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Abstract

We construct a sequential adaptive procedure for estimating the autoregressive
function at a given point in nonparametric autoregression models with Gaussian
noise. We make use of the sequential kernel estimators. The optimal adaptive con-

vergence rate is given as well as the upper bound for the minimax risk.

Key words: Adaptive estimation, kernel estimator, minimax, nonparametric autore-

gression.
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1 Introduction
Our problem is the following. Suppose we observe data from the model :

where x;, = k/n and (§)req1,....ny are random variables independent and identically dis-
tributed by standard Gaussian.

The model (1) is a generalization of an autoregressive processes of the first order.
In PDahlhaus] ([9964), the process ([-1]) is considered with the function S, having a para-
metric form. Moreover, the paper of Dahlhaus] ([9960) studies spectral properties of the
stationary process ([[.1) with the nonparametric function S. Belitser | (B0004) considers
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the model ([[1]) with Lipschitz conditions and proposes a recursive estimator. The author
establishes the convergence rate for quadratic risk.

This paper deals with a nonparametric estimation of the autoregressive function S at
a fixed point zy €]0; 1[, when the smoothness of S is unknown. More precisely, we assume
that the function S belongs to a Holder class with unknown regularity 0 < $ < 1. Note
that for 5 = 1 this gives the class of Lipschitz functions, considered in Belitser ] (R0004]).

The goal of this paper is to find an adaptive minimax convergence rate and to construct

an adaptive estimate.

Many studies is devoted to the minimax convergence rate or an asymptotically efficient
estimator in adaptive non sequential setting, i.e. when one or more parameters of the
model are assumed to be unknown, in particular, the regularity of the function. The
first result in this direction is obtained in [LCepskiT's| ([990)), where the author proposed an
adaptive pointwise estimation method for the Gaussian white noise model. He constructed

an adaptive estimation procedure which is minimax for functions from the Holder classes
with unknown regularity. [Galtchouk and Pergamenshchikoy] (001]) modified the Lepskii’s

method for the sequential adaptive estimation for the drift of the diffusion processes.

In this paper, similarly to Galtchouk and Pergamenshchikoy] (200T]), we apply the Lep-

skil procedure to the model ([[.1]) based on the sequential kernel estimates. We construct

the sequential kernel estimator using the method proposed in [Borisov_and Konev] ([[977)

for the parametric case. It should be noted that to apply the Lepskii procedure the kernel
estimators must to have the distribution tail of the Gaussian type. To obtain this property
one needs to use the sequential approach. To this end we show some modification of the
Levy theorem for discrete time and then, using this result, we show that the sequential
kernel estimators have the the same form for the distribution tail as a Gaussian ran-
dom variable. It should be noted that non-sequential kernel estimation does not have the
above property in the case of the model ([[.T). Thus, in this case, the adaptive pointwise
estimation is possible only in the sequential framework.

Let we describe now the sequential kernel estimators. For a constant H > 0, we define
ay, 0 <ay <1, such that

Ty—1
Z Q(U]) y]2'—1 + gy Q(uTH> y72—H71 = H7
j=1

where the kernel Q(-) is the indicator function on the interval [—1;1], and 7, is the

stopping time defined as follows:

k
mh=inf{l<k<n:) Qu)y; ,>H}. (1.2)
j=1



Note that
Tj — 20

hn

k
A, = Z Q(uj)y?_l with  u; =
j=1

Thus the kernel estimator is written as follows:

Ty—1
* ]' <
SH,hn(Zo) - (Z Q(u)) yj—1 y; + ag Q(UTH)?JTH—1 ?/TH> 1g >m) (1.3)

j=1
Such an estimator is very convenient to calculate the quantity E[S}, , (z0) — S(20)]-

We describe in detail the statement of the problem in section 2. In section 3 we prove
the result of an asymptotic lower bound of adaptive minimax risk. Section 4 is devoted
to proving the asymptotic upper bound for the risk of the kernel estimator ([.3). Section
5 gives the appendix which contains some technical results. Finally, we illustrate the

obtained results by numerical examples.

2 Statement of the problem

The problem is to estimate the function S at a fixed point z, €]0, 1], i.e. the value S(z,).
For any estimate S, = Sn(zo) (i.e. any measurable with respect to the observations
(Yk)1<p<n function), the risk is defined on the neighborhood HP) (2, K, ) by

Ru(5)= s s N(B)Egl, () - S(a0)l (21)
BE[B;B*] SEHB) (2y,K ¢)

B/(28+1)
where N(f) = (L)

Inn
on class H¥(z,, K,¢) and Eg is the expectation taken with respect to the distribution

corresponds to the convergence rate of adaptive estimators

P of the vector (y1, ..., y,) in ([.T) corresponding to the function S.

