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THE NONLINEAR SCHRODINGER EQUATION WITH WHITE NOISE
DISPERSION

ANNE DE BOUARD AND ARNAUD DEBUSSCHE

ABSTRACT. Under certain scaling the nonlinear Schrodinger equation with random dispersion
converges to the nonlinear Schrédinger equation with white noise dispersion. The aim of this
work is to prove that this latter equation is globally well posed in L? or H'. The main
ingredient is the generalization of the classical Strichartz estimates. Additionally, we justify
rigorously the formal limit described above.

March 19, 2010

1. INTRODUCTION

The following nonlinear Schrédinger equation with random dispersion describes the propa-
gation of a signal in an optical fibre with dispersion management (see [fl],[H]):

d
(L.1) { A em()ouw + 2P =0, 2 € R, 10

v(0,z) = vo(x), z € R.

Recall that in the context of fibre optics, = corresponds to the retarded time while ¢ corresponds
to the distance along the fibre. The coefficient em(t) accounts for the fact that ideally one
would want a fibre with zero dispersion, in order to avoid chromatic dispersion of the signal.
This is impossible to build in practise and engineers have proposed to build fibres with a
small dispersion which varies along the fibre and has zero average. The case of a periodic
deterministic dispersion has been studied in [RJ] where an averaged equation is derived. This
averaged equation is then shown to possess ground states (see [RJ] for the case of positive
residual dispersion, that is when m(t) has positive average over a period, and [[L5] for the case
of vanishing residual dispersion). Note that in this periodic setting, the nonlinear term is not
of size €2 as such a nonlinear term would have no effect on the dynamics, the equation studied
in 7] has in fact the coefficient € in front on the nonlinearity.

In this article, we consider the case of a random dispersion, i.e. m is a centered stationary
random process. As will be clear from our study, only a nonlinearity of order €2 is relevant
in this context. In order to understand the limit as the small parameter ¢ goes to zero, it is
natural to rescale the time variable by setting u(t,z) = v(%) and we obtain

d 1 1
(1.2) zd—z +-m <6—2> Opztt + [ul>u=0, z €R, t >0,
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2 A. DE BOUARD AND A. DEBUSSCHE

This model has been initially studied in [[[7] where a split step numerical scheme is proposed
to simulate its solutions. Under classical ergodic assumptions on m, it is expected that the
limiting model when e goes to zero is the following stochastic nonlinear Schrédinger equation
with white noise dispersion

{ idu 4 09Oz o df + [ulPu=0, z €R, t >0,

(1.3) u(0) = ug, = € R,

where 8 is a standard real valued Brownian motion, o = 2 fO+OOE[m(O)m(t)]dt, and o is
the Stratonovich product. In [[7], the cubic nonlinearity is replaced by a nicer Lipschitz
function so that the limiting equation can be easily studied using the fact that the evolution
associated to the linear equation defines an isometry in all L? based Sobolev spaces. It is
shown that the nonlinear Schrodinger equation with white noise dispersion is indeed the limit
of the original problem and this result is used to prove that some numerical scheme produces
good approximation result for a time step significantly higher than . Again, all this study is
performed for an equation where a nice Lipschitz function replaces the power nonlinearity.

Our aim is to address the original equation with power nonlinearity. In fact, we study the
more general equation for o > 0:

idu + 02 AuodB + |ul*udt =0, z € RY t >0,
u(0) = ug, = € R%

Note that the sign in front of the nonlinear term |u|?u is not important here, as it can be
changed from +1 to —1 by changing 8 to —f8 and u to its complex conjugate. Also, we will
assume without loss of generality that O'g =1.

We recall that the usual nonlinear Schrodinger equation

{ i0pu + Au+ |u|*?u =0, z € RY t >0,

(14) u(0) = ug, € R4

preserves the Hamiltonian

1 1
H(u):a/ |Vu|*dx — 5 +2/ |u|?7 2 dz.
Rd (o Rd

However, the varying dispersion destroys the Hamiltonian character of the equation. On the
mathematical point of view, this implies the loss of the a priori estimate provided by the
energy H and no a priori estimates in H' are available. On the contrary, the mass, equal
to the square of the L? norm is still preserved. Thus, a L? theory is necessary to get global
solutions. For equation ([.4), such a theory is possible thanks to Strichartz estimates which
imply ultracontractivity of the linear group (see [H], [[3, [[4], [R1]). We prove in Section 3
that Strichartz estimates can be generalized to the equation with white noise dispersion. This
allows to construct local in time solutions for o < 2/d, in L? or H', in section 4. Then in
section 5, the conservation of the mass is used to prove global existence. Also, we prove that
regularity is preserved so that if the initial state is H', then the L? global solution is a.s.
continuous in time with values in H'. Finally, in section 6, we show that Marty’s method
to prove convergence of solutions when ¢ goes to zero is easily generalized once the previous
results are obtained.

In [[7 some numerical simulations are given. It would be very interesting to do a more
general and systematic numerical study on the equations considered here. For instance, the
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influence of the random dispersion on blow-up phenomena could be investigated (see [f], [,
[[LQ] for such a study with different noises), eventhough this phenomenon is not present in fibre
optics.

