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EXPONENTIAL MIXING OF THE 3D STOCHASTIC
NAVIER-STOKES EQUATIONS DRIVEN BY MILDLY
DEGENERATE NOISES

SERGIO ALBEVERIO, ARNAUD DEBUSSCHE, AND LIHU XU

ABSTRACT. We prove the strong Feller property and exponential mixing for
3D stochastic Navier-Stokes equation driven by mildly degenerate noises (i.e.
all but finitely many Fourier modes are forced) via Kolmogorov equation ap-
proach.

1. INTRODUCTION

The ergodicity of SPDEs driven by degenerate noises have been intensively stud-
ied in recent years (see for instance [1], [2], [7], [6], [8], [12], [13], [16], [15], [14],
[17], [22]). For the 2D stochastic Navier-Stokes equations (SNS), there are several
results on ergodicity, among which the most remarkable one is by Hairer and Mat-
tingly ([12]). They proved that the 2D stochastic dynamics has a unique invariant
measure as long as the noise forces at least two linearly independent Fourier modes.
As for the 3D SNS, most of ergodicity results are about the dynamics driven by
non-degenerate noises (see [4], [10], [20], [21], [22]). Partial results can be found
for degenerate noises in [21] and [24]. In the case of an essentially elliptic degen-
erate noise, i.e. when all but a finite number of Fourier modes are driven, [23]
obtained the ergodicity by combining Markov selection and Malliavin calculus. For
the case of very degenerate noises (as in [12] in the 2D case), ergodicity is still open.

In this paper, we shall still study the 3D SNS driven by essentially elliptic noises
as above, but our approach is essentially different from that in [23]. Rather than
Markov selection and cutoff technique, we prove the strong Feller property by
studying some Kolmogorov equations with a large negative potential, which was
developed in [1]. Comparing with the method in [1] and [5], we cannot apply the
Bismut-Elworthy-Li formula ([9]) due to the degeneracy of the noise. To fix this
problem, we follow the ideas in [3] and split the dynamics into high and low fre-
quency parts, applying the formula to the dynamics at high modes and Malliavin
calculus to those at low ones. Due to the degeneracy of the noise again, when ap-
plying Duhamel formula as in [1] and [5], we shall encounter an obstruction of non
integrability in time (see (5.1)). Two techniques are developed in Proposition 5.1
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and 5.2 to conquer this problem, and the underlying idea is to trade off the spatial
regularity for the time integrability. Thus, we are able to generalize the arguments
of [1] and [5] and construct markov solutions and ergodicity. Then, using the cou-
pling method of [19], in which the noise has to be non-degenerate, we prove the
exponential mixing. Note that our construction of the coupling is simpler. Finally,
we remark that the large coefficient K in front of the potential (see (2.11)), besides
suppressing the nonlinearity B(u,u) as in [1] and [5], also conquers the crossing
derivative flows (see (3.10) and (3.11)).

Let us discuss the further application of the Kolmogorov equation method in
[1], [5] and this paper. For another essentially elliptic setting where sufficiently
large (but still finite) modes are forced ([12], section 4.5), due to the large negative
potential, it is easy to show the asymptotic strong Feller ([12]) for the semigroup
S (see (2.13)). There is a hope to transfer this asymptotic strong Feller to the
semigroup P/ (see (2.14)) using the technique in Proposition 5.2. If P/™ satisfies
asymptotic strong Feller, then we can also prove the ergodicity. This is the further
aim of our future research in 3D SNS.

The paper is organized as follows. Section 2 gives a detailed description of the
problem, the assumptions on the noise and the main results (Theorems 2.4 and
2.5). Section 3 proves the crucial estimate in Theorem 3.1, while Section 4 applies
Malliavin calculus to prove the important Lemma 3.6. Section 5 gives a sketch
proof for the main theorems, and the last section contains the estimate of Malliavin
matrices and the proof of some technical lemmas.

Acknowledgements: We would like to thank Prof. Martin Hairer for pointing
out a serious error in Malliavin calculus of the original version. We also would
like to thank Dr. Marco Romito for the stimulating discussions and some helpful
suggestions on correcting several errors.

2. PRELIMINARY AND MAIN RESULTS
2.1. Notations and assumptions. Let T? = (R/27Z)? be the three-dimensional
torus, let

H = {r € C>™(T* R3): / z(&)d§ =0, divz(§) =0,z is periodic},
T3

and H be the closure of H in L?(T3,R?). We define:
P: LT R - H
be the orthogonal projection operator. We shall study the equation

{dX + [VAX + B(X, X)|dt = QdW,,

(2.1) X(0) =2

where

e A=—-PA D(A) is the closure of H in H?(T3 R3).
e The nonlinear term B is defined by

B(u,v) = P[(u-V)v], B(u) = B(u,u) Y u,ve H (T*R3NH.
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e W, is the cylindrical Brownian motion on H and () is the covariance matrix
to be defined later.

e We shall assume the value v = 1 later on, indeed its exact value plays no
essential role.

