = R;+ Ry,
i Opal) Opsle) E-7
b(z) = — P dpa N\ d d dés N\ d€s det , , ,
Lev

Ro®(z) = (0*"G(OR1® — ®))(2) — (0" G(OR1® — @))(61),
(OR1® — @) € Wol”f(f/), G is the Hodge — Green operator for Laplacian 00*

for (0,1) — forms on V,



(1,1)-form under sign of integral does not depend on the choice of indexes o, 8 = 1,2, 3,

o # p, ,
HCP:Z /CI)/\w] wj,
i=1 3
{w;} is orthonormal basis of holomorphic (1,0)-forms on V, i.e.

/wj Nog =05k, J,k=1,2,...,9.
v
Note that as a corollary of construction of R we have that 111‘1/1 R®(z) = R®(f1) =
ze V1

zZ—> 00

Remark 1.1. If V = {z € C*: P(z) = 0} be algebraic curve in C* then formula for
operator R is reduced to the following:

Rz = — [ ae) %!

271
Eev

det 5 ). ¢ )

&2

Remark 1.2. Based on [HP] one can construct an explicit formula not only for the
main part Ry of the R-operator, but for the whole operator R = Ry + Ry.
Let ¢ € L, (V)N L§(V), f e WiH(V), AeC, 0 eC.
Let
Rygp = R((dz1 + 0dz2)|p)(dzy + 0dzs),
Ryof =e_xoR(exof), where eyg(z) = e +z) =A@ +622)

By straight generalization of Propositions 2, 3 from [He| the form f = }A%gcp is a solution
of 0f = ¢ on V, function u = Ry ¢ f is a solution of

(0+ A(dz1 + 0dz2))u = f —Hxrof, where

H)\ gf d—ef €_ ), 97‘[(8)\ gf) u e Wl’ﬁ(V), ]5 > 2.

In addition, by straight generalization of Proposition 4 from [He| we have that

(0 + A(dz1 + 0dzs))u = © + A(dZ1 + 0dZs) A Hye(Rop) on V.

Definition 1.1. The kernel gy 4(z,§), 2,§ € V, A € C, of integral operator Rj g o Ry
is called in [He] the Faddeev type Green function for operator 9(0 + A(dz; + 6dz2)).

Definition 1.2. Let g = genusV. Let {w;}, j = 1,...,9, be orthonormal basis

of holomorphic forms on V. Let {ay,...,a,} be different points (or effective divisor) on
V\VO Let

Ag() = det [ / Ro(6(6,05)) A@n(©)ens(€), Jk=1,....9.]

Eev



where §(&, a;)- Dirac (1,1)-form concentrated in {a;}.

Let Bp = {\ € C: Ag()\) = 0}.

Definition 1.3. Parameter § € C will be called generic if 0 ¢ {61,...,04}, where
0 = —1/~;. Divisor {a1,...,a,} on V\V, will be called generic if

“i

det [dzl (akﬂj,k:l,...,g # 0.

Proposition 1.1. Let parameter § € C and divisor {a1,...,a,} on V\V, be generic,
where Vo ={z € V : |z1| <o}, g > 1. Then for ry large enough we have inequalities:

limy 00| A Ag(N)| < 00 and

Ve >0 lim, , |AAg(N)|e >0, where |[AAg(N)|e = sup [(A)7 - Ag(N)]
{\: N =) <e}

Besides, the set Ey is a closed nowhere dense subset of C.

Let X be domain containing Vj and relatively compact on V. Let o € C’(?’)(V), o> 0,
onV,o=1onV\X. Let Y be domain containing X and relatively compact on V. Let
divisor {a1,...,as} on Y\ X and parameter § € C be generic.

Definition 1.4. The functions (2, \) = /o Fa(z,\) = pg(z, \)erz1022) 5 c
0 € C\{01,...,04}, A € C\Ey, will be called the Faddeev type functions, associated with
o, 0 and {ai,...,a4} if Y9, Fy, pg satisfy correspondingly properties:

g
dod°Fy = 2,/ceX= 020N " 05 4(M)d (2, a;),

j=1
g
dd“pg = qug + 2620220 N 705 4(N)d(2, ay), (1.1)
j=1
_ i g
0(0 + Adz1 + 0dz))po = Sape +1 > Cia(N(2,ay),
j=1
and the normalization condition
lim pe(z,A\) =1, (1.2)

ZGVl

zZ—r00

where ug}y
AE C\E@

€ LP(Y), ug}v\y eL®(V\Y),p>2,q= dd\c/_‘g/g, {Cj o} are some functions of

Theorem 1.1. Under the aforementioned notations and conditions, V generic 6 € C,
V generic divisor {a1,...,a,} C V\X and V A € C\Ep : |\ > const(V,{a;},0,0) there
exists unique Faddeev type function

Vo(z,N\) = Vo Fy(z,\) = eXEH022) (2 )),
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associated with conductivity function o and divisor {a1,...,a4}. Moreover:
A) function z — 1g(2, A) and parameters {C;9(\)} can be found from the following
equations, depending on parameters § € C, A € C\ Fy,

i _ o dde./o
Vo2, A) — 2 / MErmet0z=e2))g, 4(2,€) \/_%(27 A) =
Vo
cex
g (1.3)
eMet0z2) 4 Z Cj0(N)gro(z, aj)er=10%2)
j=1
23" CralNerala)—25—(a;) -
L OIS e Y 0dz,
= (1.4)
(i tde ddSNT WO '
_ Az +0z2) 2 V& A)——r
/ ¢ Nz Vol X gz, )
zeV
where k =1,2,...,g and {w;} is orthonormal basis of holomorphic forms on V;

B) functions z — g(z, \) and parameters {C; g(\)} satisfy the following properties
for A € C\Ejp : || > const(V,{a;},0,0)

_ 9_ I ~
= lim L_ZQe_)‘(Zﬁ'ezz)(% + 0%) = lim Poe M TOZ2)p, (\) - (1.5)

zl—i?oz, ZGde A 0z 0% o
iC;9(\) = (2mi) Resq, e 1072 9y, d:ef27rilin%) / e MEH022) g (1.6)
e—
|z—a;|=¢
Oe(z, A S
Mol Ny Ve, (1.7)
N
dC;.0(\ Sz 1B
TN s 0012) =y ()T g R0 70042, (18)
Besides,
_ 1 _ '
Abp(A)d = —— / ex,g(z)au(z)+chj,geA,9(aj>,
zebX j=1
1 1 (1.9)
Al |bg(N)| < const(V,{a;}, o ,
A bVl = constlV s ) (03078 g T+ T
1 1

|Cj.0(N)| < const(V, {a;},0) (A 4+ D)3 [Ag(N) (1 + [N

Remark 1.3. If | In /0|2 (x) < const(V,{a;},0) then the condition
A e C\Eg : [N > const(V,{a;},0,0) in Theorem 1.1 can be replaced by the condi-
tion A € C\Ey. Dependence of const(V,{a;},0,0) of o means its dependence only of

I InVollce x)-



Definition 1.5. The functions bg(A\) and {C}j e} will be called ”scattering” data for
potential q.

Let <i>(¢’bx) = &be for all sufficiently regular solutions ¢ of (0.2) in X, where
q= dd\c/_‘g/g. The operator ® is equivalent to the Dirichlet-to-Neumann operator for (0.1).
Let & denote ® for g=0on X.

Theorem 1.2. Under the conditions of Proposition 1.1 and Theorem 1.1, the follow-
ing statements are valid:

A) VA e C\Ey : |\ > const(V,{a;},0,0) the restriction of 1¢(z, A) on bX and data
{C;0(N)} can be reconstructed from Dirichlet-to-Neumann data as unique solution of the
Fredholm integral equation

Wz Nlox + / M€ +0G—eg o 6) (& — by (€, N) = (1.10)
cebx

g
A 133 Cp(N)ga oz, a)eX %), where

j=1
g
/ (21 + 022)" ((9 + A(dz + 0dz2)) ez, A) Z a; 1+ 0a;z2) ij’g()\), (1.11)
zebX j=1
k=2,...,9+1, where (without restriction of generality) we suppose that values {a; 1} of

the first coordinates of points {a;} are mutually different;
B) Function o(w), w € X, can be reconstructed from Dirichlet-to- Neumann data

we‘bx Heo ‘bX Mooz éwe‘bx

by explicit formulas, where we assume that wg‘bX is found using (1.10), (1.11).
For the case V. = {z € C* : P(z) = 0}, where P is a polynomial of degree N, this
formula has the following form. Let {w,,} be points of V', where (dz; + 0dz3) ‘V(wm) =0,

m = 1,...,M. Then for almost all § values %‘V(wm) can be found from the
following linear system
d* = ,
r(1+ o)z ([ emale)polz.in) =
zebX

M oir(1410)2)  ddey/o

Z 5| (Wm)x (1.12)

— 2 Vodde|z|? |,

Ig—P(W)| eXP i7[(Win 1 + 0w 2) + (W + Ohin,2)]

92P_(OP\ (0P 92P (9P \2 ’
K= ( — 25505 (52) (55) + 022 (5) [

where m,k = 1,...,M; M = N(N —1), 7 € R, 7 — o0, |T|9|A¢(iT)| > € > 0, - small
enough. Determinant of system (1.12) is proportional to the determinant of Vandermonde.
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C)Ifg=0and if @ = 0(\) = \"2, then V z € X and VA € C function pg(z,\) =
Yo (2, )\)e_A(Z”'GZZ‘ is unique solution of Fredholm integral equation

1 NI ~ dé N dE
2 +_./ boce (€)eEEHIOm €1 +0(©=) (5 ¢ _,
Ho) (2:A) + 5 — e 0(¢) (€) fig(e) (2, €) £
const(V
where |b9(€)(§)| < ﬁ,

and function z — o(z), z € X, can be found from equality

dde\/o
Nz

dd“Pen) (2, A) = (2)Yen) (2, A), 2z € X.

