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Scaling limits of Markov branching trees

with applications to Galton-Watson and random unordered trees *

Bénédicte Haas" and Grégory Miermont?

Abstract

We consider a family of random trees satisfying a Markov branching property. Roughly, this
property says that the subtrees above some given height are independent with a law that depends
only on their total size, the latter being either the number of leaves or vertices. Such families
are parameterized by sequences of distributions on partitions of the integers, that determine
how the size of a tree is distributed in its different subtrees. Under some natural assumption
on these distributions, stipulating that “macroscopic” splitting events are rare, we show that
Markov branching trees admit the so-called self-similar fragmentation trees as scaling limits in
the Gromov-Hausdorff-Prokhorov topology.

Applications include scaling limits of consistent Markov branching model, and convergence
of Galton-Watson trees towards the Brownian and stable continuum random trees. We also
obtain that random uniform unordered trees have the Brownian tree as a scaling limit, hence
extending a result by Marckert-Miermont and fully proving a conjecture made by Aldous.
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1 Introduction and main results

We discuss the scaling limits of a model of random trees satisfying a simple Markovian branching
property, that was considered in [RJ], and considered in different forms in a number of places
M3, B, [Z). Markov branching trees are natural models of random trees, defined in terms of discrete
fragmentation processes. The laws of these trees are indexed by an integer n giving the “size”
of the tree, which leads us to consider two distinct (but related) models, in which the sizes are
respectively the number of leaves and the number of vertices. We fix the notations

N=1{1,2,3,...}, Zy ={0}UN, [n] ={1,2,...,n}, meN,

and give a first, slightly informal description of our results, leaving a more formal approach to the
rest of this introduction.

Let ¢ = (gn,n > 1) be a family of probability distributions, respectively on the set P, of
partitions of the integer n, i.e. of non-increasing integer sequences with sum n. We assume that g,
does not assign mass 1 to the trivial partition (n). It is convenient for our construction to add an
extra “cemetery partition” () € P;.

One constructs a random rooted tree T,, with n leaves according to the following device. Start
from a collection of n indistinguishable balls, and with probability g, (A1, ..., Ap), split the collection
into p sub-collections of Ay, ..., A, balls. Note that there is a chance ¢,((n)) < 1 that the collection
remains unchanged during this step of the procedure. Then, re-iterate the splitting operation
independently for each sub-collection using this time the probability distributions gy, ..., qx,. If
a sub-collection consists of a single ball, then it can remain single with probability ¢;((1)) or get
wiped out with probability ¢; (). We continue the procedure until all the balls are wiped out. There
is a natural genealogy associated with this process, which is a tree T}, with n leaves consisting in
the n isolated balls, and rooted at the initial collection of n balls. See Figure [I] for an illustration.

This construction can be seen as the most general form of splitting trees of Broutin & al.[[J],
and was referred to as trees bearing the so-called Markov branching property in [BJ]. There is also
a variant of this construction that constructs a random tree with n vertices rather than n leaves,
which is obtained by first removing one ball before splitting at each step of the construction.

While most papers so far have been focusing on families of trees having more structure, such
as a consistency property when n varies [fl, g, [[J] (with the notable exception of Broutin & al.
), the main goal of the present work is to study the structure of T}, as n — oo in a very general
situation. The main assumption that we make is that, as n — oo,

macroscopic splitting events of the form n — (nsy,nss,...) € P, for a non-increasing
sequence s = (s1,S82,...) with sum 1 and s; < (1 —¢), for fixed ¢ € (0,1), are rare
events, occurring with probability of order n~7v(ds) for some v > 0, where v is a
o-finite “intensity” measure.



Figure 1: A sample tree T1;. The first splitting arises with probability ¢11(4,4, 3).

Under this assumption, formalized in hypothesis (H) below, we show that the tree T;,, considered
as a metric space by viewing its edges as being real segments of lengths of order n™7, converges in
distribution towards a limiting structure 75 ,, the so-called self-similar fragmentation tree of B3

% n— Ty

The latter can be seen as the genealogical tree of a continuous model for mass splitting, in some
sense analogous to the Markov branching property described above. The above convergence holds in
distribution in a space of measured metric spaces, endowed with the so-called Gromov-Hausdorfi-
Prokhorov topology. This result contrasts with the situation of [[J], where it is assumed that
macroscopic splitting events occur at every step of the construction. In that case, the height of T},
is of order logn, and no interesting scaling limit exists.

This general statement allows to recover and improve many results of [PJ, B6, B2, [[4] dealing
specifically with Markov branching trees. It also applies to models of random trees that are not
a priori directly connected to our study. In particular, we recover the results of Aldous [ and
Duquesne [[[7 showing that the so-called Brownian and stable trees [, 7, [§] are universal limits
for conditioned Galton-Watson trees. We also prove that uniform unordered trees with n vertices
and degree bounded by some integer m + 1 € [3, 00] admit the Brownian continuum random tree
as a scaling limit. This was conjectured by Aldous [fJ] and proved in the particular case of a binary
branching, m = 2, in [, using completely different methods from ours. The rest of this section is
devoted to the formalization of our results.

1.1 Discrete trees

We briefly introduce some formalism for trees. Set N° = {@}, and let

U:UN”.

n>0
For u = (uy,...,u,) € U, we denote by |u| the length of u, also called the generation of u. If
u=(u,...,u,) withn > 1, we let pr(u) = (u1,...,up—1), and for i > 1, we let ui = (uq,...,up,1).
More generally, for u = (u1,...,u,) and v = (v1,...,0p) In U, we let uv = (ug, ..., Up, V1, ..., V)



be their concatenation, and for A C U and u € U, we let uA = {uv : v € A}, and simply let
iA = (i)A for i € N. We say that u is a prefix of v if v € uld, and write u < v, defining a partial
order on U.

A plane tree is a non-empty, finite subset ¢ C U (whose elements are called vertices), such that

o If u € ¢t with |u| > 1, then pr(u) € t,

o If u € t, then there exists a number ¢, (t) € Z (the number of children of u) such that ui € ¢
if and only if 1 < i < ¢,(t).

Let Ot = {u € t : ¢, (t) = 0} be the set of leaves of t. If (1), ... ¢(*) are plane trees, we can define
a new plane tree by

k
W, 8 ={aruJit®.

i=1
A plane tree has a natural graphical representation, in which every u € t is a vertex, joined to
its ¢, (t) children by as many edges. But t carries more information than the graph, as it has a
natural ordered structure. In this work, we will not be interested in this order, and we present one
way to get rid of this unwanted structure. Let ¢ be a plane tree, and o = (0, u € t) be a sequence

of permutations, respectively o, € &, (4). For u = (u1,...,u,) € t, let

U(u) = (Ug(ul)’ U(u1)(u2)’ O-(ul,ug)(u3), s ,J(u17,,,7un,1)(un)) )

and o (@) = @. Then the set ot = {o(u) : v € ¢} is a plane tree, obtained intuitively by shuffling

the set of children of u in t according to the permutation o,. We say that t,t’ are equivalent if

there exists some o such that o(t) = t’. Equivalence classes of plane trees will be called (rooted)

unordered trees, or simply trees as opposed to plane trees, and denoted by lowercase letters t.
When dealing with a tree t, we will freely adapt some notations from plane trees when dealing

with quantities that do not depend on particular plane representatives. For instance, #t, #0t will

denote the number of vertices and leaves of t, while &, ¢ (t) will denote the root of t and its degree.
We let T be the set of trees, and for n > 1,

TO={teT:#0t=n}, To={teT:#t=n}

be the set of trees with n leaves, resp. n vertices. The class of {@} is the vertex trec e € Ty = T9.

Heuristically, the information carried in a tree is its graph structure, with a distinguished “root”
vertex corresponding to &, and considered up to root-preserving graph isomorphisms — it is not
embedded in any space, and its vertices are unlabeled.

It is a simple exercise to see that if t(),1 < i < k are trees, and t() is a choice of a plane
representative of t) for each 7, then the class of (ﬂ;(i), 1 <4 < k) does not depend on the particular
choice for t(). We denote this common class by (t(),1 < i < k). Note that j(t) := (t) can be
seen as the tree t whose root has been attached to a new root by an edge, and j!(t), for I > 0, is
tree t whose root has been attached to a new root by a string of [ edges. For instance, j!(e) is the
line-tree consisting of a string with length [, rooted at one of its ends. Finally, for trees t(V), ... t(*)
and [ > 1 we let

@M Ry = gt Ry

so j'(e) = (e); with these notations.

1.2 Markov branching trees

A partition of an integer n > 1 is a sequence of integers A = (Aq,...,\,) with Ay > ... > A, > 1
and A; + ...+ A\, = n. The number p = p(\) is then called the number of parts of the partition A,



and the partition is called non-trivial if p(\) > 2. We let P,, be the set of partitions of the integer
n. For A € P, and 1 < j < n, we define

m]()\) = #{Z c {1,2,... ,p()\)} : )\i :j},

the multiplicity of parts of A equal to j.

By convention, it is sometimes convenient to set \; = 0 for i > p(A), and to identify the sequence
A with the infinite sequence (\;,7 > 1). Such identifications will be implicit when needed. It is also
convenient to allow an extra element () to Py, so that P; = {(1),0}.

1.2.1 Markov branching trees with a prescribed number of leaves

In this paragraph, the size of a tree t € T is going to be the number #0t of its leaves.
Let ¢ = (gn,n > 1) be a sequence of probability distributions respectively on P,

dn = (Qn()‘)v)‘ € Pn)a Z Qn()‘) =1,
AEPR

such that
an((n)) <1, n>1. (1)

Consider a family of probability distributions P#,n > 1 on Tg respectively, such that

1. PY is the law of the line-tree (e)¢, where G has a geometric distribution given by
P(G=k)=qa@)1-aqa@)", k>0,

2. for n > 2, P, is the law of A
(T, 1< i <p(A)),

where A has distribution ¢,, and conditionally on the latter, the trees T 1 < i < p(A) are
independent with distributions P?\i respectively.

Alternatively, for n > 2, P% is the law of (T, 1 < i < p(A))¢ where G is independent of A and
geometric with

P(G = k) = (1 - Qn((n)))Qn((n))k ) kE>1,

and conditionally on A with law ¢, (-| P, \ {(n)}), the trees T, ... T®®) are independent with
distributions Py, respectively. A simple induction argument shows that there exists a unique family
P satisfying the properties 1 and 2 above.

A family of random trees T},,n > 1 with respective distributions P{,n > 1 is called a Markov
branching family. The law of the tree T, introduced in the beginning of the Introduction to describe
the genealogy of splitting collections of n balls is P3.

1.2.2 Markov branching trees with a prescribed number of vertices

We now consider the following variant of the above construction, in which the size of a tree t is
the number of its vertices. For every n > 1, let again ¢, be a probability distribution on P,. We
do not assume ([l), rather, we make the sole assumption that ¢;((1)) = 1. For every n > 1, we
construct inductively a family of random trees T;, respectively in the set T,, of trees with n vertices,
by assuming that for A = (A1,...,\,) € P,_1, with probability g,—1()), the n — 1 vertices distinct
from the root vertex are dispatched in p subtrees with A\; > ... > ), vertices, and that, given these
sizes, the p subtrees are independent with same distribution as Ty, ..., T), respectively.

Formally,



1. let QY be the law of e, and

2. for n > 1, let QZJFI be the law of
(T, 1 < i< p(A)),

where A has distribution g¢,, and conditionally on the latter, the trees 7,1 < i < p(A) are
independent with distributions Q'f\i respectively.

By induction, these two properties determine the laws Qf,n > 1 uniquely.
The construction is very similar to the previous one, and can in fact be seen as a special case,
after a simple transformation on the tree; see Section [L.H below.

1.3 Topologies on metric spaces

The main goal of the present work is to study scaling limits of trees with distributions P#, Q%, as n
becomes large. For this purpose, we need to consider a topological “space of trees” in which such
limits can be taken, and define the limiting objects.

A rootedf] metric space is a triple (X,d,p), where (X,d) is a metric space and p € X is a
distinguished point, called the root. We say that two rooted spaces (X, p,d), (X', p/, d’) are isometry-
equivalent if there exists a bijective isometry from X onto X that sends p to p'.

A measured, rooted metric space is a 4-tuple (X,d, p, ), where (X,d,p) is a rooted metric
space and p is a Borel probability measure on X. Two measured, rooted spaces (X,d, p, ) and
(X,d,p', i) are isometry-equivalent if there exists a root-preserving, bijective isometry ¢ from
(X,d,p) to (X,d,p') such that the push-forward of p by ¢ is ¢/. In the sequel we will almost
always identify two isometry-equivalent (rooted, measured) spaces, and will often use the shorthand
notation X for the isometry class of a rooted space or a measured, rooted space, in a way that
should be clear from the context. Also, if X is such a space and a > 0, then we denote by aX the
space in which the distance function is multiplied by a.

We denote by .# the set of equivalence classes of compact rooted spaces, and by ., the set
of equivalence classes of compact measured spaces.

It is well-known (this is an easy extension of the results of [P(]) that .# is a Polish space
when endowed with the so-called pointed Gromov-Hausdorff distance dgyr, where by definition the
distance dgu((X, p), (X', p’)) is equal to the infimum of the quantities

3(d(p), ¢ (p)) V ou((X), ¢' (X))

where ¢, ¢’ are isometries from X, X’ into a common metric space (M,d), and where dy is the
Hausdorff distance between compact subsets of (M, d). It is elementary that this distance does not
depend on particular choices in the equivalence classes of (X, p) and (X', p’). We endow .# with
the associated Borel og-algebra. Of course, dgy satisfies a homogeneity property, dgp(aX,aX') =
adgu (X, X') for a > 0.

We also need to define a distance on .#,, that is in some sense compatible with the Gromov-
Hausdorff distance. Several complete distances can be constructed, and we use a variation of the
Gromov-Hausdorff-Prokhorov distance developed in [Rg]. The induced topology is the same as that
introduced earlier in [RI]. The reader should bear in mind that the topology used in the present
paper involves a little variation on the two previous references, since we are interested in pointed
spaces. We let dgup((X,d, p, p), (X', d',p', 1)) be the infimum of the quantities

3(8(p), &' () V ou($(X), ¢ (X)) V 0p ($sps, Spt')

usually such spaces are rather called pointed, but we prefer the term rooted which is more common when dealing
with trees

1



where again ¢, ¢’ are isometries from X, X’ into a common space (M, d), ¢.u, ¢, ' are the push-
forward of u, u’ by ¢, ¢, and dp is the Prokhorov distance between Borel probability measures on
M [I9, Chapter 3]:

dp(m,m') = inf{e > 0: m(C) < m/(C%) + ¢ for every C C M closed},

where C¢ = {z € M :inf,cc 6(x,y) < e} is the e-thickening of C'. A simple adaptation of the results
of [B1] and Section 6 in [R] (in order to take into account the particular role of the distinguished
point p) shows that:

Proposition 1. The function daup is a distance on My that makes it a complete and separable
space.

This distance is called the pointed Gromov-Hausdorff-Prokhorov distance. One must be careful
that contrary to dgy, this distance is not homogeneous: dgpp(aX,aX’) is in general different from
adgup (X, X'), because only the distances, not the measures, are multiplied in a X, aX’.

1.3.1 Trees viewed as metric spaces

A plane tree t can be naturally seen as a metric space by endowing ¢ with the graph distance
between vertices. Namely,

dgr(u,v) = |u| + |v| = 2|u A ], u,v € t,

where u A v is the longest prefix common to u,v. This coincides with the number of edges on the
only simple path going from w to v. The space (t,d,;) is naturally rooted at @. We can put two
natural probability measures on t, the uniform measures on the leaves or on the vertices:

1 1
Ma¢:%z5{u}7 Mmz%zfs{u}-

uedt uet

Ift € Tis a tree and t,t are two plane representatives of t, then it is elementary that the
spaces (t, dgr, &, pto) and (t', dgr, &, 1o¢/) are isometry-equivalent rooted measured metric spaces.
The same holds with 4, pg instead of pog, tae. We denote by (t, dgy, p, tar) and (t, dgr, p, pit) the
corresponding elements of .#,. Conversely, it is possible to recover uniquely the discrete tree (not
a plane tree!) from the element of .Z,, thus defined.

1.3.2 R-trees

An R-tree is a metric space (X, d) such that for every z,y € X,
1. there is an isometry ¢z, : [0,d(z,y)] — X such that ¢, ,(0) = z and ¢, 4(d(z,y)) = y, and

2. for every continuous, injective function ¢ : [0,1] — X with ¢(0) = =z, ¢(1) = y, one has
c([0,1]) = ¢4y ([0,d(z, y)]).

In other words, any two points in X are linked by a geodesic path, which is the only simple path
linking these points, up to reparameterisation. This is a continuous analogue of the graph-theoretic
definition of a tree as a connected graph with no cycle. We denote by [[z, y]] the range of ¢, ,.
We let .7 (resp. Zy) be the set of isometry classes of compact rooted R-trees (resp. compact,
rooted measured R-trees). An important property is the following (these are easy variations on

results by [R0, R1)).
Proposition 2. The spaces T and Fy, are closed subspaces of (M ,dcn) and (M, dcup).



If T €7 and for x € T, we call the quantity d(p,z) the height of x. If x,y € T, we say that
x is an ancestor of y whenever x € [[p,y]]. We let z Ay € T be the unique element of 7 such that
[[p,z]] N [[p,yl] = [[p,z A y]], and call it the highest common ancestor of z and y in 7. For x € T,
we denote by T, the set of y € T such that z is an ancestor of y. The set 7, endowed with the
restriction of the distance d, and rooted at x, is in turn a rooted R-tree, called the subtree of 7
rooted at z. If (7,d, p, ) is an element of 7, and u(7;) > 0, then 7, can be seen as an element
of 7, by endowing it with the measure pu(- N 7;)/1(7Tz).

We say that © € T, x # p, in a rooted R-tree is a leaf if its removal does not disconnect 7.
Note that this always exclude the root from the set of leaves, which we denote by L£(T). A branch
point is an element of T of the form x A y where x is not an ancestor of y nor vice-versa. It is also
characterized by the fact that the removal of a branch point disconnects the R-tree into three or
more components (two or more for the root). We let B(7) be the set of branch points of 7.

1.4 Self-similar fragmentations and associated R-trees

Self-similar fragmentation processes are continuous-time processes that describe the dislocation of
a massive object as time passes. Introduce the set of partitions of a unit mass

SJ/;: {82(81,52,---):512822"'20’Zsi§1}'

i>1
This space is endowed with the ¢!-metric d(s,s') = 3. |s; — si|, which makes it a compact space.

Definition 1. A self-similar fragmentation is an S*-valued Markov process (X(t),t > 0) which
s continuous in probability and satisfies the following fragmentation property. For some a € R,
called the self-similarity index, it holds that conditionally given X(t) = (s1,S2,...), the process
(X(t + t'),t' > 0) has same distribution as the process whose value at time t' is the decreasing
rearrangement of the sequences siX(i)(s?t'),i > 1, where (X(i),i > 1) are i.i.d. copies of X.

