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DECOMPOSITION OF REDUCTIVE REGULAR
PREHOMOGENEOUS VECTOR SPACES

HUBERT RUBENTHALER

ABSTRACT. Let (G, V) be a regular prehomogeneous vector space (ab-
breviated to PV'), where G is a connected reductive algebraic group over
C. If V = @iL,V; is a decomposition of V into irreducible representa-
tions, then, in general, the PV’s (G, V;) are no longer regular. In this
paper we introduce the notion of quasi-irreducible PV (abbreviated to
Q-irreducible), and show first that for completely Q-reducible PV’s, the
Q-isotopic components are intrinsically defined, as in ordinary represen-
tation theory. We also show that, in an appropriate sense, any regular
PV is a direct sum of quasi-irreducible PV’s. Finally we classify the
quasi-irreducible PV’s of parabolic type.

1. INTRODUCTION

1.1.  Let us first recall that a prehomogeneous vector space (abbreviated to
PV) is a triplet (G, p, V) where G is an algebraic group over C, and p is a
rational representation of G' on the finite dimensional vector space V', such
that G has a Zariski open orbit in V. The theory of PV’s was created by
Mikio Sato in the early 70’s to provide generalizations of several kinds of
known local or global zeta functions satisfying a functional equation similar
to that of the Mellin transform, the Riemann zeta function, the Epstein zeta
function or the zeta function of a simple algebra [Fa. M].

For the basic results on PV’s we refer the reader to [5-K] and to [Ki-].
There are many papers concerned with local or global zeta functions of
PV’s and their functional equations. Among them let us mention [Ba_SH],
[Ba. F-1], [Bai), [B-R]],[Fa. F-2 for example.

There are also many papers concerning the classification theory of PV’s.
Many of them are written by T. Kimura and his students. We refer to
the bibliography of [Ki-1] and to [Ki-2, [Ki-all]], [Ki-ald], [Ki-alj] for more
details. The regular PV’s of parabolic type were classified in [Md].

1.2. In order to associate a zeta function to a reductive PV one needs a
further condition on the PV, namely the so-called regularity condition (see
section 2.1) Therefore knowledge of the structure of the reductive regular
PV’s as well as their classification is of particular interest. Unfortunately
if (G,V) is a non irreducible reductive regular PV, it can be seen in easy
examples (see example P.2.9) that the irreducible components of the rep-
resentation (G, V), which are still prehomogeneous, are in general not reg-
ular. This makes understanding the structure of such PV’s difficult. To
1



2 HUBERT RUBENTHALER

get around this difficulty we introduce the notion of quasi-irreducible PV
(abbreviated to Q-irreducible) and show that, in an appropriate sense, any
reductive regular PV is a sum of @Q-irreducible PV’s.

1.3. Let us now describe the content of the paper.

It is worthwhile pointing out that usually the group G of a PV is supposed
to be connected. For our purpose we do not make this hypothesis. Therefore
in section 2.1 we begin by giving extensions of basic results to the case where
the group is not connected.

In section 2.2 we give the definition of @Q-irreducible PV’s and prove that, if
G is reductive and if (G, V') is a regular PV which is completely Q-reducible,
then the Q-isotypic components of (G, V') are intrinsically defined.

In section 3 we give our structure theorem for reductive regular PV’s which
asserts that, if (G, V') is a regular reductive PV, there exists a filtration of
the space V:

{0} =Up1 CU, C---CUy CU =V,
and a filtration of the group G

G, CGr_1C---C G =G,

such that the G}s are reductive and the U; and U;; are Gj-stable. Moreover
(G, U;) is a regular PV and (G;,U;/U;+1) is completely @Q-reducible, for
1=1,...,k See Theorem below for the precise statement.

In section 4.1 we give a brief account of the theory of parabolic PV’s, and in
section 4.2 we give the complete classification of regular Q-irreducible PV’s.

1.4. Acknowledgement. I obtained the results of this paper a long time
ago, but never published them. I would like to thank Tatsuo Kimura for the
recent stimulating conversations about classification theory of PV’s which
convinced me to write them up.

2. COMPLETELY (Q-REDUCIBLE REGULAR PV’s

2.1. The regularity for non connected reductive groups. As said in
the Introduction a prehomogeneous vector space is a triplet (G, p, V') where
G is an algebraic group over C, and p is a rational representation of G on
the finite dimensional vector space V', such that G has a Zariski open orbit
in V. The open orbit is usually denoted by  and S = V' \ Q is the singular
set. The elements in the open orbit are called generic. We often simply
write (G,V') for a PV when we do not need to make the representation
explicit. A relative invariant of the PV (G,V) is a rational function f on
V', such that there exists a rational character x of G, such that for all x € Q
and all g € G, one has f(g.x) = x(9)f(x). The character y determines
f up to a multiplicative constant. The subgroups we shall consider in the
sequel are isotropy subgroups. These will be reductive, but not necessarily
connected. Therefore we need to extend slightly the basic results concerning
the regularity.

Proposition 2.1.1. Let (G,V) be a PV, where G is not necessarily con-
nected and not necessarily reductive. Let G° be the connected component
group of G. Denote by Q the open orbit under G° and define S = V \ Q.
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Let S1,...,Sk be the irreducible components of codimension one in S. Let
f1, fo, ..., fr be irreducible polynomials such that

S; = {CE S V|fz(£l?) = O}.

The f;’s are (as well known) the fundamental relative invariants of (G°,V).
Then:
1) Q is also the open G-orbit.
2) For any g € G and for any i € {1,...,k}, there exists 09(i) € {1,...,k}
and a non zero contant c(i,g) such that for all x € V, one has fi(g.x) =
c(i,9) fso(iy(z). Therefore the group G acts by permutations on the set of
lines {Cf;,i=1,...,k}.
3) Let UL U---UI, ={1,2,...,k} be the partition defined by the G-action
on the lines Cf;. Define ¢; = Hz‘elj fi- Then @; is a relative invariant under
G. Any relative invariant ¢ under G can be uniquely written in the following
way:

o=y
where mj; € Z and c € C.

Proof.

1) Let © be the open G°-orbit of V. Let us prove first that for any g € G the
set ¢.Q is a G°-orbit. Let u = g.x and v = g.y (z,y € Q) be two elements
in ¢.Q. By definition there exists h € G° such that x = h.y. Therefore

u=g.x=ghy=ghg lgy=hgy=~no
(where b/ = ghg™! € G°, because G° is a normal subgroup of G). As g.Q is
open, we have ¢.Q2 = , for all g € G. Hence ) is also the open G-orbit.
2) Denote by x; the G° character of f;. For g € G and z € V, define ¢ (z) =
fi(g.z). Then for h € G° we have ¢! (h.x) = fi(gh.x) = fi(ghg lg.x) =
Xi(ghg™1)¥?(x). Therefore ¢ is an irreducible relative invariant of G°.
Hence there exists 09(i) € {1,...,k} and a non zero contant c(i,g) such
that for all x € V', one has p;(z) = fi(g.7) = c(i, g) fos (i) (%) -
3) Let ¢; as defined above. Let g € G. One has p;(g.z) = Hidj filg.x) =
(ILe I c(i,9))p;(x). Hence g; is a relative invariant under G, with character
Xilg) = (Hielj c(i,9)). Let ¢ be a relative invariant under G. Let x, be
the corresponding G character. As ¢ is a relative invariant under G°, one
has ¢ = CH?:l "1, where ¢ € C and where n; € Z. We have, for g € G and
x €
k k k
plg.2) = exp(9) [ [ £7(2) = e[ [ £ (g0) =[] flay (@) (¢ €©)
i=1 i=1 i=1
Therefore from the uniqueness of the decomposition for G° relative invari-
ants, we obtain that for every g € G we have ngg(;) = n;. Hence the powers
n; of the f;’s in the same subset I}, are the same, say m;. This implies that

mi, _mao

©=cp" Pyt Lo
0

Remark 2.1.2. Of course all the f; where ¢ € I; have the same degree.
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Definition 2.1.3. Let (G, V) be a PV where G is a reductive, non necessar-
ily connected, algebraic group. The PV (G,V) is called reqular if there exists

a relative invariant f such that % = gradlog(f) : @ — V* is generically

surjective (i.e. has a Zariski dense image). Such a relative invariant is said
to be nondegenerate.

Proposition 2.1.4. (Compare with [Ki-I|, Th. 2.28), and [5-K]], Remark
11 p.64)

Let G be a reductive algebraic group. Let G° be the connected component
group of G and suppose that (G,V) is a PV.