Remark 1.4. Using the Faddeev type Green function constructed in [Hel, in [HM2]
were obtained natural analogues of the main steps of the reconstruction scheme of [N2]
on the Riemann surface V. In particular, under a smallness assumption on dlog+/c the
existence (and uniqueness) of the solution pu(z, \) of the Faddeev type integral equation

dde .
“9(5’3)5 Vo, iy Cigro(za), z€V, AeC,

cev J=1

,ug(z, )\) =1+ % / gA,9(27£)

holds for any a priori fixed constants C1, ..., C,. However (and this fact was overlooked in
[HM]) for A € C\E there exists unique choise of constants C;(\, o) for which the integral
equation above is equivalent to the differential equation

(0 + N(dz + 0dzo))p — %(d{;_fu) +1 ZC]'5(Z, a;),

J=1

where §(z, a;) are Dirac measures concentrated in the points a;.

2. Faddeev type functions on Riemann surfaces. Uniqueness

Let projective algebraic curve V be embedded in CP? and intersect
CP2, = {w € CP?: wy =0} transversally in d > g points. Let V = V\CP2,
Vo={z€V: |z1] <rg} and properties i)-iv) from § 1 be valid.

Proposition 2.1. Let o be positive function belonging to C® (V') such that o =
const =1 on V\X C V\Vy = UL, V], where {V;} are connected components of V\Vy. Put

q= dd\c/_\/g. Let {ay,...,a,} be generic divisor with support in Y\X, X CY CY C V.

o

Let for generic 0 € C and A € C: |A| > const(V,{a;},0,0) function z — pu = pe(z,\) be
such that:

ply € LP(Y), H’vw € L=®(V\Y),

_ _ _ 2.1
duly € IP(Y), Byl g € P(V\Y), 1<p<2 5>2 2
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: g
(0 + Ndz1 + 0dzo) = %qu +i Z Ci0(z,a;) with some C; = Cje(N) and (2.2)
j=1
po(z,A\) =0, z—o00, z€V. (2.3)
Then pg(z,\) =0, z € V.

Remark 2.1. Proposition 2.1 is a corrected version of Proposition 2.1 of [HM2]. For
the case V' = C the equivalent result goes back to [BC2].

Lemma 2.1. Let o) = \/oF = e**11922) wwhere y satisfies (2.1), (2.2) and
F\ =\/0OF, F,=+/00F. (2.4)

Then forms Fy, F, satisfy the system of equations

g
((;Fl + F2 N 8111\/5 = ieA(Z1+0z2) Z de(Z, CL]’),

j=1
B g
OFy + Fy AdIn /o = —ie*=1+022) ZCj5(Z, aj).
j=1
Proof of Lemma 2.1. From definition of F} and F5 it follows that

dod°F = i[2000F — 0o N OF + 0o N\ OF] =
2i\/0(0F; + Fy A OIn /o) = —2i\/a(OF, + F» Adln+/0).

From (2.4) and (2.2) we deduce also that

dd° .
d(0d°F) = /o (dd“ — 1) \Fﬁ ) = 2v/oeMH 020N " 062, ay).
o =
These equalities imply (2.5).
Lemma 2.1 is proved.

Lemma 2.2. Let {b,,} be the points of X, where (dz; + QdZQ)}X(bm) = 0.

Let B® = Uy, {by} and A% = Uj{a;}.

Let ux = my & e_x 9(2)Ma, where my = e AN=1H022) f; 'y = e=AE+022) £,
fi= \/Eg—i, fo = \/Eg—g. Let also ¢; = algz\l/g and 0o(z, a;) = déz(lz/’\i;;l. Then in conditions
of Lemma 2.1

sup |5ui‘x(z) -dist*(z, B%)| = O(sup |utdist(z, BO)|) < o0
zeX zeX (26)
gl x € LH(VAX)NO(V\(X UAY))
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and system (2.5) is equivalent to the system

Oui

a—_d21 = :F(e—A,Q(Z)(hl_H:)le"’
Z1
9 B (2.7)
iy (C; % Cie_x0(2))d0(2, a;)dz.
j=1

Proof of Lemma 2.2. From (2.1) we deduce the property

ut|, € LP(Y), 1<p<2,
uiyv\y c LP(V\Y) @ L>®(V\Y), p>2.

System (2.5) is equivalent to the system of equations

) , J

6—2 = —faqu + 11X 10220 " 60 (2, ay),
j=1

) , J

a—ﬁ = _flq_l + 2€>\(21+922) Z deo(z, aj).
j=1

This system and definition of mq, mo imply

om &

6211 = —q1Mma2 + ZZCj(S()(Z,CLj),
j=1

6m2

g
+ )\mg(l + 9%) = —(jlml +1 ZCjéO(Z’ CL]’).

021 0z

j=1

From the last equalities and definition of u4+ we deduce

8ui omq Omo - _0Za\ _ . &l

75 — 55 ie_A79(z)( s + )\(1 +98—Zl)m2) = —q1 Mo —|—zjz_:10j50(z,aj)j:
a2 (V1 022 Y1y — Nina (14 22) — qrrmy +13 " Cydolzsa)) =

A0 0%, 2 2 07, q1mi p j00l%z,a5)) =

(Cj + C_'je_)\ig(Z»(SO(Z, aj).

F (e—a0(2)qrtus) +i

g
Jj=

Property (2.7) is proved.
For proving (2.6) we will use construction coming back to Bers and Vekua (see [Ro,
[V]). Let S+ be continuous on Y solutions of 0- equations

A Ut ,_
0B+ = fe_r9(2)qn—dz,
Ut

12



where the right-hand side belongs to Lg% (Y).
Functions vy = uye P* belongs to O(Y). Indeed, from (2.1), (2.2) it follows that
peWhrY)nw, ’p(Y\(A()iU BY)). From this and from definition of v+ we deduce that

loc

vy = qusdzie P+ — qrus Z—ie_ﬁi dz; = 0 on Y\ (A°U BY) and the following formula for
u4 is valid
u(2) = va(2)eP+ ), (2.8)

From this and (2.7), (2.8) we obtain (2.6).
Lemma 2.2 is proved.

Lemma 2.3. Let u+ be the functions from Lemma 2.2 and p be the function from
Lemma 2.1. Then

ou 0z Op
Uty = 621+A( Ga—i)u—qluie_x,e(Z)(a—h—Q1“)

Proof of Lemma 2.3. We have

Uy = e—A(zH-OZz)fl 4 e—>\(21+922)f2 — e—A(ZH‘eZz)(fl + f2)7
where OF 5 1
fi= VoG = Vo (e ) =
3 029
)\(Zl+922) )\ 9_ _

fzzf——f (;5 N0 ) —

- alu
pNE
(32 Ch'u)
This imply Lemma 2.3.
Lemma 2.4. Let wy,...,wy be orthonormal basis of holomorphic 1 forms onV. Let
{a1,...,a4} be generic d1v1sor on Y\X, where Vo C X CY C V. Put w k= a2(aj). Let

for some generic § € C and A € C functions uy from Lemmas 2.2-2.3 sat1sfy (12 6) (2.7)
with some Cj = Cj9()\). Then

sup [Cjo(A)| < const(V, {a;}, 0) |0 v/0 [z x0) (14 [A) T2l 1< (x, 3oy,
j
def .
where ||u4 | oo (x,B0) = su§|ui(z)dzst(z, BY)|.
ze

Proof of Lemma 2.4. From condition iv) of section 1 we deduce |wf,| < co. From
definition of generic divisor we obtain detw?,] # 0. From (2.7) and from definition of

13



Dirac measure V £k =1,..., g we deduce

)ggo( / uy Awg) £ /8—,\,0( )61512\1/_}@1 Awg =
{z€V: |z1|=r} X
g —
Z/Z(C] + Cje_)\’g(Z))do(Z,aj)dil Nwy = (29)
y J=1
9 —
iy (Cj £ Cre_xplag)w)y, jk=1,2,....9g.
j=1
From estimates lim sup lut(2)| < oo, for some sequence r, — oo, and

"0 {2€V: |z |=ra}

lwsl < O(| |), zeV\Y,k=1,...,g, we obtain

dz1 —
lim ‘ / ur A wg| = 0. (2.10)
T —>00
{zeV: |z|=r}
From (2.9), (2.10) and Kramers’s formula we obtain
i(Cj £ Cje_xplaj)) =
det[w?’k; ol wJQ_Lk;l te_x0(2) mngﬂidﬁ A W; w?+1’k; ol wS}k (2.11)
det[w? ] ’
where 5,k =1,...,9.
Let us prove estimate
61
'/e ol n\/__:tdzl/\wk <
(2.12)

const(X,0)(1 + |)\|)_1/3|| In \/EH%VQ,OO(X) Nut| Lo (x,B0)-

For |A| < 1 estimate follows directly, using that In /o € W1 (X).