Bertoin [{] and Berestycki [fi] have shown that the laws of self-similar fragmentation processes are
characterized by three parameters: the index a, a non-negative erosion coefficient, and a dislocation
measure v on S*. The idea is that every sub-object of the initial object, with mass z say, will
suddenly split into sub-sub-objects of masses sy, xss,... at rate z%v(ds), independently of the
other sub-objects. Erosion accounts for the formation of zero-mass particles that are continuously
ripped off the fragments.

For our concerns, we will consider only the special case where the erosion phenomenon has no
role and the dislocation measure does not charge the set {s € S*: Y, s; < 1}. One says that v is
conservative. This motivates the following definition.

Definition 2. A dislocation measure is a o-finite measure v on S* such that v({(1,0,0,...)}) =0

and
y({izzlsi<1}) =0, /Sl(l—sl)y(ds)<oo. (2)

We say that the measure is binary when v({s1 + s2 < 1}) = 0. A binary measure is characterized
by its image v(s1 € dx) through the mapping s — 1.

A fragmentation pair is a pair (a,v) where a € R is called the self-similarity index, and v is a
dislocation measure.

Fragmentation pairs (a,v) therefore characterize the distributions of the self-similar fragmen-
tations we are focusing on. When a = —v < 0, small fragments tend to split faster, and it turns



out that they all disappear in finite time, a property known as formation of dust. Using this prop-
erty, it is shown in [RJ] how to construct a “continuum random tree” encoding the process with
characteristic pair (—v,v). This tree is a random element of .Z,

T = (T, dp,p) s
such that (7,d) is a random R-tree, and such that a.s.
1. the measure p is supported on the set L(7) of leaves of T
2. p has no atom,
3. for every x € T \ L(T), it holds that u(7;) > 0.

Proposition 3 (Theorem 1 and Proposition 1 in [RJ]). The law of T, ., is characterized by properties
1, 2, 3 above, together with the fact that if t > 0 and T;(t),i > 1 are the connected components of
the open set {x € T : d(p,x) > t}, then the process (((Ti(t)),i > 1)¥,t > 0) of the non-increasing
rearrangement of the p-masses of these components has the same law as the S*-valued self-similar
fragmentation with characteristic pair (—v,v).

The previous proposition is not really constructive, and we postpone a more detailed description
of T, to Section B.2.

It was shown in [3] that one can recover the celebrated Brownian and stable continuum random
trees [, 28 E] as special instances of fragmentation trees. The precise choices for the indices and
dislocation measures corresponding to these situations will be recalled in our applications, Sections

R.1 and P23

1.5 Main results

Let (g,(A), A € P,),n > 1 satisfy ([l). With it, we associate a finite non-negative measure g, on
St, defined by its integral against measurable f : S* — R, as

2.0 = ar(2).

n
AEPy,

Note that in the left-hand side, we have identified \/n with an element of S*, in accordance with
our convention that A is identified with the infinite sequence (A;,7 > 1). We make the following
basic assumption.

(H) There exists a fragmentation pair (—v, ), with v > 0, and a function ¢ : (0,00) —
(0,00) slowly varying at oo, such that we have the weak convergence of finite non-
negative measures on S+:

(w)

R (1 — 51)q,(ds) 3 (1 — s1)v(ds). (3)

n— o0

Theorem 1. Assume ¢ = (gn(N\), X € Py),n > 1 satisfies assumption (H). Let T,, have distribution
P, and view T, as a random element of My, by endowing it with the graph distance and the uniform
probability measure par, on J1,. Then we have the convergence in distribution

1 d
Q TYv”’

rﬂﬂ(n) " oo

where the topology is the rooted Gromov-Hausdorff-Prokhorov topology.



There is a similar statement for the trees with laws Q. Consider a family (g, (\), A € P,,),n > 1
with ¢1((1)) = 1.

Theorem 2. Assume ¢ = (qgn(N\), A € Py),n > 1 satisfies assumption (H), with
o cither v € (0,1), or
e y=1and {(n) -0 asn — 0.

Let T, have distribution Q. We view T, as a random element of .#y by endowing it with the
graph distance and the uniform probability measure pr, on T,. Then we have the convergence in

distribution )
d
Q TYvy ?

rﬂﬂ(n) " oo

where the topology is the rooted Gromov-Hausdorff-Prokhorov topology.

Theorem P deals with a more restricted set of values of values of v than Theorem []. This comes
from the fact that, contrary to the set Tg which contains trees with arbitrary height, the set T,, of
trees with n vertices has elements with height at most n — 1. Therefore, we cannot hope to find
non-trivial limits in Theorem f] when v > 1, or when v = 1 and £(n) has limit +-00 as n — oo. The
intermediate case where ¢(n) admits finite non-zero limiting points cannot give such a convergence
with a continuum fragmentation tree in the limit either. The reason being that the support of the
height of a continuum fragmentation tree is unbounded, whereas the heights of T;,/nf(n) are all
bounded from above by 1/inf,,(¢(n)), which is finite under our assumption.

Note that Theorem [] (resp. Theorem P]) implies that any fragmentation tree 7, is the con-
tinuous limit of a rescaled family of discrete Markov branching trees with a prescribed number of
leaves (resp. with a prescribed number of vertices, provided v < 1), since we have the following
approximation result.

Proposition 4. For every fragmentation pair (—vy,v) with v > 0, there exists a family of distribu-
tions (qn,n > 1) satisfying (1) and such that ({J) holds, with ¢(x) =1 for every z > 0.

After some preliminaries gathered in Section B, we prove Theorems [l and B and Proposition [ in
Section [l Before embarking in the proofs, we present in Section f|] some important applications of
these theorems to Galton-Watson trees, unordered random trees and particular families of Markov
branching trees studied in earlier works. Of these applications, the first two actually involve a
substantial amount of work, so that the details are postponed to Section [ and fj.

2 Applications

2.1 Galton-Watson trees

A natural application is the study of Galton-Watson trees conditioned on their total number of
vertices. Let £ be a probability measure on Z such that £(0) > 0 and

> k() =1. (4)

k>0

The law of the Galton-Watson tree with offspring distribution ¢ is the probability measure on the
set of plane trees defined by

GWe({t}) = [T éCeu(®))

uct

for ¢ a plane tree. That this does define a probability distribution on the set of plane trees comes
from the fact that a Galton-Watson process with offspring distribution & becomes a.s. extinct in
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finite time, due to the criticality condition ([]). In order to fit in the framework of this paper, we
view GW¢ as a distribution on the set of discrete, rooted trees, by taking its push-forward under
the natural projection from plane trees to trees.

In order to avoid technicalities, we also assume that the support of £ generates the additive
group Z. This implies that GW¢({#t = n}) > 0 for every n large enough. For such n, we let

GWén) = GWe(- | {#t = n}), and view it as a law on T,
We distinguish two different regimes.

Case 1. The offspring distribution has finite variance

o = k(k - 1)¢(k) < oo

k>0

Case 2. For some a € (1,2) and ¢ € (0,00), it holds that £(k) ~ ck=*"! as k — oo. In particular,
¢ is in the domain of attraction of a stable law of index a.

The Brownian dislocation measure is the unique binary dislocation measure such that

1/2(81 € d.%') = dx 1{1/2§x<1} .

ma3(1 —x)3

Otherwise said, for every measurable f : St — R,

1
/SﬂQ(ds)f(s):/1/2,/mdxﬂm—x,o,o,...).

We also define a one-parameter family of measures in the following way. For a € (1,2), let Y., 0a
be a Poisson random measure on (0, 00) with intensity measure

1 dx
af(l - l) pltl/e La>0}

i

with the atoms A;,7 > 1 labeled in such a way that Ay > Ay > ..., Let T'= .., A;, which is
finite a.s. by standard properties of Poisson measures. In fact, 1" follows a stable distribution with
index 1/«, with Laplace transform

Elexp(—AT)] = exp(—AY?), A>0.

It can be seen as a stable subordinator evaluated at time 1, its jumps up to this time being the atoms
A;,i > 1). The measure v, is defined by its action against a measurable function f : S* — R:

/Sl Vo (ds) f(s) = %E[T}”(%,i > 1)} .

Because E[T] = oo, this formula defines an infinite o-finite measure on S¥, which turns out to
satisfy (B).
Theorem 3. Let & satisfy (), with support that generates the additive group Z. Let T, be a random

element of T,, with distribution GWén). Consider T, as an element of My by endowing it with the
graph distance and the uniform probability measure pr, on T,. Then we have, in distribution for
the Gromov-Hausdorff-Prokhorov topology,

1 (d) 2
Case 1: %Tn 2 ;71/2,u2 )

' 1 @ [ ofa—1)\""
Case 2 : WTn n;)o (m 7-1_1/(1,7”@ .
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This result will be proved in Section [] below, by first showing that GWén) is of the form Q3 for
some appropriate choice of q.

The trees appearing in the limit are important models of continuum random trees, called re-
spectively the Brownian Continuum Random Tree and the stable tree with index «. The Brownian
tree is somehow the archetype in the theory of scaling limits of trees. The above theorem is very
similar to a result due to Duquesne [[[7], but our method of proof is totally different. While [[7]
relies on quite refined aspects of Galton-Watson trees and their encodings by stochastic processes,
our approach requires only to have some kind of global structure, namely the Markov branching
property, and to know how mass is spread in one generation. We do not claim that our method is
more powerful than the one used in [[] (as a matter of fact, the limit theorem of [[7] holds in the
more general case where  is in the domain of attraction of a totally asymmetric stable law with
index « € (1,2]). However, our method has some robustness, allowing to shift from Galton-Watson
trees to other models of trees. Our next example will try to illustrate this.

2.2 Uniform unordered trees

Our next application is on a different model of random trees, which is by nature not a model of
plane or labelled trees, contrary to the previous examples. Namely, for 2 < m < oo, we consider the
set Tslm) C T, of trees with n vertices, in which every vertex has at most m children. In particular,
we have Tsloo) = T,. The sets T£Z”> are harder to enumerate than ordered sets of trees, like Cayley
trees or plane trees, and there is no closed expression for the numbers #TS{”). However, Otter [B(]

(see also [P, Section VIL.5]) derived the asymptotic enumeration result

n—00 n3/2 ’

for some m-dependent constants x,, > 0, p,, > 1. This can be achieved by studying the generating
function

) (z) = Z #T%m) ",
n>1
which has a square-root singularity at the point 1/p,,. The behavior ([]) indicates that a uniformly

picked element of T%m) should converge as n — oo, once renormalized suitably, to the Brownian
continuum random tree. We show that this is indeed the case for any value of m. To state our
result, let

T = {te T : cy(t) <m —2}.

In particular, 'T'%Q) = () for n > 2, while 'T'sloo) = T£L°°) for all n. Let

P (@) = Y 4T an,

n>1

and define a finite constant c¢,, by

S

Cm

VAR (1 p)
Note that 2 (z) = z for every z, while (*)(1/ps) = 1 [P, Section VIL5]. Therefore, we get

_ V2p . V2
NN [ Theo

C2
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Theorem 4. Fiz m € {2,3,...} U{oc}. Let T,, be uniformly distributed in T, We view T), as
an element of My by endowing it with the measure ur, , then

1
N

The proof of this result is given in Section . We note that this implies a similar, maybe more
natural, statement for m-ary trees. We say that t € T is m-ary if every vertex has either m children
or no child, and we say that the vertex is internal in the first case, i.e. when it is not a leaf. Summing
over the degrees of vertices in an m-ary tree with n internal vertices, we obtain that #t = mn + 1,
and #0t = (m — 1)n + 1.

Assume now that m < co. Starting from an m-ary tree t with n internal vertices, and removing

d
To D T,
n—00

the leaves — equivalently, keeping only the internal vertices — gives an element ¢(t) € T,(lm). The
mapping ¢ is inverted by attaching m — k leaves to each vertex with k& children, for an element of
TU™. Moreover, we leave as an easy exercise that dgup(at,a¢(t)) < a for every a > 0, when the
trees are endowed with the uniform measures pt, fgr) on vertices. Theorem [ thus implies:

Corollary 1. Let m € {2,3,...,} and Ty[Lm} be a uniform m-ary tree with n internal vertices,
endowed with the measure Hoeplom] - Then

! [m] ﬂ) Cm7-1/2,l/2 .

\/ﬁ " poco
The problem of scaling limits of random rooted unlabeled trees has attracted some attention in
the very recent literature, see [[J, B, [[d]. For m = 2, Corollary [[] readily yields the main theorem

of [B], which was derived using a completely different method. Indeed, it is based in a stronger way
)

on combinatorial aspects of Tg .

Here, we really make use of a fragmentation property satisfied
by the laws Pslm). In fact, we will see that these laws are not laws of Markov branching trees.
Nevertheless, they can be coupled with laws of Markov branching trees in a way that the coupled
trees are close in the dgpp metric. In the general case m # 2, Theorem [] and Corollary [I] are
new, and were implicitly conjectured by Aldous [J]. In [[If], the authors prove a result on the
scaling limit of the so-called profile of the uniform tree for m = oo, which is related, but is not a
direct consequence of our results. Finally, we note that the problem of the scaling limit of unrooted
unordered trees is still open, although we expect the Brownian tree to arise again as the limiting
object.

2.3 Consistent Markov branching models

Considering again in a more specific way the Markov branching models, we stress that Theorem
also encompasses the results of [R5, which hold for particular families (g,,n > 1) satisfying a
further consistency property. In this setting, it is assumed that ¢,((n)) = 0 for every n > 1, so
that the trees T, do not have any vertex having only one child. The consistency property can be
formulated as follows:

Consistency property. Starting from 7, with n > 2, select one of the leaves uniformly
at random, and remove this leaf as well as the edge that is attached to it. If this removal
creates a vertex with only one child, then remove this vertex and merge the two edges
incident to this vertex into one. Then the random tree thus constructed has same
distribution as T, 1.

A complete characterization of families (g,,n > 1) giving rise to Markov branching trees with
this consistency property is given in [R§. Namely, such families can be constructed in terms of

13



a pair (c,v), which is uniquely defined up to multiplication by a common positive constant, such
that ¢ > 0 is an “erosion coefficient” and v is a dislocation measure as described above (except
that v(> s; < 1) = 0 is not required). The cases where ¢ = 0 and v(>_s; < 1) = 0 are the most
interesting ones, so we will assume henceforth that this is the case. The associated distributions
Gn,n > 2 are given by the following explicit formula: for A € P,, having p > 2 parts,

qn(A):ZincA /S s Y T (6)

i1,..,0p>1 j=1
distinct

where
n!

Hz‘zl Al Hj21 m;(A)!
is a combinatorial factor, the same that appears in the statement of Lemma [] below, and Z, is a
normalizing constant defined by

Cy=

Zn:Llu(ds)(l—Zs?>.

i>1
Assume further that v satisfies the following regularity condition:
v(si<l—g)=¢e "(1)e), (7)
where v € (0,1) and ¢ is a function that is slowly varying at co. Then

Theorem 5. Ifv is a dislocation measure satisfying (B) and ([1), and if (¢,,n > 1) is the consistent

family of probability measures defined by (§), then the Markov branching trees Ty, , viewed as random

measured R-trees by endowing the set of their leaves with the uniform probability measures, satisfies
1 ()

—Tn V>
T = )t(n) " e

for the Gromouv-Hausdorff-Prokhorov topology.

This theorem is in some sense more powerful than [5, Theorem 2|, because the latter result
needed one extra technical hypothesis that is discarded here. Moreover, our result holds for the
Gromov-Hausdorff-Prokhorov topology, which is stronger than the Gromov-Hausdorff topology
considered in [R§. However, the setting of [R] also provided a natural coupling of the trees
Tn,n > 1 and T, on the same probability space, for which the convergence in Theorem [] can be
strengthened to a convergence in probability. This coupling is not provided in our case.

Proof. Let s € St be such that > i>18 = 1. Let Xq,...,X, be iid. random variables in N
such that P(X; = i) = s; for every i > 1. Call A® (n) the number of variables X; equal to 1,
and let A®)(n) = (A(l)(n),A@) (n),.. .)i , where x* denotes the decreasing rearrangement of the
non-negative sequence x = (x1,xs,...) with finite sum. It is not hard to see that the probability
distributions ¢,, defined by (f]) are also given, for A # (n), by

0N = — /S PAO(n) = A(ds)

n

See for example the forthcoming Lemma ] in Section B.2.4. The normalizing constant Z,, is regularly
varying, according to the assumption of regular variation (). Indeed, by Karamata’s Tauberian
Theorem (see [[L], Th. 1.7.1°]), we have that

Zo = /S | v /S (1=sDu(ds) ~ TA=7(si < 1=1/n) = T(1=7)n"¢(n).

‘ n—00 —00
i>1
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Now, to get a convergence of the form (f), note that for all continuous non-negative functions

f:8Y =R,

25wy <1 ) %> ; (%) _ /SL VS)E [(1 B AﬁS;(n)> s (A(s;(n)>]

AEP,

= v(ds)(1 —s1)f(s),

which follows by dominated convergence, since f is bounded (say by 1) on the compact space S+

(s) (s) (s) (1)
E[<1_A17(”)>f</\ (n)) <E 1_A17(n)]§[g 1_A7(n)]:1_81.
n n n n
We conclude with Theorem [f. O

2.4 Further non-consistent cases: («,0)-trees

Another application concerns a family of binary labeled trees introduced by Pitman and Winkel
BY and built inductively according to a growth rule depending on two parameters a € (0,1) and
6 > 0. Roughly, at each step, given that the tree T}, 01ab with n leaves branches at the branch point
adjacent to the root into two subtrees with k£ > 1 leaves for the subtree containing the smallest
label in T} Olab ond n — k > 1 leaves for the other one, a weight « is assigned to the root edge and
weights £k — « and n — k — 1 4 0 are assigned respectively to the trees with sizes k, n — k. Then
choose either the root edge or one of the two subtrees according with probabilities proportional
to these weights. If a subtree with two or more leaves is selected, apply this weighting procedure
inductively to this subtree until the root edge or a subtree with a single leaf is selected. If a subtree
with single leaf is selected, insert a new edge and leaf at the unique edge of this subtree. Similarly,
if the root edge is selected, add a new edge and leaf to this root edge. We denote by Ty ¥ the tree
T Olab without labels.

Pitman and Winkel show that the family (75", n > 1) is not consistent in general ([BZ, Propo-
sition 1]), except when # = 1 — « or § = 2 — «, and has the Markov branching property ([@,
Proposition 11]) with the following probabilities g,:

® ¢, ((k,n—k,0,...) = qao(n —1,k) +quo(n—1,n—Fk), forn—k<k<n-1
® ¢, (n/2,1n/2) = qap(n —1,n/2),

where

1<k<n.

