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ENTROPY OF QUANTUM LIMITS FOR SYMPLECTIC LINEAR MAPS OF
THE MULTIDIMENSIONAL TORUS

GABRIEL RIVIERE

ABSTRACT. In the case of a linear symplectic map A of the 2d-torus, we give a lower bound
for the entropy of semiclassical measures. In this case, semiclassical measures are A-invariant
probability measures associated to sequences of high energy quantum states. Our main result
is that, for any quantizable matrix A in Sp(2d,Z) and any semiclassical measure p associated
to it, one has

s A) 2 35 max (1og 5] - 22,0),
BEsp(A)
where the sum is taken over the spectrum of A (counted with multiplicities) and Amax is the
supremum of {log|8|: B € sp(A)}. In particular, our result implies that if A has an eigenvalue
outside the unit circle, then a semiclassical measure cannot be carried by a closed orbit of A.

1. INTRODUCTION

The semiclassical principle asserts that in the high energy limit of quantum mechanics, phe-
nomena from classical mechanics appear. One of the issue in quantum chaos is to understand the
influence of the chaotic properties of the dynamical system (Anosov property, ergodicity, etc.) on
the asymptotic behaviour of the eigenvectors of the quantum propagator.

The first result in this direction is due to Shnirelman [25|, Zelditch [27] and Colin de Verdiére [10].
It states that, given an ergodic geodesic flow on a Riemannian manifold M, almost all eigen-
functions of A are equidistributed on S*M in the high energy limit. This phenomenon is known
as quantum ergodicity and has many extensions. Rudnick and Sarnak formulated the so-called
‘Quantum Unique Ergodicity Conjecture’ which states that for manifolds of negative curvature, all
the eigenfunctions of A are equidistributed in the high energy limit [24]. This conjecture remains
widely open in the general case.

To study quantum chaos, an approach is to study toy models, i.e. simple symplectic dynamical
systems that are highly chaotic and that can be quantized in a standard way. One of the main
advantage of such a system is that we can make explicit computations. Among the several toy
models is the family of symplectic linear automorphisms on the 2d-torus T??. In fact, a matrix
A in Sp(2d,Z) which does not have 1 as an eigenvalue can be quantized in a standard way [6].
We will say that A is quantizable. In this case, the phase space T?¢ is compact and in particular,
the natural Hilbert space that can be associated to the level N will be finite dimensional. It will
be denoted H (k) (see section 2) and will be of dimension N?. The semiclassical parameter is
denoted /i and satisfies 2rAN = 1 (where N is an integer). The set of classical observables will
be the set of smooth functions on the torus C*°(T2¢). There exists then a positive quantization
procedure Op*" (.) that associates to each observable a a linear operator Op2" (a) on Hy (k).
This procedure is called the anti-Wick quantization and is constructed from the family of coherent
states [7]. Moreover, there is a quantum propagator M, (A) corresponding to A which acts on
Hn (k). This propagator satisfies the Egorov property:

(1) My (A)7 0p " (a)Mic(A) = Op" (a0 A) + 04 (N 7).

For any eigenvector ¢V of M, (A) in the energy level H (%), one can define the following measure
on the torus:

(2) i (a) = (™ 0p2™ (@)™ ) ey )
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This quantity gives a description of the quantum state at energy NV in terms of the position
and the velocity, i.e. of the quantum state and its N-Fourier transform. Thanks to Egorov
theorem, we have that any weak limit of the corresponding (fi) on the high energy limit (i.e.
as N tends to infinity) is an A-invariant measure on the torus. We call these accumulation
points semiclassical measures. In this setting, Bouzouina and de Biévre proved an analogue of
Shnirelman’s theorem [7], i.e. almost all the i’V converge weakly to the Lebesgue measure on the
torus if A is ergodic'. However, it has been shown that the Quantum Unique Ergodicity property
fails in this setting and in any dimension [13], [17]. Precisely, given an hyperbolic* matrix A,
Lebesgue measure is not the only accumulation point of the V. For d = 1, it was proved by
de Biévre, Faure and Nonnenmacher that 3(do + Leb) is a semiclassical measure [13]. In higher
dimensions and under arithmetic assumptions on A, Kelmer constructed semiclassical measures
supported on submanifolds of T2¢ [17].

Even if we know that the set of semiclassical measures is not reduced to the Lebesgue measure for
quantized maps of the torus, one can ask about the properties of these semiclassical measures. For
instance, it was shown in [6] and [14] that if we split the semiclassical measure into its pure point,
Lebesgue and singular continuous components, p = fipp + fiLeb + fsc, then pipp(T?) < ppen(T?)
and in particular pup,(T?) < 1/2.

1.1. Statement of the main theorem. In [1], Anantharaman proved that for a compact rie-
mannian manifold M of Anosov type, the Kolmogorov-Sinai entropy of any semiclassical measure
associated to a sequence of eigenfunctions of A is positive (see section 5 or [26] (chapter 4) for
a definition of the entropy). Her result proves in particular that eigenfunctions of the Laplacian
cannot concentrate only on a closed geodesic, in the large eigenvalue limit. Translated in the
context of our toy models, her result says that, for any symplectic and hyperbolic matrix A, the
Kolmogorov-Sinai entropy of a corresponding semiclassical measure is positive. In particular, a
semiclassical measure cannot be supported only on a closed orbit of A. In subsequent works with
Koch and Nonnenmacher [3], [2], they gave quantitative lower bounds on the Kolmogorov-Sinai
entropy of semiclassical measures. In the model of quantized maps of the 2d-torus, their result
can be written, for any semiclassical measure associated to an hyperbolic matrix A:

2d
(3) hacs (. A) 2 S max (08 [61],0) — S

i=1
maximum of the log|3;| [2]. As A is hyperbolic, it has exactly d eigenvalues (counted with
multiplicities) of modulus larger than 1. We underline that their result was more general as it also
deals with varying Lyapunov exponents. One can remark that if Ay ax is very large, the previous
lower bound can be negative (and so the result empty). So they were lead to formulate that this
bound should not be optimal. Regarding their result (and the different counterexamples), they
conjectured that the optimal result would be that, for any semiclassical measure p associated to
an hyperbolic matrix A,

where {8; : 1 < i < 2d} is the spectrum of A (counted with multiplicities) and Apax is the

2d
@ hacs (s A) > 3 > s (1og |3 0).

Again, their conjecture was more general as they expected it to hold for situations where there
are varying Lyapunov exponents. In this article, we will show:

Theorem 1.1. Let A be a matriz in Sp(2d,7Z) such that 1 is not an eigenvalue of A. Let p be a
semiclassical measure on T?? associated to A. One has

2d
)\max
(5) hcs(u A) > 3 max (1og 18] - ,o> ,
=1

2

where {B; : 1 <1i < 2d} is the spectrum of A and A\max is the mazimum of the log|B;|.

1Tt means that no eigenvalue of A is a root of unity.
It means that A has no eigenvalue on the unit circle.
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A first comment is that we do not obtain exactly the lower bound expected by Anantharaman,
Koch and Nonnenmacher. Compared with their result, the lower bound of our theorem improves
their bound [2] and it always defines a nonnegative quantity. However, regarding the semiclassical
measures constructed® in [17], the lower bound of our theorem should be suboptimal. We also
recall that the Kolmogorov-Sinai entropy satisfies the Ruelle inequality, i.e. for any A-invariant

measure W,
2d

hrs(p, A) < Zmax (log |8i],0),
i=1
with equality if 4 = Leb [26] (chapter 8). A second comment is that our theorem holds for any
quantizable matrix. Our assumption on the eigenvalues of A is just made to ensure that the classi-
cal system can be quantized. We do not make any chaoticity assumption on the dynamical system
('JIQd, A) (for instance, we do not assume A to be hyperbolic). In particular, our result implies
that if A has an eigenvalue outside the unit circle, then a semiclassical measure of (T??, A) cannot
only be carried by closed orbits of A.

In the case of varying Lyapunov exponents, the lower bound (4) has been shown to be true
when one has only one Lyapunov exponent [16], [22]. At this point, it is not clear to us how to
combine both methods in order to obtain an explicit nonnegative lower bound on the entropy of
semiclassical measures in a general setting. Finally, we underline that, in the case of hyperbolic
automorphisms of T2, stronger results on the entropy of semiclassical measures were obtained by
Brooks [9] and that, in the case of locally symmetric spaces of rank > 2, a similar lower bound
was obtained by Anantharaman and Silberman [4].

1.2. Strategy of the proof. Compared with the original result of Anantharaman, the proof of
inequality (3) in [2] was simplified by the use of an entropic uncertainty principle due to Maassen
and Uffink [19]. This principle is a consequence of the Riesz-Thorin interpolation theorem and it
can be stated as follows [3], [19]:

Theorem 1.2 (Maassen-Uffink). Let H and H be two Hilbert spaces. Let U be an unitary operator
on H. Suppose (m;)2, is a family of operators from H to H that satisfies the following property
of partition of identity:

D

Z 7T2-L7Ti = [d}z

i=1

Then, for any unit vector v, we have

D D
©) =S Il og mabllf, — S mU]3, log Uil > —2logsup |mUr! | 2o
i=1 i=1 4

In [2], the method was to use this principle for eigenfunctions of the Laplacian on M and a
well-chosen partition of Idz2() so that the quantity in the left side of (6) can be interpreted as
the usual entropy from information theory [26]. One of the main difficulty (that already appeared
in [1]) was then to give a sharp estimate on the quantity Hﬂ-iUﬂ;”LQ(M)HLQ(M) for this choice.
In [23], we managed to use the symmetries of the quantization procedure for quantized cat-maps
on T? to make a slightly different choice of partition. Precisely, we used the fact that the coherent
states satisfy a property of partition of identity on Hy (k) and we were able to implement this
property when we applied the entropic uncertainty principle. With this remark, the quantity
HmUW} 14 x (=)= (x) 18 easier to bound than the corresponding one in [2]. In fact, the bound can
be derived from estimates on the propagation of coherent states under the quantum propagator
as in [5] and [13].