Define Z3 = {k € Z3 k1 > 0} U{k € Z3 k1 = 0,k > 0} U {k € Z% k1 = 0,k =

0,ks > 0}, Z2 = —Z3 and Z2 = Z3 UZ3, for any n > 0, denote

Zi(n) = [-n,n]>\ (0,0,0), Zi(n) =Z]\ Z(n).
Let k+ = {n € R3;k - n = 0}, define the projection Py : R® — k+ by

k-n

2.2 =n— -k R
Let e(&) = cosk if k € 73, ei,(&) = sink€ if k € Z3 and let {ex1,ex2} be an
orthonormal basis of k*, denote

en(§) = ex(©ex, e(€) = ex(ero VkeZ;

{ei;k € Z2,i =1,2} is a Fourier basis of H (up to the constant v/2/(27)%/2). With
this Fourier basis, we can write the cylindrical Brownian motion W on H by

2
We= 3" wi®er = 3 S wiel

kez3 kezs i=1

where each wy(t) = (w}(t), wi(t))T is a 2-d standard Brownian motion. Moreover,

B(u,v) = Z By (u,v)eg

keZ3

where By (u,v) is the Fourier coefficient of B(u,v) at the mode k. Define

B(u,v) = B(u,v) + B(v,u), By(u,v) = Bi(u,v) + By(v,u).

We shall calculate f?k(ajej, aje;) with a; € gt a; € I+ in Appendix 6.1.

Furthermore, given any n > 0, let m, : H — H be the projection from H to
the subspace m, H :=={x € H : x = Ekezf(n) Tgek}

Assumption 2.1 (Assumptions for Q). We assume that Q : H — H is a linear
bounded operator such that
(A1) (Diagonality) There are a sequence of linear maps {qy }pezs with qx : kt —
kL such that
Qyer) = (ary)ex  y € k™.
(A2) (Finitely Degeneracy) There exists some nonempty sublattice Z,(ng) of Z2
such that
g, =0 k€ Z;(ng).
(A3) (Id—mp,)A"Q is bounded invertible on (Id — my,)H with 1 < r < 3/2 and
moreover Tr[A1T7QQ*] < oo for some o > 0.
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Remark 2.2. Under the Fourier basis of H, @ has the following representation

2
(2.3) Q= > Y ¢leed

k€Z;(no) i,j=1

where © @ y : H — H is defined by (z ® y)z = (y,2)z and (g) is a matrix
representation of g, under some orthonormal basis (ex1,ex2) of k. By (A3),
rank(qx) = 2for all k € Z,(ng). Take Q = (Id—7,,)A~" with some 5/4 < r < 3/2,
it clearly satisfies (A1)-(A3).

With the above notations and assumptions, equation (2.1) can be represented
under the Fourier basis by

dXy + [|/€|2Xk + Bk(X)]dt = qkdwk(t), ke Zﬁ(’no)
(2.4) Xy + kX0 + Bo(X)|dt =0, k € Zi(no)
Xk(()):xk, kEZi

where :Ek,Xk,Bk(X) S kL.

We further need the following notations:

e B,(B) denotes the Borel measurable bounded function space on the given
Banach space B. |- |p denotes the norm of a given Banach space B
e || and (-,-) denote the norm and the inner product of H respectively.
e Given any ¢ € C'(D(A),R), we denote
¢(x +eh) — ¢(x)

(25) Dig(a) 1= limg SN OD,

provided the above limit exists, it is natural to define D¢(z) : D(A) — R
by Dé(x)h = Dpg(z) for all h € D(A). Clearly, Dé(x) € D(A™Y). We
call D¢ the first order derivative of ¢, similarly, one can define the second
order derivative D?¢ and so on. Denote CF(D(A),R) the set of functions
from D(A) to R with bounded 0-th, ..., k-th order derivatives.

e Let B be some Banach space and k € Z., define Cx(D(A), B) as the
function space from D(A) to B with the norm

|¢(z)|5

= sup — € Cy(D(A), B).
][k zeD?A)1+|A$|k ¢ € Cx(D(A), B)

e For any v > 0 and 0 < 8 < 1, define the Holder’s norm || - ||2,5 by

) 6(2) — 61
1¢ll2,5 = eweria) 1A (@ — )P (L+ |Azf2 1 [Ay?)’

and the function space Cg L(D(A),R) by

(2.6)  Cy (D(A),R) = {¢ € Co(D(A),R); 19llcp = 19l + llgll2,6 < oo}

e For any signed measure p on a measurable space (E, F), its total variation
is defined by

2] |var = sup |u(A)].
AeF
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2.2. Main results. The following definition of Markov family follows that in [5].