We consider model ([[.]) where S € C,([0,1],R) is the unknown function. To obtain
the stable (uniformly with respect to the function S ) model ([Z]), we assume that for
some fixed 0 < € < 1, the unknown function S belongs to the stability set

I'.={5€Ci(0,1,R): ||S|| <1 —¢€}, (2.2)

where [|S]| = supy.,<; [S(x)|. Here C,]0,1] is the Banach space of continuously differ-
entiable |0,1] — R functions. For fixed constants K > 0 and 0 < 8 < 1, we define the

corresponding stable local Holder class at the point 2, as

HPD (2, K,e) ={S €T, : Q*(2,5) < K}, (2.3)
with




The regularity 8 € [B,; %], is supposed to be unknown, where the interval [3,; 5*] is
known.
First we give the lower bound for the minimax risk. We show that with the convergence

rate N(f) the lower bound for the minimax risk is strictly positive.

Theorem 2.1. The risk [2.1) admits the following lower bound:

lim inf inf R,(S,) >

n—oo Sn

e~ =

where the infimum is taken over all estimators S,..

Now we give the upper bound for the minimax risk of the sequential adaptive estimator
defined in ([.3). Since § is unknown, one can not use this estimator because the bandwidth
h, depends on . That is why we partition the interval [3,; 5*] to follow a procedure of
Lepskii. Let us set

d —n/lnn and mm:(%)%“. (2.4)

n

We define the grid on the interval [3,; £*] with the points :

k
B = B, + E(B* -6, k=0,...,m with m=[nd,]+1. (2.5)
We denote N, h;, S; and w(h;) as

N, = N(Bk)a hy, = h(ﬁk)v SZ = S}},h,

and

A
h,)= R S el I
) = e, (19,55 577
We also define the optimal index of the bandwidth as

~ _ A
k:mf{Ogjgm:w(hj)zﬁ}—l. (2.6)

J

We note that w(h,) = —A/N; and thus % > 0. The positive parameter, A, is chosen as

/ 4
A> K 4 )
> K +e +2ﬁ*+1

The adaptive estimator is now defined as

S, =Sy; with h=hy. (2.7)

The following result gives the upper bound for the minimax risk of the sequential adaptive

estimator defined above.



Theorem 2.2. For all 0 < e < 1, we have

limsup R, (S,) < co. (2.8)

n—o0

Remark 2.3. Theorem[2.] gives the lower bound for the adaptive risk, i.e. the convergence
rate N(B) is best for the adapted risk. Moreover, by Theorem [2.3 the adaptive estimates

(R.7) possesses this convergence rate. In this case, this estimates is called optimal in sense
of the adaptive risk (B.1)

3 The lower bound

We show that with this appropriate rate, N(/3), the lower bound of minimax risk is strictly
positive.

Proof of Theorem R.1]

To simplify notations, we denote N(5,) = N, N(p*) = N* and h(f.) = h..

We choose S as .
_ Yy— %o

where V' is a function of C* class with compact support [—1, 1] such that

/_11 V3 (u) du =

and satisfying V' (0) = 1 and V(u) = 0 for |u| > 1.
It is easy to show that for all real K, large enough, S € H#)(z,, K, ¢). Note that for

all S, the measure Pg is equivalent to the measure P,, where Py is the distribution of

6* - 6*
2+ 1)(28. + 1)

2o |

with (=

vector (y1,...,y,) in ([[.J]) corresponding to function Sy = 0. It is also clear that in this
case, the density of Radon-Nikodym can be written as

P,

= dPS<y17"'7yn)




We define
7(S) =1 — S*(2). (3.1)

According to Lemma p.Z, we obtain

. dy o . I = (Te—20)\ o
Ps— lim = o =FPs— lim, <nh* Hv( )0

1
since 7(5) =1 — Nz
Furthermore, using a central limit theorem for martingales (cf. Lemma [.G), it is easy

to see that under the measure Pg,
n, = N(0,1) when n — oco.

