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Abstract

In this paper, using the Brouwer topological degree, we prove
an existence result for finite variational inequalities. This ap-
proach is also applied to obtain the existence of periodic solutions
for a class of evolution variational inequalities.
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1 Introduction

It has been well recognised that variational inequalities offer the right
framework to consider numerous applied problems in various areas such
as economics and engineering. Throughout the paper we consider R
equipped with the usual Euclidean scalar product {-,-). We start by
considering a variational inequality VI(A, ¢} that is the problem of find-
ing T € R"™ such that:

(A@),v —Z) +¢(v) —¢(Z) 20, VveR"



In this formulation, A : R* — R" is a continuous map, ¢ : R® —» R is a
convex function. When the operator A under consideration is supposed
to be coercive, existence results for the problem VI(A, ¢) are well known
in the setting of reflexive Banach spaces. This study was initiated by
G. Stampacchia in the 60’s and we refer to the contributions of J.L.
Lions [15], Brézis [4] and Kinderlehrer & Stampacchia [12] for various
results and references therein.

In the first part of this paper we develop an original approach es-
sentially based on the use of the Brouwer topological degree to prove
some results related to the existence of a solution to problem VI(A, ¢).

Then, we study a first order evolution variational inequality, that

is a differential inclusion of the form: find a T-periodic function u €
C°([0, T]; R™) such that:

%’tﬁ(t) + Fu(t)) — £(t) € —Bp(u(t)), ae.t € [0,T],

where F : R® — R”™ is a continuous map, ¢ : R® — R is a con-
vex function, f € C°([0,+00); R™) is such that: % € L (0, +oo;R™),
T > 0 is a prescribed period and ¢ is the convex subdifferential oper-
ator. This problem is studied by means of a continuation method. It
is well known that the Brouwer topological degree plays a fundamental
role in the theory of ordinary differential equations (ODE). M.A. Kras-
nosel’skii [13], [14] and H. Amann [3], developed a continuation method
to compute this Brouwer topolgical degree associated to some gradient
mapping (called the method of guiding function). This approach was
useful for the study of the existence of periodic solutions for ODE’s.
Roughly speaking, if on some balls of R™ the Brouwer topological de-
gree of the Poincaré translation operator (see e.g. [17]) associated to the
ODE is different from zero, the problem has at least one periodic solu-
tion (for more details, references and possible extensions to the Leray-
Schauder degree, we refer to the monograph of J. Mawhin [17]). With
the emergence of many engineering disciplines and due to the lack of
smoothness in many applications, it is not surprising that these classical
mathematical tools require natural extension (for both analytical and
numerical methods) to the class of unilateral dynamical systems. It is
well known that the mathematical formulation of unilateral dynamical
systems involves inequality constraints and hence contains natural non-
smoothness. In mechanical systems, this non-smoothness could have its
origin in the environment of the system studied (e.g. case of contact)
in the dry friction, or in the discontinuous control term. Recently, new
analytical tools have been developed for the study of unilateral evolution
problems (see e.g. [1], [2], [7], [8], [9] and references cited therein). The
study of periodic solutions for evolution variational inequalities is also
important. The Krasnol’skii’s original approach for ODE, has known



some extensions in order to obtain continuation methods for differential
inclusions (see the article of L. Gérniewicz [10] for more details and ref-
erences). In the fourth section, we will be concerned with the existence
of a T-periodic solution u € C°([0, T]; R™) such that:

% € L=(0,T;R");
u is right-differentiable on [0, T');

u(0) = u(T);
(%(8) + F(u(t) — f(t),v — u®)) + o) — o(u(t)) 20,
Vv e R®, a.e.t€[0,T). (1)

Here F' : R™ — R™ is a continuous map, ¢ : R™ — R is a convex function,
f € C°([0, +oo[; R™) is such that: % € LL (0,+00;R") and T > 0 is a
prescribed period.

We prove (Corollary 5.1) that if F' and ¢ satisfy some growth condi-
tion (see (36)), then problem (1) has at least one periodic solution. This
approach is also applied to obtain the existence of a T-periodic solution
of a second order dynamical system of the form:

M(t) + Cq(t) + Kq(t) — F(t) € —~H102(HT 4(t), 2)

where ¢ € R™ is the vector of generalized coordinate, ® : R — R
is a convex function, M € R™*™ is a symmetric and positive definite
matrix, C € R™*™ and K € R™*™ are given matrices and H; € R™*!
is a given matrix whose coefficients are determined by the directions of
friction forces. The function F € C%([0,+00); R™) is such that 4 €
LL ([0,400); R™). The term H;9®(H{ ) is used to model the convex
unilateral contact induced by friction forces. The paper is organized
as follows: Section 2 contains some background materials on properties
of the Brouwer topological degree and the concept of resolvent operator
associated to a subdifferential operator. In Section 3, using an equivalent
fixed point formulation as well as the Brouwer topological degree, we give
some existence results for finite variational inequalities. In Section 4, we
introduce the Poincaré operator associated to problem (1). Section 5 is
devoted to the existence of a periodic solution of problem (1). In Section
6, we show that our approach could be applied to a special second order
problem (2).

2 Brouwer topological degree and the resolvent op-
erator P,

It is well known that the degree theory is one of the most powerful tool
in nonlinear analysis for the study of zeros of a continuous operator.



Let Q C R™ be an open and bounded subset with boundary 99 and
f € CHO;R?) N CO°(Q,R"). The Jacobian matrix of f at z € Q is
defined by f'(x) = (95, fj(%))1<i,j<n and the Jacobian determinant of f
at z € Q is defined by

Jr(x) = det(f'(z)).

We set
Ay(Q)={reQ : Jp(z) =0}.