We finally note that all the results stated in Section 2 would still hold with a nonzero but

small residual dispersion, i.e. if equation ([[.])). is replaced by

d
zd—j + em(t)Dppv + 2V0,v + 2v|?v =0, z €R, t > 0,
U(Ow%') - ?}0(1’), r €R,

where v € R is a constant. In this case, of course, the limit equation ([L.3) should be replaced
by

idu + 090zt 0 dB + VOpeu + [ulPu =0, z €R, t > 0,
(1.5)
u(0) = ug, z € R,

All the analysis made in the present paper applies to the above equation, the only difference
being in the proof of Proposition B.d (see Remark B.§). However, the study of the complete
model where residual, periodic and random dispersions are taken into account is more delicate,
and will be the object of further studies. We refer to [[J] for results on the complete model,
using the physicists “collective coordinates” approach.

2. PRELIMINARIES AND MAIN RESULTS

We consider the following stochastic nonlinear Schrédinger (NLS) equation

{ idu + Auwodf + |ul??udt =0, 2 € RY, t >0,

(2.1) u(0) = ug, = € RY,

where the unknown u is a random process on a probability space (€2, F,P) depending on ¢t > 0
and z € R%. The nonlinear term is a power law. The noise term involves a brownian motion
[ associated to a stochastic basis (2, F,P, (:)¢t>0). The product o is a Stratonovich product.
As usual, we do not consider this equation but its formally equivalent It0 form:

(2.2) z'du—i—%AQudt—l—Audﬁ—i—\u]%udt:O, zeRY >0,
u(0) = wp.

Note that, formally, the L?(R?%) norm of a solution is a conserved quantity. However, the time
dependent dispersion destroys the Hamiltonian character of the classical Nonlinear Schrodinger
equation and there does not exist an energy here. We study this equation in the framework of
the L?(RY) based Sobolev spaces. We also use the spaces LP(R?) to treat the nonlinear term
thanks the Strichartz estimates. In order to lighten the presentation, we use the following
notations

H: = H(RY), L2 = LP(RY), p > 1,
and, when the time interval I does not need to be specified or is obvious from the context:
LiL, = L'(I; LP(RY), r,p > 1.

Note that, in all the article, these are spaces of complex valued functions. The norm of a
Banach space K is simply denoted by | - |x. When we consider moments with respect to the
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random parameter w € ), we sometimes write
Li(K) = LP(; K), p > 1.

For spaces of predictible time dependent processes, we use the subscript P. For instance
L5 (Q; LP(0,T; K)) is the subspace of L"(€2; LP(0,7; K)) consisting of predictible processes.
We will denote associate conjugate exponents using “prime” upperscripts, that is if p > 1,
then p’ is such that 1—1) + I% =1

Our first main result is the following.

Theorem 2.1. Assume o < %; let ug € L?E a.s.be Fy-measurable, then there exists a unique
solution u to (B) with paths a.s. in L}, (0,00; LP(RY)), with p = 20 +2 < r < Aot .

loc do
moreover, u has paths in C(R*; L2), a.s. and

[u()rz = |uolzz, as.
u also has the additional integrability properties :
o uc L (0,+00;L>®(R)) a.s. for any p <4 ifd=1.

loc

e uc L (0,400; LY(RY) a.s. for any (p,q) with 2 < q < d2Td27 and 2 < p < ﬁ if

loc

d>2.

If in addition ug € H}, then u has paths a.s. in C(R*; H}).

Remark 2.2. In the case % <oc< ﬁ (or % <o <+4o0ifd=1 or2), it is possible to prove
a local existence result of solutions with paths a.s. in C([0,7]; HL) provided ug € H}, using
similar argument as those used in the present paper, but with a cut-off at fized time in L2°+2
norm (see Section 4 for the necessity of the use of a cut-off). However, because no energy
conservation is available for equation (R.2), only in the case o < 2/d global existence may be
obtained, thanks to the conservation of L?> norm and Strichartz estimates.

The result of Theorem P.1] is used to justify rigorously the convergence of the solution of the
random equation ([.7) to the solution of (B.4) with o = 1, d = 1. In order to state the result
precisely, we assume the following.

Assumption 1. The real valued centered stationary random process m(t) is continous and

2
such that for any T > 0, the process t — € fg/e m(s)ds converges in distribution to a standard
real valued Brownian motion in C([0,T]).

Let us recall classical conditions on m ensuring that the above Assumption 1 is satisfied.
This holds e.g. if m is a Markov process with a unique and ergodic invariant measure and its
generator satisfies the Fredholm alternative; for instance, m can satisfy Doeblin’s condition.
Assumption 1 also holds under some mixing conditions on m. We refer to [{], [L1], [L6], [
and [[Lg] for more general and precise conditions.