Let BE=UM_{2€ X : |2 —bp| <e}.

Let Xe.,, ¥ = 1,2, be functions from C™M(V ) such that x.1 +x:2=1onV,
supp Xe,1 C B>, SUPPXEZ CVA\B®, ldxew| = 0(2), v =1,2.

Put Jouy = fXE v(2)e_x0(z )algz\l/guidzl Awg, v =1,2. We have directly:
gua] < const(X)el| In v/allwes ) - e | e (x.50)- (2.13)

14



For J5uy we obtain by integration by parts:

Gln\/__ Wi
/XsQae A0( 92, id?«’l/\m—
X

8111\/5 Wi
/6 )\9<Z)8<X€2 6 7 Uile A m)

>/|H

JQ,UJi ==

(2.14)

To estimate (2.14) we use (2.6) and the following properties: |9x-2| = O(2),
supp(9xe,2) C B*,

” dln /o
0z
const(X,0)

Wk
dzy N O — |12 <
21 Xe, 2Uid 1 +0d22”L0’1(X) =

10 v/ [0 (x) [|u]] Lo (x, B0)
0% In/o Wk
”T diHL% (X)) S
22 21+ 0dzg "0
| Inelconst(X, 0)|| In /o |lwz.e x) |us | Lo (x,50)
dln /o

135,
const(X,0)

dzy N\ dnge,QU:I:

Wi
dZ1Xe2ut A a(m) Izy ,(x) <

v/ [l wio () lut[| oo (x, B0y
ﬁﬁi}X = F(exo(2)q1ut)dz.
From (2.14), (2.6) and these properties we obtain

const(X,0)

JS <1
| 2ui| —| I1€| |)\|

0 Vo |[wz.ee (x) - lutl| Lo (x,50)+

const(X, 0
o Ve el ooy (215)

const(X,0,6
#H In \/E”Wl’oo(X) . H'UliHLoo(X’BO).

Putting in (2.13), (2.15) ¢ = % and = 1/3 we obtain (2.12) for |A| > 1.
Inequalities (2.11), (2.12) imply estimate
€ = Cjeno(ay)| < const(X, {az}, 0)(L+ A) 10 Vollye.ce ) - lusll o x,0)-

We obtained statement of Lemma 2.4.

Lemma 2.5. Let functions uy satisfy (2.6), (2.7) and R - operator from section 1.
Then

||R[6_)\’9q1ﬂidgl||Loo(X’BO) < COTLSt(X, (9)(1 + |)\|)_1/5|| In \/EHWZ,OO(X) . ||'I,Lj:||Loo(X’BO).
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Proof of Lemma 2.5. B
Let Xc,, v = 1,2, be partition of unity from Lemma 2.4. Put SSuy = R[x: ,q1u+d&],
v =1,2. Using (2.6) and formula for operator R we deduce estimate

[STu | Lo (x, B0y = O(e) Voo x) [t || oo (x, 0)- (2.16)
Let R o(&, 2) be kernel of operator R. It means, in particular, that 9¢ Ry o(€, 2) = —4(¢, 2),
where §(¢, z)- Dirac (1,1)- measure, concentrated in the point £ = z. We have
Syut = /Xe,2€—>\,e(J1ﬁidélR1,o(f7 z). (2.17)
X

Integration by parts in (2.17) gives the following

1 [ dé& _
Ssuy = = [ Oe_ — R ,Z) =
s = 5 [ Der 0l X (On (€ (6.2
X
1 o0 a0 On©) ) Rate e @Y
S‘X -0 d& n édég Xe,2(G)q1 + 1,0\S; .
1 dél _
5\6—,\,9(2’) &, + 0dg, (2)Xe,2(2)q1 (2)ux(2).
To estimate (2.18) we use (2.6), properties of partition of unity {x. .} and inequalities
dés 1 - dg 1
()| = 0(——r), It (6)] = O(—a—5)-
’d§1 + 0d¢ (5)' (diSt(§7 BO)) ' d&1 + 0dg, (5)' ((dZSt(f, BO))Q) (2.19)
1 - 1 ’
=0(———M =0(—————= X.
From (2.19), (2.8) and from the formula for operator R we deduce estimate
1
1550l oo (x) = O(m)ll In /o |2, ) s | Lo x, 50) - (2.20)
Putting in (2.16), (2.20) ¢ = |/\|+/5 we obtain statement of Lemma 2.5.
Proof of Proposition 2.1.
Let function p satisfy conditions (2.1)-(2.3) and us be functions defined in
Lemma 2.2. Then by Lemma 2.3 we have
lim uy(z,A) = lim (mq £e_yo(z)me) =
zeVy zeVy (2 21)
. dzo ou on :
1 1+60— — te_ — :
dm, PA+OIut g - terol(z)g 10



Let

he = ug + R(e_x0(2)q1tiz)dz — i Y (Cj + Cje_x0(2))d0(z, a;)dz), (2.22)

j=1

where R is the operator from section 1.

By Lemmas 2.2-2.5 and properties of operator R we have hy € O(V) N L>*(V) and
hi(z,A) = 0, z = oo, z € V1. By Liouville theorem, hy(z,A) =0 on V, A\ € C. Then
from (2.22) with hy(z,A\) = 0 and Lemmas 2.4, 2.5 it follows that uy(z,\) =0, z € V, if
A€ C\Ep: A > const(V,{a;},0)| In/o |20 x)- Property us(z,A) =0, z € V, implies
by Lemma 2.3 equality g—z“l —qip =0, z € V, where u(z) - oo if z € V1, 2z = 0o. The
Liouville type theorem for generalized holomorphic functions ([Ro], theorem 7.1) implies
u = 0. Proposition 2.1 is proved.

3. Faddeev type functions on Riemann surface. Existence.
Proof of Theorem 1.1A

Proposition 3.1. Let conductivity o and divisor {a,...,a4} satisfy conditions of
Proposition 2.1. Then V generic § € C and VA € C\Ey : |\ > const(V,{a;},0,0) there
exists unique Faddeev type function

& o F E AEt0z) ) here

(3.1)
¢ = ¢9(27 )‘)7 F = F9(27 )‘)7 n = ,u9<27 )‘)7
associated with o and divisor {ai,...,a4}, i.e.
_ i J
0(0 + A(dz1 + 0dze))u = S + ZC]'5(Z, a;), for some C;=Cjg(N), where
.y 7= (3.1a)
o . . - .
== ply € LP(Y), ply\g € L¥(V\Y), lim pe(z,A) =1.
zeVp
In addition,
const(V,{a;},0,0,p,¢)
\) — A 5 < 9 7 Yy Uy Py
”“9<Z7 ) ,ua(OOl, )HL (V) = |A9<)\)| . (1 + ‘)\‘)94_1_57
def .
where  jig(oor, ) = ZILE%}O pe(z,A), I=1,....d, (3.10)
z l
const(V,{a;},0,0,p,D,¢) B
Oullr» + 0w, 5 < J ., p<2,p>2,
|| IuHLl’O(Y) || HHLLO(V\Y) = |A9(>\)| . (1 + |)\|)g—6 b p
V generic § € C and X € C\Ep: |\ > const(V,{a;},0,0),
8/1’ 1 8/’6 00 1,p (316)
|, ewhny), S| e IXVAY) U(VY ),
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where {V;} are connected components of V\Vy, 1 =1,...,d,

8)\70(2) — 6)\(Z1—|—9Z2)—>\(21+022) .

Remark 3.1. Proposition 3.1 is a corrected version of Proposition 2.2 from [HM2].
For the case V' = C the results of such a type goes back to [F1], [F2].

Lemma 3.1. Under the conditions of Proposition 3.1, VA € C\ Ey function
2 — pg(2z, \) belonging to LP(Y) on'Y and to L>=°(V\Y) on V\Y satisfies (3.1a) iff
there exists C; = C;9(N), j =1,...,g, such that

. g
i
Me(za/\)=1+§/9w(2€qu0§/\ +i Y Cio(Ngro(z a;) (3.2)
gex j=1
and one of two equivalent conditions is valid

. g
~ 1 . ~
Hao(Ro(5ap)) +i > Cio(NHae(Ro(5(2,a;)) =0 or
j=1 (3.3)
(0 + M(d21 + 0d2o))pg (2, A) € Hio(V\(X UJZ, {a;})) N L1 o(Y\X),
where gy ¢ is Faddeev type Green function, R@, H o - operators defined in section 1.

Proof of Lemma 3.1. From Proposition 4 in [He] and from definition of Green function
gxr0(%,&) we deduce that integral equation (3.2) is equivalent to the following differential
equation

: 9
(0 + Ndz1 + 0dzo))p = %q,u + ZZ Cj,00(2,a;5)+

7= (3.4)

, g
_ _ ~ 1 ) ~
Mdz1 +0dz)) x [Hao(Ro(5am)) +i Y CjoHas(Ro(0(2,a5))].
j=1
Equation (3.4) is equivalent to (3.1a) if one of two equivalent conditions (3.3) is valid.
Lemma 3.1 is proved.