The following conditions are equivalent:

i) (G, V) is regular.

ii) There exists a relative invariant f such that the Hessian Hy(x) = Det(%(m))
s not identically zero

iii) The singular set S is a hypersurface.

iv) The open orbit Q =V \ S is an affine variety.

v) Each generic isotropy subgroup is reductive.

vi) Each generic isotropy subalgebra is reductive.

Suppose moreover that these conditions hold. Then any polynomial f sat-
isfying S = {x € V|f(z) = 0} is a nondegenerate relative invariant of G°.
In the notations of Proposition the set of such polynomials which are
relative invariants under G is the set of polynomials of the form

f=col 5 ...
where m; € N* and ¢ € C*.

Proof.

We will of course use the same result for connected reductive groups ([Ki-1J],

Th. 2.28. and [B-K])

First of all we remark that by the same proof as in the case where the group

is connected (see [B-K]|, Proposition 10 p.62 and Remark 11 p. 64) we obtain

i) < ii).

i) = iii): If (G, V) is regular, there exists a nondegenerate relative invariant

f. This function is also a relative invariant of (G°, V'), hence the singular

set for the G° action is an hypersurface. But the singular set for G is the

same as for G°, from Proposition R.1.1. Assertion iii) is proved.

ili) = iv): This is classical: the complementary set of a hypersurface is

allways an affine variety.

iv) = v): From [Ki-], Th. 2.28, we know that for = € €, the isotropy

subgroup Gy, is reductive. Hence the isotropy subgroup G is reductive.

v) = vi): As the Lie algebras of G° and of G are the same, this is obvious.

vi) = i): Let Si,...,S,, be the irreducible components of S. They cor-

respond to irreducible polynomials fi,..., f,, which are the fundamental

relative invariants for G°. We know from [Ki-1, Th. 2.28 that if vi) is

satisfied then (G°,V) is regular and therefore any polynomial f such that

S = {z € V|f(z) = 0} is a nondegenerate relative invariant under G°.

Among them the functions which are relative invariants under G are of the

proposed form from Proposition R.1.]. Hence (G, V) is regular and i) is true.
O
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Remark 2.1.5. Under the assumptions of the preceding Proposition, the
polynomial f = fifo... fx = p1p2... @, is the unique polynomial of mini-
mal degree which defines S. It is a relative invariant under G.

2.2. Quasi-irreducible PV’s and complete Q-reducibility.

The following result is often very useful.

Proposition 2.2.1. Let (G,V) be a PV. Here we do not suppose that G
18 connected and we do not suppose that G is reductive. Suppose that V =
Vi & Vo where Vi and Vo are two non trivial G-invariant subspaces of V.
Denote by py (resp. p2) the projections on Vi (resp. Vi) defined by this
decomposition.

1) The representations (G,V1) and (G,V2) are PV’s. Moreover the open
orbits in Vi (resp. Va) are the projections of Qv i.e. Qy, = pi(Qy),i = 1,2.
2) Let o + yo be a generic element of (G, V'), with zy € Vi and yo € Va.
Let also Gy, (resp. Gy,) be the isotropy subgroup of xo (resp. yo). Then
(Gyo, V1) and (Ggy, Va) are PV’s, and xq is generic in (Gy,, V1) and yo is
generic in (Ggy, V).

3) One has Gyy N Gy, = Guyqy,- The open Gyy-orbit in Vi is equal to
Qv (yo) = {x € Vi,z +yo € Qv} and the open Gy, -orbit in Va is equal to
QVQ(x()) = {y S V2L$0 +y € Qv}.

4) The subgroup G generated by G, and Gy, is open, and hence closed,
therefore we he have G=0G if G is connected. More precisely the subset
Go-Gy, is open in G.

5) Suppose that G is reductive, and that (G,V) and (G,V1) are regular.
Then (Ggy, Vo) is a regular reductive PV .

Proof.

1) As the projections p; and py are open maps, the sets Qy;, = p;(Qy),i = 1,2
are open. Let z; and z2 be two elements in y,. From the definition there
exists y1 and gy in V5 such that x1 +y; and x5 + y9 belong to y. Therefore
there exists g € G such that g.(z1 + y1) = x2 + y2. Hence g.x1 = 2. Hence
two elements in 2y, are congugate. Conversely the conjugate of an element
in Qy; is still in Qy,. This proves the first assertion for V;. The argument
for V5 is the same.

2) Define n = dimV, n; = dimVj, ny = dim V. As (G,V) is prehomoge-
neous, we have n = dim G — dim G,4, and as (G, V}) is also prehomoge-
neous we have n; = dim G — dim G,,. Therefore

n=n1+ny = dimG —dimGyjyy,
= dimG — dim Gy, + dim Gy, — dim G4y,
= n1 +dimGy, — dim Gy qy,-

Therefore ny = dim Gy, — dimGayyy, and as Guopyo = (Gzg)y, is the
isotropy subgroup of yo in G,, the representation (G,,V2) is prehomo-
geneous, and g is generic for this space.

3) The assertion Gy, N Gy, = Gaypy, is Obvious. It is clear that Qy,(zg) =
{y € Va,z0+y € Qv } is stable under G,. Moreover if y1,y2 € Qy,(z0), then
o+ Y1, 20+ y2 € Qv and there exists g € G such that g(xg+y1) = o + 2,
and hence g € G, and gy; = y2. This proves that the open G, -orbit in V5
is Qy, (zg). The proof for the space (Gy,, V) is symmetric.
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4) Consider the set O = (Qy; (y0) & Qv,(zo) N Qy. This set is nonempty
(xo +yo € O) and open. Let z +y € O. Then z € Qy, (yo) and we know
from the third assertion that there exists g1 € Gy, such that g1z = x.
Hence g1(z +y) = zo + g1y. As z +y € Qy, we have also zg + g1y € Qy.
Hence g1y € Qy,(xp). Then we know that there exists g2 € G, such that
9291y = yo. Hence gog1(x +y) = x¢ + yo. Therefore the elements of O are
conjugate under the set G,.Gy,. Hence G.,.Gy,/Groty, =~ O is an open
subset of G/Gyg4y, =~ Q. This implies that G,,.Gy, is open in G. Therefore
the group G generated by G, and Gy, is open and hence closed. If G is
connected, then G=G
5) From Proposition we know that G, is reductive and from Propo-
sition we know that (G, V2) is a PV. As (Guo)yy = Grotyo, USING
again Proposition R.1.4, we obtain that (G, V5) is regular.

O

Unfortunately the irreducible components of a reductive regular PV are in
general not regular as shown by the following example.

Example 2.2.2.
Let G=C* x SL, x C*, let V= C" x C™ and define p as follows:

p(x,9,y)(v,w) = (z'vg ™",y guw)
where z,y € Cx, ¢ € SL,, where v,w € C" are considered as column
matrices and where v is the transpose of the vector v. A simple computation
shows that if vg = wo = ¥(1,0,...,0) then the isotropy subgroup is the set

of triplets (z, <:8 Sl) ,x), where A € GL,_1, and such that z.DetA = 1,

and this proves that (G,p,V) is a regular PV. In fact the scalar product
Q(v,w) = 'v.w of v and w is the unique relative invariant. The irreducible
components are V7 = C" x {0} and V5 = {0} x C", and the PV’s (G, p},. , V;)

(i = 1,2) are obviously not regular.

The following lemma is also useful in the sequel.

Lemma 2.2.3. Let (G,V) be a PV where G is not necessarily connected
and not necessarily reductive and suppose that V.= Vi @& Vo where Vi and
Vo are G-invariant subspaces.

a) Let f be a relative invariant of (G, V7). Then the function f defined by
fx+y) = f(z) (x € V1,Y € Va) is a relative invariant of (G, V) with the
same character as f.

b) Let f be a relative invariant of (G,V') which is defined and nonzero on

an open subset of Vi, then for x € Vi,y € Va, we have f(x +y) = f(x).

Proof.
a) Let xs be the character of f. For g € G, we have:

flgx+gy) = flgx) = xr(9)f(x) = xr(9)f(z + y).

b) For z € Vi,y € Vs let us set f(z +y) = f(z). From a) we know that f is
a relative invariant of (G, V') with the character as f. Therefore there exists
a constant ¢ € C such that f = c.f. But as f = f on U, we have necessarily
c=1
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O

Definition 2.2.4. Let G be a reductive group (not necessarily connected)
and let (G,V') be a regular PV.

a) The prehomogeneous vector space (G, V') is called 1-irreducible if the sin-
gular set S = V' \Q is an irreducible hypersurface. (According to Proposition
[2.1.1, this is equivalent to the fact that there exists only one fundamental
relative invariant under G°, up to constants).

b) The prehomogeneous vector space (G,V') is called 2-irreducible if for any
proper invariant subspace U C V', the prehomogeneous vector space (G,U)
has no nontrivial relative invariant.

c) The prehomogeneous vector space (G,V') is called quasi-irreducible (ab-
breviated Q-irreducible) if for any proper invariant subspace U C V', the
prehomogeneous vector space (G,U) is not regular.