In fact, we can rewrite 7, as follows :

with

1 Tr — 20
n — V — .

Let us consider the first condition of lemma [.g. To verify this, it suffices to show that

Eg Y Es(uf n1u., >0 Fi-10) — 0.

k=1
We have
Eq Y Bg(ui oo Fiotn) = Y B (U} 1,52 (3.2)
k=1 k=1
1 K Ty — 2
_ 2 k= ~0 2 2
o gf nh* kzzk 4 ( h* ) ES<yk—1 fkl(\ukn|>€)>7
where
k.= [nzo —nhy,)+1 and k" = [nz + nh,], (3.3)



with

Eg(s1 1 0uc,050) < \/Bs vl Bs&y/Ps(lugal > ©)

/1
< A/ Es y1371 ESS}% g ES Ui,n
Esvi 1 & < Csy
nh, - \/nh*’

where C and C, are constants independent of n. So the term in (B.2) is bounded above
by

<

" Cy <. 1
By D Bo(ufLu, o0l Fiora) € o0 D~ (3.4)

k=1 k=kx«

where C is a new constant and as n — oo, (B.4) tends to zero.

The second condition is easily verified

- 1 u T — 2
> By (07 = o 0 V2 (%) B

Let us denote 6, = N,|S |. We have

R, (S) = max (Eg, N'[3,|, Es N.|3, — S(z0) )

N*
= max (ESO A 0., Eq|1 — 9n|)

1 N*  dP,
> = 16, =2 - .

*

N
We set v, = N We can rewrite (B.5) as:

Rn(§n> > - Eg (’Vnpn ‘9n| + |1 - en‘)

N | —

Let B, = {n, <0} and C, = {9 ¢2 < B}. Clearly, when B, N C, is realized, we have



The right-hand side of this inequality tends to co as n approach oco. This means that for

n sufficiently large,

1

5 Es 18,00, (Y o [0n] + [1 = 6n])
1

> 5 Es1pnc, (6n] + 1 — [6a])

= S Py(B.NC,). (3.6)

v

Since,
Py(Bn N Cr) = Pg(By) — Py(B, N C7),

dy
Po(B, N C5) < Py(CE) = Py( ™6, 2 )

and

S

do s B
n n—oo 2

hence

n—oo

As Py(B,) = 1/2, we deduce that P¢(B, N C,) — 1/2.
n—oo
Passing to the limit as n — oo in (B.6), we obtain the desired result. O

4 Sequential adaptive estimation (upper bound)

Proof of Theorem
We proceed by following a method based on sequential analysis. First, we rewrite the

estimation error as follows:

S}k{,h<Z0) — S(20) = —S(20) Log <oyt By(h) Loy >y + \/% Cer(h) Lg >my> (4.1)
where
5 (Z Q) (S(zy) — S(0)) 1 + gy Qlu,, ) (S, ) — S<ZO>>y3H1>

and

1 Tr—1
Cr(h) = \/—E (Z Quj) yj—1 &+ ag Qu TH)yTH—1§7H>'



Note that the first term in the right-hand side term of () is studied in Lemma p.3. We
can show directly that for every S € H¥(z,, K, ¢)

|By(h)| < Kh” (4.2)
and also, using Lemma p.J we have

sup sup Eg|Cy(h)] < oo, (4.3)

n>1 h, <h<h*

where h, = h(5,) and h* = h(3*). Now, we choose H = nh and

t=inf{k >0 : 5, >} —1.

This means

/BL < 6 S 6L+1 and hL < h(ﬁ) S hL+1 '

In the sequel, we denote S} (z0) = S}, (20). We have now

1
1S5 (20) = S(20)| < L4, (nynny + K (h(5,))7 + N € (h,)]

o,

and
. 1
|ShL_1(ZO) — S(z)| < 1(An(hL_1)<nhL_1) + K(h(@q))ﬁ + \/ﬁ |Cer (1)l -
Inequality (fJ) implies

limsup sup N(B) sup Egw(t,zy) <oo, (4.4)
n—oo B, <BIB* SeHB) (24,K )

where

w(t,29) = 15, (20) = S(20)| + 15 (2) = S(%)]-

L

Now considering the estimator §n7 one has
15,(20) = S(2)| < [ + L + (e, %), (4.5)

where

I, = Su(z) — S(z)1 and I, = |S,(z) — S(z)|1

{k>1+1} {k<1—2}

We focus now on the left-hand side in this inequality. We have

[Sn(z0) = S(20)|Ls,i1y < 1S5(20) = S5 (20) Lizsasny + 155, (0) = S(Z0)|L sy -



Moreover,

A
(20)] Ly = w<hE)1{E2L+1} + N
¢ +1

S2(z0) — S

h

> %

< il - n A < 2\ < 2\
AL trzr) N~ Ny = N(B) .
This implies directly that
limsup sup N(p) sup Ejl, <. (4.6)
n—oo B, <BIB* SE’H(*B)(ZO,K,E)

