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Abstract In this paper we present a theoretical and
experimental study of the dynamical behaviour of bire-
fringent cavities. Our experimental data show that usual
hypothesis which provides that a Fabry-Perot cavity is a
first-order low pass filter cannot explain the behaviour of
a birefringent cavity. We explain this phenomenon, and
give the theoretical expression of the equivalent cavity
filter which corresponds to a second-order low pass filter.

1 Introduction

Fabry-Perot cavities are widely used in experiments de-
voted to the detection of very small optical effects, e.g.
in the framework of gravitational wave interferometers
[1], optomechanical noise studies [2], frequency measure-
ments via optical clocks [3], Lorentz invariance experi-
mental tests [4], or vacuum magnetic birefringence mea-
surements [5,6].

Fabry-Perot cavities made with interferential mir-
rors are birefringent [7,8,9,10]. For most of the Fabry-
Perot fundamental applications, this property can be ne-
glected, at least at first sight, since the studied effects
do not depend on polarization. Obviously, this is not the
case of birefringence studies reported in refs. [5,6].

The dynamical behaviour of non birefringent cavi-
ties has been studied in details [11]. The cavity acts as
a first-order low pass filter whatever the polarization of
the incident light is, and the frequency spectrum of the
transmitted light is modified consequently. As far as we
know, nothing has been published so far regarding bire-
fringent cavities. In this paper we present a theoretical
and experimental study of the dynamical behaviour of
birefringent cavities in the presence of a time variation
of the incident light intensity and in the presence of a
time variation of the birefringence itself.
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Our experimental data show that a birefringent cav-
ity cannot be described as a first-order low pass filter
as it is generally assumed. We explain this phenomenon,
and give the theoretical expression of the equivalent cav-
ity filter which corresponds to a second-order low pass
filter. We also discuss the implications of this cavity be-
haviour in the case of existing experiments for measuring
very low birefringence effects using Fabry-Perot cavities.

2 Experimental Setup

Our study is performed in the framework of the BMV ex-
periment [6] whose goal is to measure vacuum magnetic
birefringence. Briefly, as shown on Fig. 1, a linearly po-
larized Nd:Yag laser beam (λ = 1064nm) is injected into
a Fabry-Perot cavity made of mirrors M1 and M2. The
length of the cavity is L = 2.2m. The laser frequency
is locked to the cavity resonance frequency using the
Pound-Drever-Hall method [12]. To this end, the laser is
phase-modulated at 10MHz with an electro-optic mod-
ulator (EOM). The beam reflected by the cavity is then
analyzed on the photodiode Phr. This signal is used to
drive the acousto-optic modulator (AOM) frequency for
a fast control and the Peltier element of the laser for a
slow control.

Our birefringence measurement is based on an ellip-
ticity measurement. Light is polarized just before the
cavity by the polarizer P. The beam transmitted by the
cavity is then analyzed by the analyzer A crossed at
maximum extinction and collected by a low noise pho-
todiode Phe. The analyzer has an escape window which
allows us to extract the reflected ordinary beam. This
beam is collected by the photodiode Pht. Both signals
are simultaneously used in the data analysis as follow-
ing: Ie/It = σ2 + Ψ2

tot, where Ψtot is the total elliptic-
ity acquired by the beam going from P to A and σ2 is
the polarizer extinction ratio. Our polarizers are Glan
Laser Prism manufactured by Karl Lambrecht Corpora-



2 Paul Berceau, Mathilde Fouché, Rémy Battesti, Franck Bielsa, Julien Mauchain and Carlo Rizzo

Nd:Yag

=1064 nml

AOM

E
O

M

P

A

Ph r

Ph t

PheM
1

M
2

PDH lock

l/4

B

Fig. 1 Experimental setup. A Nd-YAG laser is frequency
locked to the Fabry-Perot cavity made of mirrors M1 and M2.
The laser beam is linearly polarized by the polarizer P and
analyzed with the polarizer A. This analyzer allows to extract
the extraordinary beam sent on photodiode Phe as well as the
ordinary beam sent on photodiode Pht. The beam reflected
by the cavity analyzed on the photodiode Phr is used for the
cavity locking. A transverse magnetic field B can be applied
inside the cavity in order to study the magnetic birefringence
of the medium. EOM = electro-optic modulator; AOM =
acousto-optic modulator.

tion (Chicago, USA) which have an extinction ratio of
4× 10−7.