Our strategy will be to generalize our method for d = 1 to higher dimensions. To do this, we would
need to use a family of coherent states depending on the classical dynamic induced by A. In order

3These semiclassical measures have entropy equal to % 212'11 max (log |5, 0).
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to obtain the sharpest bound possible as in [23], we would like to introduce coherent states which
are not located in a ball but in an ellipsoid whose lengths will depend on the Lyapunov exponent
of A in every direction. It turns out that it is not possible to define such coherent states and to
make the proof works. However, we will introduce a new quantization procedure that will be very
similar to the anti-Wick procedure. We will construct this quantization using gaussian observables
centered on ellipsoid adapted to the classical dynamic. We will prove that this procedure defines
the same set of semiclassical measures and that it is adapted to the method developped in the
case d = 1.

1.3. Organization of the article. In section 2, we recall how the dynamical system (T2?, A)
can be quantized in a standard way. In section 3, we collect some facts about the reduction of
symplectic matrices. Then, in section 4, we construct a new quantization procedure adapted to the
classical dynamic induced by A. In section 5, we apply the entropic uncertainty principle to derive
theorem 1.1. Finally, in section 6, we prove a crucial estimate on our quantization procedure that
we used in section 5. This estimate is similar to the ones obtained for the propagation of coherent
states in [5], [13]. The appendices are devoted to the proof of crucial and technical lemmas that
we admitted at different steps of the article.

Acknowledgements. I would like to thank warmly Nalini Anantharaman for introducing me to
these kind of questions, for many discussions on this subject and for encouraging me to extend
the method of [23] to the higher dimensional case. I also thank sincerely Stéphane Nonnenmacher
for his precious comments on a preliminary version of this paper. Finally, I would like to thank
Frédéric Faure for several interesting discussions on the model of quantized cat-maps and Nicolas
Vichery for helpful references on symplectic linear algebra. This work was partially supported by
Agence Nationale de la Recherche under the grant ANR-09-JCJC-0099-01.

2. QUANTUM MECHANICS ON THE 2d-TORUS

In this section, we recall some basic facts about quantization of linear symplectic toral au-
tomophisms. We follow the approach and notations used by de Biévre & al. in previous arti-
cles [6], [7]. We refer the reader to them for further details and references. We denote T?? :=
R24 /724 the 2d-torus.

2.1. Quantization of the phase space. In physical words, R? (or T?) is called the configuration
space and R2¢ (or T??) is the phase space associated to it. In this article, p = (z, &) will denote a
point of the phase space, i.e. points of R?? or T??. The usual scalar product on R?? is denoted (a, b)

0 —Idga
Idga 0 ) '
For ¢ € &'(R?), we can define (Q;¢)(x) := x;¢(x) and (Pj)(z) = %g—i(x) This allows to
define translation operators acting on a tempered distribution as:

Un(z, ) 1= eno(@0:(Q.P))

and o is the usual symplectic form on R??, i.e. o(p,p’) = (p, Jp') where J := <

We underline that it is the standard representation of parameter i on S’(R?) of the Heisenberg
group and that it is unitary on L?(R? dz). Standard facts about this can be found in the book
by Folland [15]. In particular, it can be shown that:

(7) Un(p)Un(p') = eV Us(p + o).

To define the quantum states associated to the phase space T?¢, we can require that the Hilbert
space has the same invariance under the translation operators Uy(q, p) for (q,p) € Z*?. Tt means
that the quantum states will have the same periodicity as the phase space. To do this, we let
k = (K1, k2) be an element of [0, 27[>? and we require that, for all (¢,p) € Z??, a quantum state 1)
should check the following condition:

Uﬁ(Qa P)l/J = 62iﬁ <q’p>e_1<”11q>+l<ﬁ27p)w_
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It can be remarked that x different from 0 is allowed as, for a € R, ¢ and e’y represent the
same quantum state. The states in S&'(R?) that satisfy the previous conditions are said to be the
quantum states on the 2d-torus and their set is denoted H (k) where N satisfies

(8) 27AN = 1.

It defines tempered distributions of period 1 (modulo phase terms) whose h-Fourier transform is
also 1-periodic. They are sums of Dirac distributions centered on a lattice of volume A¢ [7]. The
following lemma can be shown [7]:

Lemma 2.1. Hy (k) is not reduced to 0 iff N € N*. In this case, dimHy (k) = N¢. Moreover,
for all r € Z2¢, Up(£)Hn (k) = Hn (k) and there is a unique Hilbert structure such that Up(%)
is unitary for each r € Z2%.

The Hilbert structure on H (k) is not very explicit [7]. However, one can make it more clear
using the following map which defines a surjection of S(R?) (Schwartz functions) onto Hy (x):
(9) S(k) = Y (=)Nmmemm = m)g, (n m).

(n,m)€Z?
This projector associates to each state in S (Rd) a state which is periodic in position and impulsion.
Using it, we can define |¢, ) := S(k)|¢) and |¢', k) := S(k)|¢') for |¢) and |¢’) in S(R?). Then,
the following link between scalar products on L?(R?) and Hy (k) holds:

(10) (5, 810 K rn oy = (—1)Nimmlelmem=(sam) (G117, (n,m)|¢') 12 g).
n,mez?

Finally, the following decomposition into irreducible subrepresentations of the discrete Weyl-
Heisenberg group {(+,¢) : r € 72, ¢ € R} can be written [7]:

L2Rd’£/ Hu(r)d dUiz/ U (2 ax.
( ) [O,Qw[zd N(K) foat h(N) [07271.[2:1 (N) v

2.2. Weyl quantization. In the case of R??, classical observables are functions of p = (z,¢) that
belong to a certain class of symbols. We will use the following class of symbols:

SF(1) := {a € C®(R?*¥) : for all multiindices a, ||0%allo < h~F¥I4C,},
where v < 1. An usual way to quantize these observables is to use the Weyl quantization [11], [12].
Let us recall the standard definition of this operator for an observable a:

OnF @ulle) = g [ 5 (S5 e

We also recall that, from the Calderén-Vailancourt theorem (theorem 7.11 in [11] or theorem 4.22
in [12]), we know that there exists an integer D and a constant C' (depending only on d) such that

1 (&3
(1) VO<v< s, YaeSiL), [Opr(@)] <C D hE (0]
la| <D
We underline that the case v = 1 is authorized for this last result [11]. In the case of the 2d-torus,

2
classical observables are C* functions on T?? (and can be seen as a subset of S°(1)). It can be

shown that for a € C>°(T?%),
w r
Opi@) = 3 alin(z),

rez2d

where a,. is the 7 coefficient of the Fourier serie of a, i.e. a(p) = ), 724 are~27Ip) Using the
fact that Up(r)Opy, (a)Uk(r)* = Opy (a) (thanks to (7)), it follows that Opy (a)H (k) C Hy (k).
In view of this remark, we shall denote Op;. (a) the restriction of Opy (a) to Hy (k). Finally, the
following decomposition holds:

OpY(a) = / Op? (a)dr.
[0,27[2d
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Recall from [21] (theorem XIII.83) that such a decomposition implies:

(12) sup [|0Op,; (@)l 21w (x)) = 10PE (@) || 2 (ray-

2.3. Quantization of toral automorphisms. Let A be a matrix in Sp(2d,Z). As in the case
of the hamiltonian flow on a manifold, we would like to quantize the dynamic associated to A
on the phase space, i.e. define a quantum progator associated to A. This can be done using the
metaplectic ‘representation’ of Sp(2d,R) [15] that defines for each matrix A the unique (up to a
phase) operator which satisfies:

Vp € R, M(A)Un(p)M(A)~™" = Un(Ap).

M(A) is called the quantum propagator associated to A. It is a unitary operator on L2(R%) and
it can be shown [6]:

Lemma 2.2. Let A be an element in Sp(2d,Z) such that 1 is not an eigenvalue of A. For each
N € N*, there erists at least one ka € [0,27[*? such that

M(A)YHN(ka) = Hn(ka).
M, ,(A) denotes then the restriction of M(A) to Hy(ka). It is an unitary operator.

Even if it was only stated for ergodic matrices, the proof of this lemma was given in [6] (lemma
2.2). The hypothesis that 1 is not an eigenvalue is crucial in the proof of [6]. We will say that
an element A in Sp(2d,Z) is quantizable if 1 is not an eigenvalue of A. In the following, we will
take x equal to the k4 (that also depends on N) given by this lemma. From all this, the following
‘exact’ Egorov property can be shown for each a € C>°(T2%) [15], [7]:

M, (A)~'Opy (a) M, (A) = Opy!(ao A).

Remark. We underline that we do not need any assumption on A (except that is is symplectic) to
define M(A) on L?(R%). In particular, for every @ in Sp(2d,R), we have that

V€ S)(1), M(Q)'Opy ()M (Q) = Opj(acQ).