We establish now a bound for the right-hand side of ([L.5):

1 *
I, < (1(An(h;;)<nh,;) + K(h(B))" + —==¢ ) L2y

nhz,

where
* h). 4.
¢ Jnax |Car, (hy)] (4.7)
Note that .
{k<v-2y=J {wh) = A/N,} .
j=1

Moreover,

{w(h;) = N/N;} = U {‘SZJ.(ZO) - S;:l(zo)‘ > AN; + )‘/Nl-i-l}

< U (1157, (20) = 5(z0)| = AN UIS;, (2) — S(z0)| 2 AN}
=0
(4.8)

also for j <1 —1,

Ind
N.(h.)? < . n__ 1<
]( j) —eXp{ (26*+1)m}_
Forl<.,-1 L d
n
Ny (By)P < GXP{—M} <1
and
N, Ind

>exp{——"} =¢".
I1+1 m

In the first set on the right-hand side ([.§), by Lemma .9 we prove that for n sufficiently

4
large and for A > K +e,/4 + m, we have

10



1

N
c L lulhy)| = /iy (o~ K (1))
\ ( )}

J

155, (20) = S(z)| 2 A/N;} © {K(hj)ﬁ + [Cn () = A/Nj}

We also have (1/d,)?/?%+D \/nh = \/n/d, so that the last inclusion becomes

{155, (z0) = S(z0)l = A/N;} € {|¢n(hj)| > (A — K) dﬁ} ,

Similarly for the second set on the right-hand side in ({.§), we obtain

{185,60) = Steoll = MV} € {1l = 3= Ky [}
Finally,
{k<e=2)C{¢" =M Vn/d,},
with A, = (A — K))/e. So one has

K 1
Iy < Y(a,(n)<nn;) + +

N(B) ~ /nh, C Lgoon, /Ty

(4.9)

Using Lemma p.9 for ¢ > 2, one can easily estimate the first term on the right-hand
side of inequality ([.9) by

P (A, () < nhy, k=1)

NE

Po(An(hy) <nhy) =

=1

NE

P5<An<hl) < nhl)

o~

1

NE

P, (% /_11 Q(u)du + A, (Q, hy) < 1)

=1

NE

P, (AN(Q,hl) <1- %)

=1

NE

Pg ([An(Q, h)| > 1)

o~

1

By A%(Q. 1) < ([lnd,] +1) C, B (h*)*".

NE

~

1

11



Consider now the last term in the right-hand side of inequality ([.9). We have

+o0o
Es (" liesn, vimn) :/0 Pg(C" Ligoa, vimmy 2 2) dz

+oo
:/ Py(C* > 2,¢" > A\ Vinn) dz
0
+o0

:)\1vlnnPS(C*2)\1vlnn)+/ P,(C" > 2)dz.

M Vinn
Using ([.7) and Lemma p.5, we have

Pg(C" > 2) = Pg( max |¢u(hy)] = 2)

1<j<m
= Py(|u(hy]) > 2)
j=1
< 2me /8,

Then,

400
E,C"1,,. = < 2mA Vinne sM M 4o, e F1%dz
s {¢*>X; VInn} 1 A ViR
+oo
< QmAlvlnne_%)‘iln"Jer ze ¥ /¥ dz

A Vinn
< (Al Vinn + 4) omn /8,

which implies inequality (2.§). O

5 Appendix
In this section, we study the properties of stationary processes in the model ([L.1]).

Lemma 5.1. For allt € N* and 0 < ¢ < 1, the random variables in (1)) satisfy the
following :

r* =sup sup sup Esyit < 00. (5.1)
n>1 0<k<n Sel',

Proof.
Assume that yo = 0. Model ([[.T]) becomes

H S(x) &,

1 I=i+1

k
Y =
1=



with S € I'_ and for all 1 <k <n,

2t

k
< (Do (-
7j=1

Moreover, the Holder inequality, with p = 2t gives

2t—1

k k
e < D (=)t Y (1—eg)fer
j=1 j=1
N
- k—j ¢2t
<(1)  [Xa-ore
j=1
Thus, it follows that
2
u o (20 (1
Bsve = 9 \2)

and we get the desired result. [

Let us introduce the following notation :

A, (f,h) = Z flur)yi 1 — 7_(15) / f(u)du.