The origin of the total ellipticity cavity is firstly due
to the mirror intrinsic birefringence. Mirrors are similar
to wave plates. For small birefringence, combination of
both wave plates gives a single wave plate. The phase
retardation and the axis orientation of this equivalent
wave plate depends on the birefringence of each mirror
and on their respective orientation [14,15]. We define the
ellipticity induced on the linearly polarized laser beam
by the Fabry-Perot cavity as Γ which is set to about
10−2 in the experiment described in this paper.

A second component of the total ellipticity appears
when a birefringent medium is placed inside the cavity.
For example, on magnetic birefringence measurements, a
transverse magnetic field B is applied inducing an ellip-
ticity Ψ ∝ B2l where l is the optical path in the magnetic
field.

Finally, if ellipticities are small compared with unity,
one gets:

Ie/It = σ2 + (Γ + Ψ)2. (1)

The goal of the experiment presented in this paper
is to have a complete understanding of birefringent cav-
ity dynamical behaviour. For this study, two different
methods have been implemented. In the next section we
present the cavity behaviour in the case of a time vari-
ation of the incident light intensity whereas in the last
section, the ellipticity inside the cavity is modulated.

3 Time variation of the incident light intensity

In this part, we study the cavity dynamical behaviour
to a time variation of the incident laser beam inten-
sity while the total ellipticity remains constant. Two ap-
proaches have been used: study of the cavity response

to a step function or to an intensity frequency modula-
tion of the incident beam. The first section is devoted
to the presentation of both approaches when looking at
the ordinary beam collected by Pht i.e. when the trans-
mitted beam polarization is parallel to the incident one.
In the second section, this study is performed on the
extraordinary beam i.e. when the beam polarization is
perpendicular to the incident one.

3.1 Cavity dynamical behaviour towards the ordinary

beam

3.1.1 Time response of the cavity to a step function

The simplest way to study the cavity response is to
abruptly switch off the intensity of the incident beam
locked to the cavity and then to look at the intensity de-
cay of the beam transmitted by the cavity. This method
allows to determine typical cavity parameters as the pho-
ton lifetime, the cavity finesse, the full width at half
maximum or the cavity quality factor.

Experimentally, the intensity is switched off thanks
to the acousto-optic modulator (AOM) shown on Fig. 1
and used as an ultrafast commutator. Its switched-off
time is less than 1µs, far less than the photon lifetime as
we will see below. On Fig. 2 the intensity of the ordinary
beam is plotted as a function of time. For t < t0, the laser
is locked to the cavity. The laser intensity is switched off
at t0. For t > t0, one sees the typical exponential decay
[13]:

It(t) = It(t0)e
−(t−t0)/τ , (2)

where τ is the photon lifetime. This lifetime is related
to the finesse F ≃ π/(1 − R) of the cavity through the
relation: τ = LF/πc with c the speed of light and R the
mirror reflectivity which is supposed to be the same for
both mirrors. By fitting our data with this expression
one gets τ = (245 ± 10)µs corresponding to a finesse
of F = (105 ± 5) × 103. The uncertainty results from
statistical uncertainty.

3.1.2 Frequency response of the cavity to an intensity

modulation

In order to complete our understanding of the experi-
ment, we also study the frequency response of the Fabry-
Perot cavity to an intensity modulation. Theoretically,
for an incident light modulated in intensity at pulsation
ωF and for a small depth of modulation, the complex
response function is given by [11]:

Ht (ωF) =
I
(ωF)
t

I
(ωF)
i

∝
1

1 + iωF

ωc

. (3)

I
(ωF)
t (I

(ωF)
i ) is the ωF component of the ordinary (in-

cident) beam intensity. The response function operates
as a first-order low pass filter with a cutoff frequency
νc = ωc/2π = 1/4πτ .
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Fig. 2 Time evolution of the intensity of the ordinary beam
(gray line). The laser is switched off at t = t0. Experimental
data are fitted by an exponential decay (black dashed line)
giving a photon lifetime of τ = (245± 10) µs and a finesse of
F = (105± 5)× 103.