Remark 2.2.5. It is well known that if (G,V) is irreducible, than there
exists at most one fundamental relative invariant. Therefore the irreducible
regular PV’s with a reductive group are 1-irreducible. The PV from Exam-
ple is 1-irreducible but not irreducible.

Proposition 2.2.6. Let (G,V) be a regular PV where G is reductive.
Among the various definitions of irreducibility, we have the following im-
plications:

(G, V)is 1—irreducible = (G, V') is 2—irreducible = (G, V') is Q—irreducible.

Proof. Suppose that (G, V') is not 2-irreducible. Then it exists a proper in-
variant subspace U C V such that (G,U) has a non trivial relative invariant
f. Let W be a G-invariant supplementary subspace to U. Then according
to Lemma the fonction f defined by f(z +y) = f(z) (z € U,y € W)

is a relative invariant on V depending only on x. Therefore the map %

cannot be generically surjective. But as (G,V) is regular there exists a
relative invariant ¢ such that %" is generically surjective. This is not the

case if o = c¢f¥ (c € C). Therefore there exists another fundamental relative
invariant, and hence (G, V') is not 1l-irreducible.

Suppose now that (G,V') is not Q-irreducible. Then it exists a proper in-
variant subspace U C V such that (G,U) is regular. Hence (G,U) has a
non trivial relative invariant. Therefore (G, V') is not 2-irreducible.

O

Proposition 2.2.7. Let (G,V) be a PV where G is reductive. Suppose
that V- = @ Vi where each V; is a G-invariant subspace such that (G, V;)
is regular. Let Q and Q; be the open orbits of (G,V') and (G, V;) respectively
(it = 1,...,n). Then (G,V) is regular and Q =&} Q;. Moreover any
polynomial relative invariant of (G, V') is a product of relative invariants of

the spaces (G, V;).

Proof. Let us make the usual identification V* = &j_, V;*. Let f; be a rel-
atively invariant polynomial of (G,V;) such that ¢; = % (1 — Vs
generically surjective. Replacing eventually f; by its square, we can suppose

that 9°(f;) > 1 (0°(fi) denotes the degree of f;). Define a relative invariant
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of (G, V) by:

flxr,za, .. xn) = fi(z) f(z2) ... fulzn)  (z; € V).

df(xlax% cee ’xn)

= p1(T1)Dp2(x2)D- - - DPYn(Tn)-
f($1,$2,---,$n) ( ) ( ) n( n)
As the map x; — ¢;(z;) is generically surjective from €2; to V;*, we see that
¢ is generically surjective from @} ;€; to V*. Then from Proposition
we obtain that (G, V) is regular. Moreover we have det dp(x1,xa,...,2,) =

Then p(z1,z2,...,2,) =

n
H det dy;(z;) and we know from [S-K]| p.63 that the Hessian H is given by
i=1

Hy(x) = (1 —r)detdp(z).f(z)"

where r = 0°(f) and where k = dimV. Hence H;y # 0 on ®;_;€;. On
the other hand it is known ([B=K|, p.70[], [Ru-4] p. 22-23), that if H; # 0
then Q = {z| f(x)Hs(x) # 0}. This implies that @} €; C Q. The reverse
inclusion is a consequence of Proposition . The set S; = V; \ ; is a
hypersurface defined by an equation P; = 0 where P, is a relatively invariant
polynomial on V; (Proposition R.1.4). We will choose P; of minimal degree
among the polynomials defining S;. Then P; = f;1... f;;, where the fi’Js
are irreducible relatively invariant polynomials under G° on V;, which are
algebraically independant. From Proposition we know that we can
write P; = ©;1...9im,;, where the ; ;’s are polynomials on V; which are
relatively invariant under G. As Q = @, Q; we obtain that

S:V\Q: {(1’1,1’2,...7.%'”) S V‘P(x17x27"'7x7L) :Hp’l(x’l) :O}
=1

Using again Proposition P.1.1, we obtain that any G-relatively invariant
polynomial on V' is a product of polynomials of the form goff}ﬂ , where o ; €
N.

O

Definition 2.2.8. Let G be a reductive group (not necessarily connected )
and let (G,V) be a PV. The PV (G,V) is called completely Q-reducible
if there exists a decomposition V = @;_,V; where the V;’s are G-invariant
subspaces such that (G,V;) is Q-irreducible. The spaces V; are then called
Q-irreducible components of (G,V).

Remark 2.2.9. We know from Proposition that a completely Q-
irreducible PV is regular.

It is well known that for ordinary finite dimensional completely reducible
representations of a group G the equivalence classes occuring in any decom-
position into irreducibles are uniquely determined, as well as the isotypic
components. Our next aim is to prove analogous results for completely Q-
reducible regular PV’s where the irreducible components are replaced by

n the paper by M. Sato and T. Kimura, it is written that if (G,V) is a regular PV
with G reductive, and if f is a relative invariant with H; # 0, then Q = {z | Hy(x) # 0},
but analyzing their proof it is easy to see that in fact Q = {z| f(x)Hs(x) # 0} (the first
assertion would be wrong if 9°f = 2)
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the @-irreducible components and the isotypic components are replaced by
the Q-isotypic components.

Theorem 2.2.10.

Let (G,V') be a completely Q-reducible PV. Let V. = &;_,V; be a decompo-
sition of V' into Q-irreducible components. Let W C V' be an invariant sub-
space such that (G, W) is regular. Then (G, W) is a completely Q-reducible
PV. Moreover if Wj is a Q-irreducible component of (G, W), there exists an
integer £(j) € {1,2,...,n} such that the representation (G, W;) is equivalent
The equivalence classes of the Q-irreducible components arising in (G,V)
are uniquely determined.

Let 0 be an equivalence class of one of Q-irreducible components arising in
V =@V, (i.e. an equivalence class of one of the representations (G, V;)).
Let 1(0) = {i|(G,V;) € ¢} and let m(0) = CardI(d) be the multiplicity of
6. Let also V() = @ier)Vi be the so-called Q-isotypic component of 6.
Then m(6) does not depend on the decomposition of V' into Q-irreducible
subspaces. Moreover if U C V is an invariant subspace of type § (this
means that U is a direct sum of Q-irreducible invariant subspaces which are
all of type ), then U is a subspace of V(§). In other words the Q-isotypic
components are uniquely determined.

Proof.

Let V; = 695(:31) U ]’ be a decomposition of Vj into irreducible components in
the ordinary sense. As we are only interested in equivalence classes of repre-
sentations we can assume that W = (©;eaV;) @ (@jeac Dicy, U;), where A
is a subset of {1,2,...,n} and where ; is a proper subset of {1,2,...,4(j)}.
After renumbering, we can suppose that I; = {1,2,...,m(j)} where m(j) <
¢(j). Let us denote by z; the variable in V; and by x; the variable in UJZ

Hence z; = (acjl-,m?, e ,xﬁ(j)). Let ji,72,...,Jk be the elements of A, and
Jk+1s---,Jn be the elements in A°.

d
Let f be a relative invariant of (G, W) such that Tf is generically surjective.
Then f is a function in the variables:

, 1 m(Jet1), o1 m(jn)
(le,...,xjk,xjkﬂ,..., et 33Ty Ty ).

We know from Proposition that f is a product of relative invariants of
the V;’s. Hence

= F1 @) e i @) fie (@) (2l
where each f;, is a relative invariant of (G, V;, ). Therefore:
1 m(Jr+1)

firs: depends only on the variables Tjr Ty

fin depends only on the variables xl-n, .. ,x;.z(j”).
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d df; df; df ; df;
But as —f = i G- P ﬁ &) M DD & is generically surjec-
f fj1 fjk fjk+1 fjn p
df; .
tive, each ﬁ must be generically surjective. For example % will be
Jr Jk+1

generically surjective from an open set of Ujlk+1 b U™ 46 its dual.

Jk+1
Therefore, from Proposition we know that (G, Ul @ @ Uk

Jk+1 Jk+1 )
would be regular. But this is impossible, since (G, Viy1) is Q-irreducible.
Hence (G, W) ~ (G,®jecaV;), and this shows that (G,W) is completely
Q-reducible.

Let W = @?Zle be a decomposition of W into Q-irreducible components.
Then the same proof as above, applied to W; instead of W shows that
(G, W) is equivalent to (G, ®rep Vi), where B C {1,...,n}. But as (G, W;)
is Q-irreducible the set B is a single element. The same proof applied to
V shows that any @-irreducible component of V' is equivalent to some V;.
Hence the equivalence classes of the Q-irreducible components are uniquely
determined.