-1

Lemma 5.2. Let [ be a function twice continuously differentiable in [—1,1], such that
f(u) =0 for |u| > 1. Then for all t € N¥,

1
limsup sup sup ——— sup E,A*(f,h) <C,, (5.2)
n—o0o  h.<h<h* Rso IP2LR2P ||f||1<R SEMB (20,K,¢) 5T !

where |[fll, = [ +IfIl and Oy = 24K (r*).

Proof. First, write

> fwyi, =T, +a,, (5.3)
k=1
where
k* k*
T,=> flu)y} and a,=> (f(w)— flu,_)y; = flue)y;.
k=k. k=k,

for the integers k* and k, defined as in (B.J). Substituting into model ([[.1]) gives us

k*

T, = L,(f) + ) flu)S* @)y, + M,

k=k«

13



where
k*

L(f)= Z fluy) and M, = Z fluk) (25(xn) o1& + )

k=k«
with 7, = & — 1. Noting that
k*

Cp= Y (S%(wx) = 5%(20)) flur) yioy and Dy = flug) (W1 — v2) ,

k=F,

we obtain . AL -
— T = n —n A4
whm T 78) nh (S nh (5.4)

with H, = M+ C, + S%(z) D,,. Moreover, it is easy to see that

L) _ [ - [ 1
L — [ f)dt + flug)dt — [ f(t)dt
nh /_1 kz:k* /u,c_1 /—1

=§1£3ﬂw%f@%+éjj@ﬁ_[p@ﬁ.

Recall also that ||f| + || /|| < R. Then

k* 1
2w - [ o

k=k.
The definition in (B]]) implies that for any S € I'_,

R
< —.
~ nh

e <7(5) < L. (5.5)

Taking into account (f.3) and the lower bound for 7(.S) given in (p.5), we prove that

%—T(S)/lf(t)dté (—+—+—+—). (5.6)

22 \nh  nh ' nh ' nh

We note that M, is the last term of the square integrable martingale (G,), <j<k+, where

Gi=> flu) 2S(x)ye-1& + m) -

k=k«

So, by applying the Burkholder inequality, it comes

E 1M2t<A§§E e 25 Qt
s(% n) = (k) s kzzk*f(uk)( (2x) Yr—1 &k + 1)

R o5 %
< Agi (’nh)tJrl ES Z (2 S<xk> Yr—1 Sk + nk)
k=Fk.

R o o ((2OV (L (28)!
Sl M o \ & ) L)

14




where A,, = 18(2t)*%/(2t — 1)¥/2 and r* is given in (B1)). Since, |S(zx) — S(z0)| <
K|z, — 20|? for all S € HP (29, K, ) and after applying the Hélder inequality for p = 2t
and ¢ = 2t/(2t — 1), we obtain

k*

. 2t/q
1
EyC2 < <Z (S (ax) — SQ<ZO>>|q1|ng1) > P w) Byl
ks k=k.«

(nh)? (nh)?

S 24t RZt K2t (T*)2 thﬁ )

Now, consider the last term in the right-hand side of inequality (F-4). D,, can be written
as
k*
Dy= 3 ((flw) = Flw-1) 47y + Flun) vy = ) 93
k=k.

Since ||f|| + || f]| < R, we have

k,*

1

Eg D < 2"7? R¥E; <% >yt +y,‘§i_1)> < 2% R (r*)?.
k=k.

Similarly we find a bound for the second term in the right-hand side of the expression

(B-2). Hence we have Lemma p.2. O

Lemma 5.3. For any t > 1, the stopping time 1 defined in ([.3) satisfies the following
property: for H = nh
Py(ti > n) < C,(Rh)*”

where C| is defined in (B.9).

Proof.
Taking into account that 7(S) < 1, we obtain
1 H
Py(ty >n) = Ps(ﬁ ;Q(Uk) Vi1 < %)

_p, (7(15) /11 Qu)du + A (O, ) < 1)
(

2
A (Q,h) <1— m)

<Pg(|AL(Q,h)] > 1) <EGAX*(Q,h) < C, R* h*7.

:PS

This last inequality comes from Lemma p.3 O

To prove Lemma p.5, we need the following lemma proved in [Liptser and Shiryaev |

(I973) p.234-235.