To our knowledge, Strichartz estimates are not available for equation ([.3). Hence we cannot
get solutions in L2(R). Since the equation is set in space dimension 1, a local existence existence
result can be easily proved in H!(R) but since no energy is available we do not know if the
solutions are global in time. In the following result, we prove that the lifetime of the solutions
converges to infinity when ¢ goes to zero, and that solutions of ([.J) converge in distribution
to the solutions of the white noise driven equation (P.3).
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Theorem 2.3. Suppose that m satisfies the above assumption. Then, for any ¢ > 0 and
ug € HY(R), there ewists a unique solution u. of equation (.J) with continuous paths in
H(R) which is defined on a random interval [0,7-(ug)). Moreover, for any T > 0

lim P(7.(up) <T) =0,
e—0

and the process u:l, -y converges in distribution to the solution u of (B.9) in C([0,T]; H*(R))
for any s < 1.

3. THE LINEAR EQUATION AND STRICHARTZ TYPE ESTIMATES

It is important to understand the properties of the linear part of equation (R.J). Indeed,
in the case of the deterministic NLS equation, the linear part possesses ultracontractivity
properties which are extremely helpful to solve the nonlinear equation (see for instance []).
We use below this equation starting from an initial data at various initial times. We therefore
consider in this section the following stochastic linear Schrédinger equation:

({Mu+Auoﬂ%:Qt2&

(3.1) u(s) = us.

We interpret this equation in the It6 sense and consider the following equation which is formally
equivalent to (B.)):
. (e -
(3.2) zdu—|—§A udt+ Audf =0, t > s,
u(s) = us.
As was noticed in [[7], we have an explicit formula for the solutions of (B.1)).

Proposition 3.1. For any s < T and us € S'(R"), there exists a unique solution of (B.)
almost surely in C([s, T|;S'"(R™)) and adapted. Its Fourier transform in space is given by

a(t, &) = e EPBEO-FE) g (¢), t > s, € € RY

Moreover, if us € HZ for some o € R, then u(-) € C([0,T]; H]) a.s. and |u(t)|ge = |us|mo,
a.s. fort>s.
If us € L., the solution u of (B.1) has the expression
1 /‘epG |z — yl”
xp [ §—t 7
(4im (B(t) — B(s))¥? Jra 4(B(t) — B(s))

Proof. The proof is the same as in the deterministic case (see for instance [RQ]). It suffices to
take the Fourier transform in space of equation (B.2). O

(3.3) u(t) = S(t,s)us := ) us(y)dy, t € [s,T).

Proposition 3.2 leads to the following spatial estimates for the solution S(¢, s)us.

Lemma 3.2. For any p > 2 and s < t, S(t,s) maps Lgl into LY and there exists a constant
C) depending only on p such that

C
’S(t7 S)us’Lg < - lil)’us‘Lzﬁ for any us € L.
P

1B(t) — B(s)| "2



6 A. DE BOUARD AND A. DEBUSSCHE

Proof. It is easily seen from (B.J) and a density argument that S(t,s) is an isometry on L2.
Thus, the result is true for p = 2 with Cy = 1. Also, for p = oo, we obtain the result from (B.d)
with C = W. The general result follows from the Riesz-Thorin interpolation theorem. [

Lemma B.J is the preliminary step to get Strichartz type estimates. Contrary to the classical
deterministic case, we cannot immediately deduce from Lemma 3.2 space-time estimates on
the mapping f — [, S(:,s)f(s)ds. This is due to the fact that formula (B-3) defining S(t, s)u
is not in terms of t — s and the Hausdorff-Young inequality for convolution cannot be used here
in order to get estimates in time. We need the following result.

Proposition 3.3. Let a € [0, 1), there exists a constant c,, depending only on o« such that for

any T >0 and f € L3 (Q; L*(0,T))
2 g 2
d oL YE d
t) <c (/0 ()] 8)

¢ </0T ([ war=seree)

Proof. The result is clear for o = 0 so that by an interpolation argument, it suffices to consider
the case a € (1/2,1). Let us write

([ osrions) = [ [ el

|f s1)||f(s2)]
/ / [B() — Bs1)|2[B(2) — Blag)]a o201

Since f is adapted, and |3(t) — S(s1)| is independent of F;,, we may write

T t 1 2
=y </0 B0~ B (5)'d5> a
| f(s1)]|f(s2)] ods
g / / I o P TR e e R e

[ [ <</ T B ) Ve ) drsnt

where pp = N(0,t — s1) is the law of 5(t) — B(s1). We have

2

1
/R @z T (B(s1) — Bl )

1 1 7‘%‘31
- (2 (t — 51))"/2 R’m\a!x—i—(ﬂ(sl)—ﬂ(sQ))’ae =0 d

1 . 1 _laf?
et I 5]
(t — 81)1/2

We need the following Lemma.
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Lemma 3.4. Let o € (1/2,1), there exists a constant c, depending on « such that for any
YER, v#0,
6_# Ca|7|1_2aa |7| € (0?1)’
| s
R Ca, 7] > 1.

Proof. By symmetry, we may assume v > 0.