(n\an—k)+0kT(k—a)'(n—k+0)
Ga(n: k) = (k) n I1—a)l(nt0)

Now consider the binary measure v, ¢ defined on St by vae(s1 +s2 <1) =0 and v, 9(s1 € dz) =
fa,p(x)dx where f, ¢ is defined on [1/2,1) by

1

foo@) = Fr— ((a (1—2)+0x) 211 —2)' + (az +0(1 — ) (1 — x)*aflxefl) .

Theorem 6. Endow, as usual, T with the uniform probability measure on TS Then,

a,v,
n—00 Ve, 6

L e @ Ta
ne”

for the rooted Gromov-Hausdorff-Prokhorov topology.
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This result reinforces Proposition 2 of [BJ] which states the a.s. convergence of T} ? in a
certain finite dimensional sense, to a continuum fragmentation tree with parameters o, 9. In
view of Theorem [l, it suffices to check that hypothesis (H) holds, which in the present case states
that for any f: S+ — R continuous and bounded with |f(s)| < (1 — s1),

— L[k n—k !
s <—, —0,.. > gn (kyn —k,0,..)) = [ f(z,1—2,0,...) fap(z)dx
E n’ n 1/2

k=[n/2]

To prove this, we use that fol 2% (1 — )’ tdz = T(a)T'(b)/T(a + b), and rewrite gqg(n — 1, k) as

n—1N\an—-1—k)+0k T(n—14+6—-«) L k40—
—1.k) = a1 — )" Ry,
k) ( k > n—1 F(l—a)F(n—1+9)/ - v

Qa,e(n
Then set for z € [0,1],

F(x) = f(x, 1-2,0,.. ')1{$>1/2} + f(l -z,z,0,.. )1{x§1/2}
and note that F'(0) =0 and |F(z)| < (1 —x) Az, Vo € [0,1]. We have,

nil f<§,nT_k,0,...>qn((k,n ZF< )qae —1,k)

k=[n/2]
F(TL 1 + 6 a / <n k 1) « (n 1 k) + akF <E> xk*&*l(l _ x)n*k%l*@f?dx
0 n

'l—a)'ln—1+10) n—1

et ol (1B ) ()t

where B,,_1, denotes a binomial random variable with parameters n — 1,z. Since B,_1,/n — «
a.s. and F' is continuous and bounded on [0, 1],

E [(a (1— 2—1 > +0 n"_?) F (B":“ﬂ — (a(1—z)+6z) F(z), Vae[0,1].

Moreover,

E al1— anl,m + aanl,m F anl,:v

n—1 n—1 n
By By B,

(1o sore [ P]) fom |- T eom [

n n—1 n—1
(a+0)z) A (a(l —x) + 0x).
This is enough to conclude by dominated convergence that

/ E [(a (1 _ Cn-le ) —|—9 -1 >F< L >] ﬂfa*l(l —:U)efldx
0 n—1 n—1 n

o 1 (a(1 —z)+0z) F(z)z > (1 —z)/ lda

n—oo 0

1
= TI'l-a) flx,1—z,...) fap(z)dx

1/2

IN

IN

Last, Stirling’s formula implies that

I'n—14+0-a) o
'n—1460) n-ooo ’

as wanted.
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3 Preliminaries on self-similar fragmentations and trees

3.1 Partition-valued self-similar fragmentations

In this section, we recall the aspects of the theory of self-similar fragmentations that will be needed
to prove Theorems [[] and J. We refer the reader to [J for more details.

3.1.1 Partitions of sets of integers

Let B C N be a possibly infinite, nonempty subset of the integers, and © = {7, m2,...} be a
partition of B. The (nonempty) sets 71, o, ... are called the blocks of m, we denote their number
by b(m). In order to lift the ambiguity in the labeling of the blocks, we will use, unless otherwise
specified, the convention that m;,7 > 1 is defined inductively as follows: m; is the block of 7 that
contains the least integer of the set

i—1

B \ U g,
j=1

if the latter is not empty. For ¢ € B, we also let 7(;) be the block of 7 that contains .

We let Pp be the set of partitions of B. This forms a partially ordered set, where we let 7 < 7/
if the blocks of 7’ are all included in blocks of 7 (we also say that 7’ is finer than 7). The minimal
element is Op = {B}, and the maximal element is Ip = {{i} : i € B}.

If B’ C B is nonempty, the restriction of 7 to B, denoted by m|g or B'N7 with a slight abuse of
notations, is the element of Pp/ whose blocks are the non-empty elements of {B' Ny, B'Nmy,...}.

If B C N is finite, with say n elements, then any partition 7 € Pp with b blocks induces
an element A\(m) € P, with b parts, given by the non-increasing rearrangement of the sequence

(#ﬂ-la sy #ﬂ-b)'
A subset B C N is said to admit an asymptotic frequency if the limit
BN
L #(Bnn)
n—oo n

exists. It is then denoted by |B|. It is a well-known fact, due to Kingman, that if 7 is a random par-
tition of N with distribution invariant under the action of permutations (simply called exchangeable
partition), then a.s. every block of m admits an asymptotic frequency. The law of 7 is then given
by the paintbox construction of next section, for some probability measure v. We let |7 € St
be the non-increasing rearrangement of the sequence (|m;|,7 > 1). The exchangeable partition 7 is

called proper if Zi)(:ﬂl) |m;| = 1, which is equivalent to the fact that 7 has a.s. no singleton blocks.

3.1.2 Paintbox construction

Let v be a dislocation measure, as defined around (f]). We construct a o-finite measure on Py by
the so-called paintbox construction. Namely, for every s € St with > i>18i = 1, consider an i.i.d.
sequence (K;,7 > 1) such that -

P(Klzl{))zsk, kZl
Then the partition 7 such that 4, j are in the same block of 7 if and only if K; = Kj is exchangeable.
We denote by ps(dr) its law. Note that ps(dm)-a.s., it holds that |7|* = s, and 7 is a.s. proper
under pg if and only if s sums to 1. The measure

Ky(dm) == /Si v(ds)ps(dm)

is a o-finite measure on Py, invariant under the action of permutations. From the integrability
condition (B) on v, it is easy to check that for k > 2, if

A ={m € Py : mlpy # {[k]}}
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is the set of partitions whose trace on [k] has at least two blocks, then
ky(Ag) = / v(ds) <1 — Z sf) < 00, (8)
St i>1

for every k > 2, since 1 — .o, sF <1 — s < k(1 —sy).

3.1.3 Exchangeable partitions of finite and infinite sets

In this section, we establish some elementary results concerning exchangeable partitions of [n] or
N. The set of partitions with variable size, namely

P:PNUUPM,

n>1

is endowed with the distance

dp(m,7") = exp(—sup{k > 1: x|y = 7| }) -

In the sequel, convergence in distribution for partitions will be understood with respect to the

separable and complete space (P,dp). We will use the falling factorial notation
I(xz+1)
= —-1)...(x — )= ———

for x a real number and n € N, n < z + 1. When z € N, we extend the notation to all n € N, by
setting (x), =0 for n > x + 1.

Lemma 1. Let 7 be an exchangeable partition of [n], and let k < n. Then for every B C [k] with
[ elements such that 1 € B,

(#may — Dimi(n — #7101
(n — 1)]4:71 ’

Proof. By exchangeability, the probability under consideration does depends on B only through
its cardinality, and this equal to P (ig, ces U €T Ty TRl ¢ 7T(1)|#7T(1)) for any pairwise dis-

P([k‘] ﬂﬂ'(l) = B|#7T(1)) =

joint g, ...,45, 1, Jk—1 € {2,3,...,n} (note that there are (7:11) (Z:f) such choices). Conse-
quently,

E z‘ig,...‘,il 1{i2,...,il€7l'(1)}1{j17---7jk7l¢7r(1)} | #ﬂ—(l)

P([kl N7y = Bl#mq)) = e — T
(=) G2
(e )
GG
where the sum in the expectation is over indices considered above. This yields the result. O

Lemma 2. Let (W("),n > 1) be a sequence of random exchangeable partitions respectively in Prnj-

We assume that ©™ converges in distribution to w. Then m is exchangeable and

(n)
#T6  (d)
. e |7 (4) |

the latter convergences holding jointly for i > 1, and jointly with the convergence ™ — 7.
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Proof. The fact that « is invariant under the action of permutations of N with finite support is
inherited from the exchangeability of 7(™, and one concludes that 7 is exchangeable [l

The random variables (#71'((:;) /n,i > 1) take values in [0, 1], so their joint distribution is tight,
and up to extraction, we may assume that they converge in distribution to a random vector (x(i) 1>
1), jointly with the convergence 7(™ — 7. We want to show that a.s. T = |7l which will
characterize the limiting distribution.

For k > 1 > 1 fixed, by summing the formula of Lemma [ over all B C [k] containing i, with [
elements, we get

(n) (n)
(n)y _ (n) _ k=1 (#ﬂ-(i) ~ Dl - #Tr(i) Jit
P(#([K] Nmg)) = U] ##my) = (l— 1) (n— 1)1

k—=1Y\ 1 k-1
by (z_1>%> 1 =z@)™

which entails that, conditionally on z(;, #([k] N 7(;) — 1 follows a binomial distribution with
parameters (k — 1,z(;). Therefore,

o #(klNmey)
176yl = Jim ———= =z, a.s.,
by the law of large numbers. O

Lemma 3. Let (w(i), 1 <i<r) be a sequence of random elements of Pn, which is exchangeable in
the sense that (o, 1 < i < r) has same distribution as (1,1 < i <), for every permutation o
of N. Then for every k > 2,

P(2,3,....keny) [lal)],1 <i<rj>1) =|a})] .

Proof. Let n > k and set 7(0") = W(i)‘[n], so that (™) 1 < i < r) is a random sequence of P
that is exchangeable. Then, by using the same argument as in the proof of Lemma ], it holds that

(#r(y;" = Vi
(n— 1)1

(1,n) (im) - : _

P(2,3,...,k:677(1) ‘#W(j) 1 <i<r 1<y §n) =

Using Lemma [, and the fact that (7™, 1 < i < r) converges in distribution to (7(9,1 < i < r)
as n — 0o, it is then elementary to get the result by taking limits. O

3.1.4 Poisson construction of homogeneous fragmentations

We now recall a useful construction of homogeneous fragmentations using Poisson point processes.
We again fix a dislocation measure v.

Consider a Poisson random measure N (dtdmdi) on the set Ry x Py x N, with intensity measure
dt ® K, (d7) ® #n(di), where #y is the counting measure on N. We use a Poisson process notation
(72,i9);>0 for the atoms of N: for t > 0, if (¢,7,i) is an atom of N then we let (77,4Y) = (r,4), and
if there is no atom of A of the form (¢, 7,4), then we set 79 = Oy and Y = 0 by convention. One
constructs a process (I1°(t),t > 0) by letting I1°(0) = O, and given that I1°(s),0 < s < t has been
defined, we let TI°() be the element of Py obtained from I1°(¢—) by leaving its blocks unchanged,
except the i¥-th block H?O (t—), which is intersected with 9. Of course, this construction is only
informal, since the times tt of occurrence of an atom of N are everywhere dense in R,. However,
using (§), it is possible to perform a similar construction for partitions restricted to [k], and check
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that these constructions are consistent as k varies [f], Section 3.1.1]. The process (I1°(¢),t > 0) is
called a partition-valued homogeneous fragmentation with dislocation measure 7.
Note in particular that the block H(l)( ) that contains 1 at time ¢, is given by

) = () @a), (9)

0<s<t

i9=1
and that the trace of measure N on the fiber Ry x Py x {1} is Poisson with intensity dt @ k, (dm).
For k > 2, let DY = inf{t > 0 : II°(t) € A} be the first time when the restriction of IT1°(¢)
to [k] has at least two blocks. By the previous construction, it is immediate to see that DY
has an exponential distribution with parameter x,(Ag): it is the first time ¢ such that i) = 1
and 7Y € Aj. Moreover, by standard properties of Poisson random measures, conditionally on
DY = s, the random variables 70 and (7},4)o<i<s are independent, and the law of 7¥ equals
k(| Ag) = k(- N Ag) /Ky (Ag), while (79,4i9)9<i<s has same distribution as the initial process
conditioned on {(,4?) ¢ Ay x {1},0 <t < s} = {DY > s}, which has probability e~ (4%, Tt is
also equivalent to condition on {DY > s}, since P(DY = s) = 0. The next statement sums up this

discussion. By definition, we let X (t A s—) = X (#)1<s + X (5—)1p>s for X cadlag.

Lemma 4. Let F, f be non-negative measurable functions. Then
E[F(Ho(t ADOY,t > O)f(wDo)}
:/@UM@/’nﬂ@%ﬁEVﬂpﬁAﬁjZ®1wbﬂy
0

Otherwise said, 77%2 and (II°(t A DY—),t > 0), are independent with respective laws k,(-| Ag), and

the law of (II°(t A @),t > 0) where e is an exponential random wvariable, independent of 11°, and
with parameter k,(Ag).

3.1.5 Self-similar fragmentations

From a homogeneous fragmentation II° constructed as above, one can associate a one-parameter
family of Pn-valued processes by a time-changing method. Let a € R. For every ¢ > 1 we let
(T(“”i) (t),t > 0) be defined as the right-continuous inverse of the non-decreasing process

/|H w|du,  t>0.

For t > 0, let II(¢) be the random partition of N whose blocks are given by II (7’

&) > 1.
(t

One can check that this definition is consistent, namely, that for every j € H ( 8 )), one has

TG () () = Iy (7 ().
The process (I1(t),t > 0) is called the self-similar fragmentation with index a and dislocation
measure v [[], Chapter 3.3]. We now assume that a = —y < 0 is fixed once and for all. Let
Dy = inf{t >0: H(t) S Ak}

Proposition 5. Conditionally given o{Il;(t A Dy) : t > 0,1 < i < k}, and letting © = TI(Dy,),
the random variable (I1;(t + Dg),t > 0)1<i<p(k)nr) has same distribution as (m; N OO (|7 |2), t >
0)1<i<b([k]nm), where (M@ i > 1) are i.i.d. copies of II.

Proof. For every i > 1 we let L; = inf{t > 0 : Il;(t) N [k] # [k]}. Then L = (L;,i > 1) is
a so-called stopping line, i.e. for every ¢ > 1, L; is a stopping time with respect to the natural
filtration of Tl(;), while L; = L; for every j € Il;)(L;). We let II(L) be the partition whose blocks
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are H(i)(Li),i > 1 — by definition of a stopping line, two such blocks are either equal or disjoint.
Note that t + L = (t + L;,i > 1) is also a stopping line, as well as t A L = (¢t A L;,i > 1).
From the so called extended branching property [d, Lemma 3.14], we obtain that conditionally
given o{II(t A L),t > 0}, the process (II(t + L),t > 0) has same distribution as
({ﬂ.i N H(Z)(‘ﬂ-l‘at))aZ > 1}7t > O) )

where 7 = II(L) and (II"),i > 1) are i.i.d. copies of II. The result is then a specialization of this,
when looking only at the blocks of II that contain 1,2,...,k. O

It will be of key importance to characterize the joint distribution of Dy, (Tl;(Dy), 1 < i < k).

This can be obtained as a consequence of Lemma []. Recall the construction of II from II°, let

T(i) = T(;)> and define m = Wg(l)(t). The latter is equal to ﬂg(i) 1) for every i € [k] and t < Dy.

Proposition 6. Let F, f be non-negative, measurable functions. Then
E[F(Tqy(t A D))ot > 0)f(mp, )]
= ffv(f\Ak)/O du iy (AQE [Ty ()L 50 (T (6 A )] £ 0)

Proof. By definition, Dy, (resp. DY) is the first time when [k] NIL(t) # [k] (vesp. [k] NII°(¢) # [k]).
It follows that DY = 7(1)(Dk), and that the process

Iy (¢ A Dp—) = Iy (70y (£ A Dy=)) = Ty (1) () ADR=), ¢>0
is measurable with respect to o{II{}, (t A D)~),t > 0}. Lemma H implies that
E[F(|Ly (¢ A Dy=)],t > 0)f(rp,)]
= B[Py (0 (8) A D)Lt = 0)f (o)
= fy(f[Ak) /Ooo ds KV(AR)E[F(‘H(()l)(T(l)(t) As)lt > 0)1{Dg>s}]
= ﬁu(f!Ak)E[/ooo du iy (A) [Ty (w)|* F ([T (71 (8) A 72y (w)], £ > O)l{Dk>u}:|

= 'fu(f|Ak)E[/0 du ki, (Ag) [y (w)|* F ([ (EAw)|,t > 0)1{Dk>u}:| ,

where in the third equality, we used successively Fubini’s theorem and the change of variables
s = 7(1y(u), so that ds = [II(})(u)|*du. We conclude by using the fact that

P( Dy > u| M), 0 < ¢ < u) = My (), (10)

which can be argued as follows. Let 0 < t; < t9 < ... < t, = u be fixed times, then by applying
Lemma ] to the sequence (II(¢;),1 <4 < r), we obtain that

]P’(Dk > | gy (t:)],1<i < 7“) = [Ty (w)|* "

This yields ([[d) by a monotone class argument, using the fact that o[y ()]0 < t < u} is
generated by finite cylinder events. U
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The last important property of self-similar fragmentation is that the process (|Il(1)(t)],t > 0)
is a Markov process, which can be described as follows [[]. Let (&,¢ > 0) be a subordinator with
Laplace transform

E [exp(—r&,)] = exp ( .y /0 h (1-% s;‘“)y(ds)) .

i>1

Then (\H(()l)(t)],t > 0) as same distribution as (exp(—¢;),t > 0), and consequently, the process
([TLyy (t)],t > 0) is a so-called self-similar Markov process:

Proposition 7 (Corollary 3.1 of [[]). The process (|I)(t)],t > 0) has same distribution as
exp(—&;),t > 0), where 7 is the right-continuous inverse of the process (fou exp(a&s)ds,u > 0).

3.2 Continuum fragmentation trees

This section is devoted to a more detailed description of the limiting self-similar fragmentation
tree 75, BJ]. In particular, we will need a new decomposition result of reduced trees at the first
branchpoint.

3.2.1 Trees with edge-lengths and R-trees

We saw in Section how to turn a tree into a (finite) measured metric space. It is also easy to
“turn discrete trees into R-trees”, viewing the edges as real segments of length 1.