2.4. Anti-Wick quantization. The Weyl quantization has the nice properties that it satisfies
an exact Egorov property and that for a symbol a, Op,(a)* = OpY(a). However, it does not
satisfy the property that if a is nonnegative then Op,. (a) is also nonnegative. As our goal is
to construct measures using a quantization procedure, we would like for simplicity to consider
a positive quantization. This can be achieved by considering the anti-Wick quantization. To
describe this quantization, we define the coherent state at point 0 on R%:

) = () four

We define the translated coherent state at point p € R2? as |p) := U(p)|0). Using these coherent
states, we can define a quantization procedure for a symbol a in a nice class of symbol on R??:

Op¥ (a) := / ) a<p>|p><p|(2jf—2)d.

It is obvious that this quantization is positive. It can be verified also that it satisfies the property
of resolution of identity:

dp
Op™ (1) = Mpageey = [ Io)ol s

This quantization is related to the Weyl quantization. To see this, we can define the gaussian

observable éh(ac,«f) = (mli)de* 5 For a bounded observable a, the relation between the

two procedures of quantization is Opy " (a) = Op¥ (a* G3). Using Calderén-Vaillancourt theorem
and the previous property, one can verify that ||Opi" (a) — Opy, (a)|| L2(r¢) = Oa(h). Now one can
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construct a positive quantization on the torus mimicking this positive quantization on R??. To do
this, we project the coherent states on the Hilbert space Hy(k):

o, K) = S(K)]p),
where S(k) is the projector defined by (9). We define the anti-Wick quantization of an observable
a in C*°(T??) as follows:

o) (. Kl s

op" (@)= [

T2d

It satisfies that for a symbol a, Op2" (a)* = Op*" (@) and that the quantization is nonnegative.
As in the case of the Weyl quantization, it is related to the quantization on R2? by the integral
representation [7]:

mﬁﬂw=[ ,Op" (@)
0,27[24

It also satisfies a resolution of identity property [7]:

dp
opAW(1)=1d :/ —.
Pk ( ) HN (k) T2 |p’ H) <p’ '%| (27Th)d
. AW
It is clear that ||Op; " (a)|lc(rn () < ll@lloo-

2.5. Semiclassical measures. All these definitions allow to introduce the notion of semiclassical
measures for the quantized cat-maps [7]:

Definition 2.3. Let A be a matrix in Sp(2d,Z) such that 1 is not an eigenvalue of A. We call

semiclassical measure of (T2¢, A) any accumulation point of a sequence of measures of the form

2
Va € C>(T*,C), iV (a) == V0P (@)™ Varn (n) = /W a(p)N ’<7/1N|P7 K aenny| 0P

where (V) y is a sequence of eigenvectors of M, (A) in Hy (k).

The set of semiclassical measure defines a nonempty set of probability measures on the torus
T2?4. They are A-invariant measures using the following Egorov property:

Proposition 2.4 (Egorov property). Let A be a matriz in Sp(2d,Z) such that 1 is not an eigen-
value of A. For every a in C=(T?%), one has

Vi e R, My(A)P0p2W ()M, (A)* = 0p2™W (a0 AY) + Ot (N7Y),

K
where the constant involved in the remainder depends on a and t.
To conclude the presentation of our system, we underline that the set of semiclassical measures

does not change if we consider another quantization procedure. For instance, we could have taken
the Weyl procedure or any quantization Op,, that satisfies, in the semiclassical limit,

[0p,(a) = O (@)l 23 x (1)) = ONTT),

for some fixed positive 7.

3. SYMPLECTIC LINEAR ALGEBRA AND LYAPUNOV EXPONENTS

In this section, we collect some facts about symplectic matrices that we will use crucially in
our proof. We refer the reader to chapter 1 of [18] for more details. We fix a quantizable matrix
A in Sp(2d,Z), i.e. such that 1 is not an eigenvalue of A. As theorem 1.1 is trivial in the case
where the spectrum is included in {z € C : |z] = 1}, we also make the assumption that A has an
eigenvalue of modulus larger than 1. We will denote

Amax = sup{log || : B is in the spectrum of A}.

Remark. According to Kronecker’s theorem (2.5 in [20]), we know that if A is an ergodic matrix
in SL(2d,Z), then Apax > 0.
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One can decompose R?¢ into A-invariant subspaces called the stable, neutral and unstable

spaces, i.e.
R*.=E- o E'® ET.
These subspaces satisfy various properties that we will use. The spectrum of the restriction of A
on the neutral space E° is included in {z € C : |z| = 1}. The dimension of E° is even and we
will denote it 2dg. The restriction of A on the stable (resp. unstable) space E~ (resp. ET) has a
spectrum included in {z € C: |z| < 1} (resp. {z € C: |z| > 1}). These two subspaces have the
same dimension equal to d — dy (which is by assumption positive). Moreover, there exist r in N
and 0 < \] < --- < A} such that E* (resp. E~) can be decomposed into A-invariant subspaces
as follows:
Et=Ef® - ®oE'andE-=E; & -0 FE,,

where the spectrum of the restriction of A to E;" (resp. E; ) is included in {z € C : |z| = N}
(resp. {z € C: |z] = e”‘j}). Moreover, one can verify that the subspaces E; and E; have
the same dimension that we will denote d;. The coefficients )\;r are called the positive Lyapunov

exponents of A. We underline that )\;F = Amax. With these notations, theorem 1.1 can be rewritten
that for any semiclassical measure 1 associated to A, one has

u AITl X
(13) his(p, A) > Zdi max ()\;Ir - ; ,0) .

i=1

For the sake of simplicity, we will denote

Ay = dirS
1=1
and

- >\max
Ag = Zdi max <)\j' — T,O) .

i=1

Our decomposition is exactly the Oseledets decomposition associated to the dynamical system
(T?? A, ui). For our proof, we will need something stronger in order to apply tools of semiclassical
analysis. Precisely, we will need a symplectic decomposition of R?? into these subspaces. According
to [18] (section 1.4 to 1.7), this decomposition is possible and we now recall the results from [18]
that we will need. To do this, we introduce the o-product of two matrices. Consider two real
matrices M; in M(2d',R) and M> in M (2d”,R) of the block form

_ (A B [ Ay B
M1'<01 Dy ) andM2'<02 Dy >

where A1, By, C1 and D, are in M (d',R) and As, By, Co and D5 are in M (d”,R). The o-product
of My and My is defined as the following 2(d’ + d”) matrix:

A1 0 By 0
0 A, 0 B

ci 0 Dy 0
0 Cy 0 Dy

M1<>M2 =

We can use this product to rewrite our symplectic matrix A in an adapted symplectic basis [18]
(section 1.7-theorem 3). Precisely, for every 1 < i < r, one can construct an adapted D; in Gi(d;,R)
such that the spectrum of D; is included in {z € C: |z| = e)‘j} and denote A; := diag(D;, D; ")
(setion 1.7 in [18]). There exists also an adapted Ag in Sp(2do, R) such that the spectrum? of A
is included in {z € C : |z| = 1} (section 1.5 and 1.6 in [18]). Using these matrices, it can be shown
that there exists a symplectic matrix @ in Sp(2d,R) such that

(14) A=Q(AgoAro-- A,)Q L.

4We underline that do will be equal to 0 if all the Lyapunov exponents of A are nonzero.
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This tells us that we have a symplectic reduction adapted to the Oseledets decomposition. The
results in [18] are more precise and we have only stated what we will need for our proof of
theorem 1.1.

4. POSITIVE QUANTIZATION ADAPTED TO THE DYNAMIC

We have defined the set of semiclassical measures starting from the anti-Wick quantization.
Yet, we have mentioned that this set does not depend on the choice of the quantization procedure.
In this section, we will construct a new (positive) quantization procedure that is really adapted to
the classical dynamic. To do this, we will mimick the construction of the anti-Wick quantization.
In this case, we have seen that it corresponds to the Weyl quantization applied to the observable
a%Gp. It means that we have made the convolution of the observable a with a Gaussian observable
which is localized in a ball of radius V/A.

Our strategy is to make a slightly different choice of function G which will be localized on an
ellipsoid with lengths on each direction that depend on the Lyapunov exponent. For instance, if
the Lyapunov exponent associated to the variable (x1,&;) is larger than the one associated to the
variable (z2,&2), the ellipsoid will be larger in the second direction. We should also take care of
not violating the uncertainty principle and as a consequence the radius of the ellipsoid will always
be bounded from below by V7.

In this section, we make this argument precise in the case of R*? and then periodize the new
quantization to get a quantization on the torus.

4.1. An adapted convolution observable. To construct our new new quantization on R%¢, we
introduce a Gaussian observable G(z, ) := exp (—7||(z,£)?) , where || is the euclidian norm on
R2?, In the case of the anti-Wick quantization, we took the convolution of any bounded observable

a with G o ((ﬁh)*%Id) to construct our quantization. Regarding the Oseledets decomposition of

A (see (14)), we would like to make a more strategical choice for the matrix we choose. To do
this, we use the notations of section 3 and for & > 0, we introduce a matrix B(h) of the following
form:

_ Dy(h) 0 -1
where D;(h) is an element in GL(d, R) of the form

0 A At
Dy(h) := (ﬁ“maﬂtldeU , A” Pxmax Idgay , - - ,ﬁ”‘maXIder> .

In the previous definition, € is some small fixed positive number that we keep fixed until the end

. . . . . AT
of the proof. To simplify the expressions, we introduce the notation 7? ) v and 70+ =5 /\igax .