Observing that if f~1(0) N Af(Q) = @ and 0 ¢ f(8N), then the set
f71(0) is finite. The quantity ). £-1(0) Sign (J¢(@)) is therefore defined
and is called the Brouwer topological degree of f with respect to 2 and
0 and is denoted by deg(f,2,0). More generally, if f € C°(Q;R"™) and
0 ¢ f(09), then the Brouwer topological degree of f with respect to Q
and 0, denoted by deg(f,2,0), is well defined (see [16] for more details).

In the sequel, the scalar product on R™ is denoted as usual by (-,-) and
||-|| the associated norm. For r > 0, we set B, := {z € R™: ||z|| < r}, and
respectively B, = {x € R" : ||z|| < r}, for the open (respectively closed)
unit ball with radius r > 0. As usual, we use the notation JB, to denote
the boundary B,\ ]ﬁ;r of B,, that is {x e R" : ||z|| = r}. If f : B, - R"
is continuous and 0 ¢ f(9B,), then the Brouwer topological degree of f
with respect to B, and 0 is well-defined (see e.g. [16]) and denoted by
deg(f,B,,0). Let us now recall some properties of the topological degree
that we will use later.

Pl. If0 ¢ f(0B,) and deg(f,B,,0) # 0, then there exist z € B,
such that f(z) =0.

P2. Let ¢ : [0,1] x B, — R";(\,z) — ¢(),z), be continuous such
that, for each A € [0,1], one has 0 ¢ (), 0B,), then the map A —
deg(y(A, .),B,,0) is constant on [0,1].

P3. Let us denote by idg~ the identity mapping on R™. We have

deg(’ian 5 ]B.,-, 0) =1.

P4. If 0 ¢ f(0B,) and a > 0, then
deg(cf, Br,0) = deg(f, By, 0)

and
deg(—af,B,,0) = (—1)"deg(f,B,,0).

P5. If 0 ¢ f(0B,) and f is odd on B, (i.e., f(—z) = —f(z), Vze
B,), then deg(f,B,,0) is odd.



P6. Let f(z) = Az — b, with A € R™*" a nonsingular matrix and
b € R". Then deg(f, A~1b+ B,,0) = sign(det A) = £1.

Let V € C*(R™; R) and suppose that there exists 7o > 0 such that for
every r > g, 0 ¢ VV(B,). Then deg(VV,B,,0) is constant for r > rg
and one defines the index of V at infinity “ind(V, c0)” by

ind(V, 00) := deg(VV,B,,0), Vr >r,.

Let ¢ : R™ — R be a convex mapping. It is well known that a) ¢ is
continuous on R™; b) For all z € R", the convex subdifferential of ¢ at
z is a nonempty compact and convex subset of R” and defined by:

Op(z) = {w €R™ : p(v) — p(z) 2 (w,v —u), YweR"}
c) For all z € R”, the directional derivative of ¢ at x € R™ in the
direction £ € R", i.e,

plz + of) — o(z)

! . .
¢ (2;¢) = lim

exists (see e.g. [11] page 164). Since the subdifferential operator 9y
associated to ¢, is maximal monotone (Brezis [5]), the operator (I +
Adp) 1 denoted by P, is a contraction eveywhere defined on R, that
is,

1Py o(@) — Pro@l < o —yll, Va, y €R™.

This operator P, is called the resolvent of order A > 0 associated to
Op and for simplicity, we note P, instead of P, , when the parameter
A =1 Let A:R®™ — R" be a continuous mapping and consider the
inequality problem: Find Z € R™ such that

(A(Z),v — %) + p(v) — (&) >0, VoveR" 3)

Clearly problem (3) is equivalent to the nonlinear equation: Find z € R"
such that
Z—P,(Z—A(z))=0. 4)

In view of property P1 recalled earlier, it is important to compute the
degree of the operator idg~ — P, o (idr~ — A).

Remark 2.1. If Z is a solution of problem (3), then
A@),6) +¢'(7;€) 20, VE€R™

Indeed, let Z be a solution of (3). Let £ € R™ and o > 0 be given.
Setting v = Z + of in (3), we get

(A(Z), o) + ¢(Z + of) — p(Z) 2 0.



Thus, for all a > 0, we have

(A(),€) + o(Z +af) — <p}(i) >0.

[0

Taking the limit as o | 0 we obtain
(A(Z), &) +¢'(7;:€) 2 0.

Example 2.1. Let ¢ : R — R be the function defined by
o(z) =|z|, VzeR.

1 if >0
Op(x) =< [-1,1] if =0

We have

-1 if z<0

and
z—1if z>1

Py(z) = (I +0p) ' (z) = {0 if ze[-1,1]
z+1 if z<-1.

D) a+8y)

P,
v idg - Ppo (idg~A)

Figure 1 Example 2.1
Setting A(z) = 2z, we get

z if |z|<1
z—Pyz—Alz))=¢2x-1if z>1
2c+1 if £ < -1,

We see that the operator idg — P, o (idg — A) has a unique zero on R.



Proposition 2.1. Let L > 0 be given and assume that the mapping
G : [0,L] x R* — R™ defined by (A, y) — G(\y) is continuous on
[0, L] x R™. Then, the mapping

A y) = Pro(G(My))
is continuous on [0, L] x R™.