More generally, a plane tree with edge-length is a pair § = (t, (¢, u € t)) where £, > 0 for every
u € t, and a tree with edge-lengths is obtained by “forgetting the ordering” in a way that is adapted
from the discussion of Section [[.]] in a straightforward way. Namely, the plane trees with edge-
lengths (t, (£,,u € t)) and (t/, (¢,,,u € t')) are equivalent if there exist permutations o = (o, u € t)
such that ot = ¢/ and E;(u) = {,, for every u € t. We let ® be the set of trees with edge-
lengths, i.e. of equivalence classes of plane trees with edge-lengths. There is a natural concatenation
transformation, similar to (-), for elements of ©. Namely, if §0) = (£(), (&(f), uet)),l<i<kisa
sequence of plane trees with edge-lengths and ¢ > 0, let

0D 1<i<k)y=(t,(ly,uet))),

be defined by A
t=(tD,1<i<k),

and ) )
lo=10, Ly =tD 1<i<k uet®,

If we replace each 69 by another equivalent plane tree with edge-lengths, then the resulting con-
catenation is equivalent to the first one, so that this operation is well-defined for elements of ©

Let 6 € ©, and consider a plane representative (t, (¢,,u € t)). We construct an R-tree T by
imagining that the edge from pr(u) to u has length ¢,. Note that this intuitively involves a new
edge with length ¢ pointing from the root p of the resulting R-tree to @ (this is sometimes called
planting). Formally, T is the isometry-equivalence class of a subset of R* endowed with the /'-norm
(2w, u € t)[|1 = >_,cq |Tul, defined as the union of segments

U [vaev, 3 loes + Eueu} ,

uet v<u v<u

where (e,,u € t) is the canonical basis of R* and v < u means that v is a strict ancestor of u in
t. This R-tree is naturally rooted at 0 € R*. Of course, its isometry class does not depend on the
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choice of the plane representative of 8, and can be written 7 (#) unambiguously. Note that there is
a natural “embedding” mapping ¢ : t — 7 (6) inherited from

:t—T, to(u) = Z&,ev, (11)

v=U

and the latter is an isometry if 6 is endowed with the (semi-)metric dy on its vertices, defined by

dg(u,v) = Z Ly,

w=uxor w=v

where xor denotes “exclusive or”.

Conversely, it is an elementary exercise to see that any rooted R-tree 7 with a finite number of
leaves can be written in the form 7 = T () for some 6 € @, which is in fact unique. In the sequel,
we will often identify the tree § € ® with the R-tree 7(0). For instance, this justifies the notation
<T(1), e ,T(r)> ¢ for R-trees T, ..., T(") with finitely many leaves and for ¢ > 0, which stands for
the R-tree in which the roots of 7™, ..., 7() have been identified, and attached to a segment of
length ¢ to a new root.

With a discrete tree t , we canonically associate the tree with edge-lengths 6 in which all lengths
are equal to 1, and the rooted R-tree 7 (t) = 7(#). In this case, dy = dg is the graph distance.
Using the isometry ¢ : t — T (t), we get the following statement, left as an exercise to the reader.

Proposition 8. Viewing t € T as the element (t,dg,p, por) of My as in Section [[.3.1, and
endowing T (t) with the uniform probability distribution on L(T(t)), it holds that

dgup(at,aT (1) < a, a>0.

Due to this statement, in order to prove that the Markov branching tree T, with law P
converges after rescaling towards 7 ,, it suffices to show the same statement for the R-tree 7(75,).
We will often make the identification of T, with 7(T,).

3.2.2 Partition-valued processes and R-trees

Let (7(t),t > 0) be a process with values in C' C N, finite or infinite, which is non-decreasing and
indexed either by t € Z or t € Ry, in which case we also assume that 7(+) is right-continuous. We
assume that there exists some to > 0 such that 7(tp) = Ic. Let B C C be finite. If B = {i}, we let

Dy =inf{t =2 0: {i} € n(t)}
be the first time where 7 is isolated in a singleton block, and for #B > 2, let
DE =inf{t>0: Bnnx(t)# B}.

We can build a tree with edge-lengths (and labeled leaves) 6(n(-), B) by he following inductive
procedure:

1. If B = {i} we let (n(-), B) be the tree o with length DY,
2. if #B > 2, we let
O(n(-), B) = {0(n(Df + ), BNmi(DE)),1 <i < b)pg,
where b is the number of blocks of 7(D7%) that intersect B, and which are denoted by
T (DE), ..., m(DE).
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Note that the previous labeling convention for blocks may not agree with our usual convention of
labeling with respect to order of least element.

If (7(t),t € Z4) is indexed by non-negative integers, and satisfies 7(0) = O, there is a similar
construction with trees rather than trees with edge-lengths. Namely, we let t;(.) be defined by

Lty =eif #C =1, and

2. tr() = (tm)nr(+1), 1 <@ < b) otherwise, where b is the number of blocks of 7(1), denoted
by m1(1),...,m(1).

It is then easy to see that, with the notations of the previous section,
T (ta(y)) =TO(x(-),C)), (12)

And one can view 0(7(-), B) as the subtree of t(.) spanned by the root and the leaves with labels
in B.

3.2.3 Continuum fragmentation trees

Let (II(¢),t > 0) be the self-similar fragmentation process with index —y < 0 and dislocation
measure v. The formation of dust property alluded to in Section [[.4 amounts to the fact that
almost-surely, there exists some time ¢ty > 0 such that II(¢) = Iy for every ¢ > tg. Consequently,
the construction of the previous paragraph applies with C' = N, and allows to construct a family
of R-trees

Rp = G(H()v B)

indexed by finite subsets B C N. Recall that a tree § € © has been identified with 7(6) € Z.
These R-trees have finitely many leaves that are naturally indexed by elements of B. Moreover,
they satisfy an obvious consistency property, meaning that taking the subtree spanned by the root
and the leaves indexed by B’ C B yields an R-tree with same law as Rp/. This is the key to the
definition of the fragmentation tree 7 ,.

Proposition 9 (P3)). Conditionally given T, = (T,d,p,p), let Ly, Lo, ... be an i.i.d. sequence
of leaves of T distributed according to p. Then for every finite B C N, the reduced subtree

R(E,Va B) = U [[p7 LZH
i€EB
has same distribution as Rp.

Moreover, the law of T, is the only one having this property, among distributions on 7, that

charge only the set of {(T,d,p,pu) € Ty : Vo € T,x ¢ L(T) = n(T:) > 0}.

As an easy consequence, we have the following “converse construction” of fragmentations from
T+.o- With the notation of the proposition, for every ¢ > 0, let II(¢) be the partition of N such that
i, j are in the same block of II(t) if and only if d(p, L; A L) > t. Then (II(t),t > 0) is a self-similar
fragmentation process with dislocation measure v and index —~.

Also, note that the reduced trees R(7T5,,, B) rooted at p and endowed with the empirical measure

1B = #—13 Z or; »
1€EB
converge in distribution as #B — oo in 7, towards (7, d, p, ). In fact, the convergence holds a.s.
if B = [k] with & — oo: this is a simple exercise using the fact that {L;,7 > 1} is a.s. dense in L(T)
(by property 3. in the definition of 7, ,), and the weak convergence of p to p1 as k — oo.
The following statement gives a decomposition of the reduced tree R(T, [k]) at its first branch-
point above the root. Recall the notation Dy = inf{t > 0: II(¢) € Ax}.
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Proposition 10. Let k > 2 and 7 = II(Dy), 7" = «|x,b = b(7’"). Then conditionally on {m, Dy},
the reduced tree R(T,v, [k]) has same distribution as

T((mRTO, a1 <i<by, ),

where the T®W are i.i.d. with same distribution as T.v, independent of o{m, Dy }.
Moreover, for every i € N, the tree R(Ty,,{i}) has same distribution as the R-tree associated
with the tree (&, D1) € O, i.e. a real segment with length Dy = inf{t > 0: {1} € II(¢)}.

Proof. The second statement is just a matter of definitions, so we only need to prove the first
one. By Proposition [}, the process II(Dy, + -), in restriction to the blocks containing at least one
element in [k], has same distribution as the partitions-valued process whose blocks are those of
m NI (|m;|=7-),1 < i < b, for i.i.d. copies II" i > 1 of II, independent on 7, D;. Therefore, one
gets from the definition of Rp that

@

Ry = TOMD (|| 77),71),1 < i < b)p, ,

from which the result follows immediately. U

Note that Proposition [ gives the joint distribution of Dy, |m;],1 < i < b7’ as a special
case, while Proposition [] characterizes the law of Dy, since it is the first time where the pro-
cess (|IL(1)(t)[,# > 0) attains 0. This, together with the previous proposition, allows to characterize
entirely the laws of the reduced trees of 7, ,, hence the law of 7, , itself.

3.2.4 Markov branching trees as discrete fragmentation trees

Recall the informal description of Markov branching trees P in the introduction, relying on col-
lections of balls in urns. Rather than collections of indistinguishable balls that split randomly, it is
convenient to consider instead a collection of balls that are distinguished by a random, exchange-
able labeling. This is achieved by replacing partitions of integers by partitions of sets. We start
with a preliminary lemma.

Lemma 5. Let n > 1 be fized, as well as a partition X\ € P,, with p = p(\) parts.

(i) There are
n!

Cy = -
! Hj:l m;(A)!

partitions w € P, such that (1) = .
(ii) If 1 <k <n and 7' € Py has b blocks, then for every iy, ... iy, € {1,2,...,p} pairwise distinct,

there are
1 b
Cg\r(il,"" = (—H ZJ

partitions w € Pl such that \(m) = A, 7|y = 7" and #m; = \;;,1 < j < b.

Proof. Let p be the number of parts of A. Then there are p!/[];_; m;(\)! sequences (c1, ..., ¢,)
whose non-increasing rearrangement is A. With any such sequence, we can associate

n! n!
[l TI A

sequences of the form (Bi,...,B,) such that {Bi,...,B,} is a partition of [n] (beware that the
labeling of the blocks B; will differ in general from labeling convention described above for the blocks
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of a partition), with #B; = ¢;,1 < i < p. Finally, exactly p! sequences of the form (By,...,B))
induce the same partition {Bj, ..., B,}. Putting things together easily yield the formula for C,.

For the second formula, if A € P, 7 € Py and i1, ... ,1% are given with b = b(w'), then any
partition m € Pp,; with A(7) = X and 7|y = 7" must have ;| = (7[p)i = 7, for 1 <4 < b, the
first equality coming from our choice of the labeling of blocks of partitions. The restriction of
to [k] is thus entirely determined, while the restriction of 7 to [n] \ [k] is a partition of the latter
set whose block-sizes are given by the sequence \;,i & {i1,..., i}, Ai; — #7?;, 1 <7 <b A simple
adaptation of point (i) shows that there are

(n —k)! » .
— T (i1, )
Hii{ih---,ib} Al H?‘:l()‘ij - #ﬂ-;)'

such partitions. O

Going back to Markov branching trees, let B C N have n > 2 elements. Let ¢ = (gn,n > 1)
satisfy ([l), and also assume that ¢;(0) = 1. For every 7 € Pp, set

pp(r) = I \AT))

: 13
O (13)

where C) is the constant appearing in Lemma [} Given the partition of n that it induces (which
has distribution ¢,,), a pp-distributed partition is thus uniform among possible choices of partitions
of B. In particular, a random partition with distribution pp is exchangeable, i.e. its law is invariant
under the action of permutations of B. By convention, the law pp, if B = {i} is a singleton, is the
Dirac mass at the partition {{i}}.

For every m € Pp with blocks 71,79, ..., 7 say, consider random partitions 7,1 < i < k
of my,...,m respectively, chosen independently with respective distributions py,...,pr,. We let
Q(m,-) be the law of the partition | J;,, 7 € Pp. Then Q is the transition kernel of a Markov
chain on Pp (for any finite B C N), that ends at the state T5. It is easily seen that this Markov
chain is exchangeable as a process. Moreover, the chain started from the state { B}, with #B =n
has same distribution as the image of the chain started from [n] under the action of any bijection
[n] — B.

For finite C' C N, we let (TI(r),r > 0) be the chain with transition matrix Q and started from
I1¢(0) = O¢. Plainly, II¢ is non-decreasing and attains I¢ in finite time a.s., so the construction
of Section applies and yields a family 0(II°(-), B) € ©,B C C, as well as a tree Tg :=
tre(,)- By construction, given that Hc(l) has blocks mq,...,m, the trees tranc(41)1 <0< b
are independent with same distribution as 77,1 < ¢ < b respectively. Since the law of the non-
increasing rearrangement of #m;, 1 <7 < b is guc, we readily obtain the following statementf].

Lemma 6. The tree T¢ has law P%gc-

In fact, the leaves of the tree T> are naturally labeled by elements of C. We will use it in the
sequel, without further formalizing the notion of trees with labeled leaves.

We will also use the shorthand notation TF for the reduced tree §(I1°(+), B). Using the above
description, and applying the Markov property for II¢ at time Dgc and the particular form of the
Markov kernel @), we immediately obtain the following, in the particular case B = [k], C' = [n].
Proposition 11. Let 2 < k < n. Then, conditionally on D{r}[ﬂ["] =/ and H["](Dgin]) = 7, with
7| = 7', it holds that T[[:}] has same distribution as

091 <i<bx))y,

2There is one subtlety in this statement, which is in the case C' = {i} for some i € N. Indeed, by construction we
have Tc = e a.s., and this is the only place where we have to require that ¢ (0) = 1.
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Figure 2: An sample tree T}, for n = 11, with the labeled leaves. The process 1Y can be easily
deduced: for instance, UMD (1) = {{1,2,6,7},{3,5,10},{4,8,9,11}}. As opposed to Figure [,
leaves are all connected to vertices with at least 2 children, because of the requirement ¢;(0) = 1.

where 00,1 < i < b are independent with respective laws that of T;rj, 1 <4 <b(r).

Proof. The only subtle point is that [k]Nm; = 7}, 1 < i < b, since the labeling of the blocks of , 7/
could differ. But since these partitions are respectively of [n] and [k], this cannot be the case. [

4 Proofs of Theorems [I] and

Let ¢ = (gn,n > 1) be a sequence of laws on P,, respectively, that satisfies () and (H), for some
fragmentation pair (—v,r) and some slowly varying function ¢. In order to lighten notations, we
let a,, = n7l(n).

As we noticed in the introduction, it is easy to pass from the situation where ¢;(0) = 1 to the
general situation, by adding independent linear strings with Geometric(q (0))-distributed lengths
to the n leaves of T),. Since geometric distributions have exponential tails, the longest of these n
strings will have a length at most C'logn with probability going to 1 as n — oo, for some C > 0.
If we let T} be the tree for which ¢;(f) > 0 and T the one for which ¢;(#) = 1, coupled in the way
depicted above, we easily get, for any v > 0,

P(dcup(a, ' T}, a; ' T?) < Ca;tlogn) — 1.

n»'n n
n—oo

Thus, we can deduce the convergence in distribution of a, T2 to 75, from that of a, 'T}. Therefore,
from now on and until the end of the present section, we make the following hypothesis, which will
allow us to apply Lemma [§:

(H’) The sequence (gqn,n > 1) satisfies (H) and ¢1(0) = 1.

4.1 Preliminary convergence lemmas

We now establish a couple of intermediate convergence results for the discrete model. Recall that
the sequence of distributions g,,n > 2 on P, respectively induce distributions pp on Pp for finite
B by formula ([[J). By convention we set p, = Pln)-
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Lemma 7. Let k> 2 and let 7’ be an element in Py with b blocks, b > 2. Let g : (0, 0)? = R be
a continuous function with compact support. Then, under assumption (H’),

il #
anpn<g<71,_, >1{7r| '} n%oo P Hy(dﬂ')g(‘ﬂ'l‘,...,’Wb’)]_{ﬂ.‘[k]:ﬂ_/}7
N

where K, is the paintbox construction associated with v. Note that on the event {r|y = 7'}, the

quantities #m;/n and |m;| for 1 < i <b that appear above are a.e. non-zero, respectively under py,
and K,.

Proof. For simplicity, we let

Vs T
I <g<?, o ?)yﬂ[k]:w,}) .

By the definition of ¢, and Lemma [,

D L O D SR R

AP, 01,0521
pairwise distinct

= Y g () > (—)\il —)\i"> |b| (A )
n (n)k ' : g n gy n ] 5 #ﬂj'
AEPn 01,eetp>1 j=1
pairwise distinct

Now, the function

b
h(s) = Z 9(siy, ..., 8, H sc S

U1 yeenyip>1
pairwise distinct

is continuous and bounded, because g is compactly supported in (0,00)?, so that the sum is really
a finite sum. Moreover,

Ms) <K Y H 'Hs - (1—Zs§)gm{(1—sl), (14)

0<k1,ko,... jz1 k5! j>1 j>1
k1+ka+.. —k

where K is an upper-bound of |g|, and for every A\ € P, it is easily checked that for large n, if

€ > 0 is such that g(z1,...,25) = 0 as soon as min;<;<p x; < ¢,
b
k\k 1 n \k
1——)h)\n§— 3 g(“... “’>|| W_( >h)\n.
( en ( / ) (n)k i17...’ib21 : 'lJ # ’I’L—]C ( / )

pairwise distinct

Letting n — oo and applying (H’), which is validated by (I[4),

nh_)rrgo anA, = /gl v(ds)h(s) = /PN ky(dm)g(|m], ..., |7Tb|)1{7r|[k]:7r/} ,

the latter equality being a simple consequence of the paintbox construction of Section B.1.9. U

Now, we associate with (g,,n > 1) a family of process (II”(r),r > 0) with values in Pp, as in
Section B:24. We let II" = 11" for simplicity, and set

Dy = Dy = inf{r > 0: [k] N 1I"(r) # {[k]}}
for 2 <k <mn, and D} = D?ﬁ =inf{r > 0: {1} € II"(r)}. Also, for r > 0 we let
Xn(r) = #11{ (r).
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Lemma 8. Let n,k € N be fized, with n >k > 2, and let 7 € Py have b > 2 blocks. Let F f be
measurable non-negative functions. Then

E[F(Xn( A Dpyy - 1))> (#IL (Dfiy); 1 < @ < b)Lpinnn (g )=n')

= Z E[(Xn(z;;— 1) — 1)k F(Xn( A (r' — 1))) an(r/fl)(f(#ﬂ'h 1< < b)l{w[k]zﬂ/}):|

r’'>0 B 1)k_1

Proof. We first consider an expression of a more general form. For non-negative functions G, g,
we have, using the Markov property at time 7’ — 1 in the second step,

E|G(IT"(- A (Dfy —1))) (I (Dfgy = 1) NI (D) |

= D E { (r' = D)) Lpgeny, -0y 9 (T (7 = 1)mH"(T'))1{[k]mnn(r')¢{[k}}}]
r'>0

= E[ (r' = D)) memy, (- )}PH(D(r'fl)(g(ﬂ)l{[kwyé{[k}}})}
r’>0

Specializing this formula to G depending only on X, and g(7) = f(#m1,... ,#Wb)l{,rhk]:ﬂ/}, and
using obvious exchangeability properties, we obtain

E[F(Xa(- A (D — 1)) (#IT(Dfy). 1 < i < b) Lo oy )]

= Y E[F(Xn(' A (" = 1)) px, -1 (F (#mi, 1 <4 < 0) 1y =) Ly, (o7 71)}}
r'>0

All the terms in the expectation depend on (X, (r),0 < r <r’ — 1), except the last one which is a
function of H?l)(r’ —1). But by Lemma [] (in fact, the variant used in the proof of Lemma [g),

(Xn(r’ - 1) - 1)]4:71
(n — 1)]?,1 ’

P([kz] C H?l)(r' -1) ‘ (Xn(r),0<r<7r' — 1)) =

giving the result. O

In the sequel, TI() will denote a continuous-time self-similar fragmentation with characteristic
pair (—v,v), and D,k > 1 will be defined as in Section B.1.5.