Experimentally, to study the cavity frequency response,
the laser is locked to the cavity and the intensity is mod-
ulated with a small depth of modulation thanks to the
AOM. The intensity of the incident beam and of the or-
dinary beam transmitted by the cavity is recorded at
different modulation frequencies.
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Fig. 3 Experimental cavity response function towards the
ordinary beam. (a) Gain of the response function normalized

to 1 at low frequency i.e. |I
(ωF)
t /I

(ωF)
i | as a function of the

modulation frequency ωF. Data are fitted by the gain of a
first-order low pass filter. (b) Phase delay between I

(ωF)
t and

I
(ωF)
i as a function of the modulation frequency. Data are
fitted by the phase delay of a first-order low pass filter.

Results are presented on Fig. 3. Fig.3a presents the
gain of the response function normalized to 1 at low fre-
quency and Fig.3b presents the phase delay. Data are
fitted by the response function of a first-order low pass
filter. Cutoff frequency is equal to νc = (310 ± 20)Hz
when fitting the gain, and νc = (315±20)Hz when fitting
the phase delay. These values correspond to a finesse of
respectively F = (109±9)×103 and F = (108±8)×103,
which is in agreement with the finesse measured with the
previous approach.

While in the second approach we are looking at the
frequency response of the cavity, the first approach is
performed in the time domain. Both areas of analysis
are equivalent and can be connected thanks to Laplace
transform. However, the time analysis is usually pre-
ferred to the frequency analysis since it is simpler and
quicker to implement on the experiment.

Finally, the study performed on the ordinary beam
shows that the dynamical behaviour of our cavity is the
same as the one obtained on non birefringent cavities.
The typical exponential decay is observed when the in-
cident light is suddenly switched off and the frequency
response shows that the cavity behaves as a first-order
low pass filter.

3.2 Cavity dynamical behaviour towards the

extraordinary beam

We now turn to the study on the extraordinary beam
collected by Phe i.e. the beam transmitted by the cavity
with a polarization perpendicular to the polarization of
the incident one.

3.2.1 Time response of the cavity to a step function

Time evolution of the extraordinary beam when the
incident beam is suddenly switched off is shown on Fig. 4.
By comparing this curve to the one plotted on Fig. 2, we
see that the cavity does not have the same behaviour for
It and Ie. When one fits Ie with an exponential decay, the
experimental behaviour is not reproduced and it gives
a photon lifetime of τ = 735µs in disagreement with
previously given values. We will show that this is due to
the intrinsic birefringence of the cavity.

Let’s calculate the transmitted intensity along the
round-trip inside the cavity:

– For t ≤ t0, the laser is continuously locked to the
cavity. According to Eq. (1), the intensities of the or-
dinary and the extraordinary beams are related by:

Ie(t ≤ t0) = Γ 2It(t ≤ t0).

The polarizer extinction ratio is neglected since we
have σ2 ≪ Γ 2 and no birefringence is applied inside
the cavity.



4 Paul Berceau, Mathilde Fouché, Rémy Battesti, Franck Bielsa, Julien Mauchain and Carlo Rizzo

I e
(t

) 
 (

a.
u.

)

1.5x10
-31.00.50.0

time (s)

t0

Fig. 4 Time evolution of the intensity of the extraordinary
beam (gray line). The laser is switched off at t = t0. Exper-
imental data are fitted by Eq. (5) (black dashed line) giving
a photon lifetime of τ = (245± 10)µs. The fit with an expo-
nential decay (dots) does not correspond to the experimental
behaviour and gives a photon lifetime of τ = 735µs in dis-
agreement with previously given values.

– At t = t0, the laser beam is abruptly switched off,
the cavity empties gradually. The ordinary and ex-
traordinary beams are slightly transmitted at each
reflection on the mirrors. But, because these mirrors
are birefringent, some photons of the ordinary beam
are converted into the extraordinary one. The reverse
effect is neglected because Ie ≪ It.
As shown on Eq. (1), the total ellipticity corresponds
to the sum of ellipticities when they are small. Fur-
thermore, following Ref. [15], the ellipticity Γ induced
by the cavity is related to the ellipticity induced per
round-trip γ trough the relation: γ = Γπ/F .
Thus after one round-trip inside the cavity, i.e. at
time t0 + tD = t0 + 2L/c, we get:

Ie(t0 + tD) = (Γ + γ)
2
It(t0 + tD).