Proof: Let {y,} C R and {\,} C [0, L] be given sequences converg-
ing respectively to y* € R™® and A, — A* € Rasn — +0co. We claim that
the sequence { Py, ,,(G(An,yn))} tends to Py« o(G(A*,y*)) as n — +oo.
Indeed, setting xn := Px,,o(G(An,¥n)) and z* := Px« ,(G(A*,y*)), we
have

(Zn — G(Ans¥n), v — Tn) + Anp(v) — Anp(2s) 20, Vv eR™ (5)
and
(& — GO, 57,0 — %) + Ao(v) — Np(z*) 20, VweR™.  (6)

Let us first check that the sequence {z,} is bounded. Indeed, suppose
on the contrary that the sequence {||z,||} is unbounded. Setting v :=0
in (5), we obtain

and thus
znl? < IGOn, go)lllznll + Anlp(0) — ¢(@n)].
It results that for n large enough, ||z,| # 0 and

|G (A )l An
+

As for n large enough, ”—;77” € (0, 1] we use the convexity of ¢, to obtain

1<

[p(0) — p(zn)]- (7)

‘p(H%Zﬂ) < mw(wn) + (1 - “:—n”)w(O)-
e (0)  o(za)
e <0 -e()

From (7), we get

1<

[ [zl



The sequence {H_::W} remains in the compact set 0B; and from the con-
tinuity of ¢, we derive that the sequence {cp(”—;ﬁ)} is bounded in R.
Hence,
o(feny)
n—too fzal
Taking now the limit as n — +oo in (8), we obtain the contradiction

1 < 0. The sequence {z,} is thus bounded. Setting v := z* in (5) and
v 1= Z, in (6), we obtain the relations

(@n = Gns Yn)y Tn — ) — Anp(2") + Anip(@n) < 0 (9)

and
—(* — G(A",y"), o — ) — Np(za) + XNp(z*) <0.  (10)
Thus
2 — 2*[1? < IG(An, yn) — GO, y")llzn — 2|l
0 = (@) + (O = An)p(an). (11)
Using the continuity of ¢ and the boundeness of {z,}, we get that the
sequence {((z, )} is bounded in R. Moreover ||G(An, Yn)—G(A*, y*)|| —
0and (A, — A*) — 0in R as n — +oo. Relation (11) yields that

Zn — z* in R™ as n — +-00. Hence the operator (A, y) — Py o (G(A,y))
is continuous, which completes the proof. |

Proposition 2.2. Suppose that A : R® — R"™ is continuous and ¢ :
R™ — R is a convex function. If there exists a continuous mapping
H :R™ - R™ and r > 0 such that

(A(z), H(z)) + ¢/ (z; H(z)) < 0, Vz € IB,. (12)
Then
deg(H,B,,0) = (—1)"deg(idr~ — P, (idg~ — A),B,,0).

Proof: Let h: [0,1] x B, — R™;(A,3) = A\, y) =y — Pro(y —
M(y)+ (1 — A)H(y)). Proposition 2.1 ensures that h is continuous. Let
us now check that A(\,z}) # 0, Vz € 0B,. Indeed, suppose on the
contrary that there exists z € B, and A € [0, 1] such that h(), z) =0,
that is

z = Py o(z — AM(z) + (1 - N H(z)).

We first remark that A # 0. Indeed, if we suppose, on the contrary, that
A =0, then z = Py(z + H(z)) = z + H(z). This yields H(z) = 0 which
contradicts assumption (12). Thus A > 0 and

(AA(z) — (1 — N)H(z),v — z) + dp(v) — dp(z) >0, VveR".



It results that (see Remark 2.1):

(M(z) — 1 - NH(),8) + 2 (;£) >0, VEE€R™
Setting £ := H(xz), we obtain

M(A(@), H(z)) + ¢'(z; H@)] 2 (1 - V]| H(z)|* 2 0,
which contradicts assumption (12). Therefore,

deg(idgn — P,(idgn — A), By, 0) = deg(h(1,.), By, 0)
= deg(h(0,.),B,,0)
= deg(idg~» — Py(idg~ + H),B,,0)
= deg(—H,B,,0)
= (~1)"deg(H, B,,0),

which completes the proof. O
3 Some existence results for finite variational inequal-
ities

As a direct consequence of Proposition 2.2, we have the following exis-
tence results for finite dimensional variational inequalities.

Theorem 3.1. Suppose that 1) A : R™ — R" is a continuous operator;
2) ¢ : R™ — R is a convex function; 3) there exists v > 0 such that

(Az),z) — ¢'(z;—x) >0, VzeIB,.
Then there exists T € B,. such that

(A(Z),v — Z) + p(v) —p(Z) >0, VveR".

Proof: Just apply Proposition 2.2 with H := —idr~. Indeed, here
we have

(Ax), H(z)) + ¢'(z; H(z)) = —(A(z),7) + ¢ (z; —2).
O

Theorem 3.2. Suppose that 1) A : R™ — R" is continuous; 2) ¢ : R® —
R is convex and Lipschitz continuous with Lipschitz constant K > 0, i.e.,

| o(x) —o(y) I Kllz —yll, Vz,y€RY;



3) there exists 1 > 0 such that
|A(z)|| > K, Yz e dB,,

and
deg(A,B..,0) #0.

Then there ezists T € B, such that

(A(Z),v—Z) + p(v) —p(Z) 20, VYveR™

Proof: Just apply Proposition 2.2 with H := —A. Indeed, we have

(A(2), H(z)) + ¢'(z; H(z)) = ~|A@)|I* + ¢ (z; —A(2))
< —lA@I* + K[ A@)]
= [[A@) (K = [ A=)]))-

Therefore,
(A(z), H(z)) + ¢'(z; H(z)) <0, Vz € OB,
Proposition 2.2 ensures that
deg(idrn— P, (idg»—A),B,,0) = (—1)"deg(H,B,,0) = deg(A,B,,0) # 0.

Hence, there exists Z € B, such that Z = P,(Z — A(Z)). The conclusion
follows.

Theorem 3.3. Suppose that
1) A:R™ — R" is continuous and there exists r > 0 such that
(Az,z) >0, Vz € IB, and deg(idgr~ + A, B,,0) # 0.
2) p:R™ — R is a convex function satisfying,
¢ (z;—z — Az) <0, Vz € dB,;
Then there exists T € B, such that |
(A(Z),v—T) + p(v) — p(Z) >0, VveR™

Proof: Just take H := —idg» — A in Propositioh 2.2. Indeed, we
have

(A(z), H(z)) + ¢ (z; H(z))
= —||A@)|I® - (A(z), z) + ¢'(z; —z — Alz)) <0, Vz € OB,.