Lemma 9. Under assumption (H’), it holds that

<Xn(LantJ)’t > 0)

n

(’H(l ( )’7t > 0)7

n— o0

in distribution for the Skorokhod topology, jointly with the convergence

1
“pr Y op, .

ap n—+00

Proof. For n > k > 1, let p,, = P(X,,(1) = k). Note that the process X,, is a non-increasing
Markov chain started from n, with probability transitions p;;,1 < j < i. Then by a simple
exchangeability argument,

Pk = Y pn(ﬂ')mk(ﬂ')g = > qn(/\)mk(/\)g, 1<k<n,

ﬂép[n] AEPy
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where my(m) = mg(A(7)) is the number of blocks of 7w with size k. Consider the associated
generating function for x > 0

=3 (5) = X an X mo(5) 7 = T ey ()
k=1

k=1 AEP, AEPn izl

Hence, 1 — F,(x) =G, (f), where f(s) =1 -3, s¥H1 and by (H),

z+1
an(1 = Faw)) =2 | (1 ;s >u(ds).
This is exactly what we need to use [24, Theorem 1], stating that (n=1X,,(|ast]),t > 0) converges
in distribution to the self-similar Markov process exp(—gT(_)), as defined around Proposition [.
Moreover, this convergence holds jointly with the convergence of absorption times at 1, so a,, ! D7
converges to the absorption time at 0 of exp(—¢;(.y). By Proposition fl, the process exp(—&-(,)) has
same distribution as (|IL1)(¢)|,# > 0), which reaches 0 for the first time at time D;. Hence the
result. O

Finally, the combination of the last two lemmas gives the last of our preliminary ingredients.

Lemma 10. The following joint convergence in distribution holds:

(% (K] N IT(D}), <#H+(D’“) € m)) % (D [} N IDY), (Mg (D) € [KD)

(07%% n—o00

Proof. Let 7' € P, have b > 2 blocks, and f,g : (0,00) — R,k : (0,00)® — R be continuous
functions with compact support. Then by Lemma f,

}Ep(fﬁ)g(ﬁhCDﬁ—-U>h( #??U%D
an, n Xn(Dp —1
=Y f(%)E[(Xn((V;;:ll))l:ll)k1g(Xn(r7;— 1)>an(r,_1) <h(%, 1<i< b) 1{7T|m7f’})]

r'>0

_ ai 3 f( " >IE[<I>(n,Xn(r' — 1))9(M>W(Xn(7" - 1))}

a n
" >0 "

plsis b) 1 g ()=}

Xn(lapu] — 1)

> Lanu]
= /1/% f< )duIE [q)(n,Xn(LanuJ — 1))9<

an

)X (L) ~ 1)

where
(@ =11 an 1y

@ =
(n7 .%') (TL — 1)k—1 Ay (n,m/n)—~>>(oo,c) ¢

)

and
U (m) = ampm (h(#w?,l <i< b) 1{W‘[k]:ﬂ/}> .

Note that the Potter’s bounds for regularly varying functions [, Th.1.5.6.] imply that ®(n,z) <

C (%)k_l_v_l for all n > x > A for some finite positive constants C, A. In particular there exists
some ng such that sup,,>,, o<z<n ®(1,7)g(z/n) < oo (since g is null in a neighborhood of 0). The
joint use of Lemmas [ and [] entails by dominated convergence that the expectation term in the
integral converges to (note that the quantities |m;[,1 < i < b are all a.e. positive on {7|y) = 7'}

under k)

E ’H(l) (u)’k—l—“/g(‘l'[(l)(u)\)/ Hy(dﬂ')h(’ﬂ'i’, 1 < /) < b)l{ﬂ-l[k]:ﬂ-,} s

Prn
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and since f, g, h are compactly supported, the whole integral converges to

" P | [T () 1 g( T ()
e /

ko (dm)R(|ms],1 < i < b)1{ﬂ|[k}zw,}},
Pn

which, by Proposition [, equals

1L (D) | ,
E|f(D Iy (Dy— 1<i<b)1 —an] -
[f( k)9 (1L (1) (D )Dh<|DXU(L%‘0|’ _.2__b> ([KNII(Dy)=7"}
It is now easy to conclude, since a.s. we have |II;(Dy)| > 0. O

4.2 Convergence of finite-dimensional marginals

The first step in the proof of Theorem [] is the following result on reduced trees TF of Section B.2.4

Proposition 12. Let B C N be finite. Under assumption (H”), we have the following convergence
i distribution in Ty :

] o

1 (d)
aT[B -4 R(Tyu, B).

Proof. We use an induction argument on the cardinality of B. For B = {i}, one can assume by
exchangeability (as soon as n > i) that B = {1}, and in this case, the reduced tree is T[f] = (@, D7),
while R(7.,,{1}) = (&, D1) by Proposition [[J. By the second part of Lemma [, under (H’), it
holds that "

Di @ p,

Ay M—00

This initializes the induction. Now, assume that Proposition [[J has been proved for every set B
with cardinality at most k& — 1, for some k£ > 2. We want to show that the same is true of any set
of cardinality [k], and by exchangeability, we may assume that B = [k].

We now recall, using Proposition [, that conditionally on D} = ¢, [k] N II"(D}) = 7’ having
b > 2 blocks and on II}'(D}}) = m;, 1 < i < b with respective cardinality #m; = n;, the tree T[[nk}] has

same distribution as ‘
<6(Z)7 1 S ] S b>€7

where %) has same distribution as T;r:;, and these trees are independent.

The joint distribution of D, [k]NII"(Dy), (#II7; (D), 1 < i < k) is specified by Lemma f, and
its scaling limit by Lemma [[(. We obtain by the induction hypothesis that jointly with the above
convergence, conditionally on [k] N II"(D}) = 7/,

ooy — ol g6
Qnp, Qp Qp,
D moyPTO,  1<i<o,

where the 7() are independent with same laws as R(T5,,, ) respectively. Finally, a,, 1T[[:}] converges
to

(IL(DR) TV, 1 <i < b)p,
and the R-tree associated with this tree has same distribution as R(7,,, [k]) by Proposition [d. O
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4.3 Tightness in the Gromov-Hausdorff topology

We now want to improve the convergence of Proposition [14 into a convergence of non-reduced trees
for the Gromov-Hausdorff topology. Namely

Proposition 13. Under hypothesis (H’), we have the convergence in distribution

1.
~1, 9% T,
ap, n—00

in 7, for the Gromov-Hausdorff topology.
This will be proved by first showing a couple of intermediate lemmas.

Lemma 11. Under assumption (H’), we have the convergence in distribution:

(I (Lant)),t > 0) 2 (11(8),¢ > 0)

n—o0

Jointly with

02 ([ant) »
(?’t = 0) — (M @)t =0)

for every 1 > 1, all these convergences holding jointly.

Proof. The fact that ([k]NII"(|axt]),t > 0) converges in the Skorokhod space to ([k]NII(¢),t > 0)
for every k > 1 is obtained by using an inductive argument similar to that used in the proof of
Proposition [[. We only sketch the argument. The statement is trivial for k& = 1, so we can assume
that k > 2. The process [k] NII"(|ay,,-]) remains constant equal to [k] up to time a,, ! D?, and jumps
to the state n’ = [k] N7, 7 = [I"(D}). By Lemma [I0, a,,' D} — Dy, as n — oo, and the latter has
a diffuse law by Proposition [.

After time a,'D}, given , the restrictions m; N II"(|a,-] + D) have same distribution as
7. NI (|ay,-]), and are independent. By the induction hypothesis and exchangeability, still con-
ditionally on m, this converges to 7, N H(i)(-), where 1) i > 1 are i.i.d. copies of II. Moreover,
since the jump times have diffuse laws, two such copies never jump at the same time, from which
one concludes that given 7, the process (7, NI1I"(|ant| + D}),1 < i < b(n’),t > 0) converges in
the Skorokhod space to (7, NTI®(¢),1 < i < b(r'),t > 0). This concludes the inductive step by
plugging the initial constancy interval of the process, with length a 1DZ.

The convergence of II"(|a,-|) in the Skorokhod space follows, because dp([k] N7, 7) < e™* for
every m € Py. This shows that [k] N II"(|a,-|) remains uniformly close to II"(|ay-]).

Next, by Lemma [, it follows that, jointly with this convergence, for every i > 1, the finite-
dimensional marginals of (n_l#HZ)(LantJ), t > 0) converge in distribution to those of (|IL;)(t)], >
0), at least for times which are not fixed discontinuity times of the limiting process — the set of
such points is always countable, and it turns out that there are none in the present case. Since
we also know that the laws of the processes (n_l#H?i)(LantJ),t > 0) are tight when n varies, by

Lemma [] (these processes all have same distribution as (n=*X,,(|a,t]),t > 0) by exchangeability),
this allows to conclude. O

For k+1<1i<n,let
St =inf{r >0: [k]ﬂﬂa)(r):®}7

the first time when the ball indexed ¢ is separated from the k first balls. The random variables
Sk +1 <1 <n have same distribution by exchangeability. The strong Markov property at the
stopping time S7* also shows that conditionally on HZ.)(SZ”) = B, the process (BNII"(S!'+r),r > 0)

has same distribution as IIZ. The tree t B (sn4-) has thus same distribution as Tz, and can be
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seen as a subtree of T, characterized by the fact that this subtree contains the leaf labeled 7, does
not contain any of the leaves labeled by an element of [k], and is the maximal subtree of Tj,; with

this property. In particular, the Gromov-Hausdorff distance between T[[:}] and Tj,) is at most

dan(Ti Th) <, max bt (e spyomncsp+)) -
where ht(t) is the maximal generation of a vertex in the tree t, called the height of t.

Note that if j € HZ)(S?), then 57" = S'. Therefore, the blocks H?Z.)(SZ”), k+1 < i < n are either
disjoint or equal. Moreover, the partition 7 of [n] \ [k] with these blocks is clearly exchangeable.
By putting the previous observations together, we obtain by first conditioning on 7, and for every
n>0,

P (dGH(T[[:f}],T[n}) > nan) < E[Z Pq ht > nan):| , n>0. (15)
i>1
At this point, we need the following uniform estimate for the height of a P,,-distributed tree, which
is the key lemma of this section.

Lemma 12. Assume (H’). Then for all p > 0, there exists a finite constant C,, such that:
q Cp
Pn<ht > xan) < ey Ve > 0,Yn > 1.

Before giving the proof of this statement, we end the proof of Proposition [lJ. Using Lemma [[2
for p =2/~ and ([[§), we obtain

a2/
P <dGH(T[[nk}],T[n}) > nan) < Cy M—z/vE[Z af/:l]
i>1 Yn

By the exchangeability of the partition 7 of [n] \ [k], note that for every measurable function f,

Elf (#rs1))] = ﬁE[ 3 f(#wu))} - E[Z n#fikf(#m)} -

i=k+1 i>1

This finally yields

2/y -1
a (#7(k+1))

[k}] _9 #ﬂ-(k: 1) ( + )
P (dGH(Z—'[n} 5 Ij[n}) 2 770/77/) S CQ/’)/T’ /PYE|: +a2/'yn_1 ’

Since the sequence (a%/ "n~l n > 1) is strictly positive and regularly varying at oo with index 1,

we get from the Potter’s bounds ([T, Th.1.5.6.]) the existence of a finite constant C such that
(az/fyk_l)/(ai/vn_l) < Cy/k/n for all 1 <k < n. Hence,
_ T (k
P (dan (T, Thy) = nan ) < CCayp 2/’71[«:[ &} .

n

Note that the quantity in the expectation is bounded by 1. By Proposition [I], it holds that
Si1/an — Sky1 in distribution as n — oo, where Sy 1 = inf{t > 0 : [k] N I(41)(t) = @} . This
convergence holds jointly with that of (n *I#H (e1) (lant]), t > 0) to (g (t)],t > 0) in the
Skorokhod space, whence we deduce that

limsup P (den ([, Thy) = nan ) < CCopn B [ /1M1y (Skan =)l -

n—oo
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Let S, =inf{t >0:{2,3,...,k+ 1} N1l () = T}, then by exchangeability,

limsup P (dGH(T[[:]},T[n]) > nan> < CCQ/A{n_Q/“/E { L1y (S} ) ] )

n—oo

Since the quantity in the expectation goes to 0 a.s. as k — oo and is bounded (indeed S}, 1 Dy
a.s. and II(;y(Dyg3—) = 0 by (B) and Proposition [§), we conclude that for every n > 0,

lim limsup P <dGH( M Thg) > nan) ~0. (16)

k—00 n—oo

It is now easy to conclude from this, Proposition [L.9 and the fact that R(7,,, [k]) converges is
distribution in (7, dcn) to T, as k — oo ([23]), using [[0, Theorem 4.2]:

Lemma 13. Let X,,, X, X* X* be random variables in a metric space (M, d). We assume that for
every k, we have Xff — X* in distribution as n — oo, and X¥ — X in distribution as k — oo.
Finally, we assume that for every n > 0,

lim limsup P(d(X*, X,,) > n) =0.

k—o00 n—o00

Then X,, — X in distribution as n — 0o.

Proof of Lemma [[. Note that if the statement holds for some p > 0, it then holds for all
q € (0,p). We can therefore assume in the following that p > 1/y and we let £ > 0 be so that
p(y —¢) > 1. The main idea of the proof is to proceed by induction on n, using the Markov
branching property. We start with some technical preliminaries.

e First note that Ei[ht"] < oo for all r > 0 and all n > 1. This can easily be proved by induction
on n (r being fixed) using the Markov branching property, that ¢,((n)) < 1 and that H; =1 a.s.

e Second, we replace the sequence (a,,n > 1) by a nicer sequence (a,,n > 1) such that a, ~ a,,
ie. ap/a, — 1 as n — oo (this step is trivial when a, = n?; we then take a, = a,). Since
(an,m > 1) is regularly varying at oo, it is well-known (see [[I], Theorem 1.3.1]) that it can be
written in the form

@ = ¢(n) exp </1n5(u)du/u> a1,

where ¢(n) — ¢ > 0 as n — oo and ¢ is a measurable function that converges to 0 as co. Define

in = cexp (/1n e(u)du/u) , n>1.

We claim that there exists an integer n. > 1 such that for n > n.,
~ k Y—¢&
%k < <—> V1<k<n. (17)

Indeed, let u. be such that |e(u)| < e for all u > u.. For n > k > u., we have

/kn —e(u)du/u

Z_: - (%)7“1’ <— /:a(u)du/u> < (%)7
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Besides supyeqr, [y, |3 @k°77/(@nn®"7) < 1 for all n large enough (say n > n.). Hence ax/a, <
(k/n)7"~¢ for all n > n. = max(n.,u;) and all 1 <k < n.
e Since a, > 0 for all n > 1 and a,, ~ a,, there exists some ¢ > 0 such that a,, > ca,, for all n > 1.

It is therefore sufficient to prove the existence of a finite C), (a priori different from the one in the
statement of the lemma) such that

Q

P? (ht > xa,) < —2, Vo >0andn>1, (18)

P

to finish the proof of the lemma. In order to prove ([[§), we will use the integer n. introduced around
([7) and we will further assume, taking n. larger if necessary, that a, > 1 Vn > n.. Introduce now
0< C; < 1 such that

(1-u)?<1+2pu, YO<u<C).

Using (H’) and the fact that g,((n)) <1 for all n > 1, there exists also C; > 0 such that

Py N (=e)p
dn Y (V) [ 1= <—Z> >C2 Wn>1 (19)

AEPy im1 \ "
(recall that (y —e)p > 1 and a,, > 0 for all n > 1). Last we let

Cp(ne) == max (EL[htP]/ab) < oo

1<n<ng

and we set

Cp = max (Cp(ng), (1/C;, 2p/C§)p) < 00.
Our goal is to prove by induction on n > 1 that

C
PZ(ht < za,) > 1— —II:, for every x > 0, (Ap)
x

Clearly, (A,,) holds for all n < n,. since C, > Cp(n.) and P}(ht > za,) < E}[ht?]/(za,)P. Now
assume that (Ay) is satisfied for all k < n —1 for some n > n.. For all 0 < z < C;/p, the expected
inequalities in (A,,) are obvious, so it remains to prove them for = > C;/ P To get (A,), we will
prove by induction on 7 € N that

C

P (ht < za,) >1— -2, for every x € (0, ;) , (An)
xP Qp, ’

which will obviously lead to (A,). Note first that (A, 1) holds since 1/a, < 1 < C;/ P Assume
next that (A, ;) is true, and fix € (0, (i + 1)/ay). Using the Markov branching property and the
fact that (Ay), holds for every k <n —1, as well as (A,,;), we get

p(N)
Pi(ht <zdn) = Y gu(N) []PL, (0t < zdp — 1)
AEPy, i=1
p(A) C.GP +
/\;ﬂ ( )};[1 ( (xay, — 1)p>

Y%
=
3
—~
Nt
—_
|
—~
8
N
S
|
N
S
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using the notation r™ = max(r,0) and that for all sequences of non-negative terms b;,i > 1,
e, a=b)t>1-5",b;, Vm > 1. We can assume that = > C;/p since (A,,) holds otherwise.
In particular, za, > = > 1/0; > 1. Therefore,

1 B 1 - 1+ 2p/(zay)
(zan —1)P a (xan,)P(1 = 1/(wan))P — (zan)P
and then
PI(ht < zay)
G p(A)
C, % ax, \P 2pC. ax, \P
> — -p A _ p i
- Z 4 (V) P Z an(Y) Z (an> zPtla, Z () Z <dn >
AEP, AEP, =1 AEP, i=1
(M) p(N)
C R/ a\0-op  2pC i\ ()P
= 1- —L Qn()‘) — - ? Qn()‘) —
by () P )\;ﬂ ; < n ) xPtla, )\;ﬂ po ( n >
< 1 Cp n Cp Z o (1 If:) (Ai)(v—e)p 2pC, Z ()\)If:) <)\,~>(v—6)p
- S e " =1 " wHan o " im0 .

We then use ([9) and the fact that Zfi)i)(Ai/n)(“f*E)p <1 (since (y —e)p > 1) to get

Pg(ht<mn)z1—@+ Cr <02—2—p>.

P  zPa, \ P =z
By assumption, = > C';/p > 2p/Cg, hence

PZ(ht < za,) >1— G
axP

i+ 1
for every = € <0,Zj_ ) ,

an

as wanted. O

4.4 Incorporating the measure

We now finish the proof of Theorem [], by improving the Gromov-Hausdorff convergence of Propo-
sition [l to a Gromov-Hausdorff-Prokhorov convergence, when the uniform measure j1,, = pg7, on
leaves is added to T}, in order to view it as an element of .7, rather than 7.

We will use the fact [R], Lemma 2.3] that the convergence in distribution of a, 7T}, as n — oo
in .7 entails that the laws of the random variables a,,1T},, form a tight sequence of probability
measures on Z,. Therefore, it suffices to identify the limit as 75 .