In particular, we have that || B(h)™!| = O(R") for some fixed positive . Finally, we can define
an ‘adapted’ h-Gaussian observable

Gy := 2% |det B(R)|2G o B(h).
4.2. Positive quantization on R2??. We have constructed a convolution which seems to be

adapted to the dynamic. We would also like to keep the nice ‘u*u’-structure of the anti-Wick
quantization. So, for a bounded observable a in C*(R??), we define

Opy, (a) := Opy (ax (GriGh)),

where a % b is the convolution product of two observables and afb is the Moyal product of two
observables (i.e. the symbol of Op}'(a) o Opy (b) [11]). We verify that

Opi @) = [ alp)OD} (GitGi) (o= po))dpo = [ | alpu)OD (G12)  On. (GE) dpo

where G}°(p) := Gr(p—po). So if a > 0, this defines a nonnegative operator. The following lemma
says that Op;:bF is a nice quantization procedure:
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Lemma 4.1. Let a be an observable in S°(1). We have
H Opy, (a) — Op/;,r(a)HLZ(Rd)A)LQ(]Rd) = 04 ("),
for some fized positive v (depending only on A).

We postpone the proof of this lemma to appendix A. The strategy is the same as when one
proves the equivalence of the anti-Wick quantization and the Weyl one. Precisely, we can prove
that there exists an explicit kernel K (po) such that

ax (GhiGh) (p) = / alp+ BO)™ po) Kn(po)dpo

where [4.. Kr(po)dpo = 1.

4.3. Periodization of observables. We have just defined a new quantization procedure on R2??
which is related to the classical dynamic associated to the matrix A. To study our problem, we
need to restrict this quantization procedure to Hy (k). To do this, we define

(15) Op} (a) := Opy (a x (GuiGh)) -

Thanks to lemma 4.1 and to the decomposition of L?(R?) along the spaces Hy(x), we know that
Op; (a) — Opyy (a) || 3y (x)) = Oa(hY) (see also [21] (theorem XIIL.83)). The explicit form of this
procedure is given by

o) + _ 2w (p,Jr) GG _ ) L )
P, (a) Té;d (/Tme /de a(po) (GrtGr) (p — po)dpodp | U (N)

For our purpose, we would like to verify that it remains a positive quantization procedure with a
nice structure. To see this, we introduce the following periodization operators on S(R??):

Jp ’
2d 2d AN / _ 2um(r+p’,p)
(16) Y pe R Y F e SR, T,(F)(p): GEZMF(p +r— 2L )e .

In particular, To(G5°$GY°) is an element in C>°(T??) and it allows us to rewrite

Op (@) = [ alp)OpE (To(G5168)) o
’]1‘2
The translation operators T), satisfy the following property:

Proposition 4.2. Let Fy and Fy be two elements in S(R?*?). One has

OB (T(Fizha)) = [ OB(T,0)" o 0BT, Fa)dp,
T2d

We postpone the proof of this lemma (which is just a careful application of the Poisson formula)

to appendix B. This proposition provides an alternative form for our quantization procedure, i.e.

(17) Vk € [0,27[*%, Op}f(a) :/

[ alon) [ ODE (TG o OpE (T, (G1)dpi

In particular, it implies that Op: is a nonnegative quantization procedure. We also underline that
we have the following resolution of identity:

(18) Wi = [ [ OBET,GR))" o 0BT, (G )dpd,

Remark. These last two formulas are the analogues of the ones obtained for the anti-Wick quan-
tization. The expressions seems more complicated but we will see that it is more adapted to the
dynamic induced by A.
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4.4. Long times Egorov property. In this last paragraph, we show that as the anti-Wick
procedure, the quantization procedure Op: satisfies an Egorov property until times of order

Tg(N) := ;ignN We fix some positive ¢ < min(eg, A1) and define the Ehrenfest time

(19) mp(N) = [ 1=

1 N
D }

The parameter € will be kept fixed (until the end of the proof of theorem 1.1). In order to state
our result, we denote x4V the measure associated to the unit eigenvector 1y, i.e.

(@) = nlOBE @ renor = [ alo) [ IOBETGE ) 3y Ao

One can show the following (pseudo)-invariance property of the measures p¥ until time mzg(NV):

Proposition 4.3. Let (™)n be a sequence of unit eigenvectors of M (A) in Hy (k) and p¥ the
associated sequence of measures. Then, for every positive €, one has

(20) Ya € C=(T?,C), V|t| < mr(N), p"(ao A') = uN(a) + 04.(1),
where the constant in remainder depends only on a and €.

Proof. We have an exact Egorov property for the Weyl quantization. In particular, it tells us
that, for every integer t,

10p;; (a0 A”) = Opy; (a iy = 0P (a0 A”) — Opy (a0 AY) + 0a (),

Ol 23 [

where Op; (a)(t) := M.(A)~*Op/ (a)M.(A)!. From the decomposition of the space L2(R?) along
the spaces Hn (), we know that

HOP:(G © At) - Op?(a © At)"L(HN(K)) < HOP{(G © At) - Op%’(a © At)HL(Lz(]Rd)) .

Recall that we know that for a bounded symbol b, Op; (b) is equal to the operator Op} (bx(GrtGr))
and that bx (GrilGr) (p) = [gea b(p + B(R) " po) Kn(po)dpo (see paragraph 4.2 and appendix A).
We write this formula for b= ao A* and combine it with the Taylor formula. We find that

(a0 A") % (GriGR) (p) = ao A'(p) + » Kh(po)/o (dptsB(n)-1p0@) -(A*B(R)™ ") podsdpo.

Appendix A gives us an exact expression for Kj. We can compute the derivatives of the second
term of the sum and according to Calderon-Vaillancourt theorem (see paragraph 2.2), we finally
find that

(1) [|Opf (a0 A%) — My(A) 0P} (@M A) | 4y = O (IAB) 1) -

As B(h) was constructed to be adapted to the classical dynamic induced by A, we can verify that
this last equality allows to conclude the proof of proposition 4.3.[]

5. PROOF OF THEOREM 1.1

We consider a semiclassical measure p. Without loss of generality, we can suppose that it is
constructed from Op: and that it is associated to a sequence of eigenvectors iy, of M, (A) in
Hn, (k) where (Ng)j is an increasing sequence of integers. Precisely, we have

Va€C™(T%C), pla) = lim (n, O (@)|Yn )1, o)
We recall that we have denoted uN*(a) = (¢, |Op; (@)|[¥Ni ) 2w, (). To simplify notations, we

will not mention k in the following of this article. We start our proof by fixing a finite measurable
partition Q of small diameter §y whose boundary is not charged® by i (paragraph 2.2.8 in [3]). We

5The parameter &g is small and fixed for all the article: it has no vocation to tend to 0.
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denote n(z) := —zlogx (with the convention 0log0 = 0). We recall that the Kolmogorov-Sinai
entropy of the measure p for the partition Q can be defined as [26]

hies( A, Q) = lim — 3 n (1 (A" Qa0 ATIQ,, L)),

m—+oo 2m
|| =2m

where «; varies in {1,--- , K} (K is the cardinal of Q).

5.1. Using the entropic uncertainty principle. Our quantization is defined for smooth ob-
servables on the torus. So we start by defining a smooth partition (P;)X; of observables in
C>(T?,[0,1]) (of small support of diameter less than 2§) that satisfies the following property of
partition of T2¢:

K
(22) Vpe T, Y P’(p) = 1.

i=1
Mimicking the definition of Kolmogorov-Sinai entropy, we define the quantum entropy of ¢x with
respect to P:

(23) ham (YN, P) == > uN(P2)logu™ (P2),
|a|=2m
where P, := H}n:__lm P, o Al for o = (t—m, "+ ,Qm—1). One can verify that for fixed m, we
have
(24) hom(p, P) i=— > w(P3)logu(P3) = lim hom(dn,P).
o] =2m N—o0

So, for a fixed m and as N — oo, the quantum entropy we have just defined tends to the usual
entropy of p at time 2m (with the notable difference that we consider smooth partitions). Our cru-
cial observation to apply the entropic uncertainty principle is that we have the following partition
of identity for Hn (k):

(25) S [ L PAOnE (GR ) © ObE (TG o = Wiy
|a|=2m

This partition of identity is derived from equation (18) and is crucial to apply the entropic uncer-
tainty principle 6. In fact, it can be applied for # = L?(T*?, Hx(k)) and H = Hy (k). For p in
T?? and 1 in Hy(k), we define

al)(p, po) == Pa(po)Opy (T,(G)) ).
This defines a linear application from Hy (k) to L?(T*¢, Hx(x)) and its adjoint is given by

wbfi= [ Palpo)OBE(TLGE)" F(p,po)dpin,
T
for f in L*(T*,Hy(k)). It defines a quantum partition of identity as it satisfies the relation
Z|a\:2m 7l e = Idy ~(x)- Applying the entropic uncertainty principle for this partition and U =
M, (A)™, we bound ||7TaM,€(A)n7T;||£(L2(']I‘4d,’HN(H))) and derive the following corollary:

Corollary 5.1. Using the previous notations, one has

Vn €N, Vm €N, hop(¢n, P) > —log sup {Leb(P2)} —logc(A,n),

al=2m

where c¢(A,n) = sup {H Op (T, (GR)) M. (A)" Op, (T, (G’;LO))*

psp’1p0,p( €T

mmn))} '

Remark. If we had considered the anti-Wick quantization, we would have used the fundamental
relation

Z /]1‘2d Pi(p0)|p0a H><K7p0|dp0 = IdHN(”)'

|a|=2m
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In this case [23], we would obtain a similar corollary as 5.1. In particular, the quantity c¢(4,n)
in the lower bound would be replaced by the sup,, Nd ’(n, P61 M (A) | po, “>HN(»€)‘- We will see
that it is not sufficient to deduce our main theorem.