Definition 2.3. Let (Qu, Fz,Ps)zep(a) be a family of probability spaces and let
(X(-,2))zen(a) be a family of stochastic processes on (g, Fz,Ps)zep(a). Let
(FL)i>o be the filtration generated by X(-,z) and let P, be the law of X (-, z)
under P,. The family of (2, Fs, Pz, X (-, 2))zep(a) is a Markov family if the fol-
lowing condition hold:

(1) For any z € D(A), t > 0, we have
P.(X(t,x) € D(A)) = 1.
(2) The map ¢ — P, is measurable. For any x € D(A), tg, -+ ,t, > 0,
Ao, , A, C D(A) Borel measurable, we have

P.(X(t+) € AF.) = Px (t.)(A)

where A = {(y(t0)7 o 7y(tn))7 y(to) € AOu T 7y(tn) € An}
The Markov transition semigroup (P;):>o associated to the family is then defined
by
Pip(z) = E.[p(X (t,z))], =€ D(A) t>0.
for all ¢ € By(D(A),R).
The main theorems of this paper are as the following. The proofs are given in
Section 5.

Theorem 2.4. There exists a Markov family of martingale solution (0, Fu, Pr, X (-, %) )zeD(A)
of the equation (2.1). Furthermore, the transition semigroup (P)i>o is stochasti-
cally continuous.

Theorem 2.5. The transition semigroup (P;)i>o in the previous theorem is strong
Feller and irreducible. Moreover, it admits a unique invariant measure v supported
on D(A) such that, for any probability measure p supported on H, we have

(2.7 1871 il < €t (14 [ JalPu(an))
H
where C,c > 0 are the constants depending on Q.

2.3. Kolmogorov equations for Galerkin approximation. Let us consider the
Galerkin approximations of equation (2.4):

{de = —[AX, + B (Xn)]dt + QuudW;
Xm(0) = zm
where z,, € 7, D(A), Bn(x) = mpB(tmz) and Q,, = 7, Q. The Kolmogorov
equation for (2.8) is

Ot = 3Tr[QmQs D*um] — (Az + By (), Duy,)
{um 0)=¢

where ¢ is some suitable test function and

(2.8)

(2.9)

Loy = %Tr[QmQ;‘nDz] — (Az + By, (), D)

is the Kolmogorov operator associated to (2.8). It is well known that (2.9) is
uniquely solved by

(2.10) um(t, ) = E[p(Xm(t,z))], = € mmD(A).
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Now we introduce an auxiliary Kolmogorov equation with a negative potential
—K|Az|? as

@1y L9m = 3Tr{QnQ;D ] = (Av + B (@), Dvm) = K| A v,
'Um(o) = (bv

which is solved by the following Feynman-Kac formula

(2.12) v (t, ) = E [(b(Xm(t,:v)) exp{—K /Ot |AX,, (s, ) ?ds} | .
Denote

(2.13) So(r) = v (8, ),

(2.14) P p(x) = um(t, x),

for any ¢ € B(m,, D(A)), it is clear that S and P;™ are both contraction semigroups
on B(my, D(A)). By Duhamel’s formula, we have

(2.15) um(t) = S ¢ + K/o S (| AzPum(s)]ds.

For further use, we set

(2.16) Em.x(t) —eXp{—K/O |AX,,(5)|?ds},

which plays a very important role in section 3. The constant K > 1 in (2.16) is
a large but fized number. Note that in the following, we work on a fixed time
interval [0,7], the constant K may depend on T'. We often use the trivial fact
5m,K1+K2 (t) = gm7K1 (t)gm,lﬁ (t) and
t
1 1

2.17 AX (8)PEm ik (s)ds = — (1 — Ep k(1)) < —.
(217) | 1A (6P r(s)s = 1 = Eux(0) < &

3. GRADIENT ESTIMATE FOR THE SEMIGROUPS S["

In this section, the main result is as follows, and it is similar to Lemma 3.4 in
[5] (or Lemma 4.8 in [4]).