So let us assume that a,,'T,, converges to (T7,d’,p', 1) € i in distribution, when n — oo
along some subsequence. Let LT, L3,..., L} be k ii.d. uniform leaves of T;. Conditionally given
the event that these leaves are pairwise distinct, which occurs with probability going to 1 as
n — oo with k fixed, these leaves are just a uniform sample of k distinct leaves of T),, so by
Lemma [] and exchangeability, the subtree of T}, spanned by the root and the leaves L7, ..., L} has
same distribution as T[[:}] By Proposition [[J, we know that a,, IT[[:]]
R(Tyu, [k]) in 7.

Now, the fact that a,'T;, converges to (77,d’, p', /') in 7, implies that the k + 1-pointed space
(ay ' T, p, LY, ..., LY) converges in distribution to (77, ¢/, L1,..., L), where Ly,..., L are iid.
with law g/ conditionally on the latter, see 9, Proposition 10] for a proof and the definition of

converges in distribution to
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multi-pointed Gromov-Hausdorff topologies. This implies the joint convergence in distribution in
T of Ty, T[[:}] to 7', 7., still along the appropriate subsequence, where

k

7=l L]

i=1

is the subtree of 7’ spanned by p’, L1,..., L;. In particular, this identifies the law of 7, as that
of R(T5,[k]). When k — oo, we already stressed that the latter trees converge (in distribution
in 7, with the uniform measure py, on the set of its k leaves) to 7,,. On the other hand, 7,
converges a.s. to (T",d',p', i) in T as k — oo, where T is the closure in 7" of

o0

Ul L] -

i=1

But the joint convergence of T[n],T[[:]} in .7 along some subsequence and ([[f]) imply that for every
n >0, limg 0o P(den (T, T') > 1) = 0. So T" = T" a.s., which entails that (77,d’, o/, /') has same
distribution as 75 ,. This identifies the limit of a,, 1T, in Z, as T+,v, and ends the proof of Theorem
ig

4.5 Proof of Theorem

To pass from trees with n vertices (with law Q%) to trees with laws of the form P%/, with n leaves,
we introduce a transformation on trees, in which every vertex which is not a leaf is attached to an
extra “ghost” neighbor, which is a leaf.

Precisely, if ¢ is a plane tree, then the modification t° is defined as

t° =t U U {(ury o up, eu(t) + 1)}
u=(uq,...,u) €L\t

If we are given a tree rather than a plane tree, then this construction performed on any plane
representative a the tree t will yield plane trees in the same equivalence class, which we call t°.
Note that

HOt° = #t.

We see t° as an element of #,, (endowed with graph distance and uniform distribution on 9t°),
and view t as an element of .#Z,, by endowing it also with the graph distance, but this time, with
the uniform distribution p; on t. It is easy to see, using the natural isometric embedding of t into
t°, that for every a > 0,

dcnp(at, at®) < a. (20)

Let (¢n,n > 1) be, as in Section [[.2.9, a family of probability distributions respectively on P,, such
that ¢1((1)) = 1. We introduce the family ¢, n > 1 of probability measures respectively on P,, by
¢;(0) =1, and
G (A1) =q(A),  n=1AePn,
where ()\, 1) = ()\1, Ce )‘p()\)a 1) € Pp+1.
It is then immediate to show by induction that if 7}, has law Q}, then T2 has law P%O, with the

notation of Section [[.2.1. We leave this verification to the reader. In view of this and (R0), we see
that Theorem [ is a straightforward consequence of the following statement.

Lemma 14. If (gn,n > 1) satisfies (H) with either v € (0,1), or v =1 and {(n) — 0 as n — oo,
then (q,n > 1) satisfies (H), with same fragmentation pair (—v,v) and function £.
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Proof. Let f : S* — R be a Lipschitz function with uniform norm and Lipschitz constant
bounded by K. Let also g(s) = (1 — s1)f(s). Then

ZA K _ 2K
— n+1 n—i—l_n—i—l’

so that

Ti1(9) —Tul9)] < Qn(A)‘ (1 - nill)f(?(j;li) - (1 - %)f(%)‘

AEP,
A1 2K
< % a0 + o)
=, nn+1) n+1
- 142K
- n+1

multiplying both sides by n7¢(n), we see that the upper-bound converges to 0 as n — oo under our
hypotheses. Since n7¢(n)q,,(g) converges to v(g) by (H), we obtain the same convergence with g,
instead of g,,. This yields the result. O

4.6 Proof of Proposition f§

Recall the notation A®) (n) for the decreasing sequence of sizes of blocks restricted to {1,...,n} of
a random variable with painbox distribution ps(dn), with s € S¥, >i>18i = 1. Recall also that

A®)(n)/n — s in St a.s.. Now set for A € P,

() = 07 [ PO = ALy grlds), A (),

Qn((n)) = 1- Z Cjn()‘)

AEP, ME(n)
For n large enough, say n > ny,
0< Y @ = [ a-spas <1
AEPn A£(n) St

hence ¢, defines a probability distribution on P, such that ¢,((n)) < 1. Then set ¢, = @, for
n > ng and for n < ng take any distribution g, on P, such that ¢,((n)) < 1.
Next consider a continuous non-negative function f : S¥ — R. For n > ng, we have

@ Z e ()= L) (5

AEPy,
which converges to [¢, f(s)(1—s1)v(ds) as n — oo by dominated convergence. This concludes the
proof.

5 Scaling limits of conditioned Galton-Watson trees

Recall the notations of Section P.J. While the probability distribution GW¢ enjoys the so-called

n)

branching property, it holds that the conditioned versions GWé are Markov branching trees.
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Proposition 14. (i) One has GWén) = Q% for every m > 1, where the splitting probabilities
q = (gn,n > 1) are defined by q:((1)) =1 and for everyn > 2 and X = (A1,...,\p) € Pp,

i1 GWe(#t = N\)
GW&(#E =n-+ 1)

p!
Qn(A) = Hj21 m]()\)'g(p)

(ii) On some probability space (2, F,P), let X1, Xo,... be i.i.d. with distribution P(X; = k) =
GWe(#t =k), and set 7, = X1+ Xo+ ... + X,,. Then

(21)

P(rp =n)

am(p(N) =p) =&(p m,

and qn(- | {p(A\) = p}) is the law of the non-increasing rearrangement of (X1,...,X,) conditionally
on X1 +...+X,=n.

Proof. (i) Under GW¢ (viewed as a law on plane trees), conditionally on ¢z = p, the p (plane)
subtrees born from @ are independent with law GW,. For integers aq,...,a, with sum n, the
probability that these trees have sizes equal to aq,...,a, is thus Hle GW¢(#t = a;). Hence,

le GW&(#E = a;)
GWe(#t=n+1)

+1 .

GWI ™ (cp = p, #ti = a5, 1 < i < p) = £(p) (22)
and conditionally on the event on the left-hand side, the subtrees born from the root are indepen-
(ai), 1 < i < p. Letting A be the non-increasing rearrangement of
(a1,...,ap) and re-ordering the subtrees by non-increasing order of size (with some convention for
ties, e.g. taking them in order of appearance according to the plane structure), we see that these
subtrees are independent with laws GWg‘i), 1 <4 < p. Using the fact that there are p!/ ;5 m;(A)!
compositions (ai,...,ap) of the integer n corresponding to a partition A € P,, and viewing GW¢
as a law on T instead of plane trees, the conclusion easily follows.

dent with respective laws GW

(ii) We have ¢,(p(A) =p) = GWénH)(cg = p), and the wanted result is just an interpretation

of (7). O

On the same probability space (2, F,P) as in the previous statement, we will also assume that
(Sr,r > 0) is a random walk with i.i.d. steps, each having distribution £(i + 1), > —1. Then the
well-known Otter-Dwass formula (or cyclic lemma) [B1], Chapter 6] allows to rewrite

EP(S, = —p) n+1. . P(S,=-p)

4 (P(N) = p) = é(p)T%H[P(SM1 S S r—

where £(p) = pé(p) is the size-biased distribution associated with .

It is often convenient to work with size-biased orderings of the sequence (X1,...,X,) rather
than with its non-increasing rearrangement. Recall that if (z1,z2,...) is a non-negative sequence
with ). x; < 0o, we define its size-biased ordering in the following way. If all terms are zero then
we let 7 = 0, otherwise we let ¢* be a random variable with

T

ijl zj’

and set 7 = x;+. We then remove the i*-th term from the sequence (x;,7 > 1) and resume the
procedure, defining a random re-ordering (z7,z3,...) of the sequence (x1,z2,...). The size-biased
ordering (X7, X3, ...) of a random sequence (X1, Xo,...) is defined similarly, by first conditioning
on (X1, Xo,...). If p is the law of (X1, Xo,...), we let u* be the law of (X7, X3,...).

P(i* = i) =
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If 1 is a probability distribution on S*, then p* is a probability distribution on the set S; =
{x = (z1,29...) € [0,1]N : 3.0, ; < 1} which is endowed with any metric inducing the product
topology — in particular, S; is compact. Similarly, if 4 is a non-negative measure on S*, we
let p*(f) = [g. p(ds)E[f(s*)], for every non-negative measurable f : S| — R, where s* is the
size-biased reordering of s. The following statement is a simple variation of [fJ, Proposition 2.3],
replacing probability distributions with finite measures.

Lemma 15. Let py,n > 1 and p be finite measures on S*, and assume that p is supported on
{s e &S: > 8i =1}. Then p, converges weakly to p if and only if puy, converges weakly to p*.

5.1 Finite variance case

Here we assume that ¢ has finite variance -, p(p — 1){(p) = 02 < co. In the proofs to come, C
will denote a positive, finite constant with values that can differ from line to line.

Our goal is to check hypothesis (H) for the sequence q of (1)), and for the measure v = (0/2)vs.
Due to Lemma [[J, it suffices to show that

(1= 51)7,(ds))” D (0/2)((1 = s1)wa(ds)" (24)

Now, for any non-negative measure 1 on S* and any non-negative continuous function f on S;, one
can check that

((1 = s1)p(ds))*(f) = /S p(dx) (1 — maxx) f(x) (25)

where max x = max;>; z;. Applying (BJ) to u = q,, and v, we conclude that (B4) is a consequence
of the following statement.

Proposition 15. Let f : S — R be a continuous function and let g(x) = (1 — maxx)f(x). Then

\/552(9) (:C,l—:C,O,...). (26)

o ! dx

nveo m/o A2(1 )2’

In summary, Theorem [J in Case 1. is a consequence of this statement and Theorem f.

Proposition [[f will be proved in a couple of steps. A difficulty that we will have to be careful
about is that x — maxx is not continuous on &;. Fix f, as in the statement. Note that 0 <
1 —maxx < 1 — 2 for every x € Sy, so that g(x) < C(1 — z;) for every x € S; for some finite
C > 0, a fact that will be useful.

First, note that combining (ii) in Proposition [[4 with a size-biased ordering, it holds that

o) = Do) = p g (T [ ) @

n
p>1

Lemma 16. For every ¢ > 0,

Viga(p(\) > ev/i) — 0.

n— o0

Proof. From (23), the local limit theorem in the finite-variance case

1 p2
P(S,, = —p) — — — 0, 28
sup ViP5 = ) = e (0 )| 2 @)

shows that g,(p(A\) =p) < C’f(p) for every n,p. Now
> &k, 00)) < o0,

k>0

because ¢ has finite mean. Since £((k,c0)) is non-increasing, this entails that £((k, c0)) = o(k™1).
Hence the result. O
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Lemma 17. One has

hmhmsup \/_Qn(|g|1{ml>1 T]}) and lim \/_qn(1{$1<n*7/8}) =0.

n—00 n—00

Proof. Let g,n7 > 0. Since |f(x)| < (1 — x1), we get using (R7), that VG, (1f 1z 51-my) 18
bounded from above by

D S S (O R ]

n n P(r, = n
1<p<enl/2 m12>(1-n)n ( P )

because

P(Xl )P(Xg—i——FXp:?’L—m)
P(X] =m|X X, = .
(A =m[ Xt 4+ Xy =n) =" P(X,+..+ X, =n)
The o(1) term accounts for the fact that we restricted the sum to 1 < p < en'/2, which costs at most
o(n~/2) by Lemma[[§. We now use the cyclic lemma again, entailing that P(7, = n) = (p/n)P(S, =
—p). Using this for p = 1, and with the help of (BJ), we obtain that P(ry = n) ~ (ov/21) 1n=3/2
as n — oo. This yields the upper-bound

. 1 P(Sp—m, = —p+1
Vo) <C Yty Y St ),
1<p<ent/2 (1 nn<mi<n n= P

and since 1 < p < en'/2, (@Y) implies that /nP(S, = —p) and /n — miP(Sy_m, = —p + 1) are
respectively bounded from below and above, by constants that are independent on n,mq,p (but
might depend on ¢). Consequently, the bound is

Y)Y (1),

m m
p>1 (-mn<mi<n /5 (1= %)

and this converges to C. fl (1 — CC))_l/de. In turn, this goes to 0 as n — 0, for fixed €. The

second limit is obtained in a mmllar way, writing \/ﬁﬁ;i(l{xan/S}) as

W2 N =p) p?;h P(X1 = m)P(rp-1 =n —my) +o(1)

P(r, =n
1<p<enl/2 1<mi<nl/8 (7 )

WS e Y DCem =P El) g

P(S = -1
1<p<enl/2 1<mi<nl/8 (Snt1 )

Con™ V%> " p(p — 1)&(p) + 0(1)

p>1

IN

IN

for some constant C., where we used the local limit theorem at the last step. U

Lemma 18. For every n > 0, it holds that

lim \/_Qn(l{:v1+:v2<1 77})

n—oo

Proof. Fix € > 0. An upper-bound for the quantity appearing in the statement is given by (up to
an additional o(1) quantity depending on ¢)

N D30 B D (p — )ma P(X1 = ma)P(Xp = mg)P(rp—p =1 — 1 —mg)

n n—m P(r, =n
1<p<enl'/? my+m2<(1-n)n ! ( ! )
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If my +mg < n(l —n) then n —my —mso > nn. In this case, we obtain, using the cyclic lemma and

29),
IP)(7—1@72 =n—mi — my) _ #ﬁmp(sn,ml,m =-p+2) < C
P(7p, = n) N PP(S, = —p) - 32

Note that the constant C' here does not depend on p,e. Consequently, we obtain the bound

. C 1 n n
1<p<5n1/2 m1+m2<(1 nn
< 5 D P / dndes | o)
- 3/2 p>1 1‘1+$2§1 .%'11‘2 ’

where C is still independent of p,e. The first term on the right-hand side does not depend on n
anymore and goes to 0 as € — 0, entailing the result. U

Lemma 19. There exists a function 5, = o(n) asn 10, so that
17%1 lim inf vy, (91 (2, <1-no1+a2>1-6,}) = 17%1 hfflsolip \/ﬁaz(gl{:v1<1777,:131+332>1*5n})

x,0,.
/_277/ 1/2 1—z)3/2

Proof. The proof is similar to the previous ones, but technically more tedious, so we will only
sketch the details. Fix n > 0, and consider ' € (0,7) and € > 0. Then, by decomposing with
respect to the events {p(\) > ey/n} and {x : z; < n~7/8}, we obtain, using Lemma [ and the
second limit of Lemma

\/562(91{11<1717,m1+12>1717’}) = 0(1) + \/’E Z qn(p()‘) = p)
1<p<enl/?
X > Elg((m1,me, X3,..., X})/n) [1p = n, XT = mq, X5 = my]

nt/8<my<(1-n)n
(1=1")n<mi+ma<n

pmy (p— 1)ma/n
n  1l—mi/n

) 4

P(1p—2 =n —my —my)
P(r, =n)

P(Xl = ml)[F’(Xg = mg)

We now give a lower bound of the liminf of this as n — oo. Showing that the same quantity is an
upper-bound of the lim sup being similar and easier.

Note that if 1 +29 > 1—17 and 21 < 1—n, we have that (1—x1 —x2)/(1—2x1) < n'/n and then
x9/(1 —x1) > 1—1n'/n. Next, by the local limit theorem, we can always choose 1’ small enough so
that P(Xy = mg)/P(X1; =n —my) > 1 —n for every n large enough.

Also, still by the local limit theorem, we can choose € small enough so that for every 1 < p <
en'/? and every n large, we have

a(p(N) =p)/E(p) = (1=n)  and  p 'n*PP(r, =n) > (1 - n)oV2r.
A third use of the local limit theorem entails that for every n large, we have
m:f/QIP’(Xl =mp) A m‘;/QIP’(XQ =mgy) > (1 —n)oV2r,

for every n large and my > n'/®, my > (n — 1 )n.

Finally, we use the fact that f is uniformly continuous on &7, while maxx = x1 V 29 on the
set {x € 81 : &1 + x2 > 3/4}. Consequently, the function g(x) = (1 — maxx)f(x) is uniformly
continuous on the latter set. Therefore, we can choose n’ < 1/4 small enough so that

lg((m1,ma,ms,...)/n) —g((m1,mn —mq,0,...)/n)| <n
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for every (mq,ma,...) with sum n, such that mj +mso > (1—7")n. Putting things together, for every
n > 0, we can choose 1 =: 3, € small so that for every n large enough, \/_qn(gl{m1<1—n,m1+m2>1—n })
is greater than or equal to

=P/ Y G-Dip Y (el w0, ) /)~ )
1<p<enl/? nl/8<my<(1-n)n
! Z ]P’(Tp_g =n-—-m; — mg).

ov/2m((ma/n)(1 —my/n))3/>

(1—=n")n—m1<ma<n—my

Finally, the last sum is Z?;LZO P(7,—2 = m), and this can be made arbitrarily close to 1, uniformly
in 1 <p <en'/2, as soon as n is large enough, by our usual use of the local limit theorem. Taking
the liminf in n and using a convergence of Riemann sums, yields

hnnl)loréf \/ﬁa;(gl{m<1—n,a:1+3[:2>1—77’})

1= x
> (=P 0=/ o= 0Ew) [ —— (9.1~ 2,0,..) = )

51 2mxl/2(1 — x)3/2

One concludes using the fact that >_ - (p — 1)é(p) = o2. O
We can now finish the proof of Proposition [[§. Simply write

WZ(Q) - q;(gl{xl<1777,:131+:1:2>1777’})| < a;(|g|1{x121777})) + q;(|g|1{m1+x2§1777’}) .

Now fix € > 0, and using Lemmas [[] and [[d, choose 7,7’ in such a way that /ng;(|g/1{z,>1-y)) <
£/2 and
—z,0,...))

‘\/_qn gl{x1<1 n,x1+a2>1— n} \/%/ 1/2 1_ .%')3/2
for every n large. For this choice of 7,7/, we then have for every n large enough,

—x,0,.
Tuly \/ﬂ 1/2 )32
and the upper-bound converges to ¢ as n — oo by Lemma [[§. Since £ was arbitrary, this proves
Proposition [[, hence implying Theorem [ in Case 1.

de| <e/2

))dCU <e+ a;(|g|1{x1+12S1*77'}) ’

5.2 Stable case

Assume that &(p) ~ cp~@~! for some o € (1,2) and ¢ > 0. Theorem ] in Case 2. will follow if
we can show that hypothesis (H) holds for v = 1 — 1/a, £ = (a(a —1)/(cI'(2 — «)))"?, and the
dislocation measure v,. A similar reasoning as in the beginning of the previous section shows that
it suffices to prove the following statement.