Let us now prove the assertion concerning the multiplicities. Let V =
®},_, Uy be another decomposition of V' into Q-irreducible components. We
can suppose that r < n. From above we know that (G,U;) ~ (G, V;,) where
i1 € {1,...,n}. Then by a classical argument (G, ®}_,Uy) ~ (G, i, Vi).
Then inductively one proves that » = n and that there exists a permutation
o of {1,...,n} such that (G,U;) ~ (G, V,(;). Therefore the multiplicity
does not depend on the decomposition into Q-irreducibles.

Let now U C V be an invariant Q-irreducible subspace of type § and define
V= ®@i¢1(5)Vi- Let S be a G-invariant supplementary space of U N V(9) in
U. Hence we have:

U=Unv@)es, V=v@) eV,

For s € S let us write s = v; + v9 with v1 € V(d) and vo € V'. The
linear mapping ¢ : S — V' defined by ¢(s) = vy is injective, because
if o(s) = vy =0, then s = v, € UNV(6) NS = {0}. Moreover ¢ is G-
equivariant. Suppose that UNV (6) = {0}. If this is the case, we have S = U,
and then S’ = ¢(59) is a subspace of type § of V'. This is not possible from
the definition of V. Therefore UNV () # {0}. Define U' = UNV (§)®S’. As

¢ is G-equivariant, the subspace U’ is invariant of type 0. Let f be a relative
d
invariant of (G,U’) such that —f is generically surjective. From Proposition

we know that f(z,s") = p1(2)p2(s’), where x € UNV(d),s" € S, and
where 1 and ¢ are relative invariants of (G, V(d)) and (G, V') respectively.
df d d d
As —f _ 3 <) ﬂ, we obtain that 2% and 22 are generically surjective.
#1 ¥2 Y1 P2

This implies that (G,U NV (§)) is regular and this is possible if and only if
UNV(§) =U, because (G,U) is Q-irreducible. Hence U C V(9).

U

3. THE DECOMPOSITION THEOREM FOR REDUCTIVE REGULAR PV’s
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3.1.  Of course, reductive regular PV’s are not necessarily completely Q-
reducible as shown by the following example.

Example 3.1.1. Let n > 2 be an integer and let G = GL(n,C) x C* and
V = S(n,C) x C"™ where S(n,C) is the space of complex n by n symmetric
matrices. The action of G on V is given by

(9,0)(X,v) = (9X'g,alg"'v), g€ GL(n,C),a€C* X € 5(n,C),veC"

The isotropy subgroup of (I, e1), where I, is the identity matrix and where
ey is the first vector of the canonical basis of C", is easily seen to be iso-
morphic to the orthogonal group O(n — 1). This proves that (G,V) is a
reductive regular PV. As the irreducible components are S(n,C) and C",
and as (G,C") is not regular, the PV (G, V) is not completely @-reducible.

3.2. Structure of reductive regular PV’s.
The following theorem shows the structure of reductive regular PV’s.

Theorem 3.2.1.

Let (G,V) be a reductive reqular PV and let x be a generic element of
V. Denote by G, the isotropy subgroup of x. There exist a sequence of
subspaces Vi,Vo, ...,V such that V. =V @ Vo & --- ®V,,, a sequence of
integers i1 =1 <ig < - - < i <n and a sequence of reductive subgroups

Gy=Gy1 CGyC---CG1 =G

with the following properties:
1) If v =21+ 22 + - + 2y, with x; €V}, then

GZ+1 = (Gf)xi[+---+$iz+l—1

2) For t € {1,...,k} the space V;, ® - -- @V, is Gy-invariant and (Gy, Vi, ®
- @ V,) is a regular PV,

3) If ip < j <igp1 — 1, then Vj is Ge-invariant , (Gy,Vj) is a Q-irreducible
PV and (G, Vi, @---@® Vi, 1) is a mazrimal completely Q-reducible PV in
Vie® - @V, . Moreover Vi, ., @& --- @V, is Gy —invariant but does not
contain any subspace U # {0} such that (Gg,U) is regular.

Proof.

The proof goes by induction on dim V. There is nothing to prove if dim V' =
1. Suppose that the theorem is proved for all reductive regular PV’s such
that dimV < r. Let then (G,V) be a reductive regular PV such that
dimV =7+ 1. Let V' C V be an invariant subspace such that (G, V') is
completely @-reducible and maximal in V for this property. Denote by

Vi=VieoVhd &V,

a decomposition of V' into Q-irreducible components. Let V" be an invariant
supplement of V. If V" = {0} the PV (G, V) is completely Q-reducible and
the proof is finished. From the maximality of V' and Proposition R.2.7, we
know that (G, V") does not contain any subspace U # {0} such that (G,U)
is regular.

Let x be a generic element in V. Let us write:

T=x1+ 22+ +x41 + 2 where xj € V; and where eV’
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Define Gy = Gml+...+x1271. From Proposition we know that G is
reductive and from Proposition 5) we know that (Gg, V") is regular.
As dim V” < r, we know by induction that there exists a sequence of integers
ig < i3 < -+- < i <n and a sequence of reductive subgroups

G, = (GQ)x// = Gk+1 CGEC---CGy

which have the required properties for the triplet (Go, V", 2”). Then the
sequences 11 < io < i3 < --+ < i < n and

Gx:(G2)$”:Gk;+1CGkC“‘CGQCGlZG

have the required properties for the triplet (G, V,z).
O

Let us give three examples of the kind of decompositions arising in the
preceding Theorem.

Example 3.2.2. Let us return to Example B.1.]. In the notations of the
preceding Theorem, we take for Gy the isotropy of I,, € S(n,C), namely
O(n,C) x C*, and V4 = S(n,C) and Vo =V, = C".

Example 3.2.3. (Example of the "descending chains” of F. Sato [Ba. F-1])
Let V,,, = M(m+1,m) be the space of complex (m+1) x m matrices. Define
V=V,eV,.1&---@&Viand let G =50(n+1) x GL(n) x GL(n — 1) x
-+ X GL(1). The group G acts by

(gn+15 gny--- 791)(xn5 e ,xl) = (gn+1xng;1?gnxnflggila e ,923719;1)
where ¢gn41 € SO(n + 1), ¢; € GL(i), z; € V; for i = 1,...,n. This
representation is a regular PV and the fundamental relative invariants are
given by

Po(zn,p1,...,21) = det(epzp 1 .. S2pzn .. 2p_128).

This PV is called the PV of descending chains of size n (see for
the details). It is then easily seen that (G, V) is a maximal Q-completely
reducible subspace (in fact it is irreducible regular). Taking 29 = [I(ﬂ as
regular element of (G, V), a simple computation shows that its isotropy
subgroup G,o is equal to D(SO(n) x SO(n)) x GL(n — 1) x --- x GL(1)
where D(SO(n) x SO(n)) stands for the diagonal subgroup of SO(n) x
SO(n), the first factor being diagonally embedded in SO(n + 1). Therefore
the regular PV (G0, V-1 @ --- @ V4) is essentially the PV of descending
chains of size n—1. Therefore the sequence of completely ()-reducible spaces
(under the successive isotropy subgroups) appearing in Theorem is
Vi Va1, -+ -, V1.

Example 3.2.4. Let G = GL(2) x Spin(10) x C* where Spin(10) is the Spin
group in dimension 10. Consider the representation [A;®@pRId]®[IdRSpin®
O] of G where A; is the natural 2-dimensional representation of GL(2),
where p is the vector representation of Spin(10), where Spin is the half-spin
representation of Spin(10), and where [J is the natural representation by
multiplication of C* on C.

This representation is a PV whose generic isotropy subgroup is isomorphic

to the exceptional simple Lie group G (see (42) p. 397 of [Ki-all]]). Another
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argument to prove the prehomogeneity and the regularity is to remark that
it corresponds to a PV of parabolic type in Eg (see section 4) and that the
corresponding grading element is the semi-simple element of an sls-triple
(see [Md], case E§ in Proposition 6.2.4 a) p.134). The irreducible subspace
Va corresponding to the Spin representation is not regular (Proposition 31
p. 121 in [B=K])). The irreducible subspace Vi ~ C? of the representation
[A1 ® p ® Id] is well known to be regular. Its generic isotropy subgroup
is locally isomorphic to SO(2) x SO(8) x C* ([5-K]], (15) p.145) and the
representation (Gy = SO(2) x SO(8) x C*,V3) is regular by Proposition
2.2.1].