Theorem 3.1. Given any T > 0 and k € Z,., there exists some p > 1 such that
for any max{3,r — 3} < < 1 with v # 3/4 and r defined in Assumption 2.1, we
have

(3.1) |AT7DS ek < Ct |l 0<t<T
for all ¢ € CL(D(A),R), where C = C(k,y,7,T,K) >0 and o =p+ % +1—1.

Remark 3.2. The condition 'y # 3/4’ is due to the estimate (6.11) about the
nonlinearity B(u,v). Note that p is larger than 1 so that estimate (3.1) does not
imply time integrability of the gradient of S}™.

In [4] and [5], estimate (3.1) is proved by applying the identity
(3.2)

DASP0(w) = 7Bk (DX (1)) [ QDX (5.2). W)

+2KE EmyK(t)(b(Xm(t,:zr))/O (1—;)(AXm(s,a:),ADth(s,x)>ds ,
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and bounding the two terms on the r.h.s. of (3.2). Since @ in Assumption 2.1 is de-
generate, formula (3.2) is not available in our case. Alternatively, we apply the idea
in [8] to fix this problem, i.e. we split X,,,(¢) into the low and high frequency parts,
and apply Malliavin calculus and Bismut-Elworthy-Li formula to treat these terms.

Let n € N be a fired number throughout this paper which satisfies n > ng
and is determined below, see the proof of Proposition 4.6. Recal that ng is the
constant given in Assumption 2.1. We split the Hilbert space H into the low and
high frequency parts by

(3.3) o H=mn,H, ="H=(Id-mn,)H.

(We remark that the technique of splitting frequency space into two pieces is similar
to the well known Littlewood-Paley projection in Fourier analysis.) Then, the
Galerkin approximation (2.8) with m > n can be divided into two parts as follows:

dX' +[AX! + B (X,)]dt = Q.,dW},

3.4
(34) AXE 4 [AXE, 1 B (Xo)ldt — QL W,

where X! = 7n'X,,, X! = 7n"X,, and the other terms are defined in the same way.
In particular,

2 2
(3.5) Q. = Z Z glei@el ., Q= Z Z glel ®el,

keZ (n)\Z;(no) t,j=1 keZ (m)\Z (n) %,j=1

with z ® y : H — H defined by (zx @ y)z = (y, 2)x

With such separation for the dynamics, it is natural to split the Frechet deriva-
tives on H into the low and high frequency parts. More precisely, for any stochastic
process ®(¢,x) on H with ®(0,z) = x, the Frechet derivative Dy, ®(t, x) is defined
by

D(t h)— ®(t
Dad(t,z) = lim 2T h) — 2(t2)

e—0 €

heH,

provided the limit exists. The map D®(¢t,z) : H — H is naturally defined by
DO(t,x)h = Dp®(t,x) for all h € H. Similarly, one can easily define D' ®(¢,x),
D ®(t,z), D'®(t,z), D"®'(t,x) and so on, for instance, D*®’ (¢, z) : 7" H — «' H
is defined by
D'®" (t,2)h = Dyp® (t,2) VYVhen'H
with D@ (t,x) = lir%[fl)[ (t,x + €h) — D' (t,x)]/e.
e—

Recall that for any ¢ € C}(D(A),R) one can define D¢ by (2.5), in a similar
way as above, D'¢(x) and D*¢(x)) can be defined (e.g. D' ¢p(x)h = lim._,o[p(z +
eh) = ¢(x)l/e h € D(A)").

Lemma 3.3. Denote Z(t) = fg e~ A=) QAW,, for any T > 0 and ¢ < 7 /2 with
the o as in Assumption 2.1, one has

(36) E| sup [AFZ(0)| < C(a)T2Ho 22
0<t<T
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where 0 < o < 0/2 — € and k € Zy. Moreover, as K > 0 is sufficiently large, for
any T >0 and any k > 2, we have

(3.7) E| sup Enx)|AX, ()| < OK,T)(1 + |Az|¥).

0<¢<T
Proof. The proof of (3.6) is standard (see Proposition 3.1 of [5]). Writing X,,,(¢) =
Yo (t) + Zp(t), and differentiating |AY,, (¢)|? (or seeing (3.1) in Lemma 3.1 of [1]),
we have

Em,K(t)|AYm(t)|2 < |A3:|2 + sup |AZm(t)|2.
0<t<T

as K > 0 is sufficiently large. Hence,
Em k() AX ()2 < Em (O AYm ()P +Em 1 (V)| AZm (1)]* < |Az|?+2 sup |AZ(t)*.
0<t<T

Hence, by (3.6) and the above inequality, we immediately have (3.7). O
Lemma 3.4. S : C,(D(A),R) — Cr(D(A),R) is bounded with the estimate
(3.8) IS¢l < Cllg]lk-

where C' = C(k) > 0.
Proof. For any x € D(A), by (2.11), (2.13) and (3.7), one clearly has
576 (2)] < [|OlILEL(L + [AX™()*)Em,x ()] < C(1+ | Az|®)[| @]
(]

The main ingredients of the proof of Theorem 3.1 are the following two lemmas,
and they will be proven in Appendix 6.3 and Section 4.2 respectively.