Proposition 16. If f: S — R is a continuous function and g(x) = (1 — maxx)f(x), then

wegite) o (pamg) ).

One will note that the function g of the statement is continuous v}-a.e., since x — maxx is
continuous at every point x with sum 1. Now,

T(9) = D _ () =p)E [9<(Xf""’f;’0"")> ‘Tp:n:|

p>1
(Xfveo o XE e 10,000)
g ( [ ] ‘Tl’nl/alﬁl =N (29)




Recall the notation around (). The random walk S, is now such that (S|, /n'/® t > 0) converges
in distribution in the Skorokhod space to a spectrally positive stable Lévy process (Y, ¢t > 0) with

index a and Lévy measure cdx/:c1+0‘1{x>0}. Its Laplace transform is given by Elexp(—AY:)] =
I'(2—w)
a(a—1)"

exp(td’ A*), where ¢ = ¢ The Gnedenko-Kolmogorov local limit theorem also yields

nYOP(S, = k) = p1(k/n"/®) + e(n, k)

where supy, |e(n, k)| — 0 as n — oo, and p; is the density of Y;. This, together with (9) and our
hypothesis on the asymptotic behavior of £, entail that

Let us now focus on the random variables X1, X,... and 7, = X; + ... + X,,. We have P(X; =
n) =n"'P(S, = —1) ~ n= = Yp;(0), which gives that X is in the domain of attraction of a stable
random variable with index 1/a. More specifically, one has that (7, /n%,» > 0) converges in the
Skorokhod space to a stable subordinator (7},,y > 0) with index 1/c, and Lévy measure

dx
pl(o)wl{mo} - (30)

Its Laplace transform is given by
Efexp(—ATy)] = exp(—zp1(0)aT(1 — 1/a)Al)

On the other hand, T, has same distribution as the first hitting time of —z by (Y;,¢ > 0) (because
a similar statement is true of 7, and S,,), which identifies the Laplace exponent of T as (\/c/)}/*,
see [, Chapter VII]. This yields

B 1 B 1 afa —1))\1/e
PO = ST - v e —a) .

Let @y be the probability density function of T,. The cyclic lemma [, Corollary VIL3] gives
tQ(t) = xpi(—x), while the Gnedenko-Kolmogorov local limit theorem states that

P B(rp = n) = Q1(n/p) +'(p,n),
where sup,, |¢/(p,n)| — 0 as p — co.

Lemma 20. The sequence (X7, ... ’XFnl/aﬂ)/n conditioned on Tp,1/a,1 = 1 converges in distribu-

tion to a random sequence (AT, A3, ...), defined inductively by

P(A;ﬁrl €dz

* * : * pl(O)x Qr(l —y—Z)
1,...,AZ,]21AJ y) e 0.0 =) dz, 0<z<1—y.

Proof. The case ¢ =1 is obtained by using the local limit theorem in

P(Trp1/001-1 = n — [nz])
P(T]'nl/aaz] - n) .

nP(X] = |n2] [ Tp/ag = n) = [0} 0] [n2]P(X1 = |nz])

One then reasons inductively, in an elementary way. Details are left to the reader. U

The limiting sequence (A},7 > 1) has same distribution as the sequence of jumps of the sub-
ordinator (73,0 < y < x), conditionally given T}, = 1, and arranged in size-biased order, see [B]],
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Chapter 4] or [f]. We will denote by AT[’(‘] 2] this randomly ordered sequence of jumps. Hence, pro-
vided we have the right to apply dominated convergence in (29), we obtain, using zp;(—x) = Q. (1),

1/ c * dz 5
n'=1eg (g) nmoe p1(0) /0 et Qe(VE[9(AT ) [ T = 1] (32)

Using scaling for the subordinator (T},y > 0), the previous integral can be rewritten as

C > dz —a o * —a
p1(0) A 22041 Ql(w )E[g(.%' AZ—'[O,I]) ‘ Tl =T ] )

and changing variables u = = shows that this is equal to

o | @Bl (AT /0| Ty =) = BT (AT /T

Finally, the sequence ATjg ;) of jumps of T before time 1 is the sequence of atoms of a Poisson
measure with intensity given by (B(). Using (B1]), it thus has same distribution as a(a—1)c™1T(2 —
) Y(A1,Ag,...), as defined in Section P-]. Using the notations therein and (BI]), we get after
rearrangements

i) - (L 5 )
— (ere=3) ).

as wanted. It remains to justify that the convergence (BJ) is indeed dominated. To this end, using
(D) and the fact that g,(p(\) = [n'/?z]) < C[n'/*2]~%, it suffices to show that the expectation
term in this equation is bounded by C [nl/ x|/ n'/® for some C independent of n, and for = € 0, 1].
In turn, since g(x) < C(1 — x;) for some finite C' > 0, it suffices to substitute this upper-bound to
g. Now, we have P(X; = m) < Cm ™'~/ for every m, so that

o[-
n

- zn: (1 - T) (/o] “P(X; = m)

n n P(Tfnl/ax] = TL)

P(Trp1/001-1 =1 —m)

n ]’nl/a;p]flp g _ nl/ax +1
< Z <1 — E) [nl/%ﬂ m]P’(X1 =m) niml/a (Sn-m [ 1 )
= n n [n . ﬂ]P’(Sn = —[nl/og])
mtez] 1 1
< C —
> nl/a nrnZ:l (m)l/a (1 . ﬂ)l/a
[n!/a]
where we have used that (n—m)Y*P(S,,_,, = —[n'/*z] +1) is uniformly bounded (in n, m, ) and
that n'/*P(S,, = —[n!/*z]) is uniformly bounded away from 0 for z € [0,1]. This is the wanted

bound, concluding the proof of Proposition [L§, hence of Theorem f.

6 Scaling limits of uniform unordered trees

In this section, we fix once and for all an integer m € {2,...,00} and consider trees in which
every vertex has at most m children. We use the notations of Section R.9q and let T}, be uniformly

distributed in TS{”), for n > 1.
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The first difficulty we have to overcome is that the sequence (7,,,n > 1) is not Markov branching
as defined in Section [[.2.3. We will therefore start in Section [.1] by coupling this sequence with
a family of Markov branching trees that are asymptotically close to T,,n > 1, and then check in
Section .9 that the coupled trees satisfy (H).

Let us fix some notation. For t € T!™, we can write t = @Mt Ry with SSF L #t@0 = p -1,
and we let )\(t) € Pp_1 be the partition obtalned by arranging in decreasmg order the sequence
(#t(l), o, R ) (of course, this does not depend on the labeling of the trees t@ . 7t(k)). Let
F;(k) be the set of of multisetsf] with k elements in Tg»m). By convention, we set F;(0) = {@}.
Then, for A € P,,_; with p(\) < m, we have a bijection

n—1
{teTy My =2 = [[Film0), (33)
j=1

obtained by grouping the subtrees of t born from the root with size j into a multiset, denoted by
f;(t), of m;(X) trees. From this, we deduce that f;(7,),1 < j < n — 1 are independent uniform
random elements in F;(m;())) conditionally given )\( n). However, the uniform random element
in F;(k) has a different distribution from the multiset induced by k i.i.d. uniform element in T§m),
as soon as k > 2. This is what prevents T}, from enjoying the Markov branching property, i.e. from
having law Q7, where for n > 1, ¢, is the law of A(T},41).

Letting F]( ) = #F;(k), the previous bijection yields

n—1
SV = #{t e THW A0 = A} = [[ Fi(m;(N).-
j=1
When p(\) > m, we set S,(1 )= 0. Of course, letting T #T , we also have
> s

AEPn—1
Using the obvious fact that F;(k) < Tg.m) F;(k — 1), we obtain the rough but useful bound

( )S()\2’)\3’ 7p(>\)) (34)

A
Sgl)g A n—>Ai

We recall the key result (f) of Otter [BJ], which is used throughout the proofs below:
P

(m) o
Tn n—00 Fom n3/2 ’

Setting Tém) = 1 by convention, we obtain that for p = p,; > 1, and two constants K > 1 >k > 0,

T

(m) P (m) P
T <Kn3/2, n >0 " an3/2’ n>1. (35)

Note that we also have Tslm) < Kp" for all n > 0. Last, we let kK = Kk,

3Recall that a multiset with k elements in some set A is an element of the quotient set Ak/ Gk, where &, acts in
the natural way by permutation of components.
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6.1 Coupling

Let p, be the uniform probability distribution over Tﬁl’”), and let ¢, = Aspin11 be the law of the
partition of n induced by the subtrees born from the root of a p,i-distributed tree. For every
n > 1, we want to construct a pair of random variables (T}, T),) on some probability space (2, F,P),
such that

e T, has law u,
e T has law Q},
e for every € > 0, limy, o0 E [dgup(n =T, n °T},)] = 0.

Recall that if T;, has distribution s, and conditionally on A(T3,) = A, then f;(7,),1 <j <n-—1
are independent, respectively uniform in F;(m;(\)). We are going to need the following fact.

Lemma 21. For every j,k > 1, let Fj be uniform in F;(k) and Fj be the multiset induced by
an i.i.d. sequence of k random variables with law p;. Let A; be the set of elements in Fj(k) with
components that are pairwise distinct. Then

(i) One has P(F; € Aj) <P(F; € 4j).

(ii) The conditional distributions of F; and Fj given A; are equal.

Proof. For a finite set A, the number of multisets with k elements is #(A* /&) > #AF /k!. Then
HT T — 1) #TY — kv 1)

kl#F; (k)
AT HT 1) #T k1)

#Ty)

P(Fj € 4;) =

= P(Fj S AJ) .

This gives (i). Property (ii) is also obtained by counting: on the event A;. The probability that F;
equals some given (multi)set S € F;(k) with all distinct elements is #F;(k) ™!, while the probability
that F} equals the same set S is k!(#Tgm))*k. Dividing by P(F; € A;) and P(F] € Aj) respectively
gives the same result. O

The previous statement allows to construct a coupling between Fj and Fj, in the following way.
Let f € F;(k). Consider three independent random variables f”, ", B, such that the law of f” is the
law of F'j conditionally given A;, the law of " is the law of F; conditionally given A§ and B is an
independent Bernoulli random variable with P(B = 1) = P(F; € AS)/P(Fy € AF), which is indeed
in [0,1] by (i) in Lemma R1]. Set

foiffe A
f=d f iff¢ A andB=0
f” iff¢ Aj and B = 1.

We let K(f,-) be the law of the multiset f' thus obtained, hence defining a Markov kernel on F;(k).
We say that two random variables (F, F') are naturally coupled if it has law p(df)K;(f, df’), where
w is the law of F on F;(k). Using (ii) in Lemma P1], it is then easy to obtain the next result.

Lemma 22. If F is uniform in F;(k) and (Fj, F}) are naturally coupled, then the law of F} is that

of the multiset induced by k i.i.d. uniform elements in T;.
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Next, we define a Markov kernel K(t,-) on T(™ in an inductive way. Let K(e,{o}) =
Assume that the measure K (t,-) on T(m) has been defined for every t € T(™ with #t < n — 1.

Take t € TV, and let \ = At),p = ()\) Let fj(t) € F;(m;(X)),1 < j <n—1 be the multisets of
trees born from the root of t, respectively with size j. Let fj’-(t) be independent random multisets,
respectively with law Kj(f;(t),-). We relabel the p elements of the multisets f(t),1 <j <n—1as
t(1), .-, @), in non-increasing order of size, so that #t(;) = A; — if there is some j with mj(A) > 2,
we arrange the trees with same size in exchangeable random order. All these trees are in T(™)
and have at most n — 1 vertices. By the induction hypothesis, conditionally on this family, we can
consider another family t’(l), R ( ) of independent trees with respective laws K(t(;),-). Let K(t,)
be the law of the tree (t’(i), 1 <4 < p). This procedure allows to define the Markov kernel K(t,)

for every tree in T(™),

We say that the random trees (7,7"), defined on a common probability space, are naturally
coupled if the law of (T,T") is p(dt)K(t,dt’), where u is the law of T. Is is easy to see that for
every random variable T on T(™ with law g, then, possibly to the cost of enlarging the probability
space supporting 7', one can construct a random variable 7" so that (T, T") is naturally coupled.

Proposition 17. Let T,, have law p,, and (T,,T)) be naturally coupled. Endow these trees respec-
twely with the measures i, and prr. Then,
(i) the tree T) has distribution Q}, for every n > 1,

(ii) for all a > 0, the Gromov-Hausdorff-Prokhorov distance between aT,, and aT) is at most 2aj*
where j* is the supremum integer j > 1 so that there exist two subtrees of T,, with size j, born from
the same vertex and which are equal (with the convention sup @ = 0),

(iii) for alle > 0, E [dgup(n *Tn,n"°T))] — 0 as n — oo.

Proof. We prove (i) by induction. For n = 1 the property is obvious. Assume the property holds
for every index up to n—1, and condition on \(7},) = A, which by definition has probability ¢,,—1(\).
As noticed before Lemma @ the multisets F; = f;(7,),1 < j < n—1 are independent, respectively
uniform in F;(m;(X)). Conditionally on F} 1 <j<n-1let Fj,1 <j <n—1be independent
with respective laws Kj;(Fj,-). By Lemma R, we obtain that F’ is the multiset induced by a
sequence of m;(A) ii.d. random variables, with law ;. Consequently, if we relabel the elements
of F](, 1 <j<n-1asTy,..., T in non-increasing order of size (and exchangeable random
order for trees with same size), then we obtain that these trees are independent, respectively with
distribution w,;. Since, by definition of K, the natural coupling (T, T)) is obtained by letting
T = { (),1 < i < p) where (T}, (’Z)) are naturally coupled, we readily obtain the Markov
branching property, with branching laws (g,,n > 1).

For (ii), we again apply an induction argument. The statement is trivial for n = 1. Now, in the
first step of the natural coupling, the action of the Markov kernel K on f;(7},) leaves it unchanged
if f;(7,,) € A;, i.e. if there are no ties in the multiset f;(7},). Consequently, with same notations as
in the previous paragraph, a subtree of T;, born from the root that appears with multiplicity 1 will
also appear among T(y), ..., ().

Moreover, subtrees that are replaced are always replaced by trees with the same number of
vertices and a tree with j vertices and edge-lengths a has height at most aj. So the Gromov-
Hausdorff-Prokhorov distance between two trees with edge-lengths a that both decompose above
the root in subtrees of same size j is at most 2aj (it is implicit in this proof that all trees are
endowed with the uniform measure on their vertices). We now appeal to the following elementary
Fact. Let t,t' be such that k£ = p(A(t)) = p(A(t)), and let t = (ty),...,ty)) and t' = <t’(1), . ,t’(k)>
with #ft(;) = #t’(i) for 1 <7 < k. Then for every a > 0,

/ /
danp(at, at’) < mex danp (atg), at(;y) -
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From this we deduce that the Gromov-Hausdorff-Prokhorov distance between a7}, and aT}, is
at most

(2asup{1 <j<n-1:F;¢ Aj}) vV  sup sup dGHp(aT(i),aT('i)),
1<j<n—1a:#TH=j
FjEAj

where (T(Z-),T(’i)) is the natural coupling. The induction hypothesis allows to conclude.

Last, for (iii), fix ¢ € (0,1). The Gromov-Hausdorff-Prokhorov distance between n=¢T,, and
n~¢T! is bounded from above by 2n!'~¢ for all n > 1. Next, for v € (0,1), let A}, be the subset

of trees of Tgm) that have at least two subtrees born from the same vertex that are identical, and
with size larger than n”. By (ii), when T, ¢ A;, daup(n Ty, n T)) < 2n7~¢. Hence,

E [dGHP (n~ T, niET/@)] = E [dGHP (n™ Ty, niETA)l{TneA;{}] +E [dGHP (n™ Ty, niET/@)l{TnéA%}]
< 'TP(T, € A)) +2n7E.

Taking v < ¢ and using Lemma PJ following right below, we get the result. U

Lemma 23. For v € (0,1), let A}, be the subset of T%m) of trees t that have at least one vertex v
such that at least two subtrees born from v are equal and have at least n” vertices. Then,

P(T, € A)) = O(p™""n*?) as n — co.

This lemma will be an easy consequence of the following result. For every tree t and any vertex
v of t, we let t(*) denote the subtree of t rooted at v. When v* is taken uniformly at random among
the vertices of t, we set t®) := t(t7),

Lemma 24. The distribution of TT(L*) conditionally on #TT(L*) = k is uniform on Tém), Vl<k<n.

Note that the event {#Trg*) = k} has a strictly positive probability for all 1 <k < n.

Proof. Let k € {1,...,n}. For all ty € T,(Cm), using that P(7,, =t) = 1/T$Lm) for t € Tslm),

PIY =t) = . P(IY =t/ = )P(T, = 1)
teT(™
1
= o 2 Bt =t)
et
1
= —T(m) Z 1{t(“):t0}'
IR er(m et

This quantity is independent of ty € Tlgm), because there is an obvious bijection between the sets

{to)  te TI v e t,t® =t} and {(t,v) 1t € TV v € £,t® = t;} for t; € TU™. Hence the
result. O

Proof of Lemma R3] Let A}, (k) be the subset of trees of T,gm) whose decomposition above the
root gives birth to at least two identical subtrees with size greater than n?, k < n. We first give
an upper bound for the probability P(T; € A (k)). To do so, we bound from above the number of

trees of Tlgm) that decompose in at least two identical subtrees of size ¢ (i < (k — 1)/2): there are

Tgm) choices for the tree with size i appearing twice. Then, there are Tl(ﬁ)m forests with &k —1 — 27
vertices. Gluing the twins trees and a forest with & — 1 — 27 vertices to a common root gives a tree
with k vertices (and a root branching in possibly more than m subtrees) and all trees in Tlgm) with
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at least two subtrees with size 7 can be obtained like this. From this we deduce that the cardinal
of A} (k) is at most zzkn},)/ 2 T(m)T,(;n)2Z In particular, using (B) and the fact that p > 1,
(k—1)/2 (k=1)/2 ; k_9

3/2
(m m k pp 3/2 —nY
P (Ty, € A} (k T(m > T, kZzgcp—E 7 < con®l?p,

i=n" i=n"

where C' is a generic constant independent of n and k& < n. Now, in the following lines, given T,,,
we let vy, v9, ..., v, denote its vertices labeled uniformly at random,

P(T, € A7)

IN

Z 1{T<”)eA%(#T(“>>}] [Z Lo e ayerioyy
=1

ven

— np( T ¢ AY(#T) ))

ni]P’(Tk € AV (k) P(#T¥) = k)

by Ler;ma E 1

< Cn5/2p*m Z IP’(#T,(L*) = k) = Cn5/2p7m.
k=1

6.2 Hypothesis (H) and conclusion
It remains to check that the family of probability distributions on P,,n > 1 defined by

g™
(N =PMTh1) =X) =P (MT),1) =) = 5 vAeP,

T

satisfies the assumption (H) with v = 1/2, £ = 1 and v proportional to the Brownian dislocation
measure vo. For this we recall and fix some more notations:

* ﬂ{”) is the subset of Tslm) of trees with root degree less or equal to m — 2
« TV is the cardinal of T{™, and M) (z) = D1 T gm, DM (z) = D>t T gn
w for A= (A, Aa,...) € Ppyset A =2 i =n— A1 — Ao

The main result of this section then reads

Proposition 18. For all 2 < m < oo, and all continuous functions f : St — R such that
If(s)] <1 —s; forse S,

(/\) 1
41 ~(m) f(l',l —1',07...)
\/_AEZP f( > 1 ) e K™ (1/p) 1y @32(1—z)32 da.