4. CLASSIFICATION OF Q-IRREDUCIBLE REDUCTIVE REGULAR PV’S OF
PARABOLIC TYPE

4.1. PV’s of parabolic type. At this point a brief summary of the theory
of PV’s of Parabolic type is needed.

The PV’s of parabolic type where introduced by the author in [Ru-1], [Ru-2
(see also [Ru-g] and [Ru-4])

Let g be a simple complex Lie algebra. Let h be a Cartan subalgebra of g
and denote by X the set of roots of (g,h). As usually, for « € X, we denote
by H, the corresponding co-root in h. We fix once and for all a system of
simple roots ¥ for ¥. We denote by 3T (resp. ¥7) the corresponding set of
positive (resp. negative) roots in ¥. Let 6 be a subset of U and let us make
the standard construction of the parabolic subalgebra py C g associated to 6.
As usual we denote by (f) the set of all roots which are linear combinations
of elements in 6, and put (6)* = (6) N B*.

Set
by =0 = {X €bla(X) =0 Vaco), b#)=3 CH,
ach
lg=39(b0) =h @ > g% DU
a€e(f) ETE\O)

Then pg = lp B n;r is called the standard parabolic subalgebra associated to
0. There is also a standard Z-grading of g related to these data. Define Hy
to be the unique element of hy satisfying the linear equations

a(Hp) =0 VYaef and
a(Hg) =2 Yae ¥\ 6.

The before mentioned grading is just the grading obtained from the eigenspace
decomposition of ad Hy:

dp(0) = {X € g|[Hy, X] = 2pX}.
Then we obtain easily:
0= Bpezdp(0), lo=do(0), ny=> dp(0), nyg =Y dp0).
p=>1 p<-1

It is known that (lp,d1(6)) is a prehomogeneous vector space (in fact all
the spaces (lp, d,(0)) with p # 0 are prehomogeneous, but there is no loss of
generality if we only consider (lp, d1(6))). These spaces have been called pre-
homogeneous vector spaces of parabolic type ([Ru-1]). There are in general
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neither irreducible nor regular. But they are of particular interest, because
in the parabolic context, the group (or more precisely its Lie algebra [p) and
the space (here d;(0)) of the PV are embedded into a rich structure, namely
the simple Lie algebra g. For example the derived representation of the PV
is just the adjoint representation of ly on d;(6). Moreover the Lie algebra g
also contains the dual PV, namely (lp,d_1(0)).

It may be worthwhile noticing also that di(0) = 5., g%, where oy is the
set of roots which belong to the set (¥ \ 0) + Z6, where Z#0 is the Z-span
of 6.

As these PV’s are in one to one correspondence with the subsets § C ¥, we
make the convention to describe them by the mean of the following weighted
Dynkin diagram:

Definition 4.1.1. The diagram of the PV (lg,d1(0)) is the Dynkin diagram
of (g,h) (or ¥ ), where the vertices corresponding to the simple roots of ¥\ 6
are circled (see an example below).

This very simple classification by means of diagrams contains nevertheless
some immediate and interesting informations concerning the PV (ly, d;(0))
(for all these facts, see [Ru-1]], [Ru-g] or [Ru=3)):

e The Dynkin diagram of [}, = [ly,[y] (i.e. the semi-simple part of the Lie
algebra of the group) is the Dynkin diagram of g where we have removed
the circled vertices and the edges connected to these vertices.

e In fact as a Lie algebra lg = Iy’ ® by and dim by = the number of circled
vertices.

e The number of irreducible components of the representation (lp, di(6)) is
also equal to the number of circled roots. More precisely, if « is a (simple)
circled root, then any nonzero root vector X, € g* generates an irreducible
lp-module V,, and di(0) = ©necp\gVa is the decomposition of di(f) into
irreducibles.

In fact the decomposition of the representation (lp,d;(6)) into irreducibles
can also be described by using the eigenspace decomposition with respect
to ad(hg). Let me explain this. For each o € h*, let @ be the restriction of
a to bhg and define

g® ={X €g|VH € hy, [H,X] =a(H)X}.

Then ga = lp and for a € ¥\ 0, we have V,, = g®. Hence we can write
di(0) = Sacu\p8™-

Moreover one can notice (always for o € ¥\ 6) that V,, = g* = Zﬁeof‘ g’
where of' is the set of roots which belong to a + (6).

e Moreover one can directly read the highest weight of V, from the diagram.
The highest weight of V,, relatively to the Borel sub-algebra b, = bh @
Dacip)- 97 s @ = ) - Let wg (8 € 0) be the fundamental weights of
[, (i.e. the dual basis of (Hg)geg). For each circled root « (i.e. for each
a € W\0),let J, = {(B:)} be the set of roots in # (= non-circled) which are
connected to « in the diagram. From elementary diagram considerations we
know that J, may be empty and that there are always less than 3 roots in

Ja.
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If J, = 0, then V, is the trivial one dimensional representation of ly.
If J, # 0, then @ = zieJa ciwg, where ¢; = a(Hpg,) and o(Hpg,) can be
computed as follows:

i llal| < |A:]l, then a(Hs,) = -1 ;
(R) ¢ if ||| > ||8i]| and if & and S; are connected by j arrows (1 < j < 3),
then a(Hg,) = —j .

Let us illustrate this with an example.

Example 4.1.2. Consider the following diagram:
@o—e——0—0

ar o B Po

The preceding diagram is the diagram of a PV of parabolic type inside
g ~ Fy. Here we have 6 = {31,082} and ¥ \ § = {«1,as}. The Lie algebra
ly is isomorphic to Ay @ hy where dim by = number of circled roots = 2. As
Ja, =0, the representation of [} on V,,, is the trivial representation. Hence
the action of [y on V,,, reduces to the character of hg given by the restriction
of the root a; to hg. On the other hand we have J,, = {f1}. Therefore,
applying the rules (R) above, we see that V,,, is the irreducible As—module
with highest weight —2w;, where {w1, w2} is the set of fundamental weights
of Ay corresponding to 81 and . Again the action of hg on V,, is scalar
with eigenvalue the restriction of as to hg.

One can prove ([Ru-1]) that the PV of parabolic type (I, d1(0)) is irreducible
if and only if py is a maximal parabolic subalgebra, i.e. if and only if ¥ \ 0
is reduced to a single root ;.

The PV’s of parabolic type which are irreducible and regular were classified
by the list of the ”weighted” Dynkin diagram of g, where the root «; in the

discussion above is circled. This classification was announced first in [Ru-1]
and then given explitly in [Ru-J] and [Ru-J] (see also the book [Ru-4]).

Remark 4.1.3. Of course the irreducible regular PV’s of parabolic type
are @-irreducible. Therefore in order to complete the classification of the
Q-irreducible PV’s of parabolic type, it is enough to consider only PV’s
which are reducible. This will be done in the sequel of the paper.

For further use we need also to introduce the notion of subdiagram of the
weighted Dynkin diagram associated to (¥,6). Let I be a subset of ¥ \ 6,
that is a subset of the circled roots. For a € I" define ¥, to be the connected
component of § U {a} containing «. Define then

Up = UgerW¥, and 0 = 0N W,

Definition 4.1.4.
The weighted Dynkin diagram associated to the pair (Vp,0r) is called a
subdiagram of the diagram associated to (V,0).
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It can be noticed that a subdiagram is just a subset I' of the circled roots
togeteher with the non-circled roots which are connected to a root in I'
(through a path in the non-circled roots). It may also be noticed that the
subdiagrams of a connected diagram are not necessarily connected. Let us
give an example.

Example 4.1.5. : Consider the following weighted diagram in Dg

(71

D = Ba
fi o az Pa az [ Bs

where 6 = {ﬁlaﬁ2yﬁ3aﬁ4yﬁ5} and ¥ \ 0= {()él,()éQ,()é3,()é4}-
We have:

OU{a1} =—@® o o—o—o
Proar By By Bu By

Therefore the irreducible subdiagram associated to {«a1} is given by:

D{al} = .—@

ﬁl a1

Similarly the subdiagrams of D corresponding to I' = {aj,a4} and T' =
{as, a4} are respectively:

Qg
D ar,04) — ._© /84
toval b o Bs fﬁg,

(71

Dy, gt — Ba
tos.aaf 52 Q3 /83 ﬁ5

Definition 4.1.6. A weighted Dynkin diagram will be called regular (resp.
Q-irreducible) if the corresponding PV of parabolic type is regular (resp.
Q-irreducible).