Lemma 3.5. Let © € D(A) and let X,,,(t) be the solution to (2.8). Then, for any
max{3,r — 3} < v <1 withy # 3/4, h € m,H and v € L} (0,00, H), as K is
sufficiently large, we have almost surely

t
(3.9) AT DnXon(O)PEmx (t) + / LAY Dy X (5) PEm i (5)ds < |AVh?
0

(3.10) A7 D X4y (1) (1) < | ATHP

(3.11) |AY Dy XE ()2 Em k(1) < %Aw?

(3.12) / t |A" Dy X (8)|2Em. i (s)ds < Ct1=2(0=7) | AV p|?
0

t vlSs S t 2 S)|UlS 2 S

(3.13) BlEnx(t) [ (o). AW ()] <EL| €2 (o)lo(s) s

where all the C = C(v) > 0 above are independent of m and K.

Lemma 3.6. Given any ¢ € CL(D(A)) and h € ©'H, there exists some p >

1 (possibly very large) such that for any k € Z4, we have some constant C =
C(p,k) > 0 such that

(3.14)  [E[D' (X (t) DXy, (t,2)Em k(D) < Ct P[] [1 (1 + | Az|)|
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Proof of Theorem 5.1. For the notational simplicity, we shall drop the index in the
quantities if no confusion arises. For S;_s¢(X(s)), applying Ité formula to X (s)
and the equation (2.11) to S;_s, (differentiating on s), we have

d[Si—sd(X (5))Ek (8)] = LimSi—sd(X (5))Ek (5)ds + DS;_ (X (5))Ex (5)QdW,
— LSt sd(X (8))Ex (5)ds + K|AX (5)|*Si—sp(X (5))Ex (5)ds
— Si (X (8))K|AX (5)[*Ex (s)ds
= DS (X (5))Ek (5)QdWs

where L, is the Kolmogorov operator defined in (2.9), thus

(315)  G(X()Ex(t) = Si(x / DS, o6(X(5))Exc (5)QdIV,

Given any h € m,H, by (A3) of Assumption 2.1 and (3.15), we have yi :=
(Q*)~'Dys X" (t) so that

/2
B ()R () [ ok a)
t/2
(316) / DS, (X ())Exc(5)Q WV / (@) Dy X (s), dWE)]

t/2
/ E[D" S, +(X () Dy X" (5)Exc (5))ds

hence,

(3.17)
t/2 t/2
/O E[Dp oo (X (3))Ex (3)]ds = E[B(X (£))Exc (8) / (@) Dy X (s), dW5)]

t)2
—|—/ E[D'S;_sd(X(8)) Dy X (5)Ex (5)]ds
0

By the fact Sip(x) = E[S;—s0(X(5))Ek(s)], (3.16) and (3.17), we have

Dy Siop(z) = A Dy E[S—s0(X (s))Ex (s)]ds

9 /2
= 26X )€ [ (@) Dy X! (5), W)
0

9 [t2

2 / E[D' St o$(X (5)) Dpe X' ()€ (5))ds
0

AK t/2

)

2 2 4K
=+ -,
gty

E[S: (X (s))Ex (5) / (AX(r), ADp X (r)dr)ds

We now fix T, v, k,r and let C be constants depending on T, v,k and r (whose
values can vary from line to line), then I1, 1o and I3 above can be estimated as
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follows:

t/2
(L] < [¢]]xE ng/z(t)(1+ |AX(t)|k)gK/2(t)/0 <(Qﬁ)_thﬁXﬁ(S)7dW£>]

1
2

3 t/2
s||¢>||kE(0335T<1+|AX<s>|k>25K<s>) E(@(t) / (@) ' DX <>dWﬁ>|>
1/2

t/2
< O||gl[x (1 + |Az[*)E </ IATDme‘(S)I%K(S)dS)
0
< O g | (1 + |Ax[*)[ A7)

where the last two inequalities are by (3.7), (3.13) and (3.12) in order. By (3.10)
and (3.7),