Lemma 3.2. Let {ai,...,a,} be generic divisor in Y\X. Then for any generic § € C
and
VA € C\Ep : [N > const(V,{a;},0,0), integral equation (3.2), (3.3) is uniquely solvable
Fredholm integral equation in the space W1P(V).

Proof of Lemma 3.2. Let § € C and A € C\Ey : |\ > const(V,{a;},0,0). From
(3.2), (3.3) we obtain integral equation for fig = p19 — 1 and C} g:

fio(=.3) — © /W €)a(€)fin(€,N) — Z Naas(z a;) =

Eev

. g
i
2/9,\925 Z (MNgre(z, aj).

Eev -

18



Parameters C'j =Cjo(N),j=1,...,9, are defined by the equations:

ZZ y/ 0(€, a;))wk(§)exn(E) =
v (3.6)

<.
=

Eev

We remind that determinant of system (3.6) is exactly Ag()\).

Parameters C’Oe are defined by (3.6) with C?,e in place of C~'j79 and 1 in place of [i.
One can see also that C7 ,(\) = Cjg(\) — Cja(N).

Let us prove that (3 5), (3.6) determine Fredholm integral equation in the space
Whe(V), > 2.

Propositions 2, 3 of [He] imply that correspondance

. g
fo—= R0 ( Re Z (0(2, a;)))

define linear continuous mapping of Wl’ﬁ(V) into itself. This mapping is compact because
mapping i — qfi, suppq C X, from WHP(V) 1nto Lf (X)) is compact, operator
Ro : L’f’l(X) — Wlly’g(V) and operator Ry g : W, P(V) = WHP(V) are bounded.

If for fixed A ¢ Ey Fredholm equation (3. 5) ( 6) is not solvable then correspond-
ing homogeneous equation, when the right-hand side of (3.5) is replaced by zero, admits
nontrivial solution g* = p* — 1.

By Lemma 3.1 function ji* satisfies differential equation (2.2) with C; replaced by é’j
and with property i*(z) — 0, z = o0, z € V7.

By Proposition 2.1, i* =0 if A € C\Ey : |A| > const(V,{a;},0,0).

It means that equation (3.2), (3.3) is uniquely solvable Fredholm integral equation for
any A € C\Ey : |\ > const(V,{a;},0,0).

Lemma 3.2 is proved.

Lemma 3.3. Let {ai,...,a4} be generic divisor on Y\X. Let A € C\Ey. Let p
be solution of integral equation (3.2), (3.3). Then relations (3.3) determining parameters
C; = Cj(N) are reduced to the following explicit formulas

2220’96)\9(&])511(@]) /6)\79(2)( dd\;_\/_—l—Qﬁln\/_/\@ln\/_)ud (2). (3.7

J=1 zeX

Proof of Lemma 3.3. By Lemma 3.1 equations (3.2), (3.3) are equivalent to the
equation:

: g
(0 + N(dz1 + 0dzo) )y = %qu +1 Z Cj,00(%,a;5), (3.8)
j=1
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where p = pg(z,\) = 1, z € V1, z — 0.
System (2.7) implies the following relation

g
: - — . A 6('27 a ) —
ngnoo UL N Wk + 1 / Z(Cj,e F Cj,eek’g(z)) dzlj W =
|z1|=R z€VAX =1 (39)
:F / 8A(Z1+9Z2)_5\(21+§22)q_luidzl A a)k7
zeX
where ¢, = %.
To obtain 63.9) we multiply the both sides of (2.7) by Awg, integrate on V' and take

conjugation.
From Lemma 2.3 and Lemma 3.2 it follows that

us(z) = AL+ 0v) - lim pe(z,A), 2 =00, 2 €V,

z€V]
. 0z .
where v = lim —, lim pp(z,\) =1.
Z—»00 621 Z—»00
z€V] zeVp

Existence of lim po(z, A) follows from Lemma 4.1 below. This imply that

z€V]

R—o0
|z1]=R |21|=R

_ _ 1
lim | / aiA@k}:Ignooy / )\(1+0f‘yl)@k]:Rli_>moo|/\|0(§):0. (3.10)

From (3.9), (3.10) and definition of uy we obtain

g 5 ,
22’2 / Ciexo(z) (2,95) ANQp = / exo(2)q (uy +u_)dzy ANy =

, dz
‘7:1V\X zeX
X(5. 105 oF
2 / e_>‘(21+922)671f1dz1 A ©p, where f; = \/58—
Z1
zeX

By Lemma 2.3 we have

? / e AT G, fdz Aoy, =
zeX

ou 5, (3.11)
2 T (5 + M+ N2 — quu)dzy A @
/ ex,e(Z)rh(aZl + A+ 92 M qip)dzy A @y,
zeX

From definition of §(z,a;) we have

o dz,a;) & W

222 Ciexo(2) e Ny = —22203'6)\’9(@]‘)6[—21(%). (3.12)
JleGV\X j=1
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By integration by part we have

0 Oln
2 / ex,e( ) ( a —|—)\/L)d21 /\wk:2/e>\9( ) \/_)\/J,dzl A @ —

021 0z,
zeX X
ol 62 In _
—2/6>\’9( ) 51911/_( /\98—1 le N W — /6>\9 18\/1_Md21 NWp = (3.13)
X

),ule N\ Wi,

X
32 Iny/o 0Olny/o 0z
—2
/6)\79(2 621821 * 621 )\0621
X

Using (3.11), (3.12), (3.13) we obtain

9%Iny/oc 0ln /o2 ~
ZZC,eeA 9<Clj)d— (CL]) / ex,e(z)( 92,07 +’ EE } ),udzl N\ Wi,

J=1 zeX

Lemma 3.3 is proved.

Proof of Proposition 3.1. a) By Lemmas 3.1-3.3 statement (3.1a) of Proposition is
valid, i.e. there exists function z — pug(z,A), z € V with property (3.1a) VA € C\Ejy :
|A| > const(V,{a;},0,0).

oy R g
b) Put fo = Ro(%qu), f1 = Re(i Y Cj0d(z,a;)) and f = fo + f1. By (3.2) we have
j=1

p—1=Rxof = Rrofo+ Rrofi-
Put

LES(V) ={u: u|, € L§ (Y), uym €Ly, V\Y)}, 1<p<2,p>2 ¢=0,1

By Proposition 3 ii’ from [He] we obtain
|12 — po(00r, Ml Ls(v\y) <

g
const(V, p, ) - min(|\|~1/2, w—l)(”fOHWi,OZB(V) +) 1Cj0l) -
=1 :

g
”aNHLf’g(v) < ConSt(Vv Ds 9)(”f0”vi/11’(1)5(v) + Z ‘0'79 )
’ ' i=1

For proving estimates (3.1b) let us now estimate {C7,}.

In order to estimate {C 9} we must use equations (3.6), where parameters {C; ¢} are
replaced by {C 9} and functlon f is replaced by 1. For modified equations (3.6)

1) we apply Kramer formula for solution of linear system and integration by parts
in all integrals of this system, using ey ¢(2)(dz + 0dz) = %5@\79(2’). In addition, we
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use: formula (1. 2) for Ag(A), formula 5R9(;qu) = %qp and estimate of singular integral,
) This gives inequality:

containing 8(d e

0 const(V,{a;},0,0)
2 1G5 = RO+ e

ii) The equation (3.5) together with obtained inequality for ) |C’§)’9()\)|, estimate of
Faddeev type Green function |gx ¢(2,&)| = O(|>\|+‘E) are used to obtain estimate (3.15) for

> 1Cj0(N)] and |pg(A)[:

_ ~ const(V,{a;},0,0,p,¢)
A ey + D 1C56(M] < :
) + 3210 BoVI(L+ A9

_ CO’I’LSt(V, {Clj}, 97 U? ]57 5) (315)
i = utoon Merein) < T8 Ay o

where A € C\Ejp : || > const(V,{a;},0,0,¢), 1 =1,...,d, po(co1,A) = 1.

These estimates imply estimates (3.1b). B
c¢) Differentiation of equation (3.2) with respect to A gives equality

o 5 0 O~ 0C5.0(N)
——R R —DLS N =
ox ~ Moo (Ralgaps +13, =770 )
’ . , (3.16)
(214 0%)(n— 1) — Ry ((&1 + 0&2) Ry (%(JM +iY  Cjad(z,a;)).
j=1
Equality (3.16) can be rewritten in the following form
G,u (I R)\QORQ( ))_1[(21+§22)(u—1)+R>\goR9 zza 2.6 (z,a,
O ’ = 0A i)
. '
Ryo((&+ 9§2>R0(QQN +1 Z Cj0(N)8(2, a;))].
j=1
(3.17)

Using Propositions 2, 3 from [He|, estimates from part (b) of this proof we obtain from
(3.17)

)
ex,g(@a—g‘\y e Whr(Y),

eA,9<z)a—§\Vl e WIP(V\Y) U L=(V}\Y).