For v € (0,1), we split the integral on the disjoint intervals (—oo,—1), [—1,v + 1] and
(v + 1,400) and majorize the integrand to obtain

ac\2

e 2 1 2 v+l 1 © g2
[PoTYp——r 3/ 6_2d$+/ ﬁdﬁﬁ/ e vdu
R |7|¥7 — 7| o 1 |m|¥a = 41

< Alm20 /%M_l 1 dy + (2m)1/?
- Sty — 1oy + g

1
< 2912 max / dy; (2m)Y/? ) .
Ry = 3l°ly + 3l° 2

For v > 1, we have

_ =
(& 2
——dx
/R 2|z — ]

1 of? 1 12 1 [t 1
22 J(—oo = Hud v-HuG+E,00) 2% Sy || 2% Jyp le =1l
(2m)1/2 2
< 52a dx + o OJ

We now proceed with the estimate of I. For |8(s1) — B(s2)| < |t — s1|/2, we deduce from
Lemma B.4:

2
_ l=]

o\« e 2 o —-1/2 _ 1-2a
(t—s1) /R |z|" |2 + B(s1) — B(s2) zdr < colt —s1|7 77 |B(s1) — B(s2)]
(t _ 81)1/2

< calt — 5172 |B(s1) — B(s2)| 7
On the other hand, if |3(s1) — B(s2)| > |t — 81]1/2,

2
_ =

- sﬂ_a/ﬂx & B(s1) — B(s2) ade < colf = s1)7"

‘x T+ —(t — 31)1/2
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It follows
T pt prsi
o< 2 [ [TE s 1500 - B+ = s 0] 1 (52 dsadsia
o JoJo
2¢q 1—a/2 T o
< 7 Tt/ E/ |f(s1)] |B(s1) — B(s2)|7*|f(s2)|ds2ds1
—a/2 0
2¢a ;1o T 51
i ) [ 1) ldsads
- 0 0
1/2 T
2¢q - T 2¢
< T a/2 E 2 11/2 (&3 T2 OzE/ 2
< e riert (& [P 2o [ |7(sn) P,
T 1
< c'aT2aE/ |f(51)|2d51—|—§l,
0
from which we deduce the result. O

Remark 3.5. The reader may easily convince himself that the estimate of Proposition 18
still true with the same bound on the right hand side if |B(t) — B(s)|* on the left hand side
is replaced by |B8(t) — B(s) + v(t — s)|*. This is the only change to be made to apply all the
analysis of the paper to equation ([L.5).

Corollary 3.6. Let a =0, r < o0 ora € (0,1), 2 <r < % and p be such that v’ < p < r;
then there exists Cq,pr such that, for any T >0 and f € L% (S Lr/(O,T)),

2_a
$)|7 [ f(s)|ds < Capr T 2| fl o1 (0.1))-
LE(LT(0,7))

Proof. The result is clear for « = 0 and p < r = oco. For « < 1 and p = r = 2, it is the
statement of Proposition B.J. We obtain the general result by an interpolation argument. [J

Corollary B.q is exactly what we need to replace Hausdorff-Young inequality in order to get
Strichartz type estimates. Note that in the deterministic case, i.e. if 3(t) is replaced by ¢,

the limiting case r = % is allowed. We state an immediate consequence of Lemma .3 and
Corollary B.6.

Proposition 3.7. Let 2 < r < oo and 2 < p < oo be such that % > d<% — %) orr = oo
and p = 2. Let p be such that v’ < p < r; there exists a constant c,,, > 0 such that for any
seR, T>0and f € L%(Q;LT/(S,S +T; Lg))

S(,0)f(0)do < cpry T |f]

Lr(; L’ T Lp
Lr(Q;L7(s,s+T;LE)) (5,54 )
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Remark 3.8. This result is very similar to the classical Strichartz estimates. However, we

need 2 > d (1 — 1) whereas in the classical case, one can choose 2 = d (L —21). A pair of
T 2 P ’ T 2 P

numbers (r,p) satisfying this latter condition is often called an admissible pair. We believe that

in the stochastic case considered here the result is still true for % =d % — % but our proof
does not cover this case. Note also that the exponent [ is much bigger than in the classical
1_df1_1

case where one would have = . — 5 (5 — 5).

By analogy with the deterministic theory we define admissible pairs.

Definition 3.9. A pair of real numbers is called an admissible pair if r = oo and p = 2 or if
the following conditions are satisfied:

2 1 1
2<r<oo, 2<p<ooand —>d<———>.
r 2 p
Proof of Proposition B.7. let (r, p) be an admissible pair, let p be such that ' < p < r and
let f e L L (s,s 4+ T;L%)). By Lemma B3

| st < [Istoelyd

Ly

t 1
< 0/
s 1B(8) = B(o)| ")
By Corollary B.6 with o = d(3 — %) € [0,1), we deduce

. P 2_d l_l))
E / S(-,0)f(o)do < P2 |f|p / .
® L7 (s,s+T5LE) Le(L" (s,s+T5LE )

which is the result. OJ

F(0)]do

Using a duality argument, we then have :

Proposition 3.10. Let 2 <r < oo and 2 < p < oo be such that % > d (% — %) orr =00 and

p = 2; there exists a constant c,p, > 0 such that for any s € R, T'> 0 and us € L7 ($; L2),
Fs-measurable, S(-,s)us € Lp(Q; L7 (s, s+ T; LE)) and

SCy 8 sl pr(upr (s seriiny)) < erp T2 [usl 12
with =2 -4 (1= 1).