4.2. Classification of classical Q-irreducible reductive regular PV’s
of parabolic type.

We adopt the following numbering of the roots for classical simple Lie alge-
bras

o —@ - o—eo—o An
aq Qp
oo o e——0 By,
] Qo
-~ o o . .o _o6=9 Cn
a1 (7%
On—1
..... o—eo(, o Dn

o Nea,
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The classification of @-irreducible PV’s in the classical simple Lie algebras
need now some technical lemmas. If w; is the fundamental weight corre-
sponding to the root «;, we denote by A;(g) the corresponding representa-
tion of g. If this representation can be lifted to a group G with Lie algebra
g, we will denote by A;(G) the lifted representation of G. For example we
will denote by A;(GL(n)) (resp. by A, (GL(n))) the natural representation
of GL(n) on C™ (resp. the dual of the natural representation of GL(n) on
C™).

Lemma 4.2.1. Let G be a simple classical group. Let dy = dimA;(G).
Let n < dy and consider the PV (G x GL(n),A1(G) @ A, (GL(n))) (it is a
PV because it is parabolic). Then either this PV is regular, or there exists a
normal unipotent subgroup of the generic isotropy subgroup which is included

mn G.

Proof. If G is of type Aj then an obvious calculation shows the Lemma.
If G is of type By, or Dy, then we know from table 1 in [Ru-g], that the given
PV is always regular.
The same argument holds if G is of type C and if n is even.
If G is of type C} and if n is odd, the space is not regular and the calculations
made at p. 102 of [5-K]] show the assertion concerning the normal unipotent
subgroup.

O

Lemma 4.2.2. Let G be a reductive algebraic group and let A be an repre-
sentation of G of dimension r. Let p and q be two integers such that p < ¢
and r < q. Suppose that the representation [A,_1(GL(p)) ® Ai(GL(q))] &
[Ag—1(GL(q)) ® A] of the group GL(p) x GL(q) x G is prehomogeneous (this
is automatically the case if p > r). Then:

1) If p # r, the preceding PV is not reqular and there exists a non-trivial
normal unipotent subgroup of the generic isotropy subgroup which is included
in GL(q).

2) If p = r, the preceding PV is reqular and 1-irreducible (hence Q-irreducible
from Proposition R.2.4).

Proof. As G only acts through its representation A(G), we can assume that
G C GL(r). The space of the representation is M(q,p) @ M (r,q) (where
M (u,v) stands for the space of u X v matrices), and the group GL(p) x
GL(q) x G acts by

(91,92, 93)(X,Y) = (92X g7 ", 93V g5 )

where g1 € GL(p), g2 € GL(q), 93 € G, X € M(q,p),Y € M(r,q).
As usually we denote by 2 the open orbit in M(q,p) & M(r,q).

e Suppose first that p <.
As the representation is supposed to be prehomogeneous, we know from
Proposition that the open orbits of the components are the matrices of

0

where I, is the identity matrix of size p. An easy calculation shows that the
isotropy subgroup of (X¢,0) € M(q,p)® M(r,q) is the set of matrices of the

maximal rank in M (q,p) and M (r,q) respectively. Let Xy = [Ip} € M(q,p)
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form:

B
(91, [‘%1 D] ,93); 91 € GL(p), D € GL(q —p), B € M(p,q = p),93 € G.

It can also be easily seen that that the set O of matrices of the form
g1 B
[ulo]. [0 D]
where g1 € GL(p),D € GL(q —p),B € M(p,q —p),u € GL(r), [u|0] €
M (r,q) contains a Zariski open subset of M(r,q).
Therefore O N {m € M(r,q)|(Xo,m) € Q} #0
This implies that there exists a generic element of the form (Xp,Yy) where

Yo = (y0,0) with yo € GL(r). Again a simple calculation shows that the
isotropy subgroup of (Xp, Yp) is the set of triplets of the form:

[ g1 B ‘ 0 -|
(gl, 0 D1 593)
L 0 Dy |Ds]

where g1 € GL(p), Dy € GL(r—p), Dy € M(q—7,r—p), D3 € GL(q—7),93 €
G C GL(r) and where

g Bi|
Yo- 0 D = 33-Yo-

It is now clear that the set of triplets of the form

I, | 0
S R e

is a unipotent normal subgroup of the (generic) isotropy subgroup of (X, Yp).
e Suppose that p > r.

Let Xy = [I(ﬂ € M(q,p) and let Yy = [Ir 0] € M(r,q). The isotropy

subgroup of (X, Yp) is the set of triples of matrices of the form

0 g3 O 0
(|:gf3 D :| ) Cl D, Dy ,93)5
o D

where g3 € G C GL(r),D, € GL(p —r),C1 € M(p —r,r),Ds € GL(q —
p),D2 € M(p—1,9 —p).

A simple calculation of dimensions shows now that the representation is
prehomogeneous and that (Xo,Yy) is generic. Of course the set of triplets
of the form

I 0
(Ipa P D2 aIT)
0 Iq_p

is a unipotent normal subgroup of the (generic) isotropy subgroup of (X, Yp).

e Finally suppose that p = r.



DECOMPOSITION OF REGULAR PREHOMOGENEOUS VECTOR SPACES 19

0
subgroup of (X, Yp) is the set of triplets of the form

(s [ D) (%)

where g3 € G C GL(p), D € GL(q — p).

Again an easy computation of dimensions shows that this representation is
prehomogeneous. As the generic isotropy subgroup is reductive, this PV is
regular.

Let G7 be the subgroup of GL(p) x GL(q) x G generated by a generic
isotropy subgroup and by the commutator subgroup SL(p) x SL(q) x G'.
The characters of the relative invariants are exactly those characters which
are trivial on G (this is true for any PV). From (x) it is easy to see that G/G1
is always a one dimensional torus, hence there exists only one fundamental

relative invariant. One can remark that this invariant is given by f(X,Y) =
det(Y'X), X € M(p,q),Y € M(q,p).

Let Xo = [ Iy } € M(q,p) and let Yy = [Ip 0] € M(p,q). The isotropy

O

Lemma 4.2.3. Consider the representation
[Ap-1(GL(p)) ® Ar—1(GL(r))] & [Id(GL(p) @ Aa(GL(r))]

of the group GL(p) x GL(r), with r > 3. Note that this representation is
prehomogeneous since it is infinitesimally equivalent to the PV of parabolic
type associated to the diagram
/@ Qptr
D

o —eo o - ._©_. ..... *—0 p+r

1) If r is odd and if p = r — 1, this space is reqular and 1-irreducible (hence
Q-irreducible from Proposition R.2.6).

2) If r is odd and p < r — 2, this space is not regular and there exists a non-
trivial normal unipotent subgroup of the generic isotropy subgroup which is

included in SL(r).

Proof.

The space of the representation is V = M(r,p) & Skew(r), where Skew(r)
denotes the spaces of skew-symmetric matrices of size r, and the action of
the group GL(p) x GL(r) is given by

(91792)(X7Y) = (tgnggl_lagZYtQQL

where g1 € GL(p),g92 € GL(r),X € M(r,p),Y € Skew(r). From the com-
putations in [B-K|, p. 75-76, we know that if » = 2m+1, there exists a generic
element Yy € Skew(r), such that the isotropy subgroup of (0,Yp) € V' is the
set of pairs of the form
A B
(91’ |:O D:|)

where g1 € GL(p), A € Sp(m), B € M(2m,1), D € GL(1), and where
Sp(m) denotes the symplectic group inside GL(2m).

e Suppose that p=1r — 1.
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Ir—l
0
of (Xo, Yp) is the set of pairs of matrices of the form

tgl 0
(gl, |: 0 D:| )a

where g1 € Sp(m), D € GL(1).

A simple calculation of dimensions proves then that (Xo,Yp) is generic. As
the preceding isotropy subgroup is reductive, this PV is regular. The normal
subgroup G7 of GL(r — 1) x GL(r) generated by this isotropy subgroup
and the commutator subgroup SL(r — 1) x SL(r) is of codimension one.
Therefore this PV is 1-irreducible. The fundamental relative invariant is
given by f(X,Y) = Pf(!X.Y.X) (X € M(r,r —1),Y € Skew(r)), where
Pf(Z) denotes the Pfaffian of the skew-symmetric matrix Z.

One shows easily that if Xy = [ ] € M(r,r — 1), the isotropy subgroup

o Suppose that p < r — 2.

Set Xy = {)p € M(r,p). Then the isotropy subgroup of (X, Yy) is the set

of pairs of matrices of the form

tgrt 00
(gla X Y B )’
0 0 D

where X € M(r—1-p,p),Y € GL(r—1-p),D € GL(1),B € M(r—1-p,1),
and where

[tg)l: 3} € Sp(m).