Statement (3.1c) is proved.
Proposition 3.1 is proved.
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4. Equation % =bop(N)e_x0(2)fg(z, A). Proof of Theorem 1.1B

Proposition 4.1. Let conductivity o, divisor {a1,...,a,} and 0 satisfy the condi-
tions of Proposition 2.1. Let function (2, \) = e**11922) 5(2, \) be the Faddeev type
function, associated with o, 6 and divisor {a1,...,a,}. Then for A € C\Ey : |\ >
const(V,{a;},0,0)

i) the following 0-equations take place

% bo(Ne—xo(2)po(2,A), if z€V\{ar,..., a4}, (4.1)
an§\< ) = b@<)‘)e—)\,9<aj)cj79()\)7 j = 17 -y 9, where (42)

ii) function bg(\) satisfies equations:

_ Z 407 g (2, \)
bo(N) li A) = lim —/———== A A
o(A) lenv%o po(z, A) zie%lf X ‘”’e(z)a(zl =t
. ] . g (4.3)
Abg(N)d = ~5 / exo(z)0up(z,\) + iZCjﬁ(A)e)\,g(aj), l=1,...,d
z€bX g=1
and the inequality
1
AL+ [AD?[Ag (M) - [bo(A)] < const(V, {aj},G,U)W~ (4.4)

Remark 4.1. For the case V = C this statement is obtained in [GN], [N2], [N3].
Proposition 4.1 is a corrected version of Proposition 3.2 of [HM2].

Lemma 4.1. i) Let function p = pg(z,A), z € V\Y,
A e C\Ey: |N > const(V,{a;},0,0) satisfy equation

(0 + \(dz +0dz))p=0 on V\Y (4.5)
and the property
[H - H@(Oola A)Hvl\y € Wl’ﬁ(‘/l\Y% where ]5 > 27

po(oor, \) = lim pig(2,A), 1=1,....d.

z€V]
Then 5
def % ~ 5
A= —————— 4+ \uec O(V\Y d
8(21+9)+u (VAY) an
A
‘VZ\Y uloo +Z ! Z1+922)
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= def a,u >
B = V\Y d
M) g oz € OV o o
B Bk,l — — ) l = 17 7d7
}VZ\Y ; (71 + 052)F

where O(V\Y) is the space of holomorphic functions on (V\Y).
ii) Let

= apg(A - = ()
M d N = A M YA
vy = o001, A +; = +922 and Ny, ; (21 + 0z)F

be formal series with coefficients determined by relations
)\ak’l — (k‘ — 1)ak_1yl = Ak,l? S\bk’l — (k‘ — 1>bk—1,l = Bk,l? [ = 1, .. .,d, k= 1, 2, e

Let

v

Ak, = i1
M| = , N =S — Okl 47
‘V /’l’e 0.9} +Z 21+922 ‘Vl ; (21+922)k ( )

Then function p has the asymptotic decomposition

/J,“/Z_M‘V—l—e )\9 N‘V’ z21 — 00,

1

ie. ply, = M|, +exo(2)N|,, +O(W)'

Proof of Lemma 4.1.
i) From (4.5) it follows that

d0(eMF=1+022) (5 X 0.

MV\Y/ -
Thus J(e*=H0%2) (2, X)) = M=H922)§), is antiholomorphic form on V\Y and Ou +
Mu(dzy + 0dzo) is holomorphic form on V\Y. From this, condition du € Lg’l(V\Y) and
the Cauchy theorem it follows that

e)\(z1+922)5u‘vl _—e A(Z1+0%2 )B(dil _|_0_d§2)‘vl\? =

B _
)\(Z1—|—9Z2) k l =
E Gt 0Z2 (dzy + 6dz») ‘Vz and
(O + )\u(dzl + 0dzs))

oo

Ak
)\,u o) + Z RN d21 + edZQ)‘V.l\Y.

Ny = Aldz + 0dz)| o =
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It gives (4.6).
ii) From (4.6), (4.7) we obtain, first, that

aH‘Vl - B_A(Zﬁe@)é(e;\@ﬁé@)NV)‘Vl - O(|Z1\V+1)
. (4.8)
then ply, = My|y, +exo(2)N |y, +O(|21|'/)

Comparison of the last equality for different indexes v and v 4+ 1 implies that O(|2}|V) =
Olzp)-
It gives statement of Lemma 4.1.

Lemma 4.2. i) Functions M, and N, (congugated to N,,) from decomposition (4.8)
have the following properties:

o aMV def aM
. oM, M) def 9
VzeV\Y 3 ulggo(ﬁ(zl—i—QZg) + AM,) 901 + 02)
) def ON

= — + AN.
8(21 + (922) +

+ AM and

ON,
3 lim (5——F— + AN,
A G+ 6 T

ii) Functions % + AM and =28 + AN belongs to O(V\Y) and

8(Z1—|—9Z2)

ou ON _
—_— — E_ z - + )\N 9
O(z1 + 0%) rol >(8(21 +02) ) (49)
L + AL = 67]\4 + M .
6(2’1 + 92’2) #= 6(2’1 + 922) ’

ON
—— 4+ AN . 4.1
8(21+022)+ —0, 21 > o0 (4.10)

Proof of Lemma 4.2.
Part i) and equalities (4.9), (4.10) from part ii) follow directly from (4.8).

Properties (4.8), (4.9), (4.10), property Ou € Ly} (Proposition 3.1b) and extension
property of bounded holomorphic functions through isolated singularities imply that

oM ON
—_— + M d ——— + AN
(21 + 029) + a 0(z1 + 0z2) *

belongs to O(V\Y).

Lemma 4.2 is proved.

Lemma 4.3. Let vy(z, \) = e**11922) (2 \) be the Faddeev type function on V,
associated with potential ¢ = % and divisor {ai,...,a,} on Y\X. Then
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VA e C\Ey : |\ > const(V,{a;},0,0)

o RS o
exal >8(21 ¥ 0%) g = kX_jl By(z1 +022) 7", where
1
Biy=—5 5% (4.11)
’ 2
o _
———(dzy +0dz)) Vry 0 Y Ve }
6/\,9(2’)6(21 T 022>( Z1 + 0dz2) Y ry c{ze 21| <71}

{zeVi: |z1]=r1}

Proof of Lemma 4.3.

Estimate of du from (3.1b) and the Cauchy theorem, applied to antiholomorphic

. ) . .
function 6A’9(2)E9(2TLL§22)’W\Y implies (4.11).
Proof of Proposition 4.1.
Since v, p are Faddeev type functions, we have the equations

8(0 + A(dz1 + 0dz))p = %qu +1Y " Cro(Né(z,ay),
j=1

g
dd = qip + 2 Z ANEH022) 00 5 (0)6 (2, a;).
Jj=1
op

0
Put lﬂx:a—%} and px = 35-

We obtain
c . A(z1+022) aCj,e
dd lﬂ:\:qlﬂ:\'i'Q;@ W(M(S(Z,aj)-
From Lemma 4.1 we deduce
op B1,i(A) 1
—_— o = €_ ——> 4+ 0(—=), and
0(z1 + 07%) ‘VZ\Y e-x0(2) zZ1 + 0% (\z1|2) an (4.12)
du B Ari(\) 1 '
(8(21 + 02) " /\M)’VZ\Y = Auloor) + 21 + 0z * O(|21|2).
From (4.6), (4.7), (4.8) we deduce
al()\) bl()\) 1
e A _ Z @) 4.13
H‘VZ\Y M@(Oola )+21+922 +e )\,9(2)21+022 (‘21‘2)7 Z1 —r 09, ( )
def def

where 5\()1(}\) = 5\b1’1(>\) = Bl,l, )\al()\) = )\al’l(/\) = Al,la l = 1, . .,d. (414)
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From (4.13) and (3.1c) we obtain for [ =1,...,d

U]y =GR =

)\(Zl+922) al()\> 5\(214-9_22)—)\(21-’-922) bl(A) 1
‘ (MO(OOI’)\)—i_Zl-i-@Zz e z1 + 07 O(|Zl|2)),

(A + ew(z)w

z + 0z,

+0(=)] =

|21

oY
¢J\}VZ\Y - ﬁ}vl\y

65\(214—522) (bl ()\) + 6)\,9(2)

For function puy = e A(#14022)y),1 we obtain

g

= ' ~— 9C;
00 + Mdz1 + 0dz0))us = Saus +1 ) —2%6(z,a)
j=1

G,ug(ool, )\)
O\

ro(L)), zew

and g5 = e_x0(2) (li(N) +exo(2) P
~ For 2z large enough function e_y g(2)jix 4 ©(z, \) satisfies equation
0(0 + A(dz1 + 0dz3)) = 0. From this, Lemma 4.1 and property lim lo(z, Ay < oo

we deduce that gp’vl(z, A) — consty(N) def oo, A),if z€ V), z 500, l=1,...,d. So
in the relations above we have ey g(2)ux (00, A) =0, 1 = 1,...,d. Functions e_y g(2)fix
and p both satisfy equation 0(0 + A(dz; + 0dz2))u = Squ on V\{ai,...,ay}. Besides
,u}vl(z, A) = p(oor, A) and ey o(2)pux (2, A) = bi(N), if z € V}, 2 — co. Applying Proposition
2.1 we obtain

ex.o(2)uy = bi(Nig(z, N (pe(0o, N) ™t 1=1,....d.