Proof. Note that S(t,s)* = S(s,t), where the adjoint is taken with respect to the L2 inner
product. Thus for us € L"(Q; L2), Fs-measurable, and f € L%(Q x [s,s + T] x R?) we have

s+T s+T
/ (S(t. s)us, f(£))dt = / (10, S(s, 1) (1)t

IN

‘US‘Li

s+T
/ S(s,t)f(t)dt

L}
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Moreover
2

s+T s+T
- [ [ voseose)ia

- / / (/(). 5(t,0) (o) dtdo
s<o<t<s+T

i / /s§t§o§s+T(S(U’ t)f(t), f(o))dtdo

= o T 5.0) )y

s+T t
= 2/ (f(t),/ S(t,o)f(o)do)dt

s+T
/ S(s,t)f(t)dt

LE

IN

2 ‘f’LT/(S7s+T;L£/) ‘/8 S(-,O’)f(O’)dO’

L7(s,s+T;LE) .
It follows from Proposition B.7,

s+T . 1/2
E/ (S(t’ S)us’ f(t))dt < 21/2E <|uS|L% |f|2/5(s s+T-Lp/) / S(’ O-)f(o-)do- ( P))
s ? [ s L7 (s,s4+T; Ly

/ 1/2 ’ 1/2
1/2 )

=7 ’%hu%HﬂMﬂU%#HW%)Z}ﬂjﬂfwmaLﬂﬂwﬂTLW

= CT6/2|US|LZ(L%) |f|LL,(LT,(s,s+T;L§,))

with g = % — %l <% — 1_12> This implies the result. O

In the deterministic case, it is well known that Strichartz estimates still hold with different
admissible pairs in the left and right hand sides. We also have such results here. These will be
useful later to prove regularity properties of solutions of the nonlinear equation and to prove
rigorously that these are indeed limits of solutions of equation ([.3) when & goes to 0.

Proposition 3.11. Let (r,p) and (,9) be two admissible pairs such that
1 1-A 1 A 1-)

A4 — =
(3 ) ’}/ r ? 5 2 p )

with X\ € [0,1], and p be such that max{p,p’'} < r; then there exists a constant c(r,p,~,d,p)
such that for any s €e R, T' > 0,

(3.5) / S(.0)f(0)do

< C(?",p, Vs 57 p)Tﬁ ’f’LP(Q;L”// (s,erT;Lg/))

Lo(L7 (5,5 +T5LE))
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if fe L%(Q;Lvl(s,s +T; L)) and

(3.6)

/S' S(,0)f(0)do

S c(r,p,’y,(S, p)TB ’f’ rr! . /
Lo (L7 (s,5+T;L3)) Lo(LT (5,54 T5L5 )

if fe L9 L (s,s +T; Lg)). In this latter case, we also have

(3.7) / S(-,0)f(o)do € LP(Q;C([s, s + T); L2)).

Here, 5= (3 -4 (3-3)) 0= 3)-

Proof. We first consider the case A =1 in (@) and prove that given (r,p) an admissible pair,
' <p' <rand fe Ly L (s, s+ T;L2)), we have

(3.8)

/s' S(.,0)f(o)do

< 1?2 [f oLt (s,s41:L2))
LP(QsL7(s,s+T5L%))

. 2 df1_1
In order to prove this, we consider ¢ € L (€; L (s,s +T;L%)) and write

IN
=

|f|L%Lg sup
o€[s,s4T]

s+T
/ S(o,t)p(t)dt

L%)
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We need to bound the second factor. For any o € [s, s + T, we have

s+T 2

S(o,t)p(t)dt

L2

_ / - / (1), (0, 0)0(8)) dt do

-2 / o (SO0 10 dr

) /0 " ( /U 05(9,t)go(t)dt,go(9)> df

< 20l || SC 0RO
L (o,s+T;LE) pu L7 (o,s+T;LE)
< 200l o /’5 (8)] p dt
L7 (s,s+T;LY ) L L7 (o,s4+T)
< 20l st /'5 (8] i
L (s,s4+T;L% ) Lz L7 (s,s+T)
Therefore
s+T 2 .
sup / S(U, t)g@(t)dt < 2 ’SO’LT,LP, / ‘S(,t)gp(t)‘[,g dt
UG[S7S+T} " L% t x S L:
and
s+T t
E (/ (/ S(t,0)f(0)do, w(t)> dt)
1/2
< ViR (\f\w o2 | [ 156000 )
t
1/2
<
< \/_|f|LPL1L2 |Q0|Lp LT Lp / |S |LP dt LﬁlL;
<

c TB/2 ‘f‘L&L%L% ‘@’Lf,/L{/L‘;/

if v/ < p/ <7, or equivalently if 7' < p < r, and with g = 2 — %l (5 - %) by the same argument
as for Proposition B.7. Claim (B.§) follows.
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By Proposition B.7, we have
< I’ f]

/ S(-.0)f(o)do
s Le (L7 (s,s+T5LE))

if v’ < p < r. Interpolation between (B.§) and (B.9) leads to (B.9).