10



According to Proposition 2.2, we have

deg(idg= — P,(idg= — A), B,,0) = (—1)"deg(H, B,,0)
= deg(idg~ + A, B,,0) # 0.

Hence, there exists Z € B, such that Z = P,(Z — A(Z)). The conclusion
follows. O

Corollary 3.1. Let f € R™ be given. Suppose that 1) A € R™*™ i3 a real
nonsingular matriz; 2) ¢ : R® — R is conver and Lipschitz continuous
with Lipschitz constant K > 0. Then there exists T € R™ such that

(AZ — f,v—Z) + p(v) —p(Z) >0, YveR"

Proof: The result is a consequence of Theorem 3.2 with A defined
by
A(z) =Az - f, VzeR"™

The matrix A is nonsingular and thus there exists ¢ > 0 such that
|Az|| > c||z|l, Vz € R™. Let us choose

r> max {EEVL g gy,

We see that if ||z|| = 7, then
IA@ = 1A=l — IfIl = ell=ll - [I£]| > K.
On the other hand, we remark that
h(\ z):= Az — Af #0, VA€ [0,1],z € IB,.

Indeed, suppose on the contrary that there exists A € [0,1] and z € 6B,
such that Az = Af. Then

lzll = XA < TATHF
and we obtain the contradiction r < ||A~1f||. Thus

deg(A. — f,B,,0) = deg(h(1,.),B,,0)
= deg(h(0,.),B,,0)

deg(A.,B,,0)

= sign (det A)

#0,

which completes the proof. O

11



4 The Poincaré operator

Let us first recall some general existence and uniqueness result (see e.g.

(18]).

Theorem 4.1. Let ¢ : R® — R be a convez function. Let F : R™ — R"™
be a continuous operator such that for some w € R, F +wl is monotone,
ie.,

(F(z) - F(y),z —y) > —w|z —y||?>, Vz, ycR"
Suppose that f : [0,+00) — R"™ satisfies

d
fe Co([0,+oo);]R"), d—‘i € Llloc(O,+oo;]R").

Let up € R™® and 0 < T < 400 be given. There exists a unique u €
CO([0, T); R™) such that

du € L>(0,T;R™); (13)
u is right-differentiable on [0,T); (14)
u(0) = uo; (15)
(B(t) + F(u) — £(2),v — u®)) + (v) - p(u(t) >0,
Yv € R™, a.e. t € [0,T]. (16)

Remark 4.1. Suppose that F' : R® — R"” is of the type
F(z) = Az + ¥'(z) + Fi(z), Vz €R",

where A € R™*™ is a real matrix, ¥ € C'(R™;R) is convex and F} is
Lipschitz continuous, i.e.,

[F1(z) — Fi(w)| < kllz —yl, Vaz,y eR",

for some constant k > 0. Then F' is continuous and F' 4 wI is monotone
provided that

w > sup (—Az,z) + k.
lzll=1

We note that if F' is k-Lipschitz, then F' + kI is monotone.

Remark 4.2. i) The variational inequality in (16) can also be written
as the differential inclusion

%(t) + F(u(t)) — f(t) € —9¢(u(t)), a.e.t €[0,T], 17

ii) Let u : [0,7] — R be the unique solution of (13)-(16). Then

<Z—1:(t) + F(u(t)) - f(t),§> + ¢ (u(t);€) >0, VEeR" ae.te(0,T).

12



Let T' > 0 be given. Theorem 4.1 enables us to define the one pa-
rameter family {S(t) : 0 < t < T} of operators from R™ into R”, as
follows:

Vy € R, S(t)y = u(?), (18)

u being the unique solution on [0, T'] of the evolution problem (13)-(16).
Note that
Yy eR", S(O)y=1y.

Lemma 4.1. (see e.g. [18]) Let T > 0 be given and let a,b € L'(0,T;R)
with b(t) > 0 a.e. t € [0,T]. Let the absolutely continuous function
w: [0,T] — Ry satisfies
dw
(1- Q)E(t) < a(t)w(t) + b(t)w?(t), a.e. t € [0,T)],

where 0 < o < 1. Then

t
wl=e(E) < wim(0)edo a()ds 4 / els s@dap(s)ds, vt e [0,T).
0

Theorem 4.2. Suppose that the assumptions of Theorem 4.1 hold. Then

IS(@®)y — S@)zll < e“*|ly — ||, Vy, z € R, € [0, T].

Proof: Let y,z € R™ be given. We have
(& st + F(Sw) - £2),5()z ~ )
—p(S(t)2) + ¢(S(t)y) < 0, ae. t € [0,T]

and

(£50)2+ F(3()2) - 1(0), S(t)z - 50w
—p(S(t)y) +¢(S(t)z) <0, a.e. t €[0,T).

It results that for almost every ¢ € [0,T] we have
d
(Z(S(t)2 - S(tw), S(t)z — S(t)y)

< wl|8(t)z — Syl ™ ([F + wI|(5(t)2)
= [F+wI(8(t)y), 5(t)z — S(t)y)-2

13



Since by assumption, F' + wl is monotone, it results that
d .
—15®2z = SOl < 20[5t)z - SE)y|* ae.te(0,T].  (19)

Using Lemma 4.1 with w(-) := ||S(-)z — S()yl|?, a(-) = 2w, b(:) = 0,
a =0, we get

IS(#)z — S@)ylI* < ll= — yl?e**, vt e[o,T].
The conclusion follows. a

Let us now consider the Poincaré operator S(T') : R™ — R"™ given by
y — S(T)y. Theorem 4.2 ensures that S(7T') is Lipschitz continuous, i.e.,

IS(T)y - 8(T)zll < e“Tlly — zll, Vy,z€R™

Remark 4.3. i) Note that if F' is continuous and monotone, then The-
orem 4.2 holds with w = 0. In this case, the Poincaré operator S(T') is
nonexpansive, i.e.,

I1S(T)y — S(T)zll < lly — 2l, Vy,z€R™

ii) If F is continuous and strongly monotone, i.e., there exists & > 0 such
that
(F(z) - F(y),z —y) 2 al|lz —y|I?>, Vz,y R,

then Theorem 4.2 holds with w = —a < 0 and the Poincaré operator
S(T) is a contraction.