This implies equalities (4.1), (4.2), where

bi(\)

bel) = po (001, A)

I=1,....d (4.15)

Y

Asymptotic formula (4.3) follows from (4.11), (4.14) and (4.15). These formulas and
Cauchy-Green formula imply also the following important expression for bg(\):

_ 1 _ 1 B . g
Abg(N)d = ~5— / exo(z)0n = ~5 exo(z)0p +1i Z Cj0ex0(a;), (4.16)
ZELY z€bX Jj=1
where ,
/ ex0(2)0p = / 5 n0(2)ap. (4.17)
z€bX X



Equality (4.3) follows from (4.16). This equality together with estimate of {C;} from
Lemma 2.4 and estimate through integration by parts of [ ey gqu imply (4.4).
X

Proposition 4.1 is proved.

5. Reconstruction of function 1y from Dirichlet-to-Neumann data on

bX. Proof of Theorem 1.2A

lbx

Let X be domain containing Vy and relativement compact in V' with smooth (of

classe C®)) boundry. Let ¢ € C®(V), 0 >0onV, 0 =1 on V\X. Let ¢ = %. Let

u € C(bX) and & € WHP(X), p > 2, be solution of the Dirichlet problem dadcﬁ’X =0,
ﬂ’bx = u, where d° =i(0 — 0), d =0 + . Let ) = \/oui and ¢ = \/ou. Then
e~ dd\Jo - ~ ~
dd“y = Nz Y =qyp on X, ¢}bxz¢. (5.1)
Let 199 be solution of Dirichlet problem
ddcwo‘x =0, wo‘bX - w‘bX'
Let R o R o
Oy =9y, and Doy = Do, - (5.2)
Operator 1/1‘17 P 51&}17 + s equivalent to the Dirichlet-to-Neumann operator
u‘bX — adcﬂ‘bx.

Proposition 5.1. Let ¢ = e**11922) ) be the Faddeev type function associated with
potential ¢ = % (see Definition 1.4), generic divisor {ay,...,a,} with support in V\X
and generic § € C. Then VA € C\Ey : |\ > const(V,{a;}0,0) the restriction be of ¢

on bX can be found from Dirichlet-to-Neumann operator lﬂ‘bx — O’dclﬂ‘bx through the
uniquely solvable Fredholm integral equation

g
1o (2, M) |5 + / gx (2, Omox(® = Bo)mape(¢, ) =1+ Y Cia(Ngre(z a;), (5.3)
£€bX j=1

g
iZ(aj,l + eaj’g)_ijﬁ()\) + / (2’1 + 022)_’“(8 + )\(le + Gd,zQ))u = 0, k= 2, o5 g + 1,
j=1 z€bX

where g ¢(z, €)- kernel of operator Ry g o Ry,

A ~

m_x(®— o)mapa (¢, \) = / e NEHIR) (@ (¢, w) — B (¢, w)) e P09 g (w, N), (5.4)
wELX

®(¢,w), Po(C, w) are kernels of operators ® and ®g, my denote the multiplication oper-
ators by et *11022) values {a; 1} of the first coordinate of points {a;} are supposed to be
mutually different.
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This proposition for the case V' = C is equivalent to the second part of Theorem 1
from [N2].

Lemma 5.1. Let ¢ = e*(*11922) )y be Faddeev type function of Proposition 5.1. Then
Vze V\X and VA € C\Ey : |\ > const(V,{a;},0,0) we have equalities

M9(27 )‘) =1- / gA,9(27 5)5M9(§7 )‘) - / /1/9<27 é)ek(&-l-efz)a(e—A(&-l-@Ez)g)\’e(Z, é))—i_

£ebX cebX
g
i Z Cj.0(N)gs0(2,a5)
7j=1
(5.5)
and

g
— / (21 4 022) (0 + A(dz1 + 0dz))p =Y (aj1 + 0aj2) "iCje(N), k=2,... (5.6)
€ebX j=1

Proof of Lemma 5.1.
The equation

. g
8(0 + A(dz1 + 0dz))p = %qu +1Y Cro(Né(z, ay), (5.7)
j=1

where suppq C X implies that (1,0)-form f = (0 + A(dz1 + 0dz2))u is holomorphic on
(V\(X Ui, {a;}) and Res,; (9 + A(dz21 + 0dz2))p = 7’% This and the property (4.12)
imply that VA € C\Ep and V k > 2 form (21 +022)~ ¥ f is holomorphic in the neighborhood
of (V\V). By residue theorem applied to the form (z; + 623) % f on V\ X, we obtain

g
/ (z14+022) " Ff(z,)\) = —QWiZResaj(zl +029) 7" f(2,A) = —(aj1+0a;2) " (iC;e(N),

z€bX j=1

k=2,3,.... Equality (5.6) is proved.
Let us prove now (5.5). Differential equation (5.7), where p|,, € LP(Y),

Ity € L(V\Y), u(2) = 1, 2 — oo, 2z € V4, is equivalent by Lemma 3.1 to the system
of equations
. q g
u(z,\) =14+ Rypo0 Rg(ﬁq,u +i Z C;é(z,a;)), z €V, and (5.8)
j=1
A0+ A(dz1 + 0dzg))u =0, z e V\(XUI_, {a;}). (5.9)

These equations imply relations (5.6). Besides, we have equality

[ 9209566 = [ 920230+ Adz1 + 0z

X X
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Using Green-Riemann formula we obtain

/ ME 802D g, (2, )00 = / Y00 (M e+ g, (2 )+
X

X
/ek((“_gl)*e(”_&))gx,e(2,5)(%+/w(‘?(ewzl_51)+9(22_§2))9A,9(27f))-
bX bX

For z € V\X we have
65(8>\((Z1—51)+9(Z2—€2))g>\70(2«,g)) = 0.

Then

i _
_/g)\’g(z,g)(§qu): / gx,001 + / ek(ﬁl+0£2)u3(6—x(£1+9&)wﬁ(Z,5)). (5.10)

£eX £ebX £ebx

From (5.8), (5.10) we deduce statement (5.5) of Lemma 5.1.

Proof of Proposition 5.1.
Let 9y : 68@[10’)( = 0 and ¢0’bX = 1. By Green-Riemann formula V z € V\X we
have

/ ¢8(8>\((Z1—51)-!—9(@—52))9)\’9('2,5)) + / 6)\((Z1_51)4’0(,32_52))9)\70(27 £)5¢0 —-0. (5.11)
£ebX £ebXx

Formulas (5.11) and (5.5), (5.6) imply

(2, A) = Xerroe) / AME—€+0(—60) g (2 6)(B(€) — Do)+

bX

g (5.12)
i Z e’\(zlwz?)ng)\,g (z,a;).
j=1

Formula (5.12), (5.6) are equivalent to (5.3). Integral equation (5.3) is the Fredholm
equation in C'(bX), because operator (@) — <i>0) is compact operator in C'(bX). Existence
VA € C\Ej of unique Faddeev type function 1 = e *11022) ;- associated with ¢ and divisor
{a1,..., a4} imply existence of solution of (5.3) with residue data
iCj = Resq,; (0 + A(dz1 + 0dz2))pu, j=1,...,9. Let us prove uniqueness of solution (5.3)
in C(bX) with residue data {C;}. Suppose p € C(bX) solves (5.3), (5.6). Consider this u
as Dirichlet data for equation 0(d + A(dz1 + 0dz2))p = Lqu on X, solution of which well
defines p on X.

Let us also define u on V\X by (5.5). Function p(z,\) defined in such a way on V
belongs to C(V\ UJ_; {a;}).
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Let us show that u satisfy (5.7). By Sohotsky-Plemelj jump formula V z* € bX we
have ,
1 ) = _

zZ—z
zeX px

_ lim* (/ g,\,eg,u+,ueA(gl+952)3(6_’\(51+952)g,\,9))~

zZ—z
2€VAX px

From (5.5) and (5.13) we deduce equality

(5.13)

. g9
7 = _ .
pogp=1- / gr001 — / peN )G (e MEF0R) g, ) 40 Y " Ciga(z,a;), 2 € X.

€ebX cebX j=1
(5.14)
By Green-Riemann formula we have also
g
- /9,\,95M — peM IR (eNOTOR) g ) + i " Cgaa(z,a;) =
bX g=1
~ ~ g
- /,u(@((‘) + A(dz1 + 0dz2)gx0) + /gA798(8 + A(dz1 + 0dzo)) )+ i Z Ci0970(2,a5) =
X X j=1
_ g
L+ [ 90,000+ A(dzy + 0dz))n+ 1 > Cjogre(z,a5), z € X,
X =1 (5.15)

_ g
J 92,0000 + Mdz1 + 0dz2))u+ i 3° Clogne(z,a5), =z € VA(X U {a;}).
X

j=1
Equalities (5.5), (5.6), (5.14) and (5.15) imply (3.3) and

g
i) =1+ [ 92000+ M+ 02+ Cragrolza) =
1% J=1

, g
1+ Rypo0 f?e(%q,u + ZZ C;.06(z,a5)), z€ V.

j=1

By Lemma 3.1 function pg(z, \) is the Faddeev type function associated with ¢ and divisor
{a1,...,a4}. The uniqueness of solution of (5.3) in C'(bX) with residue data {C ¢} follows
now from uniqueness of the Faddeev type function.