The second inequality is proved similarly : we have by similar arguments as above

/Sto da /|5 (0)|pp do

for any ¢ € [s; s+ T. Therefore, by Cauchy-Schwarz inequality,

(3.9)

Lo(QL7 (s,s+T;LE )

<2|f|Lr —l—TLp

)

L2 L7 (s,s+T)

1
2
< 2 S(- do
LﬂLooL2 o ’f‘LpLTLp /‘ ‘Lp LE LY
< TP

oL e -

The fact that [ S(-,0)f(c)do has as. continuous paths with values in L2 follows from a
density argument and the preceding estimate. Again, (B.4) follows by interpolation between
the above inequality and (B.9). O

4. A TRUNCATED EQUATION

We now construct a local solution of equation (R.4). We use a similar cut-off of the nonlin-
earity as in [H] and [f]. Let 8 € C§°(R) be such that # = 1 on [0,1], = 0 on [2,00). For s € R,
we L] (s,00;LE), R>1andt >0, we set

‘u’Lr(s s+t L)
03,(u) (t) = O | — L (ettils) )
() (1) = 0 ()

For s = 0, we set 9% = Or. We take in this section p = 20 + 2 and r such that 20 +2 <r <
%. Note that such a r exists, since we have assumed o < %

We consider the following truncated form of equation (R.1])

{ idu® + Auf o dB + Op(uft) uft?7ul dt = 0,

(4.1) u’t(0) = wp.

More precisely, we consider the truncation of its It6 form

(4.2) { idul® + %AQUR dt + Auldg + Or(u?)|ulP7ul dt = 0

ult(0) = wp.

We interpret it in the mild sense

(4.3) u(t) = S(t,0)ug + i/o S(t, 5)0r(ul?)(s)[ul(s)* uf(s)ds.

Theorem 4.1. Let 0 < d, p=20+4+2 andr be such that 20 +2 < r < 4(0+1) For any Fo-

measurable ug € LT,(L2), there exists a unique u®® in L1, (2x [0,T]; LE) for any T > 0, solution
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of (). Moreover uft is a weak solution of () in the sense that for any ¢ € C§(RY) and
anyt >0,
i(uft(t) — uo, ) 12
- t t
= _%/0 (uR,AQQD)L%dS —/0 HR(uR)(|uR|20uR,g0)L%d5 —/0 (uR,Ago)ngcdﬁ(s), a.s.
Finally, the L2 norm is conserved:
R ()12 = uolgz, >0, as
and u € C([0,T]; L%) a.s.

Proof. In order to lighten the notations we omit the R dependence in this proof. By
Proposition B.I0, we know that S(-,0)ug € L% (2 x [0,T];L%). Then, by Proposition B.7,
for u,v € L,(Q x [0,T]; L),

/O S(t.5) (0(u)(s)|u(s)*7u(s) — O(v)(s)[v(s)[*7v(s)) ds

LT (Qx[0,T];L%)

< ¢I? |0(u)\u!2"u — O(v)|v]*v

Ly, (L7 ([0,7);LE))

with § = % - %l <% - 1_12> Moreover, by standard arguments (see [{]),

{9(u)|u|2‘7u —0(v)|v|*v

20
Lo (L (0. EE ) = TR Ju = vlpr@xjo.y;02)

with v =1 — @ It follows that
t
(4.4) TR u— S(t,0)up + z/ S(t,5)0(u(s))|u(s)|* u(s)ds
0

defines a strict contraction on L7, (€ x [0,T]; L%) provided T' < T where T depends only on
R. Tterating this construction, one easily ends the proof of the first statement. The proof that
u is in fact a weak solution is classical.

Let M > 0 and up; = Pyu be a regularization of the solution u defined by a truncation in

Fourier space: (¢, &) =6 (%) u(t,&). We deduce from the weak form of the equation that

idup + %A2uM dt + AupdB + Par (0(w)|u*?w) dt = 0.

We apply It6 formula to |ups|3, and obtain

t
\uM(t)\%% = \uo\%g + Re <z/0 (6(w)|ul* u, Paun) ds) , t€[0,T7.
We know that u € L?+2([0,T] x RY) a.s. Since
lim Pyuy = u in L272([0, 7] x RY),
M—ro00

we may let M go to infinity in the above equality and obtain

Hm  |ups(t)|2 = |uolr2, t €10,7T), a.s.
M —o00 r *
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This implies u(t) € L2 for any ¢ € [0,T] and |u(t)|2 = |uo|z2. In particular u € L>°(0,T; L3).
As easily seen from the weak form of the equation, w is almost surely continuous with values
in H;*. Tt follows that u is weakly continuous with values in L2. Finally the continuity of
t = |u(t)| 2 implies u € C([0,T]; L3) and |u(t)|r2 = |uolr2 a.s. O

5. PROOF OF THEOREM P.]]

We use the solution of the truncated problem obtained in Section 4 to construct a solution
to the original equation (R.g). There is no loss of generality in assuming that ug € L2 is
deterministic. Uniqueness is clear since two solutions are solutions of the truncated equation
on a random interval.

Let us define

tr =inf{t € (0,T), |[u®|rp10) > R}.