5.2. Estimate of ¢(A,n). In section 6, we will prove the following theorem:

Theorem 5.2. Let A be a quantizable matriz and let € be some (small) positive number. For
every positive 0 (small enough), there exists a constant C' such that, for n := ng(h) = [(1 —
)/ 108 bl Aas], )

(A, n) < C|det B(I)|h™0 Smax ce—mE (M0,
where Ay and Ay depend on the Lyapunov exponents of A and were defined in section 3.

Recall that we have the relation 2nrAN = 1. If we consider § < ¢, then the quantum entropy at
time 2m is bounded from below as follows:

log N ~
(26)  ¥m =1, hom (¥, P) = 3o— (Ao — A+)(1 = 2¢) — doeg) — log sup {Leb(P%)} +C.
max |a|=2m

This estimate is our main simplification compared with [3] as it will only use estimates of gaussian
integrals. We underline that this theorem plays a crucial role in our proof® as it replaces all the
discussion of section 3 in [3].

Remark. Even if we postpone the proof of theorem 5.2 to the next section, we can explain how it
is related to previous results on the quantum correlation function [5], [13]. In fact, it we had used
the anti-Wick quantization in our application of the entropic uncertainty principle, we would have
had to give an estimate on the quantum correlation function

N ({155 |Me(AY s )| < NS (0] M) 73U (7 4780 + A% p) M(4)? 0>L2(Rd) .
TeZZd
In [5], [13], it was proved that as long as || < )\1:; log N, the only term that contributes to the

previous sum is the term (0, 0), precisely:
At
V|t| < 2mp(N), Vp € T2, Vo' € T2¢, N¢ |(5, P | M (A) |9, K an )| < CNe= =,

Using this inequality, we would only find %AJF — dA\max in the lower bound of theorem 1.1 (as it
was obtained in [3]). This explains why we have introduced this new quantization. In fact, with
our new choice, we are able to obtain a similar bound (with a similar method) but the correction
is not anymore N¢.

5.3. Subadditivity of the quantum entropy. Now, we have to find a time m for which in-
equality (26) is optimal. It will depend on N and the last difficulty is that if m(N) grows too fast
with N, homn)(¥n, P) has no particular reason to tend to hxs(u, A) in the semiclassical limit.
We have to be careful and we first verify that classical arguments from ergodic theory (subaddi-
tivity of the entropy) can be adapted for the quantum entropy as long as m < log N/(2Amax). In
particular, we prove that the sequence ﬁhzmo (YN, P) is ‘almost’ decreasing until the Ehrenfest
time (see appendix C):

Lemma 5.3. We denote mg(N) = [(1 — €)log N/(2Amax)] and fix an integer mg. We have then

1 1
thmE(N)(wNaP) < Q—W’Loh2m0(¢N’P> + R(mqg, N),

where R(mo, N) is a remainder that satisfies Vmo € N, limy_, oo R(mg, N) = 0.

Combining this lemma with the entropic estimation (26), we have, for every fixed mg > 0,

(27)
1 ~ doEO 1 2
— Do (U N> ((Ag—Ay) — - ] Leb(P2)}.
s o P4 Bmo ) = (8o =) = 25 ) = S on s {Leb(P2)

6The other term on the lower bound will be estimate thanks to the computation of the entropy of the Lebesgue
measure.
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where R(mo, N) is a remainder that satisfies Vmg € N, limpy_, oo R(mo, N)=0.

5.4. The conclusion. To conclude, it remains to bound the quantity sup|,|—om,(nv){Leb(P2)}.
To do this, we underline that, for each « of length 2m,

Vx € supp(P?), Leb(P2) < Leb(supp(P2)) < Leb(B(x, 2d9,2m)),

where B(x,200,2m) = {y € T? : Vj € [-m,m — 1], d(Alz, Aly) < 250}, where d is the metric
induced on T?? by the Euclidean norm on R?¢. By induction and using the invariance of the metric
d, we know that for every x in T?? and for every k in Z, A~*B(A*z,250) = x + A=*B(0,24)).
Then, using the invariance by translation of the Lebesgue measure, we know that for every x
in T2¢, Leb(B(z, 280,2m)) = Leb(B(0,250,2m)). Combining [8] and theorem 8.15 from [26], we
know that Leb(B(0, 250, 2m)) < Cs,e~ 2™+~ We use this last inequality and we make N tends
to infinity in (27). It gives, for every positive my,
1 doEO

— hy, > Ay —
Imo 2 o(1,P) = Ao = 7

This last inequality holds for all (small enough) smoothing P of the partition Q. The lower bound
does not depend on the derivatives of P so we we can replace the smooth partition P by the true

partition Q in the definition of hap,, (11, P). We let mg tends to infinity, then € to 0 and finally e
to 0. We find

hxs(p, A) > hirs(p, A, Q) > A

6. THE MAIN ESTIMATE: PROOF OF THEOREM 5.2

In this section, we want to prove theorem 5.2, i.e. give an estimate of ¢(A,n). We underline
that the spirit of the proof will be similar to the proof of estimates on the propagation of coherent
states under the quantum propagator [5], [13].

First, we use exact Egorov property for the Weyl quantization and we find

E(HN(H))}
As OpY(a) is the restriction of Op}’(a) to Hy (k) and using the decomposition of L?(R?) along
the Hy(k), we know that
C(LZ(R"’))}

Our goal is to give an estimate on this last quantity. Let us explain what our strategy will be. We
underline that the symbols of the two pseudodifferentials operators are defined as infinite sums
over Z2*. We will proceed in three steps. First, we will prove that the product of the two terms
centered in (0,0) satisfy the bound we expect (section 6.1). Then, we will prove that products of

two terms not centered at the same element of Z2¢ are negligible (section 6.2). Finally, we will
combine these two estimates with the Coltar Stein theorem [11] in order to conclude (section 6.3).

PP’ 5p0,pHET24

c(A,n) = sup {HOp}f (T,(G5°) 0 AZ) OpY <Tp/(Gg{’) o A‘%)

(28) c(A,n) < sup {HOp%’ (T, (Gf°) o A2) Opy (Tp/(GZS) o A‘Z)

p.p’ sp0,ph €T

6.1. The leading term. We start our estimate by giving a bound on the term centered on (0, 0)
in Z*¢. It means that we will look at the norm of the operator
(29)

Opy (Gh (A% o —mthJp — po) 62”<A%'_”°|p>) Opy (Gh (A% o —mhJp' — p}) 62’”<A7%'_pglp/>)
where p, o', po, py € T2, Precisely, we will prove in this paragraph the following proposition:

Proposition 6.1. Let p, p', po and p) be elements in T?L. Let e be some (small) fized positive
number. Then, for every positive § and for n = ng(h) := [(1 — €)|log h|/Amax], one has

_ _EA_+ )\m X
9 ey < Claet B exp = Y di (A= 25 npin )
20 = Amax>0
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where Ay :=Y"_d;\} and where the constant C' is uniform for p, p', po and pj, in T2

Remark. We underline that this estimate is exactly the one of theorem 5.2. We will check in
the following paragraphs that terms not centered in (0,0) have a smaller contribution. We also
underline that we restrict ourselves to the time ng(#). In the following sections (6.2 and 6.3), we
will verify that the main contribution comes from the term centered in (0,0) only if we restrict
ourselves to 0 < n < ng(h). Moreover, it will be clear in the proof that the bound is the smallest
possible for n = ng(h) if we only consider the range of times 0 < n < ng(h).

6.1.1. First observations. For simplicity of notations, we introduce two auxiliary matrices
Ai(n.h) = Q"'VAB(R)A%Q and A_(n, h) := Q"'VAB() A" % Q.

Recall that, using the notations of section 3, we have

Amax—€0 . n Arnax**;r n Amax—Af n
Ay () = (WES A ) o (B Af ) o (h 50 A

and

Amax—€) . _ 1 Amax*AT _n Amax—AF  _n
A_(n,h) = (himmax A, 2)<> BB A7 2 ) o (B B Ay 2 ).

We would like now to write the norm we have to estimate into a simpler form using these new
notations. First, we underline that if we define

Viu(z) := hiu(vVha),
then, for any bounded operators Op} (a) and Op}’ (b) on L?(R?), one has

0P} (@)OpE ()] (22 (sy = || OB (a0 (VAldge))Op (b0 (VAIdgea)) |
Moreover, we can use that the matrix @ is an element of Sp(2d,R). In particular, its quantization
M(Q) (via the metaplectic representation) satisfies an exact Egorov property [11]. Using these
two observations and defining T',(w) := G o Q(w)e* (I we can deduce that the norm of the
operator (29) is bounded by
(30)
2| det B(h)| sup

pp' €=M, M]?%;pg,pp ER2E

OpY (T (A4 (n,1)  —p0) ) OpY (T (A (1, 1) @ ) )

L(LRY))’

where M is a constant depending only on ). We underline that we can choose p and p’ varying
in [-M, M]?® (with M fixed) and it will be important to have an uniform bound.