6. Reconstruction of conductivity function from Dirichlet-to-Neumann
data. Proof of Theorem 1.2B

We will obtain here exact formulas for reconstruction of conductivity function
o€ CB(V),0>0,0=1onV\X, from Dirichlet-to-Neumann data

¢9‘bX - 5¢9‘bX
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for Faddeev type functions tg(z, \) = e #1+022) (2 X)), 6 € C\ {01, 0,4},
Sagt CY\X.

A€ C\Ey: |A > const(V,{a;},0,0), {a1,
For simplicity of presentation we consider in detail the case of regular algebraic curves

Let V={2=(%:% :%)c CP?: P(3) =0}, where P(%) homogeneous polynomial

in C* C @PQ, only.
of degre N. Let CPL = {Z:CP?: z, = 0}. Put
Z1 Z2 s
—, zo=—, P(z)=P(1,2,29),
7 & =) (121, 22) (6.1)

C*={2€CP?:% #0}, 2 =
V={zeC?: P(z)=0}=VnNC%

Without restriction of generality we suppose that V be (regular) curve of degree N > 2

. Ba be different points of CPL

with property:
VNCPL ={B1,...,B4}, where Bi,...
B =(0:8:p%), 6—5 eC, 1=1,...,N,
Bi
(6.2)

P
0 (2) #0, if zeV: |z1| > 19 = const(V).

(922
For 6§ € C let {w,,} be points of V', where (dz; + QdZQ)}V(wm) = 0. Then for almost

all § € C the following relations are valid
oP

oP OP
0= 8—@(wm)/8—m(wm), 8—,zl<wm) £ 0,

9°P ,0P 2 92P L OP. 0P 2P 9P 4
) _2821622(822)(621) azg (821) }(wm) #O

57 (55
Without restriction of generality it is sufficient to give proof under condition that 6 = 0,
i.e. for points wy, = (Wm,1, Wm,2) € V such that
oP oP 0P
m) 70, =—(wm) =0, —=(w,)#0 6.3
() # 0. 5 () =0, T () # (63)

21 = W1} has tangency with X only in the

621
and also such that V m the line {z € C? :
single point wy,, m = 1,..., M. By Hurwitz-Riemann formula M = N(N — 1). In the
neighborhood of point w,, € V curve V can be represented in the form
V ={(21,292) € C?: 2 = Wi, 1+
OP 1. 16°%P (6.4)
(wm)) [_QW@)WL)(ZZ - wm,2)2 + O((22 — wm,2)3)]
2

(o
(W), m = 1,..., M, will be obtained here by the

dd° /3 (.

o

The reconstruction formula for
stationary phase method, using formula (4.17).
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Let p be Faddeev type function (3.1) with properties (3.1a)-(3.1c) and with 6 = 0.

Below in this section we will write RO, R0, ex,0, o, Yo, Do, Eo, Cj0 as R, Ry, e,
Ly ¢7 A, E, Cj.

Let

g
fo=Fodz = 5R(qu), f1=Fidzi =i _ C;(\R(S(-a;)),

j=1
where p = pu(z,A), z€ V, A€ C\E : |\ > const(V,{a;},0).

N | .

Lemma 6.1. For ug = Ry fo the following estimate holds:

EFo(-, N const(V,p)
Juo(+s A) — THLW(X) < W”ﬁ)( )wa(v)

Proof of Lemma 6.1. By Lemma 2.1 and Proposition 2 from [He|] we have f, €
Wi’g(V), Fy € WHP(V). Using equality 0,ex(2) = Aex(z)dz; and integration by parts

formula uy = Ry fo = e_x(z)R(ex fo) can be transformed into the following

uO(Z) = e_x(2)Ri(exfo) +e-r(2)R (
6)\ 8F0/\d§1 det[ (

1
) 9 (c). e

(det[ (&), € - 2] /\dfl) .

S(8) -6 — 22
where Ry, R operators defined in section 1 (see remark 1.1). From (6.5), using
Corollary 1.2 from [He|, we deduce

)

Se—
|
—
=
o
N—

“Q*'*)I|“UI

~x(2)Ro(exfo),

27m

e

<—
aQ
>/

Q
J*M‘Sél

Mg — Fo = —e_x\(2)R1(ex(§)0Fy) — e—x(2)Ro(ex(£)0F)) o J1(z) + Jo(2). (6.6)

We will estimate further only term J;(z). Estimate for Jy(z) is similar.
For Ji(z) we have Ji(z) = J; (2) + J; (2), where

0(€) N dEz det [SE(€), € - 2]
22O le—2p ’

e_x(z) / eA(f)X,jf(ﬁ)

Ji(2) = 5rs

14

Xpi be smooth functions such that X: + X; =1,
XF=1, lf! }<p, supp X} C {¢: ! }_2} (6.7)

1
and |dxf\ = O(;)
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Let By ={z€V: d& ’V(z) = 0}. Property 0Fy = dz1]%qu implies estimate
5 1
8F0 = O(dist(z,Bo)
estimate for

)dZQ. From this, formula for J;"(z) and Lemma 3.1 of [He] we obtain

TE 1 o = O follyzs vy (6.8)

In order to estimate J; (z) we integrate by parts in the formula for J; , using
0.ex(z) = Aex(z)dz1. Then inequalities

1

05y () = OG5 By

00F(2)| = O(—— ))2, € X\By

dist(z, By

and inequality

déy A dE. déy A déE 1
‘ / . +‘ / S T o
€2]?(&2 — 22) €2/(&2 — 22) p
p<|é2|<1 p<]é2|<1
imply estimate
_ 1
197 =0 = Ol (6.9

From (6.6), (6.8), (6.9) with p = |A\|3/5 we obtain statement of Lemma 6.1.

Lemma 6.2. Let q € C’f’ll)(V), suppq C X, fo = %R(q,u), ug = Rxfo. Then the
following asymptotic estimate is valid

1

| ! (D)o )] = ol for

Ae C: |\ >const(V,{a;},0), |[AN)L+][A)] >8>0, for some sufficient small 0.

Proof of Lemma 6.2.
From Lemma 6.1, using estimate of p from (3.1b), we obtain asymptotic relation in
the space LP(V), 2 < p < 9/4:

F()(Z, )\) 1

=—x TG =

dZ1J%R(Q> 1 .

~—

uo(z, A

Putting this relation into [ ex(2)g(2)uo(z), we obtain
b's

[ @) = 5 [ et Ra) + 07
X X
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By Riemann-Lebesgue type theorem

/e,\(z)q(z)(dzlj]%( ) =o(l) if X =00, |[AN|(1+]|A)?>6>0.

X
This implies the statement of Lemma 6.2.

Lemma 6.3. Let q € C&)(V), suppg C X. Let wq,...,wy be the points, where
dz ‘V(wm) = 0. Then the following consequence of stationary phase method is valid:

M
/eiT(z1+51)q<Z) = Z(l + 0(1)) Z 7; }821 82P2LQ2;‘7“UW) ei’r(wm,1+ﬂ/m,1), (610)
v m m=1 825 m

where Qz(w,,) = m(wm)-

Proof of Lemma 6.3 (see [Fe], Th.2.1).

Jo
uy; = Ry f1. Then the following asymptotic estimate is valid

_ dd°\/o (1) _ A
Lemma 6.4. Let q = € C1{(X), suppq C X, f1 = i) C;(MR((:,ay)),
i=1

}/ex(z)q(z)ul(z)} = O(W’%), for Xe C: |X > const(V,{a;},0,¢),

AN+ A >6 >0, § for some sufficiently small 9.

Proof of Lemma 6.4. Using that {ai,...,a,} be generic divisor, from estimate
(3.7) (Lemma 3.3) we obtain inequality

S]up|C’( )| < const(V,{a;}) sup‘/eA dd\;_\/_—l—Qaln\/_/\@ln\/_) ( )|

Let € > 0 be small enough and B, = {z € X : dzl ’ < ¢}. Then

26 oy — L sex
dzy X o 1\22—wmk|

Let xi& € CM(X) be functions with properties (6.7). Using that ¢ € C®)(X),
= 17[/1715()(), d.ex(z) = Xex(z)dz, by integration by parts we obtain

‘/Xp z)ea(z \c/_\/_+281n\/_/\81n\/_) (2, )\)d 1()

const(V, o)
pA
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We have also directly

’/Xj(z)ex(z)(iddcﬁ—1—25111\/5/\6111\/_) (z,A)
X

7 £(2)

const(V,o)p.

These estimates with p = \/ﬁ and estimates for Faddeev type Green function
IRy 0 R(6(-,a;)| = O<I>\|+’€) from Theorem 4 of [He] imply statement of Lemma 6.4.