Clearly u® is a solution of (R.2) on [0,7g]. In order to see that T cannot be too small, we
need to prove that the LyL% norm of uf* can be controlled. Recall that p = 20 + 2 and

20 +2 <p < U2t
We fix a T and explain how to construct a solution of (2:3) on [0, Tp).

Lemma 5.1. There exist constants ¢y, co such that if
T—%%—T—ZO < e R2ro

then .
coluolp,

P(rp <T) < I

Proof. Let us write
t
(5.1) wf () 1o ) (1) = S(t,0)ug gy (1) +i/0 S(t, ) [T u g ) (8)ds g 7z (1)
Thus for T' < Tj
R ! R|20, R

lu ]I[O,TRHLT(O,T;LZ) < |5(‘aO)UO]I[O,TRHLT(O,T;LZ) +|/0 S(t,s)|u™[*u ]I[O,TR](S)d5|LT(0,T;L§)-

Proposition B.7] and Proposition yield
r r 2—dre o r
E <"LLR]1[077—R} ’L’"(O,T;Lg)) < C(T‘, TO)’“O‘L% +cT 4(U+1)E(HuR’2 +1]1[077'R)’LTI(LP'))'

Then, by Holder inequality,

E (’uR]l[O,TR]‘ZT(O7T;L?C))

IN

(r, To)uof2 + ¢ T TAT 2R (|uF 1y ) [1270 1)

< o, Ty)luolyy + T~ 50T RICE (B Ly 7 1)
1

57

E (|uR]l[0,TR]|ET(O7T;L£)) < 2¢(r, To)luol7z

and by Markov inequality

_ _dro _
Hence, if ¢T ot 720 p2ro <

2¢(r, To)|uol7»

P(rp <T) < G
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O

In order to construct a solution to (R.4) on [0, 7Tp], we iterate the local construction. We fix
R > 0 and have a local solution on [0, 7z]. We then consider the equation for w:

u(t+7r) = S(t+ TR, TR)U( / St +Tr, s+ 7Tr)05 (w)(s)|u(s + R)|*7u(s + TR)ds

All the arguments of Section 4 can be reproduced. We obtain a unique global solution of this
equation, that we denote by u%. Moreover setting

TIQ% - lnf{t € [07 T]’ ’u%%‘LT(TR,HTR;L‘;) > R}

we obtain a solution of the non truncated equation on [rgr, g + 72] and thus on [0, 7g + T2].
We also have by Lemma [.1] and the conservation of the L2 norm

colu(tr)|p2  caluolfe
P(rh < T1Fp) < —— 2 = 202,

provided that T weimy 20 < ¢; R7%79. We continue this construction recursively and obtain

a solution on [0,T}], where T = 7 + - - - + 753, with

T
€2 |UO|L%

P(rfy < T\Fpp) < —

_ _dro _
provided T To+n T720 < ¢; R7?"%. Note that

IP’( lim TR:0>—hm lim P(rp <e, Vn > N).

n——+o0o e—0 N—+oo

_dr(l_ 1y, oo
For R large enough and 275 Gmp)tr—20-2 <¢ R7%0

and we deduce that

o
P(r} <&, Vn > N) < A}TOOE<N< HM_]}{TESE}P(]I{T%SE}|ng“)> < lm oo =0,

Hence, P(lim, 4o 7 = 0) = 0 so that T goes to infinity, a.s. and we have constructed a
global solution.

The conservation of the L?-norm and the fact that u € C(R*;L2) a.s. was proved in
Theorem {.1]. In order to obtain the extra-integrability properties given in the statement of
Theorem R.1|, we apply Proposition and (B.§) of Proposition with (p,q) on the left
hand side (¢ = 400 if d = 1) and with v = r, § = 20 + 2 to equation (@) Note that ( ) is
an admissible pair thanks to the conditions p < 4if d=1and 2 < ¢ < d 2, 2<p< d( o) if



WHITE NOISE DISPERSION FOR NLS 17

d > 2. This gives, setting ¢ = +oc ifd=1:

" U0 7] L (Lo (0,7:29))

S C(Pa q, TO) ’uo‘L% + cl(pa q, TO)‘(UR)2JUR]1[O,TR} ‘Lﬁ(L'y’ (07T;L§5€’))

20+1

S C(p’ Q’ TO) |u0|L52€ + Cl(p’ Q’ T0)|uR]l[O,TR] L(20+1)p(LT(O T_L2o+2))

< C(pa q, T0)|UO|L52€ + Cl(pa q, TO’ R)

where R is chosen as above. Estimates on other intervals of the form [T7, TEJFI] are obtained
similarly.