15



Lemma 5.4. Let the Wiener process W = (Wy, Fy),t > 0, be given on a probability space
and let there also be given the random process f = (fi, Ft), t > 0, such that :

T
(1) P(/ ffdt<oo):1, 0<T < oo,
0

(2) P(/OOO ffdt:oo):L

Then the random process z = (z,,I,), s > 0, with z, = [[* fydW,, T, = F., where
7, = inf(t : fot f2du > s), is a Wiener process and with probability one
t
udWoy,
lim 7‘[0 tf 5 =0
Lemma 5.5. For all z > 2 and H > 0, one has
Py(|Cu(h)] > 2) <2675 (5.7)

Proof. The Brownian motion, (W;):>0, is a stochastic process whose disjoint increments
are independent as Wy, s—W,, follows a Gaussian distribution with zero mean and variance

s. So in our case, we can write
fk = Wk — Wk,1 ~ N(O, 1)

We recall that

1 T—1
Cyp=—F#= (Z Quj) yj—1& + ay Qu, )y, 1 & ) La >my
\/ﬁ pu H H H z
Thus,
Ps(ICul > 2 14 sm) = PsICul > 2,14 o)) = Py(|Cyl > 2, Lia >m):
where
i | [Tl
h) = — 0k + Q- 07 &-
CH( ) \/ﬁ(% kgk T Hé-H)
and
Fy—1
d o+ a. 62 =H,
H H
k=1

k
Fy =inf{k>1:) 6> H}.

j=1

16



One can see that

~ 1 TH
PGt > 2) =Py (= | [ awi] > <),
where .
fi = Z 5;- 1[]71,j]<t)

j=1

with
r ~ ..
R

0 J>Ty

Indeed,
- i Py
JRRETED S TR SEATERN
0 j=1 Ji-1 j=1
Py F—1
=D 06 =D 06+ an b, &
j=1 j=1
We set .
DA TRYIO

j=1

with
5" = Jan 6, G=u
0 J> Ty,

which yields,

By lemma [.4, we obtain

1 [T
?7 \/ﬁ/(]‘ gt t ( )

17



Then,

>z
2

>3) e (7 [ -

z 1 z
2) +Ps (= v, - an 6, 2

IA
w

n

=
v

IA
w

95}

=
Vv
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As 7 is a standard Gaussian random variable, we can write for all z > 2,

\n\ > \/7/ e dt
/2
+oo
< \/?/ te t2qt = \/26_22/8.
T 2/2 T

We can also express the second term on the right-hand side of (B.10) as

(6,0 5) B e (e )

+oo
=Y Ps(lal > 5) Pslia =1
=1

2 2 o 2 2
< (]2 %8 P73 =) = \/i —2%/8
= \/;e E Py(7y =1) ¢

So for any z > 2, (B.10) implies

(7

0
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Lemma 5.6. ([Helland)], [T981, pp. 80-82)
Let (ukn)i<k<n be a "martingale difference” defined on a probability space (2, F,P) and

filtrations {Fyn, k € N} of F, n € N* such that uy.p, is Fyn-measurable. Assume that the

following two conditions are satisfied:

n

(1) Z E(u? L (jup | 5) [ Fr—1,n) ﬁ 0, forall >0,
k=1
(2) > E@} | Fe1n) —— 1.

n—00
k=1

Then,
Zuk,n — N(O, 1)
k=1

6 Numerical simulations

We illustrate the obtained results by the following simulation which is established using
Scilab.

The purpose is to estimate, at a given point zg, the function S defined over [0; 1] by
S(x) = |z — 2|?. We check that such a function belongs to H¥(z,, K,e) when K > 1.
The values of zy and 8 are arbitrary, which permit the user to name his choice. As an
example, take zy = 1/4/2. Then 3, = 0.6 is a lower regularity value and 8* = 0.8 is the
higher regularity value.

We simulated n data for the function S(x) = |z — 2|® for 8 = 0.7. We obtained
an estimation in constructing the estimator S, defined in (B.7]) with the procedure of
Lepskil which gives us the optimal window for the index k defined in (£6).

Numerical results approximate the asymptotic risk of a sequential estimator defined in
(R.7) used due to the calculation of an expectation (it performs an average for M = 15000

simulations) and the finite number of observations n. Here we calculate for the sequential
M
1 N
i i S (k) —
estimator the quantity R,, = kgl 157 (20) — S(20)].

By varying the number of observations n, we obtain different risks listed in the follow-

ing table:

n 100 | 1000 | 5000 | 10000
R, | 0.284 | 0.154 | 0.101 | 0.087

When taking § = * = 1, we obtain

n 100 | 1000 | 5000 | 10000
R, | 0.201 | 0.097 | 0.058 | 0.047
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