6.1.2. Study of the evolution for positive times. To study the norm of the previous operator, we
will first rewrite the operator Opj’ (f‘p (Ay(n,h)e fpo)) under a more compact form. To do

this, define now the Fourier transform of f‘p(A_,_ (n,h) e —pg) along the impulsion variable, i.e. for
p = (p*,p?) € [-M, M]** and po := (p, p3) € R*,

1 -
FZ,’;:)(x,f) = @) /Rd r, (A+(n, h) ( ;T] ) — /)0) e e gy

With this notation, we can rewrite

~ Tty
vue PR, 0p (5, (s s —p0) e = [ 13t (S5t - v) utas
For future purpose, we need to have a precise estimate on the kernel of this operator. Using the
Oseledets decomposition of section 3, we introduce the notation (x, &) := (%o, - , &, &0, -+ , &) €
R?4 where (Z;,&;) is an element of R?¥. Recall also that the matrix A; that appears in the
o-decomposition of A is of the form diag(D;, D;l*) for 1 <14 < r. Define now, for 1 <i <r,

K2

~ Amax=3  n Amax—3}
A; +(n,h) :=diag [ A 2 max D2 A 23max D}
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and

Ao 4 (n, h) := diag (FﬁIdeU , h‘EIdeU) .
These matrices allows us to bound the kernel of the operator and to precise where it is large (or
not):

Lemma 6.2. Let L be a positive integer. There exists a constant Cp, > 0 such that for every p
in [—M, M)*? and every py := (ﬁ(l)’o, e ,ﬁé’r,ﬁg’o, e ,[)(Q)’T) € R2%4, one has, for every 0 < n <
(1 — €)|log h|/Amax and every (x,&) € R*¢

- ~ ~1,i 2\ L
4 il n -4 1 log hh
H <1 + HAz',Jr(n,FL) ( z é:_/)0 ) ) ’I‘p;;g(x,«f)‘ < CLh™ % exp (5 (n—|— g )A+) |

=0 )\max

where Ay ==Y, di\;.

Proof. For variables corresponding to 1 < i < r, the estimate follows from a direct computation
and uses the fact that p varies in a fixed compact set. We have to be more careful in the case
i = 0. For every ¢ > 0, there exists a constant C.r > 0 such that, for every (%o, &) in R?¥, one

has ~
n [L'O
Az ~

0 ( €o )‘

These estimates allow us to obtain the bounds we need (using also the fact that we restrict ourselves
to times n that are at most logarithmic in &).0]

Yn >0, C7le ™ ||(0, &)l < < Cue™||(Fo, &0)-

6.1.3. Study of the evolution for negative times. In the previous paragraph, we studied the norm
of the operator for positive times. We can also rewrite

w [+ ——n+ [T+
Yu € L*(R%), Op! (I‘p/ (A_(n,h) e —pg)) u(z) = /Rd Ly (Ty,y — x) u(y)dy.

If we define 1211'7_(71, h) := fli,+(—n, h) for 0 <14 < r, we also have the following lemma:

Lemma 6.3. Let L be a positive integer. There exists a constant Cp, > 0 such that for every p'
in [—~M, M]** and every py = (/3(1)’0, . ,ﬁé’T,ﬁg’O, e ,ﬁg’T) € R%4, one has, for every 0 < n <

(1 — €)|log |/ Amax and every (z,€) € R?9,

r ~ ~1,% 2\ L
_ . _ 5L 1 (logh
I1 <1 + HAZ-,_(n, h) ( i g_pO ) ) D5t (2,€)] < CLh % exp (5 ( - —n) A+) :

=0 /\max

where Ay ==Y, di\f.

6.1.4. Estimate of the norm. In order to compute a bound on the norm of the operator, we consider
two elements ¢; and ¢s in LQ(Rd) and we want to estimate

Cova(n) = (61,001 (T (A (n, 1) & = p0) ) ObY (T (A-(m ) @ =) 62)
With the notations of the previous paragraphs, one has
n z+y =—n+ (Z2+Y -
Conantr)i= [ T3 (S5 ta = o) Tl (52— ) Buwonte sy

Fix now some positive (small) number § and introduce the two following subsets of R3:

- Tityi _ =l 2
Ai4(n, h) ( 2 Po > < 715}

L2(RY)

Xgr(n) = {(z,y,z) VO<i<r7r

Ti — Ui
and
- Zi+@s L 2
X5 (n)=<(z,y,2):YO<i<r Ai7_(n,h)( 2z~ Po ) <H .
Yi — %

We also define Xs(n) := X; (n)NX; (n). Thanks to lemmas 6.2 and 6.3, we know that outside the
set Xs(n), the kernel of the operator is small in h. Precisely, we can prove the following lemma:
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Lemma 6.4. Let § be a (small) positive real number. Let ¢y and ¢o be two elements in L?(R?).
One has, for 0 < n < (1 —€)|log A/ Amax;

n Tty =n+ [(Z2+Y — 0
Lo (e =) T (550 2) Buwn(e)daduds = 0061l cun e
R34\ X5(n)

where the remainder is uniform for p,p’ € [—M, M]?* and po, pj € R??.

Proof. Thanks to the Cauchy Schwarz inequality, it is sufficient to give an estimate on

nt (LY =+ (2+Y — 2
/R“\x(;(m Lol ( o _y) Loy ( 5 YT 2) ’ |61(2)|” dwdydz.

2
According to lemmas 6.2 and 6.3, we know that for every integer L, there exists a constant C, > 0
such that, for every 0 < n < |logA|/Amax and every (z,y, z) in R34

+ (T+yY =-n+ (Z2+Y
Fvao< ) ’:Cy)FP'7P6< 9 ’y’z)‘

2 —L r - _ .
- Zit¥i _ 1,0
) o fen( )

i—0 Yi — %

L
r _ Fitgs <l 2
< CLh_dH <1 + HAZ',-‘:-(TL’FL) ( 2 Po ) ) .

.fi" — a7
=0 i — Yi

Under the extra assumption that (z,y, z) in Rgd\X(;, one knows that
+ [Tty =—n,+ [(Z+Y
FZWU< 9 ’:Cy)FP'7P6 < 9 Y-z

r N Forg ALi\ 12\ YT N Zitds | <1y
<o T (1 + HAZ-,+(n,h)< 2 ~Po > II(1+ ’Aiy(n,h)< 2~ Po )
1=0

i=0 Ti = Y Yi — Zi

In the allowed range of times n one can check that, for some uniform constant D, one has

r - Zi+§s <1
fodT{r famn (207
R2d ;70 Yi — %

Combining these last two estimates, we find that, for every L > 0,
n Tty —n4+ [ Z2+Y _ 2 .
/ F”:’I’ ( L= y) Lo ( Y= z) ‘¢1($)’ dxdydz = O(FLM b=y
R3d\ X5(n)

2 2
6.1.5. The conclusion. According to the previous paragraph, we know that, modulo a remainder
of order O(hoo)H(blHLZ(Rd)H(bQHL%Rd)a the quantity C¢17¢2 (n) is equal to

2)

o\ —d
) dydz = O(h™P).

n r+y =—n+ (Z+Y -
(31) / FP:;; ( 5T~ y) Ly (—2 Y — z) &1 (x)d2(2)dadydz.
Xs(n)
For the sake of simplicity, we now restrict ourselves to the case” n = ng(h) = [(1 — €)|loghl].
According to lemmas 6.2 and 6.3, one knows that there exists a constant C' > 0 such that
A
GOl <O [y (w)oa(e)ldedydz.
Xs(np(h))

We have then

Nf=
W=

/ (60(2) Pdadydz | |
Xs(ng(h))

We will estimate these two integrals and to do this, we will distinguish two cases:

e the variables such that 2/\;.F — Amax > 0;
e the variables such that 2A} — A\pax < 0.

(32)  |(31)] < Ch M mes ( / |¢1<x)l2d:cdydz>
Xs(ng(h))

"The reader can check that the bound is optimal in this case.
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The case 2)\;' — Amax > 0. Define, for ¢ such that 2)\;' — Amax > 0 and Z; in Rdi, the sets

2

gh‘s}
2

§h5}.

For every #; in R%, we can verify that the optimal bound on the volume is given by

X5 @i nm(h) = {@i”gi) : "Ai,+(nE(h);h) ( Tt *ﬁ(lfi )

Ti —Yi

and

Yi — Zi

X (F.np(h) = {(y) : HAL(HMW ( o )

At
Vol (X (2i,ne(h) N X5 (Z,nE(h))) < C’h*di‘shdl(km),

where C is some uniform constant. If we do the same thing but exchange the roles played by z;
and Z;, we can introduce the sets
2
< h“s}

2
gh—‘s}.

det A; 4 (np(h), h)| "} = Ch=%0enEMdAT,

T —Yi

X (2o me(h)) = {(H> |, e )
and

X5 (Zi,np(h) = {(:zi,gi) : HAL—(”E(FL)’FL) ( L )

Yi — %

We verify that the optimal bound on the volume is given by

d;s

Vol (X (Z,ne(h) N Xy (Zi,ne(h)) < Ch™ 2

For this bound we used the fact that the Lyapunov exponent satisfy 2/\:r — Amax: the volume
Vol (X5 (%, ng(h))) is already bounded by this quantity and it is the optimal bound we can get
(regarding the fact that 2/\:r — Amax)- These estimates will allow us to treat the variables corre-
sponding to indices i such that 2\ — Apax > 0 in the right hand side of (32).