Note that the sum in the limit above is finite, since ’T,(Cm) < T,gm) < ka/kg/Q. This sum is
explicit in terms of x and p when m = 2 or m = co. See Section P.9 for details.

With this proposition, it is easy to conclude the proof of Theorem [l Indeed, together with
Theorem [ and Proposition [[7 (i), it leads to the convergence

1 (d)
—nT,'L n? CmTl/Q Vo
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for the Gromov-Hausdorff-Prokhorov topology, where ¢, = v2/(y/Tkt)(1/p)). Then, by Propo-
sition [[7 (iii) and since (M, dgn) is a complete separable space, we can apply a Slutsky-type

theorem to get

1 d
—Tn Q) Cm’Tl/Q,ug-
ﬁ

\/ﬁ n—00

The rest of this section is devoted to the proof of Proposition [I§.

6.2.1 Negligible terms

We show in this section that the set of partitions A € P, where either A\; > n(1 —¢) or A\; > ne
plays a negligible role in the limit of Proposition [I§ when we first let n — oo and then € — 0.

Lemma 25. There exists C € (0,00) such that, for all 0 < e < 1,

vn A1) o Cye
o) Z 1osna—oy (11— o Sy < m.

ALY (A - A1 m) )
O L S L S DR
)]

AEPp A 1>n(1—¢) A=[n(l—¢ /JG'Pnf)\l
- A am)ema(m)
< > <1 - ;) Ty Todion
Ar=[n(1—e)]
5 3
< K2pn+1 n
= 3/2
M=[n(1—e)] AP (n+ 1 - )32
2 n+1 n—1

(n(1— )P " Wi A= A/n)

=[n(1-¢)]
We conclude with the fact that the sum Z;\L::l(n(l_e)](l — A\1/n)~/? is smaller than the integral
f:(l—s)(l —x/n)"2dx = 2n/¢, and then use the lower bound of (BJ) for TSZ)I. O

To deal with the partitions where A\; > ne, we need the following lemma when m = co. We
denote by Tﬁ?"’“’) the number of trees of T,(loo) whose subtrees born from the root have sizes at
most a, a > 1.

Lemma 26. Let m = oco. There exists A, B > 0 such that
T < Aphexp(—Bk/a), VkeN anda> 1.

Proof. Recall that T denotes the set of all (rooted, unordered) trees and rewrite the power series
P =) as () = 3y a¥*. According to 27, Section VIL5] its radius of convergence is 1/p < 1
and ¥ (1/p) = 1. Note also that 1(0) = 0. Now, we consider a random tree 7" in T with distribution
defined by

P(T =t) = p ¥t

If ¢z (t) denotes the degree of the root of t, we just have to show that

P(cy(T) =1) < A" exp(—B'r), for some A", B’ > 0 and all r > 1. (36)
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Indeed, each tree with k£ + 1 vertices and a decomposition in subtrees with sizes at most a has a
root degree larger or equal to k/a. So, if the above inequality holds, we will have

T < PHP(eo(T) > ko, T € TOY)) < P A'B' exp(—B'(kfa — 1)),

as required. To get (BG), note that

Plcg(T)=1r) = Z p*#t — Z % Z Z p_1_21§i§k mi#tt;

teT,co(t)=r k=1 " t1,..t,€T  mi+..+mp=r
pairwise distinct m; >1

which is obtained by considering the multiset of r subtrees of a tree t, made of k distinct trees with
multiplicities mq, ..., my. Hence,

]P’(C@(T) =r) < _1 Z Z Hw —mz

'm1+ Amp=ri=1

m;>1
|_ch r 1 k
_ ,12 3 H¢ ROEY D DRI D | FIC
'm1+ Ami=ri=1 k=|cr]+1  mit..tmp=ri=1
m;>1 m;>1

where the ¢ €]0, 1[ chosen for this split will be specified below.
We first bound from above the second term. Using that ¢(p~"%) < 9 (p~!) = 1 for m; > 1 and

r—1 .
that zm1+...+mk=r,mi21 = (kfl), we obtain

s

SIE D SN LB o{ (S B =

k=lcr|+1 S mitAmp=ri=1
m;>1

which decays exponentially fast as r — oo, Ve €]0, 1].

Now we will check that the sum Z,EZJl % T Hle Y(p~™i) also decays expo-
nentially in 7, provided that ¢ €]0, 1] is chosen sufficiently small. Since ¥(0) = 0, we have that
Y(x) < Cx for some C < oo and all z € [0, p~!]. Hence

ch

Ler] k k
o c o
Z > Hﬂ) NS kZl IR |

’m1+ Amy=ri=1 L omytm=ri=1
m;>1 m;>1

xp(C) S (;:1)

k=1

IN

r—1

< exp(C)p™" i
k=

for all A>0

(7” . 1) exp Mk — A(r — er]))

r—|er]
< exp(C) (p " exp(=A(1 — ¢))(exp(\) + 1)) .

When ¢ — 0, p~Lexp(—=A(1 — ¢))(exp(A) + 1) — p~1(1 + exp(—A)), which is strictly smaller than
1 for A large enough. Hence, fix such a large A and then take ¢ > 0 sufficiently small so that
p~Lexp(=A(1 — ¢))(exp(\) + 1) < 1. This ends the proof. O

Lemma 27. For all € > 0,
n
% Z 1{>\r>n5}s1(1421 — 0.

n—oo
Tn+1 AEPn
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Proof. e If m =2, A\, =0 for all A € P,, and the assertion is obvious.
e Assume now that 3 < m < oo and note that when A € P,, with p(\) < m, one has that \, > ne
implies (m — 2)A3 > ne, in particular Ay > Ay > ne/(m — 2). Hence,

n—2 |[n—XAr—ne/(m—2)|*

Z 1{)\r>n€}sn+1 Z Z T(m)ngm))\r Ang\TJ)rl'
AEPn, Ar=[nel  Xi=[ne/(m—2])

Then for C a generic constant, using (BY), the latter term multiplied by /n/ Tgi)l is bounded from
above by

n—2 |[n—XAr—ne/(m—2)]T

1
C’I’Ll/Q(TL + 1)3/2 Z Z
Nl i) AL (= A = M) (A + 1)3/2

< CnQ(n—Q)(Ln—ne/(m—Q)J+) :O< 1 )

n3*3/2

NG

e Next we turn to the case where m = co. Let v € (5/6,1). On the one hand, by the same token
as for the m < oo cases,

n—2 |n=A—n7]T

\/ﬁ ) 1
o 2 LowenalpesnnSipy < > >
T£L+)1 AEP, Ar=[ne]  Ai=[n7] A§/2 (TL - >\r - >\1)3/2()‘r + 1)3/2
4
n _ 5/2—3v) _
S CW = O (TL / PY) = 0(1),

since 5/2 — 3y < 0 when v > 5/6. On the other hand, we use Lemma P{ to get

v o Vi TN (Ip()  rpieomn-)
T(OO) Z l{Arzne}l{)\2<n7}Sn+1 < T(OO) Z Z T Tn A— >\1T)\r+1
n+1 AePp n+l A=[ne] A1=1

< Cn'exp(—Bn'77e) =0(1).

6.2.2 Proof of Proposition [I§

We rely on the following lemma. Let PP™ be the subset of P, of partitions of n with exactly two
parts.

Lemma 28. Let f : St — R be continuous.
(i) For alla € Z4 and all € € (0,1), as n — oo,

vn M A +ta ) K 1= f(z,1—1,0,...)
m f R 50,"' Sn+17a - a / dz.
T£L+)1 Aepzﬁ’i“a " " prr 1/2 a3/2(1 — x)3/2

A<n(l—e)

(ii) Moreover, there ezists C. € (0,00) such that, for alln > 1, all 0 < a < ne/2 and all non-
increasing non-negative sequences (a;,i > 1) with Y.~ a; < a/n,

vn >\1 Ao ) p(m) Ce
f —_ _+a15a2)a3, . Sn a a <
Tgﬂ Aepzbln et = (a4 1)3/2°

A<n(l—e)
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Proof. (i) For large enough n,

A A ta ) 1 a 1 a
Z f <;7 N 707 .. ) Sn+1_a = f 5 - %7 5 + %707 e F(nfa)/2(2)1{n*a is even}

Aepbin,
A1 Sn(lfe)

& Mo M (m) ma(m)
+ > f<;,1—;,0,...> T
A=[(n—a)/2]+1

On the one hand, by Otter’s approximation result for Tg;nza) /2

Fay2(2) = TU o (T o 4+ 1)/2 ~ 20" (0 — 0)/2) /2 = o( T /).

On the other hand, still using Otter’s result, we get that for all n > 0, provided that n is large
enough,

n(1—e)]
vn 3 AL A (m) ()
f ;, 1 - ;, 0, e T)\l T

(m n—a—>Ai
Tn+1 A=[(n—a)/2]+1

n(l—
(K/_|_,,7)2 l [n(1-¢)] f ﬁ - ﬁ 0 (n+1)3/2 y n3/2
1=

[(n—a)/2|+1

(K +n)* /15 flz,1—2,0,...)
— (K —mptte Ji)0  23/2(1 —x)3/2 -

Letting n — 0, this gives

[n(1-¢)] e
1- .
lim sup \/Z Z f(%,l—%,07,,,> T&T)T(m) < B / flz, z, 0, )dx.
1

n—a—A1 — ,l4+a 3/2 _ 3/2
n+1 A1=[(n—a)/2|+1 o /2 a3/2(1 — x)3/

We obtain the liminf similarly, hence (i).
(ii) We will use that Sn)il—a < T&T)Tém)af)\l for all A € PP" | Recall that f is bounded on S*.
There exits then a generic constant C' independent of n and a < ne/2 such that

Vn A A ) -
T(m) ) Z f ;7 ; T a1, 02,03, Sn-l—l—aTa—I—l
n+1l AePPin A <n(l—e)

[n(1—¢)]
Cyn (m) () (m)
< T(m) Z T)\l Tn—a—)\lTa-l-l
n+1 A\i=[(n—a)/2]

[n(1—e)]

_ C l Z (n + 1)3/2 y n3/2
T @R D)¥n e A (n—a—A)32
§ C 1 L"(lz—:a)J n3/2 n3/2
— X
- 3/2 3/2 _ 3/2
(a+1)>2n A=[n(1—2/2)/2] A2 (=AY

where we have used for the last inequality that n —a > n(1 —¢/2) since a < ne/2 and that
n—a—MA > (n—A)/2 since a < ne/2 and A\; < n(1 —¢). This upper bound is of the form
Cuy/(a 4+ 1)%? where (un,n > 1) is a sequence independent of a converging to a finite limit as
n — oo. Hence the result. O
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Proof of Proposition [[§. By LemmasPf and P7, the set of partitions where either A; > n(1—¢)
or \; > ne/3 will play a negligible role in the limit when we first let n — oo and then £ — 0.
Hence we concentrate first on the following sums (for € € (0, 1)), where we use that for all A € P,
A1 <n(l—¢) and A\, < ne/3 implies Ay > As:

|ne/3]
O O D D D S el Lt

AEPn, HEPy, AePppin,
A <n(l—e),\e<ne/3 p(p)<m—2 Ar<n(l—e)
|ne/3]

A1 A2 Al Atk ) ()
+ Z Z Z (f (;aga?’> _f<;a n 50, >>Sn k+1sk+1
HEPy AE’Pfl’mk
p(p)<m— 2)\1<n(1 €)

The first sum in the right-hand side of (B7) is equal to

[ne/3)
A1 )\2—|-k‘ A ~(m
> X (e ) s (59

k=0 XePPin X\ <n(l—¢)

which, multiplied by /n/ Tn +1, according to Lemma R§ (i) and (ii) ((ii) implies dominated conver-

gence), converges to
1—¢
K f(z,1—2,0,...)
™ dz. 39
Z k+1 PIE //2 2321 x)32 (39)

Next, let § > 0. Since f is continuous (hence uniformly continuous) on the compact set S¥, we can
choose € small enough so that the absolute value of the second sum in the right-hand side of (B7)
is bounded from above by

R A1 ) mlm)
2 ) > <5 A (1 - ;>> S, T - (40)

k=0 AePbir Ai<n(l—¢)

Similarly as above, when multiplied by /n/ T,(ﬁ)l, this quantity converges to

= SA(l— > LS A(l—a)
QZTk—H PR //2 2321 — kz: k+1 1+k/2x3/2(1_x)3/2d$ (41)

by Lemma P§ (i) and (ii).
Now let 7 > 0 be fixed. For ¢ and ¢ sufficiently small, the terms ({1]) and the limsup of Lemma
PJ are smaller than 7, and the term (BJ) is in a neighborhood of radius 7 of the intended limit

Z k+1 bfe 1= 2,0, ) 4 (42)

P Sy 232(1 = )3/

Next, such small § and e being fixed, letting n — oo, and usmg Lemma P7 and the convergences of

BY) to (BY) and of () to (), we get that \/n Y \p f (%) nH/TnJrl is indeed in a neighborhood
of radius 7n of (f2) for all n large enough. O

55



References

[1]
2]

[15]

[16]

[17]

[18]

D. Aldous. The continuum random tree. I. Ann. Probab., 19(1):1-28, 1991.

D. Aldous. The continuum random tree. II. An overview. In Stochastic analysis (Durham,
1990), volume 167 of London Math. Soc. Lecture Note Ser., pages 23-70. Cambridge Univ.
Press, Cambridge, 1991.

D. Aldous. The continuum random tree. III. Ann. Probab., 21(1):248-289, 1993.

D. Aldous. Probability distributions on cladograms. In Random discrete structures (Min-
neapolis, MN, 1993), volume 76 of IMA Vol. Math. Appl., pages 1-18. Springer, New York,
1996.

D. J. Aldous. Exchangeability and related topics. In Ecole d’été de probabilités de Saint-Flour,
XIIT—1983, volume 1117 of Lecture Notes in Math., pages 1-198. Springer, Berlin, 1985.

J. Berestycki. Ranked fragmentations. ESAIM Probab. Statist., 6:157-175 (electronic), 2002.
Available via http://www.emath.fr/ps/.

J. Bertoin. Lévy processes, volume 121 of Cambridge Tracts in Mathematics. Cambridge
University Press, Cambridge, 1996.

J. Bertoin. Self-similar fragmentations. Ann. Inst. H. Poincaré Probab. Statist., 38(3):319-340,
2002.

J. Bertoin. Random fragmentation and coagulation processes, volume 102 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge, 2006.

P. Billingsley. Convergence of probability measures. Wiley Series in Probability and Statistics:
Probability and Statistics. John Wiley & Sons Inc., New York, second edition, 1999.

N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation, volume 27 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1989.

N. Broutin, L. Devroye, E. McLeish, and M. de la Salle. The height of increasing trees. Random
Structures Algorithms, 32(4):494-518, 2008.

N. Broutin and P. Flajolet. The height of random binary unlabelled trees. In Fifth Colloguium
on Mathematics and Computer Science, Discrete Math. Theor. Comput. Sci. Proc., Al, pages
121-134. Assoc. Discrete Math. Theor. Comput. Sci., Nancy, 2008.

B. Chen, D. Ford, and M. Winkel. A new family of markov branching trees: the alpha-gamma
model. arXiv:0807.0554, 2008.

L. Devroye. A note on the height of binary search trees. J. Assoc. Comput. Mach., 33(3):489—
498, 1986.

M. Drmota and B. Gittenberger. The shape of unlabeled rooted random trees. 2010.
arXiv:1003.1322.

T. Duquesne. A limit theorem for the contour process of conditioned Galton-Watson trees.
Ann. Probab., 31(2):996-1027, 2003.

T. Duquesne and J.-F. Le Gall. Random trees, Lévy processes and spatial branching processes.
Astérisque, (281):vi+147, 2002.

o6



[19]

[20]

[21]

22]

[27]
[28]
[29]
[30]

[31]

[32]

S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. John Wiley & Sons Inc., New York, 1986.

S. N. Evans, J. Pitman, and A. Winter. Rayleigh processes, real trees, and root growth with
re-grafting. Probab. Theory Related Fields, 134(1):81-126, 2006.

S. N. Evans and A. Winter. Subtree prune and regraft: a reversible real tree-valued Markov
process. Ann. Probab., 34(3):918-961, 2006.

P. Flajolet and R. Sedgewick. Analytic combinatorics. Cambridge University Press, Cambridge,
2009.

B. Haas and G. Miermont. The genealogy of self-similar fragmentations with negative index
as a continuum random tree. Electron. J. Probab., 9:no. 4, 57-97 (electronic), 2004.

B. Haas and G. Miermont. Self-similar scaling limits of non-increasing Markov chains. 2009.
arXiv:0909.3764.

B. Haas, G. Miermont, J. Pitman, and M. Winkel. Continuum tree asymptotics of discrete
fragmentations and applications to phylogenetic models. Ann. Probab., 36(5):1790-1837, 2008.

B. Haas, J. Pitman, and M. Winkel. Spinal partitions and invariance under re-rooting of
continuum random trees. Ann. Probab., 37(4):1381-1411, 2009.

J.-F. Le Gall and Y. Le Jan. Branching processes in Lévy processes: the exploration process.
Ann. Probab., 26(1):213-252, 1998.

J.-F. Marckert and G. Miermont. The CRT is the scaling limit of unordered binary trees.
Random Structures and Algorithms, 2010. To appear. arXiv:0902.4570.

G. Miermont. Tessellations of random maps of arbitrary genus. Ann. Sci. Ec. Norm. Supér.

(4), 42(5):725-781, 2009.
R. Otter. The number of trees. Ann. of Math. (2), 49:583-599, 1948.

J. Pitman. Combinatorial stochastic processes, volume 1875 of Lecture Notes in Mathemat-
ics. Springer-Verlag, Berlin, 2006. Lectures from the 32nd Saint-Flour Summer School on
Probability Theory.

J. Pitman and M. Winkel. Regenerative tree growth: binary self-similar continuum random
trees and poisson-dirichlet compositions. Ann. Probab., 2009. To appear.

o7