– After p round-trips, one gets the intensity of the ex-
tinction beam:

Ie(t0 + ptD) = (Γ + pγ)
2
It(t0 + ptD). (4)

Assuming that Eq. (4) holds not only at times t0 + ptD
but also at any time t > t0 and using Eq. (2) for It, we
can write:

Ie(t) = Ie(t0)

(

1 +
t− t0
2τ

)2

e−
t−t0

τ . (5)

This expression is used to fit our experimental data plot-
ted on Fig. 4. We find a photon lifetime of τ = (245 ±
10)µs which is in good agreement with the value found
in the previous section.

3.2.2 Frequency response of the cavity to an intensity

modulation

As done before, we also study the frequency response
of the cavity towards the extraordinary beam to an in-
tensity modulation. Results are presented on Fig. 5.
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Fig. 5 Cavity response function towards the extraordinary
beam. (a) Gain of the response function normalized to 1 at

low frequency i.e. |I
(ωF)
e /I

(ωF)
i | as a function of the modula-

tion frequency ωF. Data are fitted by the gain of a second-
order low pass filter. (b) Tangent of the phase delay between

I
(ωF)
e and I

(ωF)
i as a function of the modulation frequency.

Data are fitted by the phase delay of a second-order low pass
filter.

To calculate the complex response function expected
theoretically, we use Eq. (5) and the Laplace transform
and we get:

He (ωF) =
I
(ωF)
e

I
(ωF)
i

∝

(

1

1 + iωF

ωc

)2

.

I
(ωF)
e corresponds to the ωF component of the extraordi-
nary beam intensity. The response function operates as
a second-order low pass filter with the same cutoff fre-
quency νc found previously for the ordinary beam. Data
of Fig. 5 are fitted by the following expressions:

|He,n (ωF) | =
1

1 +
(

ωF

ωc

)2 (6)

arg[He,n (ωF)] = −
2ωF

ωc

1−
(

ωF

ωc

)2 . (7)

Cutoff frequencies given by the fits are νc = (325±20)Hz
and νc = (350± 20)Hz and are consistent with the val-
ues found in the previous section.

The study presented in this part shows that a bire-
fringent cavity cannot be described as a first-order low
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pass filter as it is generally assumed for usual cavities.
For the extraordinary beam, the cavity acts as a second-
order low pass filter instead of a first-order. This filter
represents the combined action of two successive first-
order low pass filters. While the first filter characterizes
the usual cavity behaviour as seen in section 3.1, we can
interpret the second filter in terms of pumping or fill-
ing: due to the mirror birefringence, some photons of
the ordinary beam are gradually converted into the ex-
traordinary beam at each reflection.

4 Time variation of the birefringence

The second method implemented to study the cavity dy-
namical behaviour consists in varying the cavity birefrin-
gence itself. The intrinsic cavity birefringence can hardly
be modulated. We have chosen to obtain a time variation
of the cavity birefringence by a variation of the birefrin-
gence of the medium placed inside the cavity.

According to Eq. (1), the measured signal is given by:

Ie(t)/It = σ2 + Γ 2 + 2ΓΨ(t).

We assume that Ψ ≪ Γ . Let’s consider that the elliptic-
ity per round-trip ψ applied inside the cavity is modu-
lated with a pulsation ωF:

ψ(t) = ψ0 sin(ωFt).

Following calculations performed in [6], the ellipticity
outside of the cavity induced by the applied birefringence
is:

Ψ(t) =
Ψ0

√

1 +
(

ωF

ωc

)2
sin(ωFt+ φ) (8)

with tanφ = −ωF/ωc and Ψ0 = ψ0F/π. We see that
this ellipticity corresponds to an ellipticity filtered by a
first-order low pass filter with a cutoff frequency corre-
sponding to the one of the cavity. In other words, if the
ellipticity ψ varies over the photon lifetime in the cav-
ity, the ellipticity outside of the cavity is attenuated and
does not remain in phase with ψ.