Finally, assume that vy € H!. Then going back to 7% defined in (4), and applying the
same estimates as in the proof of Lemma .1, after having taken first order space derivatives,
lead to

‘TRu’LT(QX[O,T];leP)

2 3 g
< CToﬁ/ uol g + C'TPR* ’U\LT(QX[O,T};WLP)

with 3 =r — 20 — %. This proves that if B = B(0, Ry) is the (closed) ball of radius Ry in

L"(Qx [0,T); W'P), then TEB c B provided T' < Ty, where Ty depends only on R and not on
Rg. Since closed balls of L™(Q x [0, T]; WP) are closed in L"(§2 x [0, T]; L}), this implies that
the fixed point of 7%, which is the solution u® of ([3)), is in L"(Q x [0,7]; WP). Applying
then Proposition B.1], and (B.7) in Proposition to equation (J£J) (or (B-1)), again after

having taken first order space derivatives, gives the result. O

6. EQuATION () As LIMIT OF NLS EQUATION WITH RANDOM DISPERSION

To prove Theorem P.3, we use the same argument as in [[[7]. Let us recall its main lines.
Note that we introduce a slight modification since we work with H'(R) functions instead of
H?(R) as in [[]). Consider the following nonlinear Schrédinger equation:

d
(6.1) i 4 ()0 + F(lu)u =0, z €R, ¢ >0,
u(0) = up, z € R,

where F' is a smooth function with compact support and n is a real valued function. Note
that, using the mild form

n(t) = Su(tyuo +1 /O Su(t, 5) F(|u(s) [2)u(s)ds,

where we have denoted by S, (¢, s) the evolution operator associated to the linear equation
dv
dt
whose solution can be written down explicitly thanks to spatial Fourier transform, one can
give a meaning to the solution u of equation (6.1]) as soon as n is a continuous function of
t. Indeed, for each t,s € R, S, (¢,s) is an isometry on any Sobolev space H*(R). Since the
nonlinear term has bounded derivatives, a fixed point argument can be used in C([0, T]; L*(R))

i— +n(t)0v =0, z €R, t >0,
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and a global solution u,, is obtained in this space if ug € L?(R). Moreover, the solutions belongs
to C([0,T]; H(R)) if ug € H'(R).
Using Fourier transform, we see that, for ny, ne € C([s, s+ T), we have, for s € [0, 1],
(1—s)/2
‘(Sm('vs) - Sn2( ’ ))US‘L"O s,s+T;HS) < 2’n1 - n2‘c( ss)erT ’u8’H1

Proceeding as in the proof of Theorem 3.7 in [[7], we deduce, for s € (5, 1),

1—s5)/2
|tn, — um’C([O,T];H;) <clni — nZ‘é([(i)q{})‘uO’H;
where the constant ¢ depends on 7" and F. It follows that for uy € H'(R) the mapping

n o — Uy
c(0,7]) — C([0,T]; H*(R))

is continuous for s € (l 1). Since our assumption on the process m says that the process

PR
t— Ot %m(e%)ds converges in distribution in C([0,7]) to a brownian motion, we deduce that
the solution of
d 1t
i —m(= )0t + F(|lul*)u=0, z € R, t >0,
dt e g2
(6.2)
u(0) = up, z € R,
converges in distribution in C([0,T]; H*(R)) to the solution of
idu + Auodf + F(|ul?)udt =0, z € R, t > 0,
u(0) = up, = € R,
for s € (%, 1). We now want to extend this result to the original power nonlinear term. Let us
introduce the truncated equations, where 6 is as in section 4,

du 1 t
1— + m

R
(6.3) p (62)(9mu—|—9<M lu|u=0, z€R, t >0,
u(0) = ug, z € R,
and
[ul*Y | o
idu+ AuodfS + 60 i lu|*udt =0, x € R, t >0,

u(0) = up, = € R.

(6.4)

We denote by ué\/f and u™ their respective solutions. By the previous arguments, these solutions
exist and are unique in C([0,T]; H*(R)). Note that setting

M =inf{t > 0: [ud ()| > M}

and u. = uM [0 7M] | defines a unique local solution u. of equation ([.2) on [0,7.) with
Te = limps o0 77
We also set
M =inf{t > 0: [uM(t)|0 > M}.
By the above result, for each M, u converges to u in distribution in C([0,T]; H*(R)) for
€ (%, 1). By Skohorod Theorem, after a change of probability space, we can assume that for
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each M the convergence of u} to u™ holds almost surely in ([0,7]; H*(R)). To conclude, let
us notice that for 0 < § < 1, if

Tyv—1 > T and |uéw — UM|C([0,T};H5(R)) <9

then u = wu, the solution of (£.3), on [0,7]. Moreover, by the Sobolev embedding H*(R) C

L>(R), we have

u — UM|C([0,T];L°°(R)) <co

for some ¢ > 0. We deduce [uM |C([O,T}; Le®)) < M provided 4 is small enough. Therefore
7. >7M > T and v = u. on [0,T7].
It follows that for § > 0 small enough,
P(7e(uo) <T) + P(7e(uo) > T and [ue — ulo(o,1);m5®)) > 9)

< P(lud = uMloqo,r;ms @) > 6) + P(Far—1 < T).
Since uy € HY(R), we know that u is almost surely in C'(R*; H*(R)); we deduce
lim ]P’(7~'M_1 < T) =0.
M—o0

Choosing first M large and then ¢ small we obtain
lim P <T)=
tim B(r.(ug) < T) = 0

and
ig% P(7e(uo) > T and [us — ulc(o, )5 ) > 6) =0

The result follows. O
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