The case 2)\;r — Amax < 0. We now treat the case of the other variables. We fix such a i.
We also use the same auxiliary sets for #; and Z; in R%. For every Z; in R%, we can verify that,
as in the previous case, the optimal bound on the volume is given by

At
Vol (X (2i,ne(h) N X5 (Z,nE(h))) < C*h*dﬁﬁdI(“W),

where C is some uniform constant. The difference with the previous case is that, as 2)\;r —Amax <0,
we can not obtain a better bound in the case of Z;. It means that we have, for every Z;, the optimal
bound on the volume is given by

+
~ di( 1= 2
Vol (X5 (Zi,np(h) N Xy (Z,ng(h)) < Ch™%°h (1 km)

Combining the different estimates. Using the previous definitions, we have the following
inequality

/~ |1 () |Pdadydz < / |p1(2)? HV01 (X5 (&, np(h) N X5 (Zi,np(h))) dio - - - di,.
Xs(ne(h)) Xs(ne(h)) i=0
With our previous estimates, we find that

Ay

/Xs(nE(h)) |¢1(m)|2dxdydz < C2p—do+d—sk H(blH%Z(]Rd)-

where we recall that Ay == >, d; . For the other integral, we find that

At
224 d6 2 di(k L ) -np(h) Y, dinf
/ (6a(2) Pdidydz < G200 R o (17 Smi ) 718 s o

Xs(ng(h))

P27 (ga)-
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Finally, using (32), we find that, for n = ng(h),

52— di—e Amax \ logh
olcen = mmeon (5 d (A - 25%) L) forlla loal ey 0
4:20F — Amax >0 max

6.2. Negligible terms. In the previous section, we have estimated the term that is supposed to
be the leading term in the operator norm. We will prove in this section that some of the other
terms are negligible and we will conclude in the next section using the Coltar Stein theorem [11].
As A is an element in SL(2d,Z), we can consider T), (G o A%)" instead of T, (Gf°) o A% and

Ty (Gro A_%)p" instead of T, (GZE’) o A=% where p, p', po and pj vary in T?? (see the expres-

sion (28) we want to estimate). The observables T, (G 0 A%)" and T}y (G o A™%)" are defined
as infinite sums over r in Z2¢. We will now show that for » # r/, the norm of the product operator
is a O(h>). First, for simplicity of notations, we introduce the following notations, for w € R4,

FO (w) = G (BR)A} (w — po — whp)) =A% wle)

and

F"w) =@ (B(h)A™2 (w —7hp')) e~ 2m(AT 2 wlp")
We underline that we have taken p{, = 0 without loss of generality (see the expression (28) we
want to estimate). Moreover, we can also suppose that pg is an element in [—1/2,1/2]?¢. We now
estimate the norm of two translated operators with r # r’. To do this, we write the exact formula
for the Moyal product (see [12]-chapter 4), for 7 and 7/ in Z2¢,

Ay (w) := F_f_ )(o+r)ij£ )(o+r’)(w) = / F_g_ )(w+w1+7’)F£ )(w+w2+r’)e 7 <w17']w2>%.
R4d ™
Let x(w1,ws2) be a smooth function on R*¢ compactly supported in a small neighborhood of 0.
We fix some small positive number ¢ and we suppose that x is equal to 1 on the set {|lwi|j2 <
€ and ||wz|l2 < €'} and to 0 outside {|lwi]l2 < 2€¢’ and |Jwz|l2 < 2€¢'}. Using this cutoff, we can
split the integral in two parts
n n 2 dwd
Ap o (w) = / X(wr,wo) F (w 4wy + 1) F (w4 wy 4 ¢7)e e Jwa) D0
’ R4d (Wh)zd
and
Jws) d’LUl d’LUQ
(ﬂ.h)Qd ’

We will now prove that these two symbols are in the class S~°°(1) with an explicit control on the
norm of the derivatives depending on r and 7.

A?",r’ (w) == /]R4d(1 — x(wl,wg))FJ(r") (w+wy + r)FEn) (w+ we + T’)e_Z_ﬁ“““’

6.2.1. Class of Af,r/. We know that the integral defining A%,w is over variables (w1, ws) that satisfy
lwilly > € or Jlwaly > €.

Thanks to this last property, we are able to use the (non)-stationary phase property. To do this,
we introduce the operators

L=l L Jd, or ' m — 1 JLQQ,% :
20\ Jlwa 15 20\ Jlwall3

Using the fact that L(e~ % (wiJw2)) = [/(e= % (wiJwa)) — o= (wi.Jw2) and performing integration
by parts, we find that the observable A2 ,(w) is a O(h*°) as long as 0 < n < +=<|logh| (the

/
T m

derivatives of FJ(r") and F"™ are bounded by some O(h~1*%) for this range of times). Moreover,
we can make other integrations by parts using the operators
L (wtr Jdu,) 1= 2w+ du,)

= and L/, :=
" 1+ lw+rl3 " 1+ [lw+ 73
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We verify then that, for every M in N, there exists a constant Cj; such that

Oy M
(14 flw +77ll2)* (L + [Jw + r]|2)>*
Making the same computations, we find the same properties hold for any derivative of A

2
T

Vr#1 € 2%, Yw e R*, A7 (w)| <

2

ot

. is in the class S7°°(1), as long as 0 < n <

In
particular, we know that the symbol >, A
=< |loghl.

max

6.2.2. Class of A$7r,. For A small enough and for w; on the support of x, we know that the
observable FJ(rn) (w+wy +7) is gaussian and centered on a point in the ball B(r, 3¢/+1/2). Moreover,

for wo on the support of , the other observable ol (w+ wq +71') is gaussian and centered on
a point in the ball B(r/,3¢’) (again when A is small enough). As we made the assumption that
r # 1, we also know that ||r — /|2 > 1. If we restrict ouselves to 0 < n < (1 —€)|log /| / Amax, the
variance of the two gaussian observables is of order at most O(h¢). These different observations
tell us that the observable F_f_") (w+ wy +7) is exponentially small in & when F™ (w + ws + r') is
large. The converse is also true. In particular, we know that [A} . (w)| = O(h>°) (uniformly for w
in R2?). In fact, we can even be more precise and we can verify that, for every L > 0,

(14 flw + 7" [l2)* (1 + [lw + r[|2)*| Ay (w)] = O(BE),

where the constant involved is uniform for r # 7 in Z%¢, w in R?? and 0 < n < (1—¢€)|log A|/Amax-
Finally, we underline that the same method allows to derive the same on the derivatives of A}_,T/.

In particular, the symbol 3>, A}, is in the class S~°(1).

T

6.2.3. Applying Calderon Vaillancourt theorem. Using the two previous paragraphs, we know that
the symbol 3, A, is in the class 57°°(1). Thanks to the Calderén Vaillancourt theorem (see

equation (11)), we know that, as long as n < ;m—:(| log A/,

Opy | D A = O(h™).
rr £(L2(R%))

Finally, we can derive that

|0pi (T, (G0 4% y)Opi (T, (G0 A% )0%)

L(L?(R))

_od w (n) 4 () oo
_9 |detB(h)|HOph (TO (F+ ¢ ))Hﬁ(LZ(Rd))jLO(h ).

6.3. Applying Coltar-Stein theorem. To summarize, we have shown that in order to prove
theorem 5.2, we only need to get an estimate on the norm of the operator

Opy (To(F{tFC)) = 3~ Un(r)Opj (FYV 4™ Un(r)”,
7‘622'1
where we used the notations of the previous section. Moreover, proposition 6.1 shows that the norm
of Opy (F#F-) is bounded by the expected quantity. It remains to show that these two properties

are sufficient to prove the main theorem. To do this, we define A, := Ux(r)Op}, (FJ(r")ﬂan) YUR(r)*.
Our goal is to give a bound on the two following quantities:

1 1
sup Z ||A:AT’HZ(L2(R:1)) and sup Z AL ALZ 2 (Ray)-
" r/€Z2d " r’ez2d
If we are able to prove that both quantities are bounded by the same quantity C, Coltar-Stein
theorem will tell us that C' is a bound on the norm of A := % /.. A,. Regarding this goal, we
write

AZA, = Opy (FU))*Opy (F))*Opy (FL)™)Opi (FU)).
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= ||Opy (F- o A%) Hz:(Lz(Rd))'

Using th tE ty, we k thtHOwFS")T
sing the exact Egorov property, we know tha P )) £(L2(RD))

As long as |n| < =< < |log |, the symbol F_ o A% remains in the class of symbol SO( ) and the
involved constants are uniform for n in the allowed interval. In particular, we know that there

exists an uniform constant C' (independent of r) such that HOph (FS")) )

< C. In par-
L(L2(Rd))

CHOph F(") )*Opy ((F (n)) NN . We will use

L(L*(RT))
this estimate to bound the sum over r # 7’. Using the same method as in section 6.2, we find that
for every M in N and every multiindex o in N?¢ there exists a constant Cs o, such that

d IeY (n)\r (n)\r’ CM#XhM
Yooty Y € R (RSO0 S o i T

ticular, we have that [|ATA

! ||L(L2(Rd)) ~

Finally, according to Calder6én-Vaillancourt theorem, we know then that, for every M in N, there
exists a constant C)y, such that

Vor#r, ||AA < Cu M (14 ||r —o/]]2) 724

[

In particular, it implies that, for every r € 72,
1
3

L (n) (n) (n)
D IATALE Loy = HOph (F"))-Opjy (F{")* Opy (F{™)Opy (F" M 22y

r/ €724

O(h™).