I, 0 0
Then the set of matrices | 0 I,_1—, B]| is a normal unipotent subgroup
0 0 1

in SL(r).
(]

Remark 4.2.4. If r is odd and p is even (p < r—2) the function (X,Y) —
Pf(*X.Y.X) is a non-trivial relative invariant of the PV considered in
Lemma [.2.3, which is non regular for these values of p and 7. Hence the
result from [Ru-1]] which asserts that an irreducible PV of parabolic type
is regular if and only if there exists a non-trivial relative invariant is no
longer true if the representation is not irreducible.(See also Remark
for another example).

Lemma 4.2.5. Let Dy be the group (C*)? identified with the 2 x 2 diagonal
matrices, and denote by A the natural representation of Dy on C?. Consider
the representation

[Ap-1(GL(p)) @ Mi(SL(q)) ® Id(D2)] & [Id(GL(p)) ® Ag-1(SL(q)) ® A]

of the group GL(p) x SL(q) x Ds. Note that this representation is preho-
mogeneous since it is infinitesimally equivalent to the PV of parabolic type
associated to the diagram

—eo—9o - 0—0 9 0—0 ;1 Dp+q+1
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1) If ¢ > p and p = 2 this PV s regular and 1-irreducible (hence Q-
irreducible from Proposition R.2.4).

2) If ¢ > p and p # 2, then this PV is not reqular and there exists a non-
trivial normal unipotent subgroup of the generic isotropy subgroup which is

included in SL(q).

Proof.
The space of the representation is M(q,p) & M(2,q) and the action of
GL(p) x SL(q) x Dy is given by

(91,92, 93)(X,Y) = (92X 97 ' 95V 95 1),

where g1 € GL(p), g2 € SL(q), 93 € D2, X € M(q,p),Y € M(2,q).

e Suppose that ¢ > p and p = 2.

Let Xy = [102] € M(q,2) and let Yy = [I; 0] € M(2,q). A computation
shows that the isotropy subgroup of (Xp, Yp) is the set of triplets of the form
(d, [g 2] ,d), where d € Dy and g € GL(q — 2). From the dimensions of
the full group and of the isotropy subgroup, we see that (Xy, Yp) is generic.
Moreover as the isotropy subgroup is reductive, the PV is regular. The
subgroup G; generated by the commutator subgroup (~ SL(2)x SL(q)) and
the generic isotropy is the subgroup of triples (g1, g2, g3) with det g1 = det g3.
Hence G/G is one dimensional, therefore the PV is 1-irreducible. It is easy
to see that the function (X,Y) — det(Y X) is the fundamental relative
invariant.

e Suppose that ¢ > p and p > 2.

Let Xg = [{ﬂ € M(q,p) and let Yy = [Ig 0] € M(2,q). Then again one
proves that (Xp,Yp) is generic and one shows that its isotropy subgroup is

the set of triples of the form

d 0 0
C D BI|,d),
0 0 D

(d 0
0 D|’

—~

where d € Do, D € GL(p—2),B € M(p—2,q9—p), D" € GL(q —p). The set
IL, 0 0

of matrices of the foom [0 I,_o B | is a normal unipotent subgroup
0 0 I,

of SL(q). i

e Suppose that ¢ > p and p = 1.
1

Let Xo = |[1| € M(q,1) and let Yy = [I5 0] € M(2,q). It is casy to
0

verify that (X, Y)) is generic and that its isotropy subgroup is the set of

A0 O \ 0
triples of the form (A, |0 A 0 ’[O A\

]), where A € C*, D € GL(q —
vy — D
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2),A\2det D = 1, v € M(q — 2,1). The subset of matrices of the form
1 0 0
0 1 0 | is a normal unipotent subgroup of SL(q).
Yo=Y g2
U

Remark 4.2.6. If [il} is a vector in C2, let f; and f» be the two projections
2

defined by f;( [il}) = x;,i = 1,2. It is quite obvious that if ¢ > p, and
2

p = 1, the mappings (X,Y) — f;(Y.X) are relative invariants which are
algebraically independant. This gives another example of a parabolic PV
having nontrivial relative invariants and which is nonregular (see Remark

12.0).

Lemma 4.2.7. Let (lg,d1(0)) be a PV of parabolic type in a simple Lie
algebra g. Suppose that its diagram is of the following type

where the boldface line stands for one or more edges in the Dynkin diagram.
In other words, in the notation of section 4.1, we suppose that W\ 6 contains
two roots oy and oy (but possibly others) with (aq|ag) # 0. Let Wy be the
connected component of U\ {as} containing oy and let Uy be the connected
component of ¥\ {a1} containing cs. Set 01 = 6 NYy and O = 6 N V.

Define
D'9)= @ ¢ DO)= P o

acWi\01 ac€Us\0s

(For the notations see section 4.1, DY(0) (resp. D?(0)) is just the sum of
the irreducible components of dy(0) arising from the left of the root oy (resp.
from the right of the root o). Then:

(Lg,dy1(0)) is reqular <= (Lg, D*(0)) and (Lg, D*(0)) are regular.

Proof.
Suppose first that (Lg, D*(6)) and (Lg, D?(6)) are regular. Then, as d(6) =
DY(0) ® D?(6), we know from Proposition that (Lg, d;1(0)) is regular.
Conversely suppose that (Lg, D'(#)) is not regular (for example). Let X; +
X5 (X; € D¥(0)) a generic element in d; (). Then X7 is generic in (Lg, D(6))
(see Proposition R.2.1). From the hypothesis we know that the isotropy
subgroup (Lg)x, is not reductive (Proposition R.1.4), hence (Lg)x, contains
a nontrivial normal unipotent subgroup U. The Lie algebra u of U is a
nonzero ideal in (lg)x,. Let [; (resp [2) be the semi-simple subalgebra of g
corresponding to 0 (resp. 03). One has [y = hy® 1 Dly. From the hypothesis
on a; and ag, we have [lg, X1] = {0}. Therefore (Ip)x, = (hg® 1) x, B2, and
hence u € (hg @ [1)x,. But as u is the Lie algebra of a unipotent subgroup
we have u € [;. But as [l1, X2] = {0}, we obtain that U stabilizes also Xs.
As (Ip)x,+x, = (Ig)x, N (Ip) x,, we see that u is an ideal in (lp) x,+x,. Hence
U is a normal subgroup of (Lg)x,+x,. Therefore (Lg,d;(#)) is not regular.
U
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Theorem 4.2.8. The Q-irreducible PV ’s of parabolic type which are not
irreducible regular are exactly the PV ’s from Table 1 at the end of the paper
(where the numbers p; are the number of roots in the connected components

of 0).

Proof.
A consequence of Lemma is that the diagram of a Q-irreducible PV of
parabolic type will never contain two circled roots which are connected by
one or more edges. Therefore we will never consider such diagrams in this
proof.

& Let us first consider the case of classical simple Lie algebras.
As we do not consider irreducible PV’s, we assume that Card(¥ \ ) > 2.

e The case A,.
a) Suppose that Card(V¥ \ 6) = 2. Consider a diagram of the type:

( 1 ) o—©O - ._@_. ......... ._©_. ........ o—o

which is supposed to be Q-irreducible. If p; > po, Lemma implies that
either the subdiagram

b1 P2
is either regular or the generic isotropy subgroup contains a nontrivial unipo-

tent subgroup which is included in SL(p;+1). Therefore, in the second case,
this unipotent subgroup will be included in the generic isotropy of the di-
agram (1). Hence, in the second case the diagram (1), will not be regular.
Therefore we have necessarily p; < ps. The same arguments show that we
have also p3 < po. But then, from Lemma we obtain that this PV is
regular if and only if p3 = ps, and in this case it is 1-irreducible.

b) Suppose that Card(¥ \ #) > 2. Suppose that the following diagram is
Q-irreducible:

(2) o —@ e ._©_. ......... ._©_’ ............... ._©_. ........ *—e
b1 b2 pn (n > 4)

As before Lemma implies that p; < py and p, < pn—1. By induction
the same argument shows that there exists i € {2,...,n — 1} such that
pi—1 < p; and pi+1 < pi. If pi_1 # pi+1 Lemma implies that there
exists a normal unipotent subgroup in the generic isotropy subgroup of the
subdiagram

PP @ 0 N~ S oo
Di—1 pi Pi+1
which is included in SL(p;). But this subgroup will still be included in the
generic isotropy of the diagram (2), and hence the diagram (2) would not
be regular.
If p;_1 = piy1 Lemma implies that the subdiagram above is regular,
hence diagram (2) is never @Q-irreducible.

e The case B,,.
a) Suppose that Card(V \ 6) = 2. Suppose that the diagram
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( 3 ) o —@ - ._©_. ......... ._©_. ........ ——0

is Q-irreducible. As in the case A, a) before, Lemma [.2.1 implies that
p1 < p2 and 2p3 + 1 < ps + 1. Then Lemma implies that the diagram
(3) is Q-irreducible if and only if 2p3 + 1 = p; + 1, which is the condition in
Table 1.

b) Suppose that Card(V¥ \ #) > 2. Suppose that the following diagram is
Q-irreducible:

( 4) o—@ - ._©_. ......... ._©_. ............... ._©_. ........ *—e

Then as before Lemma implies that p; < ps and 2p, < p,—1. There
are then two possibilities:
- either there exists ¢ € {2,...,n — 2} such that p;_1 < p; and p;y1 < p;,
- O pp—2 < pp—1 and 2p, < pp—1.
In both cases Lemma [.2.2 implies that either diagramm (4) contains a
regular subdiagram or it is not regular. We have showed that diagram (4)
is never Q-irreducible.

e The cases C,, and D}.