According to (18), the unique solution of the problem (13)-(16) sat-
isfies, in addition, the periodicity condition

u(0) = u(T)
if and only if y is a fixed point of S(T'), that is
STy =y.

Thus the problem of the existence of a periodic solution for the evolution
problem (13)-(14), (16) reduces to the existence of a fixed point for S(T).

5 Periodic solutions

Definition 5.1. Let @ C R™ be a given subset of R®. We say that
V € C(R™;R) is a guiding function for (17) on Q provided that

(F(z) — f(£),VV(z)) + ¢'(z; VV(z)) <0, VzeQ,te[0,T]. (20)
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Remark 5.1. i) Suppose that there exists a guiding function
V € C1(R™;R) for (17) on 8B, (r > 0), i.e.,

(F(z) — f(t),VV(2)) + ¢'(z; VV(z)) <0, Vz € dB,,t € [0,T].
Then for any 7 € [0,T], we have
deg(VV,B,.,0) = (—1)"deg(idr~ — P, (idr~ — F + f(7)),B,,0). (21)

Relation in (21) is a consequence of Proposition 2.2.
ii) Suppose that there exists a guiding function V € C'(R™;R)
for (17) on
Qr:={zcR":|z| > R} (R>0).

Then for 7 > R and any 7 € [0, T], we have

ind(V, 00) = (—1)"deg(idgn — P, (idg~ — F' + f(7)), B, 0).

Proposition 5.1. Suppose that there exists R > 0 such that
(F(z) — f(t),VV(z)) <0, VzeR"|z|>R,te[0,T] (22)
Then for r > R and any 7 € [0, T}, we have
ind(V, 00) = deg(f(r) — F,B,,0).
Proof: Let r > R be given and let h : [0,1] x B, — R™ be the
mapping defined by (A, y) — h(A,y) := AVV (y) + (1 — N)(f(0) — F(y)).

We claim that h(\,y) # 0, Vy € 9B,,A € [0,1]. Indeed, suppose by
contradiction that

AVV(y) + (1 = N(f(r) - F(y)) =0
for some y € 8B, and A € [0,1]. Then
MVV(y), f(r) = Fy)) = =1 = NI f(r) - F)I*. (23)
If X = 0, relation (23) implies that f(7) — F(y) = 0, and since y € 0B,
and r > R, we derive a contradiction from relation (22). Hence, A # 0

and relation (23) yields (VV (y), f(7) — F(y)) < 0 and a contradiction
to (22). Thus,

deg(VV,B,,0) = deg(h(1, .),B,,0) = deg(h(0,.),B,,0)
= deg(f(7) — F, By, 0). 0
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Theorem 5.1. Suppose that f € C°([0,+00); R™) and % € LL (0, +oo;
R™). Let ¢ : R® — R be a convezr function. Let F : R” — R™ be a
mapping satisfying the conditions of Theorem 4.1. Suppose that there
exist constants cy >0, ¢ > 0,¢c3 >0, C1 >0, C2 > 0 and a function
W e CHR™;R) such that

cl||:1:[[2 <W(z) < 63“.’13”2, Yz € R®, (24)

cl| VW (z)|2 < W(z), VzeR™ (25)

and

(F(z), YW (2))+¢ (55 VW (2)) < CLIVW (@)|2+Cl VW @), Vs € R™.
(26)
Let T > 0 be given. Assume that there exists a (guiding) function

V € CY(R™;R) and R > 0 such that

(F(z)—f(t), VV(2))+¢ (z; VV(2)) <0, VzeR",|z|| > R,t€[0,T]
(27)
Then there ezists ro > R such that for any 7 € [0,T], we have

deg(idgn — S(T)(-), By, 0) = deg(idgn — P, (idg= — F + (7)), By, 0)
= (-1)"ind(V,00), Vr >rp.

Proof: Let us first remark that without any loss of generality, we
may assume that Cy > 0. We set

Ve 2_1_T \/0202 2_1_ /
= c; c 1 20

(1) We claim that if y € R™, ||y|| = r with r > g, then
IS@)yll > R, Viel0,T].

Suppose by contradiction that there exists t* € [0, T] such that ||S(t*)y|| <
R. We know that u(.) = S(.)y satisfies (17), i.e.,

B (0)+ P) - 1) € ~Op(t)), ae.te0,T],  (28)
and thus
)+ F(u(t" ~0)— (" ~1) € ~dp(u(t*~1), ne.t € [0,1°]. (29)
Setting

Y (&) = u(t* —t),t € [0,t"],
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we derive

—%(t) (Y (t) - f(t" —t) € —0p(Y(2)), ae.t € [0,¢*].  (30)
Thus, for every v € R™ and almost every t € [0,t*], we have
o) =Y (1) +( ~ L), 0-Y () 2 (~F () + £ ~1),0-Y ().
Hence,
(B 0),€) < (P @)1 1), 840 (Y (1:8), VEER™, ne.te [0,]
Set v = VW (Y (¢)) to obtain

(L0, VW ¥ ) < (P (1) - £ ~0), WY (1)
+¢' (Y (); VW (Y (1))
< VWY @) + Co VW (Y @)

+7E = DIIVW X @)

< —q—W(Y(t)) + % W(Y (1)

+—||f(t* -HilvW (I (t)), ae te][0,t"].