12|

IN

c [
T [ 147D S Gl [(1 4 JAX () Erals)] dslATh
0

IN

C t/2
E/ A= DS, o6l [xds(1 + |Az|*)|A7].
0

By Markov property of X (¢) and (3.7), we have

t/2 ” R s
L) = / E{E[¢<X(t>>e-Kfs X 16 (o) / <AX<r>,ADhﬁX<r>>dr} s
< Clléllx / E[(1 1 |AX (s)")Ex a(5) / €42 () AX ()] - |ADy X (r)]drds
0 0

moreover, and by Hélder inequality, Poincare inequality |[A"tzz| > |Az|, (2.17)
and (3.9),

/SEK/Q(T)|AX(7“)| | ADy X (r)|dr
/ Exja(MIAX (r)]2dr)? ( / |AD,i X (r)[2Ex o (r)dr) =
<1 ExplA DX (P < |47
hence, by (3.7) and the above,
|Is| < Ct||¢||n (1 + |Az[*)| AR,

Collecting the estimates for I7, Is and I3, we have
(3.18)

Dy Sida)| < C {( 4 K)ol + 77 | ||A-VDst_s¢||kds} (1+4al)| A7
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For the low frequency part, according to Lemma 3.6, we have
(3.19)
| Dy Sed()| = [Dpe Sy j2(Stj20) ()]
< [E[D"Sy/20(X (t/2)) Dy X*(t/2)Ek (t/2)]|
+ [E[D" Sy /2 (X (t/2)) Dy X (t/2)Ex (t/2)]|

t/2
+ E[|St/2¢(X(t/2))|8K(t/2)K/0 |AX (5)||ADy X (s)|ds]

1
S‘7{};”A_“DSWQ¢Hk+w—Pé”H¢Hk+-Kﬂ¢nk}(1+|AxwﬂAvm

where the last inequality is due to (3.11), (3.7) and (3.14), and to the following
estimate (which is obtained by (3.8) and the same argument as in estimating I3):

t/2
E[St/asb(X(t/?))fK(t/?)/o |AX (5)||ADy X (5)|ds] < C||¢][x (1 + |Az|*)|Ah|

Denotea:p—k%—l—r—’yand

¢r = sup t*||[A77DS:¢|[k,
0<t<T

by (3.7), (3.9) and the similar argument as estimating I3, we have
|DnSid(x)| = |DrE[$(X (t))Ek (1))
<E ||A77DO(X (1))[€x5 (1)| A7 DpX (1) € (1)
+2KE[Jo(X0)leg 02g () [ 1AXEIADX()ds

< C(T, K, %, K)(1A7 D lli + [|6llk) (1 + |Az[*) | A7h],
which implies ||[A™YDS;é||x < C(T, K, 7, k)(||A""Dé||x + ||8]x), thus ¢r < cc.

Combine (3.18) and (3.19), we have for every t € [0, T]
AT DS ||

C t/2
<cololl+ et [ (= o)t - o)A DS uds
0
C _ o
+ O8]l + 2147 DS, a9k + Ot el
C t/2
<cololl+or e [ (- s eds
0
C
+ ORI 0l + dr + Ot~

C
< ér e + KCT[6]l,
this easily implies

C
or < QbTE + KCeT||o)||x.
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As K > 0 is sufficiently large, we have for all ¢ € [0, T

t*||[AT DSl < Ce“T[@llk,

_ K
1-C/K

from which we conclude the proof. (I

4. MALLIAVIN CALCULUS

4.1. Some preliminary for Malliavin calculus. Given v € L? (R*, 7, H), the

Malliavin derivative of X,, () in direction v, denoted as D, X,,(t), is defined by
Xm t; B Xm t,
Dy X (t) = lim 2 W V) W)

e—0 €

where V() = fot v(s)ds, provided the above limit exists; v can be random and is
adapted with respect to the filtration generated by W.

Recall 7' H = m,H and Z;(n) = [-n,n]3\ (0,0,0) with ng < n < m to be
determined in Proposition 4.6. The Malliavin derivatives on the low and high
frequency parts of X,,(t), denoted by D, X/, (t) and D, X} (t), can be defined in a
similar way as above. Moreover, D, X/ (t) and D, X[ (t) satisfy the following two
SPDEs respectively ([12]):

(4.1) D, X! + AD, X! + B! (D,X! , Xp)+ B (D,X! X)) = Q' vf
with D, X/, (0) =0, and
(4.2) WD XE + AD X! + Bf (D X!, X))+ BE (D, X! X,) = QF 0

with D, X" (0) = 0, where B(u,v) = B(u,v) + B(v,u). Moreover, we define a flow
between s and ¢ by J}, (s < t), where J, € L(7' H, ' H) satisfies the following
equation: V h € 7' H

4.3 O Jh 4+ AJ™h+ BY (J™h, X (t)) =0
s,t s,t m\“s,t

with JI", = Id € L(n' H,7' H). It is easy to see that the inverse (JI';)~" exists and
satisfies

(4.4) (I h— (JI) AR + By, (hy X ()] = 0.