From the experimental point of view, the birefrin-
gence inside the cavity corresponds to a magnetic bire-
fringence. The induced ellipticity per round-trip is given
by: ψ ∝ B2 sin 2θ where θ is the angle between light po-
larization and the direction of the transverse magnetic
field. To modulate this ellipticity, one can modulate the
value of the magnetic field or modulate the direction of
the magnetic field.

On our experiment, the magnetic field is created thanks
to pulsed coils. Thus, the time variation of the applied
birefringence corresponds to a time variation of the square
of the magnetic field. On Fig. 6a, a typical magnetic
pulse is plotted. It reaches its maximum of 2.9T within
less than 2ms.
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Fig. 6 (a) Dashed curve: Square of the magnetic field as a
function of time. Line: Signal Ie/It as a function of time while
the laser is locked to the cavity. (b) Dashed curve: Square
of the magnetic field filtered by a first-order low pass filter
corresponding to the cavity filtering. Line: Signal Ie/It as a
function of time while the laser is locked to the cavity. Shift
of both maxima are compensated when the cavity filtering
is taken into account. Noise observed on the transmitted in-
tensities after 2 ms of magnetic pulse are due to vibrations
induced on the cavity by the magnetic pulse. This part is not
taken into account in the data analysis.

The cavity finesse is 100000 which corresponds to
a photon lifetime of 230ms. About 15mbar of air was
inserted inside the vacuum chamber which contains the
cavity and the polarizers. The applied birefringence is al-
ways smaller compared to the mirror birefringence. The
observed signal is shown on Fig. 6a and b on the right
axis and compared to the magnetic field. We see that
both maxima of B2 and Ie/It do not coincide. But as
expected by Eq. (8) and shown on Fig. 6b, this shift is
actually compensated if we apply a first-order low pass
filter corresponding to the cavity filtering on the square
of the magnetic field.

Finally, the value of the magnetic birefringence is cal-
culated through the correlation between Ψ(t) and B2(t)
filtered [6]. In the case of Fig. 6 this analysis is not per-
formed for t > 2ms where vibrations are induced on
the cavity due to the magnetic pulse. Improvements are
currently under development to minimize this effect. If
the filter is not applied on the magnetic field i.e. if the
cavity influence is not taken into account, a systematic
uncertainty of a few percents is added on the value of
the magnetic birefringence.
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5 Conclusion

We have studied the dynamical behaviour of birefringent
Fabry-Perot cavities. Actually, because of the intrinsic
mirror birefringence all Fabry-Perot cavities are bire-
fringent, and our study applies to all of them. We have
shown that the cavity dynamical behaviour depends on
polarization.

For intensity modulation of the incoming beam, its
frequency spectrum is filtered by the cavity differently
depending on the polarization of the light exiting the
cavity. This filtering also applies to the intensity noise
frequency spectrum.

We have also considered the case of a cavity birefrin-
gence time variation. To study how a cavity filters such a
modulation, we have measured a magnetic birefringence
induced by a pulsed magnetic field on a medium inside a
Fabry-Perot cavity. We have experimentally shown that
depending on the photon lifetime in the cavity i.e. the
cavity cutoff frequency, the induced ellipticity is attenu-
ated and becomes out of phase with respect to the mag-
netic field pulse. The finesse of the cavity we used is of
the order of 100000. A higher finesse will correspond to
a more important filtering and to a bigger systematic
uncertainty correction.

The problem is exactly the same if the value of the
magnetic field remains fixed while its direction compared
to the cavity birefringence axis is rotated as it is the case
on other experiments measuring magnetic birefringence.
For example, in ref.[16] where the Cotton-Mouton effect
in helium is measured, a superconducting dipole magnet
rotating at a frequency of 0.35Hz is used. The finesse
is 100000 corresponding to a cavity cutoff frequency of
νc = 116.5Hz. Taking into account the cavity filtering al-
lows to avoid a systematic uncertainty of 1.8×10−3% on
the final magnetic birefringence. In the same way, in ref.
[17], where the Cotton-Mouton effect of different gases
is measured, a dipole permanent magnet is rotating at
about 6.8Hz inside a cavity with a cutoff frequency of
725Hz. The systematic uncertainty is then 1.7×10−2%.
Systematic uncertainty on such experiments is negligi-
ble compared to statistical uncertainties, but it will be-
come more important if the rotating frequency increases
and/or the cavity finesse increases.
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