NG
Thus,
C Ca
LW () < Sor N AL
+T||f(t*—t)||\/ (Y (2), aete 0,

Using Lemma 4.1 w1th w(-) == W(()), a(-) := 262 b(-) == 21%(02 +
| £(¢* = -)|I) and o := , we obtain for every t € [0,t*]

VW) < VOO + [ 0t

£
+ / F(t* = s)ems s,
A \/—II ( )|

Thus, for every t € [0,*]

err (%) gg

C, & (t—

i
Y@l < _(\/C_3||Y(0)||e22 +/ G G-y,
+/ Tl = ol ).
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Since Y'(¢*) = u(0) = S(0)y = y and Y(0) = u(t*) = S(t*)y, we get

]. " C . t* C c *_8
lyl < —=(vVesllSEullem" + [ e ~gs

2,/02
o L1 (1 —g)
+ —|If(t" — s)|leZ2" "*ds
| gl - )
3 Sir  JceCa, Sip
<R 2 2¢ 1
Ve Vel )
1 T sy
2c: = .
o | 1@l ds = o

Hence, |ly]| < 7o, a contradiction. Let r > r¢ be given.
(2) We claim that there exists € > 0 and 7™ € (0, T such that
(F(z) — f@), VV(y)) + ¢'(2; VV () <0,
Vz e R",y € R [yl =, |z -yl <e,t €[0,T7].

Indeed, recalling that the mapping (2,£) — ¢'(2;£) is upper semicon-
tinuous (see e.g. [11]), we note that the mapping (¢,z,y) — (F(z) —
(), VV(y)) +¢'(z; VV(y)) is upper semicontinuous on [0, 7} x R* x R™
and if y € R", ||y|| = r > rog > R then (by condition (27)):

(F(y) — f(0), VV(y)) + ¢ (y: VV(y)) < 0.

Thus, for ¢ > 0 close to 0, let us say ¢t < T* and z closed to y, let us say
[z —y|| <&, e >0, small enough , we have

(F(z) - £(0), VV()) + ¢'(z; VV (y)) < 0.

(3) We claim that there exists T € (0, T*) such that
ISOy -yl <e, VycoB, Ve,

Indeed, by contradiction suppose that there exists sequences {t,} and
{yn} witht, € [0,Z] (n € N,n > 1), ||yn| = r and such that ||S(tn)yn—
Ynll > €. Taking a subsequence, if necessary, we may assume that ¢, —
0+ and y, — y* € IB,.. On the other hand, we have

1S En)yn — ynll = 1S(En)yn — S(tn)y™ + SEn)y™ — yal
S8 En)yn = SEa)y" [l + (1SE)y™ — yal.-

Then, using Theorem 4.2, we obtain

1S(tn)yn — ynll < v eZwtn ||y, — Y+ 1Sty — Ynll-
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Using the continuity of the map ¢ — S(t)y, we see that ||S(tn)yn —yn| —
0, a contradiction.

(4) Let Hp : [0,1] x Cr = R% (A, y) = Hp(\,y) =y — (1= N)VV(y) —
S(AT)y. We claim that the homotopy Hy is such that 0 # Hz (), y),Vy €
dB,,A € [0,1]. By contradiction, suppose that there exists y € R",
lyll = r and A € [0,1] such that

y—(1-NVV(y) —S(AT)y =0.

Then _
SAT)yy—y=-(1-NVV(y)

and thus
(SOT)y ~y, VV(y)) = -1 - NIVV(»)I* < 0. (31)
On the other hand, we know that

(2 5ty ~ S0 + o) ~ 0(SO))
> (—F(S®)y) + f{&),v ~ St)y),Yv €R?, ae. te[0,T]. (32)

Thus
2 50, VV@)) + ¢ (@ YV W)
2 (-F(S@)y) + f(t), VV(y)), ae,te[0,T].
Therefore,

< /0 - %S (s)yds, VV(y)>

2T
> [ (-F(SE) + 16, IV ) ~ ¢/ (S V@) do.
0
Part (1) of this proof ensures that ||S(t)y|| > R, V¢t € [0,AT] c [0,T].
Part (3) of this proof garantees that ||S(t)y — y|| < e, Vt € [0,AT] C
[0, 7). Then using part (2) of this proof, we may assert that the map s —

(F(S(s)y) — f(s),VV(y)) + ¢'(S(s)y; VV (y)) is upper semicontinuous
and strictly negative on [0, AT]. Thus

AT
/0 (—F(S(s)y) + £(5), VV (1)) — & (S(s)y; VV ())ds > 0

and we obtain

_ M g
SOy -1, 9V@) = ([ S(ewds, V(@) >0.
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This contradicts relation (31).
(5) Thanks to part (4) of this proof, we may use the invariance by ho-
motopy property of the topological degree and observe that

deg(idg~ — S(T)-,B,,0) = deg(Hz(1,-),B,,0)
= deg(Hr(0,), B, 0)
= deg(~VV; B, 0)
= (—1)"deg(VV,B,,0).