Simply writing J;™ = J§,, clearly, JI', = J™(J) L.

We shall follow the ideas in section 6.1 of [3] to develop a Malliavin calculus
for X,,, one of the key points for this approach is to find an adapted process
v € Ljpe(RT; 7, H) such that

(4.5) Q50" () = By, (Dy X, (1), Xon (1)),
which, combining with (4.2), implies D, X/ (t) = 0 for all ¢ > 0. More precisely,

Proposition 4.1. There exists some v € L} (RT; 7, H) satisfying (4.5), and

t
DX (1) = Jp" / (I LQ (s)ds, Dy X (1) = 0.
0
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Proof. When D, X} (t) = 0 for all ¢ > 0, equation (4.1) is simplified to
oD, X! +[AD X! + B’ (D,X!  X,,)] = Q0"
with D, X/, (0) = 0, which is solved by

t t
(46) DXL (t) = / TQ! (s)ds = 7" / (7Y Ql o (s)ds

Due to (A3) of Assumption 2.1, there exists some v € L? (RT, 7, H) so that v*
satisfies (4.5), therefore, (4.2) is a homogeneous linear equation and has a unique
solution D, X% (t) =0, V> 0. O

With the previous lemma, we see that the Malliavin derivative is essentially
restricted in low frequency part. Take
N :=2[(2n+1)> - 1]
vectors vy, ...,vy € LZ (RY;m,, H) with each satisfying Proposition 4.1 (N is the
dimension of 7TlH ). Denote by

(47) U:[Ulu'-'qu]7

we have
t

(4.8) D,XE =0, DX (t)= J;”/ (J™)7rQ! v (s)ds
0

where Q! is defined in (3.5). In particular, D, X/}, (¢) is an N x N matrix. Choose
v (s) = [(J7) ' Qul”

and set
(4.9) " / () QLT QL ds

™ is called Malliavin matriz, and is clearly a symmetric operator in L(n' H, 7' H).
vV n € 7' H, we have by Parseval’s identity

(M) = / (™) QL . () QL) ) ds
0
(4.10) - > Z/l () 1Ql ek, ) 2ds

keZ (n) i=1

) Z/| () ghen, m) 2ds

ke€Z; (n)\Z(no) =1

where ¢t is the i-th column vector of the 2 x 2 matrix g (recall (2.3)).

The following lemma is crucial for proving Lemma 3.6 and is proven in Appendix

Lemma 4.2. 1. For any h € ©' H, we have
(4.11) | T Em i (t) < |B?,

(4.12) |DR X () *Em i (1) < D)%,
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(4.13) [(Jm) 7 |2 Em k(1) < CeC|h|?

(4.14) |Em s (8) (I = 1d| gy < tH/2CeCt
t

(4.15) E ( / |[<J:1>1Q;11*h|28m,1(<s>ds> < 1S tr{Q (@) 1A
0

where the above C' = C(n) > 0 can vary from line to line and the n is the size of
m'H defined in (3.3).

2. Suppose that v1, vy satisfy Proposition 4.1 and h € w" H, we have

t
(4.16) |AD,, XL, ()| Em .k (t) < C / V2= 10! (8)?Em i (5)ds
0
t
(4.17) Dy DX (1) 2Em i (1) < Ce*[n)? < / Ivi(s>l25m,%(s)ds>
0
(4.18)

t t
92, X 0P En () < O [t 0PE 505 ) ([ h(oIE,, 5 (s10s)
0 0
where the above C = C(n) > 0 can vary from line to line and the n is the size of
w'H defined in (3.3).

4.2. Hérmander’s systems and proof of Lemma 3.6. Recall the Galerkin
equation satisfied by X!,

2
(4.19) dX! +[AL XD + B (X))dt = S D gidw(t)ex
k€Z; (n)\Z;(no) =1

where A’ is the Stokes operator restricted on 7' H and g}, is the i-th column vector
in the 2 x 2 matrix g5 (under the orthonormal basis (ex,1,ex,2) of k+). Given any
two Banach spaces By and Bs, denote P(B7, Bs) the collections of functions from
B; to By with polynomial growth. We introduce the Lie bracket on 7 H as follows:
VK, € PlnH, 7' H), Ky € P(mp, H,n" H), define [K1, K3] by
[Kl, Kg](,’E) = DK, ({E)Kg(ft) — DKQ((E)Kl ({E) Vaxéem,H.