As we have seen with proposition 6.1 how to to bound the norm Op}y (F(n))Op;“{(FS")) and as we

have HOp}f an))*Op“’(F("))* L) HOph F("))Oph Fmy H aray’ know that, for
n=ng(h) :=[(1—¢€)|logh|/Amax],
* % 757€A7+ + )\max
D IATAZ ey SCR Smmexp [ = Y d; ()\i - =5 ) ne(n)

rez2d 222 —Amax >0

The same method allows to get the bound
x ||3 et +  Amax
sup Z ||ATA7‘/||L(L2(Rd)) <Ch Amax €XD | — Z d; /\i T nE(h)
" ez $20F — Amax >0

By Coltar-Stein theorem (lemma 7.10 in [11]), we can deduce that, for n = ng(h),

A
HOP“{(To(Fin)ﬁFEn)))H < Ol Xmx exp | — Z d; ()\j — @) ne(h) | .O

£(L2(RD) 12227 —Amax >0
22X —Amax

APPENDIX A. PROOF OF LEMMA 4.1

In this appendix, we give a proof of lemma 4.1. Precisely, we have to verify that the symbols a
and a x (GriGp) have the same principal symbol. Using the definition of the Moyal product [12],
we can compute an exact expression of the symbol

ax (GpiGr) (p) = Jrza @(p0) faa €= TG (p — po + w1)Grlp — po + w2) {4582 dpo
= Juza @(po) fgaa e” 2™ G(p — po + VIhw1)Gr(p — po + Vrhws)dw: dwsdpy
= Jgza alp 4+ B(h) ™' po) Kn(po)dpo,

where

1

Kulpo) = r3t B0

/4d e~ 2mwlwiw2) G (Vrhawy — B(h) "L po)Gr(Vrhws — B(h) ™ po)dwy dws.
R
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We start by computing [p.. e~ 2mw(wiw2) G(y/mhB(h)w; — po)dw;. Changing the variables, we find
that it is equal to

1
672z7r<.]w2,(7rh)7 2B(h) " po

[det B(R)|(rh)d

> —1 —1x
R

We find then
2d

K =
n(P0) = T B e
We make a change of variables to find that

Kn(po) = 2d/ a e~ 2Pl G (p1) G (whB(h)J B(R)* p1 — po) dpx.
R2

=2 {Tw2 B 00) G (B(h) ™ Jwy) G (whB(h)wy — po) dws

In order to verify that a and a *x (GriGp) have the same principal symbol, we write the Taylor
formula at the point p and find that

* (GriiGR) (p / Kr(po d/)o+/ Kr(po / (dpstB(h)-1p0a) -(B(R)~")podtdpy.

We can verify that [o., Kr(po)dpo = 1. In fact, one has

/ / e~ 2vm(p1,p0) (3 (Pl) G (WﬁB(ﬁ)JB(ﬁ)*pl _ PO) dprdpy = / G(p1)262m<pl’A(h)pl>dp1,
R2d JR2d R2d

where A(h) := nhB(h)JB(h)*. We note that A(h) is antisymmetric and we find that [p., Kx(po)dpo =
1.

Finally, we recall that we have that ||B(h) ™!« = O(h?). We have to check that for a polynom
P(po) independent of A, the term [g., |P|(po)|Kr|(po)dpo is uniformly bounded independently of

h. This quantity is bounded by

g / L G G ERBONTB®) o = ) 1Pl ldpud.

Using the fact that ||[7hB(h)JB(h)*| o is uniformly bounded (as A} < Amax), we have the expected
property. In particular, we can use Calderon-Vaillancourt theorem (property (11)) to derive that

[0Op}; (a) — Opyi (a)ll 2(ra)— 12(re) = Oa(h7).00
APPENDIX B. PROOF OF PROPOSITION 4.2

In this appendix, we prove proposition 4.2 on our quantization Op:. This proposition was
crucial in our proof as it ensures that Op: is nonnegative and has the same nice (‘product’)
structure as the anti-Wick quantization. We start the proof of this proposition by computing the
n-th Fourier coefficient of To(F14F2) (where § is the Moyal product of two observables [11]). We
show that:

Lemma B.1. Let F} and Fy be two elements in S(R%4). Then, we have, for any n in 7%,
(T (FrtFa))n = / e Ty F g o = ( [
R

FONT, (T + p) By (p)dp),
T2d
where F fde Ye=2mew) duy is the standard Fourier transform of F,.

2d

Proof. Using exact expression of the Moyal product from [12] (see also [11]), we write

FrtFy) —2umlpr o)y (2L joN dpydps.
To(F1tFy) Z//}RM (m+p+r 2\ oy TPt dede:

rez2d

Using Poisson formula, we find that

F1iF) —2m({pr,Jp2) H(r PN, [ F, P2 "\ dordoodo ) 2T (Te)
To(F18F)(p <///Rﬁd \/—er + 0 ) dprdpadp’ | e

rez2d

%
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We recall that we are interested in the (Jn)-th Fourier coefficient of Ty(F14Fy). Under the previous
form, we immediatly check that

(To(F1tF2))n = (///}RM e=2im{prdp2) = (I D ( pTlN + P/) Fy <—pT2N + Pl> dpldp2dp/) :

We first make the integration into the po variable and we find that

T(F F 2 ({Jn,p’)— (\/_JP1,P )F P / 2N dﬁ‘ —V2NJ d d/ .
(To(F14F2))n (//ﬂw m-ﬁ-ﬂ (2N) 2(\/ /)1) p1dp

Then, making the integration against the p’ variable, we find that

(To(F14F>))n = ( /]R . A (VNI IO (< g+ V2N T p) (2N)'F: (~V2NJp) dp)

An obvious change of variables allows to find
TFizr)n = ([ ¥ OIF1 (o= 0) Fa(~p)dp) 0
R2d
Proof of proposition 4.2. Under the previous form, we can verify that

(To(FrtFa))n = D ( / RIS OTIIE (p— J(n 1) O Ey (—p — 1) dp) .
T2

TGZQd
We introduce the periodic function
I) = Z e%(”‘ap> F2 (_p — JT) 6_27‘7F<JT7P/> .
rez2d
Using the Poisson formula, it verifies also

- Jp ,
N N 2um(r+p’,p)
(33) T, (F3)(p') = To(Fa) (o) = EEZZ:d P (r+p 2N) 2o )

With these definitions, we have

_ J ,
T,(F1)(p') == Z Fy (r - 2]6) e~ 2 {r+p’.p)
TEZZd

Using these new notations, we have shown the following equality which is exactly proposition 4.2:

Opy (To(F14F) = [ OB (T,(F))" o Opi (T, (F2))dp.C

APPENDIX C. PROOF OF LEMMA 5.3

To complete the proof of theorem 1.1, it remains to prove lemma 5.3. To prove this lemma,
we use classical properties of the entropy of a partition [26] (chapter 4) that we briefly prove here
(see theorem 4.3 and 4.9 in [26] for details). We fix three integers p, n and m. To simplify our
notations, we define the p-translated entropy as follows:

Mo (Un.P) = ) (b (L 0 A7)
|a|=2m

Mimicking the usual proof for the subadditivity of the entropy of a partition [26] (chapter 4), we
write

n+m—1 m+n—1
W sm) W8 P) = = D aim) 1 (HJ——m n A”p) log (H]__m . AJ+P)

HN (Hm—+JL ! P2 OA]+p) N m+n—1 2 1
m—n Pa i
+ Z\a|:2(n+m) n (uN (H;"ffmin P2 OAHP) M (szfern Fg o AJ p) .
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Using the concavity of the function n and the property of partition of identity (22), we can write
the following inequality:

m+n—1 ) —m4n—1 .
2(n+m)(1/}N’ )< Z N MN ]._.[ PO%:‘ o AP + Z n MN ]._.[ Pa2y‘ o AVTY
|a|=2m j=—m+n la|=2n j=—m—n

Under a more compact form, it can be reformulated as follows:

Lemma C.1. Using previous notations, one has
(34 VpEN, ¥n>0, ¥m >0, hiy, (08, P) < h3, P (Un, P) + by P (U, P).

We fix now two integers mg < m and write the Euclidean division m = gmgy + r where 0 < r <
mo. We use inequality (34) to derive

h2m (’l/)Nv 7)) 2qm0 (wNa ) qmo (wNa )
We apply one more time inequality (34) to find

th(’L/JN, ) < h;&mq)mo(wz\h )+ h2 (q— 1)mo+r<w ’P) +hy qmo(’le’/P)-
By induction, we finally have the following corollary:

Corollary C.2. Using previous notations, one has
(35) hom (N, P) < by, "™ (Y, P +Zh2 NIRRT (4 ).

Proof of lemma 5.3. This last inequality is true for any integers (m,mq,r) satisfying m =
gmo + . We can now give the proof of lemma 5.3. To do this, we fix a positive integer my and
consider (¢,7) in N x N satisfying gmo + r = mg(N) where 0 < r < mg. Recall that according to
Egorov property (proposition 4.3), one has, for every a in C>°(T?),

V[t < mp(N), 5V (a0 A") = 4N (@) + 0u(1), as N - +oo.

We underline that the remainder tends to 0 uniformly for ¢ in the allowed interval. We now apply
this property to P2 where |a| = 2mq. Using the continuity of 7, we find that

V[t <mpe(N), n(u (P20 A") =n (1 (P2)) + 0a(1), as N — +oc.
As my is fixed, we can deduce from the definition of %, (¥, P) that

V p| <me(N), W, (YN, P) = hom, (YN, P) + 0my (1), as N — +oo.

We can apply this result in inequality (35). In this case, one has that p = —(¢+1—27)mo+r belongs
to [-mg(N),mg(N)]. As |gmo| < mg(N), we can also write hy, """ (YN, P) = har (YN, P) +0,(1)
as N tends to infinity. Finally, we find that

hamp () (N P) < har(Yn, P) + qhom, (YN, P) + (¢ + 1) R (mo, N),

where R'(mg, N) is a remainder that satisfies Vmg € N, limy_,o0 R'(mo, N) = 0. The conclusion
of the lemma follows from this last statement.ld
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