(6) Let H:[0,1] x B, = R™; (\,y) = H(\,y) := y— S((1 - \)T+ XD)y.
We claim that H(\,y) # 0, Vy € dB,,A € [0,1]. By contradiction,
suppose that there exists y € R™, |ly|| = r and A € [0,1] such that
y=8((1 = A)T + AT)y. Let us set h:= (1 — \)T + XT. We have

y = S(h)y
and thus,
V(y) = V(S(h)y). (33)
On the other hand,
<%S(t)y, v=S(t)y) + ) - P(St) (34)

> (—F(S@ty)+ fit),v—S@)y), YwveR" ae, te[0,T].
Thus,
(S5, IV (EOW) + ¢ (SOy; YV (S@))
> (—F(S@®)y) + f(t), VV(S(#)y)), ae., t€0,T]. (35)
Part (1) of this proof ensures that ||S(t)y|| > R, Vt € [0,T]. The map
s (F(S(s))—1(5), VV (S(s)y)) +'(S(s); VV(S(s)y)) is upper semi-

continuous and (by condition (27)) strictly negative on [0,7]. Thus,
using (35), we obtain

V(S(h)y) — V(y)

/ ZV(S(s)y)ds
= /0( S(s)y, VV(S(s)y))

v

h
/0 (—F(S(s)) + £(s), VV(S(s)w)

—¢'(8(s)y; VV(S(s)y))ds
>0
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This contradicts (33).
(7) Thanks to part (6) of this proof, we may use the invariance by ho-
motopy property of the topological degree and see that
deg(idgrr — S(T)-, B,,0) = deg(H (0, ), B,,0)
= deg(H(1,-),B;,0)
= deg(idg» — S(T)-, B, 0).
In conclusion, for all r > g, we have
deg(idg» — S(T)-, Br,0) = deg(idr~» — S(T)-, By, 0)
and _
deg(idg~ — S(T)-,B,,0) = (—1)"deg(VV,B,,0).
Thus
deg(idg» — S(T)-,B,,0) = (—1)"ind(V, 0).
Finally, for any 7 € [0, T, we have also (see Proposition 2.2 and Remark
5.1):
(—1)™ind(V, c0) = deg(idg» — P, (idg~ — F + f(7)),B,,0).
O
Corollary 5.1. Suppose that f € C°([0,+00); R™) and £ € LL (0, +oo;

loc

R™). Let ¢ : R® — R be a convez function. Let F': R™ — R™ be a map-
ping satisfying the conditions of Theorem 4.1. Suppose in addition that
there exist constants C1 > 0,C3 > 0 such that

(F(2),2) + ¢'(z;2) < Ci|z]|* + Cellzll, VzeR™ (36)

Let T > 0 be given. Assume that there exists V € C1(R™;R) and

R > 0 such that
(F(z)—f(t), VV(z))+¢'(z; VV(z)) <0, VzeR" |z| > R,t€[0,T].
(37)

and

ind(V, 00) # 0.

Then there exists at least one u € C°([0, T|; R™) such that ‘fi—'t‘ € L*>~(0,T;
R™),
u(0) = u(T); (38)

<%:—(t) + F(u(®)) — f(t),v— u(t)> + o(v) — p(u(t)) >0,
Vv € R", a.e., te[0,T). (39)
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Proof: We may apply Theorem 5.1 with W (z) = 1||z||2. It results
that for r > 0 large enough, we have deg(idg~ — S(T)-,B,,0) # 0 and
the existence of a fixed point for the Poincaré operator follows from the
existence property of the topological degree. O
Corollary 5.2. Suppose that f € C°([0,+00); R™) and %’% € Li (0,
+o0;R™). Let ¢ : R™ — R be a convex and Lipschitz continuous func-
tion. Let F' : R™ — R"™ be a mapping satisfying the conditions of The-
orem 4.1. Suppose in addition that there exists ® € CY(R™;R) such
that

ind(®, 00) # 0.
F(z) = V®(z), VzeR"?

and
allz)? < el VO(@)|® < ®(x) < calzl|?>, VzeR™

for some constants ¢; > 0, ca > 0 and c3 > 0. Let T > 0 be given.
There ezists at least one u € C°([0, T|; R™) such that & € L>(0,T;R"),

u(0) = u(T); (40)
(‘é—ﬁ(t) + F(u(t)) — f(t),v - u(t)> + ¢(v) — p(u(t)) > 0,
Vv € R", ae., t€(0,T]. (41)

Proof: We may apply Theorem 5.1 with W = & and V = —®.
Indeed, let K > 0 denote the Lipschitz constant of ¢. We have

(F(z),W(2)) + ¢ (z; W(2)) = |[Ve(2)|* + ¢'(z; VE(z))
<||Ve(z)|? + K[| Ve(z)|, V=ze€R"

Moreover, let C := K + maxeo,1} | f(t)|| and R > %\/—E‘E We have
(F(z) - f(1),V(2)) + ¢'(z;V(2)) = —|VO(@)|* + (£ (), VE(2))

o' (z; - Ve(x))
< —IVe()|? + C||Ve()|

C
< —eillal®+Cy/ el
€2
C3
< llzl(Cy/2 - alla|)
2

<0,vz € R",|z|| > R,t € [0, T].

a
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Corollary 5.3. Suppose that f € C°([0,+o0);R™) and % € L} (0,
+o00;R™). Let ¢ : R™ — R be a convez and Lipschitz continuous function
and let T > 0 be given. Let A € R™*"™ be a real matriz and denote by

o(A) the set of eigenvalues of A. If
Re(A) >0, VAe€o(4)

then there exists at least one u € CO([0, T|; R™) such that % € L>(0,T;
R"),

u(0) = u(T); (42)

() + Au(t) - £(2),v — u(t) ) +0(v) — o(u(t) 2 0,
Vv € R", a.e., t€[0,T]. (43)

Proof: Our assumption Re(o(4)) C]0, +oo| together with Lyapunov’s
Theorem ensure the existence of a positive definite matrix G such that

GA+ATG =1
Let us now define V € C1(R™;R) by

Viz) = —%((G +GT)z,z), VzeR™
Then
VV(z) = —(G + Gz,
and
(Az,VV(z)) = —(Az,Gz) — (Az,GT )
= —(z, ATGz) ~ (GAz,z)
=~ sl

If we set C = (maxyepo,7] || f(8)|| + K)||G + GT|| and if K denotes the
Lipschitz constant of ¢, then we have

(Az—f(t), VV (@))+¢'(z; VV (2)) < ~||z[*+C|lz]l, Yz eR™te[0,T].