Proposition 6.1. Under conditions (6.1)-(6.4), for A =it : 7 € R, |[T9AGT)] > >
0, 0- small enough, the following formula is valid

| er@ontzin = [ a2l -

z€bX zeX

1—1—0(1)%1:7?2 dd®\/o | (w
T 2 Jodd¢|z|2'"V

(6.11)
1 (9P

>6iT(wm,1+wm,1)’ }_

Proof of Proposition 6.1 and Theorem 1.2B. From Lemma 3.1 we have equality
g
,u_1+R>\oR( q,u —|—R,\oR Z za] —1—|—u0+u1. (6.12)

Let § > 0 be small enough. Estimates of Lemmas 6.2, 6.4 and (6.12) give asymptotic
equality
—1+0(5)
= A
under conditions A € C: |\ > const(V,{a;},0), |AN)(1+[A])9] > > 0.
By Proposition 1.1, Ve > 0 we have inequality

(6.13)

lim, ,_[MA)|. = 5(e) >0, where MAN[.=  sup  [NAW|.
{N: NV =)\|<e}

So for any ¢ > 0 and any positive § < §(g) there exists r such that the set
{NeC: |AN)(1+|N\)Y] > 6 > 0} intersects any disque {\ : |X\ = N| < e}, with |A] > 7.
This property, Lemma 6.3 and property (6.13) imply Proposition 6.1.

Theorem 1.2B follows from Proposition 1. Indeed, stationary phase method permits
differentiation of (6.11) with respect to 7, keeping (in our case) terms of order 1. Differ-
entiation of the right-hand side of (6.11) gives for § = 0 the right-hand side of (1.12).

Theorem 1.2B is proved.

Remark 6.1. To obtain version of Proposition 6.1 with arbitrary generic 6 from
Proposition 6.1 with § = 0 it is sufficient to change coordinate system: z; = 21 + 6zo,
22 = Z9.
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Remark 6.2. Proposition 6.1 can be reformulated also as formula for reconstruction
of conductivity function from scattering data by (i7) and C; ¢(i7). Indeed,by formula (4.16),
we have

g
/ €ir,0(2)0p(z,iT) = =2 [Thy(iT)d + Z Cj,+(iT)eir0(aj),
bX j=1

where d is defined in section 1.

7. Proof of Proposition 1.1
For simplicity of presentation we give proof only for the case when V is algebraic curve
in C?. Proposition 1.1 will be obtained here as a corollary of the following statement.

Proposition 7.1. Let § € C\{61,...,0n}, 06 = 6(0) = iI}f‘@ -0, Vo ={2 € V:

|21] < 7o(8)}, m0(d) = Conj'%(v). Let {bm} be the points of V, where (dz+0dzy)|,, (bm) = 0,

m=1,...,M, and {a1,...,a,} be the points of generic divisor in V\Vy. Then V j, k =
1,...,9 and for A = ir, where 7 € R, large enough, such that |Ag(iT)| > 6 > 0, the
following asymptotic equality is valid

/ Ro(5(,a,)) A @r(€)ena(€) = —

1 Wk
iek’e(a])d& ¥ 0dé, (aj)—

_ _ 1
_T > " exp [Mbm,1 + 0bm2) = Mbm,1 + 00 2) | K; 1 (b, ) + O(W?)

where
Kjk(bm,a;) =
P 375 - 2
52 (0m) [P Ro (6 (b, aj)) A @ (bim)(1 + |6]%) (7.1)

82P(8P)2_ 92P 0P aP+%1P(8P)2|ddc|z|2‘v(bm)'

022 \9zy 0z10z2 Oza Oz1 dz1

Lemma 7.1. Let V\Vy = Uj_,V; be a curve with properties i)-iv) of section 1. Then
VO # 04,...,04 any point w, where (dz +9d22)‘v(w) =0, belongs toVp ={z €V : |z]| <
r0(8)}, where 74(8) = const(V) /9, § = mlin |0 — 6.

Proof of Lemma 7.1. For any point w € V\Vj, where (dz; +0dz2) ’V(w) = 0, definition
el - _%7
l=1,...,d, and property iii) of Section 1 imply for some | = [(w) equality

0 = (d=1 +0dz2)], (w) = [1+0(n + 2% +o(wi§))]d,zl:

(14090 + O(-p) ]z = 2 [(0 — 1) + O %)]dzl.

2
wy
This gives equality 9(1 + O( )) = 0;. This equality together with inequality |6 — 6;| > §

implies inequality |wq| < %\/%(V) =10(0).
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Lemma 7.1 is proved.
Let further

A.j={z€V: |z—qj| <¢e}, A = U?:1As,j7
Bep={2€V: |z—bn|<e}, B.=UM_|B. ..

Lemma 7.2 Let 79(5), 6 = () be as in Lemma 7.1. Let x?=, x®¢ be smooth
functions with properties

V\Ase — 0, |dx*|=0(

)7
).

M| = | =

0, |dxP|=0(

V\Ba.

Then for any € > 0 small enough we have By. N Ag. = {0} and V j,k=1,...,g

AFEN [ (1= = xPORG(E ) Aor(©enale) = O(55)
Eev

Proof of Lemma 7.2. By Lemma 7.1, any point b,,, where (dz; + 0dZ2>‘V(bm> =0
belongs to {z € V : |z| < ro}. Under the conditions of Lemma 7.2, any a; from

{a1,...,a4} belongs to {z € V : |z1| > ro(0)}, § = (0).
Then B N As. = {0} if € is small enough. From definition of Aé”]; and equality

ARy (0(c, aj))‘v\{aj} = 0 we obtain

ATE(N) = % / (1= x™ = xP)Ro(5(¢,a5)) A ex0(€) =

\%

W
d&y + 0dE;
- 3 X xRl 0) A enal6)-
v (7.2)

1
i
1[5, A, B\ _ wr(§)
iv/abc +X )R9(6<£7aj))/\ dgl+§deeA,9<£)+

lim / Re@(faag’))/\ﬁexe(@-
{6€V: |&1]=r}

From asymptotic estimates |Rg(d(€, a;))| = O(|d&1]) and |wi| = O(dé%), &1 — o0, and
1
property irllf |0 —0;] > 0 we obtain vanishing of the last term of the right-hand side of (7.2).

Property (d&; + Qdfg)‘V\B # 0 permits to integrate other terms of the right-hand

side of (7.2) by parts once more and to obtain statement of Lemma 7.2.
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Lemma 7.3 For any k,j € {1,...,9}, 0 ¢ {01,...,04} and any € > 0 we have the
asymptotic equality

1 @, 1

:e,\,g(aj)m(aj) + (p)

/XAE,jR9(6<£,aj)) Nwi(§)ero(€) = Y

14

_ Proof of Lemma 7.3. Integration by parts of the left-hand side, equality
OR(0(&,a;)) = (&, a;) and inequality (d&; +9d£2)‘,4 - # 0 imply statement of Lemma 7.3.
Lemma 7.4 Under the conditions of Lemmas 7.1, 7.2, VY6 > 0, 0 : iIllf 0 —0,] >4,

Vik=1...,g9,

o - 1
™ Z exp[)\(bm,l + Gbm,z) _ )\(bm,l —+ ebm’g)]Kj,k(bm7 aj) + O(W)?

where 0 = 0(b,,), m=1,..., M, and Kj ;(bm,a;) are defined by (7.1).

Proof of Lemma 7.4. This statement is consequence of the classical result of the sta-
tionary phase method [Fe], applied to the left-hand side, taking into account the following
equality for ey ¢(z) in the neighborhood of the stationary points b,,, € V, m=1,..., M,

ex0(2) = exp[A(bm.1 + Obm2) — Mbm.1 + Obm 2)] X exp[AA(22 — b 2)* — ANA(Z2 — b 2)?],

where

2 2 2
(5502 = 252520 + TE) (bn) (22 = bn2)2(1 + O(23 = by 2))
2(52) (bn) '

We use here 25, Zo as coordinates of integration.
Lemma 7.4 is proved.

A= —

Proof of Proposition 7.1. Proposition 7.1 follows from Lemmas 7.2-7.4.

In the proof of Proposition 1.1 we will apply also the following statement about ex-
ponential polynomials discovered by L.Ehrenpreis [E| and reinforced by C.Berenstein and
M.Dostal [BD].

Proposition 7.2. ([E], [BD]) Let Q(£) be an exponential polynomial

Q) =) ar(§e=+47,

E

k=1

where {qi} are polynomials of § = (&1,...,&,) € C", ap, = {ak,1,..., 000} € C",
k=1,....N.
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Let h(&) = max Re < ay,& >. Then Ve > 0 3 constant C' = C'(e,Q) > 0 such that

def 1
Q)] = sup Q)| > 5eh(§)‘
{f’GC: &' —¢|<e}

The final part of the proof of Proposition 1.1 consists of the following.
Proposition 7.1 and definition of Ay(\) imply asymptotic equality

A Wi
AMIAg(N) = det(—= -k
IA[7Ag(A) = det( N GE T 0d,

3 (aj)—
M 1 (7.3)
7> exp[Abm.1 + 0bm.2) = Abm.1 + Obm 2)| K (b a;)) + O(W),
m=1
where 3,k =1,...,9.
The determinant of the right-hand side of (7.3) is an exponential polynomial Q(\, \)
of the form

N —
QAN = qr(X, A)eror Ao, (7.4)
k=1

where A € C, ap, € C, k =1,..., N. Coefficient gz(\, ) of exponential polynomial Q(\, \)
and complex frequences {ay} depend on V, {a;}, 6, {b,}. Applying Proposition 7.2 to
the exponential polynomial (7.4) we obtain uniformly for A € C estimate

1 max Re (Ao —\ay) - 1

e’ = e (7:5)

The both inequalities of Proposition 1.1 follow from (7.3)-(7.5).

QAN >
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