These cases can be treated in the same way as the cases A, and B,,. It must
be noticed that in the C), case one cannot have a diagram where the root
ay, is circled. This is because the subdiagram

would be regular (see the list of the irreductible regular PV’s of parabolic
type in [Ru-2 or in [Ru-4]).

e The case D2,

a) Suppose that Card(V¥ \ 6) = 2. Suppose that the diagram

( 5) o—o - ._©_. ......... o —o—©o [

is @Q-irreducible. Then ps is even because if py is odd the subdiagram

— o o—o\)i Dipy 11

would be regular (see the list of the irreductible regular PV’s of parabolic
type in [Ru-7] or in [Ru-4]).

On the other hand from Lemma we get that po > p;. Then Lemma
implies that only the case where p; = po — 1 corresponds to a Q-
irreducible PV.

b) Suppose that Card(¥ \ #) > 2. Suppose that the following diagram is
Q-irreducible:
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For the same reason as for the diagram (5), we necessarily have p, even.
Then from Lemma we get p; < p2 and from Lemma we get
Pn < Pn—1. If p, = pp—1 diagram (6) would contain the regular subdiagram

Hence p; < py and p, < pp—1. There exists then i € {2,...,n} such
that p;—1 < p; and p;y1 < p;. From Lemma we obtain that either
the diagram (6) is not Q-irreducible (if p;—1 = p;+1), or non regular (if
Pi—1 7 Pi+1)- In any case diagram (6) is never Q-irreducible.

e The case D;.
a) Suppose that Card(V¥ \ 0) = 2. It is easy to prove that the subdiagram

o —o o—4@ Dn

is regular if and only if n = 3 , and then D3 = A3 and the corresponding
diagram was already considered in the A,, case.

b) Suppose that Card(¥ \ #) = 3. Suppose that the following diagram is
Q-irreducible.

— 0 PR S oo
@) b1 D2 \@
We know from Lemma that if po > p; and p; # 1, diagram (7) is not
regular. If py > p; and p; = 1, the same Lemma implies that diagram (7) is
Q-irreducible.
If p1 = py, diagram (7) contains obviously an A,_s regular irreducible sub-
diagram.
If p; > po, diagram (7) cannot be regular, as shown by Lemma [.2.1.

c¢) Suppose that Card(¥ \ 6) > 3. The corresponding diagram is the follow-

ing:
/@

( 8 ) *—@ e ._©_. ......... ._©_’ ............... ._©_. ........ Y

b1 b2 pn(n > 3)\©

From Lemma and Lemma we deduce that if this diagram would
be @Q-irreducible, we would have p; < ps and p, < p,—1. Then, using
the same method as in the A,, case, one proves that diagram (8) is never
Q-irreducible.

& Let us now consider the case of exceptional simple Lie algebras.

We only give the proof for Eg. The cases of E7, Eg, Fy and GG are analogous.
We begin by writing down all possible diagrams in which at least two roots
are circled. The only (important) constraint comes from Lemma which
excludes diagrams having two circled roots which are connected. If a dia-
gram contains a regular subdiagram, we will write the subdiagram on the
same line. Taking into account the symmetry of the Dynkin diagram of Fg,
the list is as follows:
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i

°

10) @—0—?—0—@ D 0—?—0
Let us consider the case 1) in the list above. The corresponding PV is
infinitesimally equivalent to (G, V') where G = GL(5) x C*, V.= M(5,1) ®
Skew(5) and the action is given by: (g,a)(X,Y) = (agX, gY %g) where a €
C*,g € GL(5),X € M(5,1),Y € Skew(5).

Define J = [ OI 102] € Skew(4). Let then
—12

0

Xy = M € M(5,1) and Yy = [‘] 0] € Skew(5).

0 0

An easy computation shows that (Xp,Yp) is generic and that its isotropy
subgroup is the set of pairs of matrices of the form ([61 2} ,a~1), where
A € Sp(2),a € C*. Hence the PV is regular and one easily shows that the

unique fundamental relative invariant is given by
Y X
1) =Pr gy 3))
For the cases 2) and 9) one computes a generic isotropy isotropy subgroup

and one observes that it is not reductive.

O
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A consequence of the preceding classification is the following statement.

Proposition 4.2.9. The Q-irreducible PV ’s of parabolic type are 1-irreducible.
In other words the three definitions of irreducibility given in Definition
are equivalent for PV '’s of parabolic type.

Remark 4.2.10. The exceptional Q-irreducible PV’s arising in Fg, F7
and Eg are particular cases of families of Q-irreducible PV’s which are not
parabolic in general. More precisely the representations

(GL(n) x C*[A1(GL(n)) @ O] & [A2(GL(n)) ® Id])(n odd)
and
(GL(n) x GL(n —1),[A1(GL(n)) ® Ai(GL(n — 1))] ® [A1(GL(n)) ® Id])

are 1-irreducible PV’s. (Here O denotes the one dimensional representation
of C* on C by multiplications). The first representation is an extension of
the Fg and Eg cases, the second one is an extension of the E; case.

For the first representation the fundamental relative invariant is given by

F(X,Y) = Py [_({X) )0(] ), (X € M(n,1),Y € Skew(n))

and for the second representation it is given by
f(X,Y) = det([X Y])7 (X e M(n,n—1),Y € M(n,1)).

Note that the first PV above is example 8) p. 95 of [Ki-d] and that the
second PV is

Remark 4.2.11. [ Let G = (GL(n))P*!, and let V = (M (n))?. We denote
by g = (¢;) an element in G and by v = (v;) an element in V. Consider
the representation of G on V' defined by (g;).(v;) = (gjngj:&l). Then (G,V)
is a regular PV with p fundamental relative invariants given by f;(v) =
det(vj). Let N = pn? = dim(V) and consider the castling transformation
(see [F-K] or [K&d])) of (G, V) given by (G x GL(N — 1),V @ CN=1). It is
known ([B-K]| p.67-68, and Remark 26 p. 73), that the regularity and the
number of fundamental relative invariants does not change under castling
transformation, therefore (G x GL(N — 1),V ® CV~1) is regular and has
also p fundamental relative invariants. But it is easy to see that any proper
G x GL(N —1)-invariant subspace of V@CN =1 is of the form U®CN~!, with
dim(U) < N — 1, and then (G x GL(N —1),U ® CN~1) is a so-called trivial
PV, which has no fundamental relative invariant. Hence (G x GL(N —
1),V ® CN~1) is a Q-irreducible PV which is not 1-irreducible. Therefore
Proposition is no longer true for non parabolic PV’s.

Remark 4.2.12. We have proved in [Ru-1] that an irreducible PV of par-
abolic type is regular if and only if the corresponding grading element Hy
(see section 4.1) is the semi-simple element of an slo-triple. As the weighted
Dynkin diagrams of type Eg, F7, Eg in Table 1 below do not appear in tables
18, 19, 20 of [O], such a result is no longer true for Q-irreducible PV’s of
parabolic type.

2] would like to thank Tatsuo Kimura for providing me this example.
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Table 1: non irreducible, Q-irreducible PV’s of parabolic type

An o —@ - ._@_. ......... ._@_. ........ o—e
(p2 > p1 > 0) p1 b2 p1
Bn o —@ - ._©_. ......... ._©_’ ........ ——0
P2 > p1, b1 b2 b3

2ps = p1,p3 > 0)

Cn

P2 > Pi, o—@ e .—©_.p2._©_. ........ ——0

2p3 =p1+1,p3>0
P2 odd

Dl

n

P2 > P1, o —@ e ._©_. ......... ._©_. ........ .<

2p3 =p1+1,p3 > 2
Py even

D;,
p2 > 2, D1 D2
p1 = p2 — 1,p2 even

D3 ﬁ
p2 > 1 D2 \©

*—©O
Es
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