Thus, for R > 0 large enough, condition (37) is satisfied. It is also clear
that condition (36) holds (see Remark 5.2) and that all assumptions of
Theorem 4.1 are satisfied. Moreover

ind(V, 00) = ind(G + GT, 00) = sign det(G + GT) # 0,

since G + G7 is positive definite and thus nonsingular.
The conclusion follows from Corollary 5.1. a
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Remark 5.2. Suppose that ¢ : R® — R is Lipschitz continuous with
Lipschitz constant K. Then,

i) If F has a linear growth, i.e., there exist ¢; > 0 and ¢z > 0 such
that

1F()| < ezl +¢2, VzeR",

then condition (36) of Corollary 5.1 holds with C; = ¢; and Co = 2+ K.
ii) If (F(z),z) <0, Vz € R", then condition (36) of Corollary 5.1
holds with C; =0 and Cy; = K

Examples 5.1. i) Let F : R®™ - R™ and ¢ : R™ — R defined by
F(z) =z and ¢(z) = ||z||,z € R™.

‘We have
(F(z),z) + ¢'(z;2) < ||l||* + |||

Hence condition (36) of Corollary 5.1 is satisfied with C; = Cy = 1.
ii) If we take F(x) = —z and ¢(z) = ||z||, then
(F(2),2) + ¢'(z;2) < ~2|® + [lz] < |j]-

Hence condition (36) of Corollary 5.1 is satisfied with C; = 0 and Cp = 1.

6 Second order periodic dynamical system with fric-
tion

Let us consider the following second order dynamical system with pe-

riodic conditions: For (go,go) € R™ x R™, we consider the problem

P(qo, go) of finding a function t — ¢(t) (¢ € [0,T]) with ¢ € C1([0, T}; R™),
such that:

?q _ o -
7l € L*(0,T;R™), (44)
%(tl is right-differentiable on [0, T, (45)
q(0) = ¢(T') and ¢(0) = ¢(T), (46)

dt2 (t) +C (t) +K(q(t))—F(t) € H16<I>(H1T 2 (1)), a.e.t €0, T].

(47)

In this problem ® : R! — R is a convex function, M € R™*™ ig a sym-

metric and positive definite matrix, C € R™*™ and K € R™*™ are given

matrices and H; € R™*! is a given matrix whose coefficients are related

to the directions of friction forces. The function F € C°([0, +o00); R™)
is such that £ € LL (([0, +-00); R™).
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The second order dynamical system (47) is useful for the study of
many problems in unilateral mechanics. Indeed, the motion of various
mechanical systems with frictional contact can be studied within the
framework of equation (47). For such problems m is the number of
degrees of freedom, M is the mass matrix, C is the viscous damping
matrix and K is the stiffness matrix. The vector ¢ € R™ is the vector
of generalised coordinates. The term H;0®(HY -) is used to model the
unilaterality of the contact induced by the friction forces.

Since the matrix M is symmetric and positive definite, then problem
(47) is equivalent to the first order variational inclusion:

{j;(t) + A(z(t)) — f(t) € —0p(a(t)),
z(0) = z(T),

where the vector x = <:;) € R™ (n = 2m) and the matrix A € R"*" is
defined by

A= (M—O%’”I?&—% Mr%g}(\:.rn*%) ’ “8)
with
D - () (). @

_ Ome
s0)= (%) (50)
and the convex function ¢ : R" — R is defined by
(@) = (2 0 Hf M~%)(z2). (51)

In this case, let us observe that the subdifferential of ¢ is given by:

De(z) = (6(@0[—?1?]\)(41_%)(:1:2)) - <M‘%H18(<)I>"(L;I11TM—%31:2)> - (52)

Tt is clear that A is continuous and A+wl,, xr is monotone provided that

w > sup (—Az,z). A direct consequence of Corollary 5.3, we obtain an
llzfl=1
existence result for second order periodic systems.

Theorem 6.1. If the function ® is convezx and Lipschitz continuous and
Re(o(A)) C|0,+oo[, then there ezists at least one g € C*(0,T;R™) such

that £4 € L>(0,T;R™) satisfying (46)-(47).
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Remark 6.1. We note that the conclusions of Theorem 6.1 hold under
the key assumption ® is convex and Lipschitz continuous. Let us now
give a counterexample when @ is convex but not Lipschitz. Let us take
m=1,9%:R->R, z— ®z)=2, M=C =K =H; =1 and
F(t) = —t, Vte]0,1]. The differential inclusion (47) then reduces to

G(t) +24(t) +q(t) = ¢,
{ q(0) = ¢(1), (33)
4(0) = 4(1).

We let the reader check that problem (53) has no solutions.

Example 6.1.
Let us take m =1, @ : R = R; z — ®(x) = |z|. In this case, we
have
0®(z) = Sign(z)
where

-1 if z<0
sign(z) .= ¢ [-1,+1] if =0,
+1 if z>0.

We consider the following problem

m(t) + cq(t) + kq(t) — F(t) € —Sign(4(t), t € [0, T,
q(0) = ¢(T), (54)
4(0) = 4(T),

with F € C°([0, +oo[;R) such that 2F € L{ ([0, +oo[;R). The matrix

A in (48) is given by
A= (g ;1) .

We suppose that m, ¢, k> 0 and we set A = T%— - 4% and we have

(% - YR, = +Y8}  if ¢ 2% m,
o(A) =
{5 -G8 | = 15} if ¢ < 2ky/m.

We note that in both cases Re(c(A)) C]0, +oo[ and hence by Theorem
6.1, problem (54) has at least a solution.
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