The brackets [K1, Ko] will appear when differentiating J; * K1(X (t)) in the proof
of Lemma 4.7.

Definition 4.3. The Hémander’s system K for equation (4.19) is defined as follows:
given any y € m,, H, define

Ko(y) = {dqher; k € Zc(n) \ Zi(no),i = 1,2}
Ki(y) = {[A}, + By,.(-, ), qierl (v); k € Ze(n) \ Zi(no),i = 1,2}
K2 (y) = {[aier, K](y); K € K1(y),k € Z,(n) \ Z/(no),i = 1,2}

and K(y) = span{Ko(y) UKi(y) UKa2(y)}, where each ¢} is the column vector
defined in (2.3).
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Definition 4.4. The system K satisfies the restricted Hormander condition if there
exist some § > 0 such that for all y € 7, H

(4.20) sup [(K(y),0) > olt], Ler'H.
KeK

The following lemma gives some inscription for the elements in Kg (see (4.21))
and plays a key role for the proof of Proposition 4.6. It is proven in Section 6.1.

Lemma 4.5. For each k € Z;(ng), define mixing set Y} by
Yi = {Bm,k (gtje5, qitier) = §,1 € Zg(no); by € j=, 41 € ZL} ;

where By, x(x,y) is the Fourier coefficient of By, (x,y) at the mode k. For all
k€ Z/(no), span{Yi} = k+.

Proposition 4.6. [t is possible to choose n such that K in Definition /.3 satisfies
the restricted Hormander condition.

Proof. It suffices to show that for each k € Z;(ng), the Lie brackets in Definition
4.3 can produce at least two linearly independent vectors of Yj, in Lemma 4.5. (We
note that [21] proved a similar proposition).

As k € Z;(ng) N Z3, by Lemma 4.5, Y}, has at least two linearly independent

vectors hj, J hi. Without loss of generality, assume hj = Bk(q}k €jis 47, €1,) and
hi = Bk(q?kejk,qfkelk) with jg, =l € Z;(ng) and ji + I = k. We can easily have
(simply writing j = ji, 1 = lg)

(4.21) [dbej, [A'y + B (y,y), qjei]] = —B' (qjer, dley),
and by (6.1)-(6.3),

i i 1~ i i [ i
[djes, [A"y + B' (y,9), qrex]] = —5Bi-ilges, aier) — 5 Brldje;, gier).

Clearly, j—1 € Z;(no), by (A2) of Assumption 2.1, éj_l(q}ej, gie) and f?j_l(q]zej, ater)
must both be equal to a linear combination of q;';lej_l (i = 1,2). Combining this
observation with the previous assumption Bk(q}, a) f Bk(qf-, ¢?), one immediately
has that [gje;, [A'y + B (y,y), gjei]] (i = 1,2) and ¢}_,e;; (i = 1,2) span k-t
Similarly, we have the same conclusion for k € Z,(ng) N Z3. Choose the n in
(3.3) sufficiently large so that ji,lg, jk + Ik, jx — I € Z;(n) for all k € Z,(ng). O

With Proposition 4.6, we can show the following key lemma (see the proof in
Section 6.2).

Lemma 4.7. Suppose that X, (t,z) is the solution to equation (2.8) with initial
data x € mp H. Then M is invertible almost surely. Denote Apmin (t) the minimal
eigenvalue of M, then there exists some constant ¢ > 0 such that for all p > 0 we
have a constant C = C(p) > 0 satisfying

1 1 CeP
. L il
(4.22) p{ 2 aq} <&
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Proof of Lemma 3.6. We shall simply write X () = X,,(¢), Jy = J™, My = M,
Q" = @', and Ek(t) = Em i (t) for notational simplicity. Under an orthonormal
basis of 7' H, the operators Jy, My, D, X" (t) with v defined in (4.7), and D' X ‘()
can all be represented by N x N matrices, where N is the dimension of ' H.
Noticing D, X" (t) = JeM; (see (4.8)), the following ¢;; is well defined:

N
pa(X (D, X' (1) i [D' X (1)) i€x (t) iy1=1,...,N,

j:1

where v is defined in (4.7) with o' (t) = (J, 'Q")*. For any h € ©* H, by our special
choice of v, we have

Dungir(X (1)) = D' (X ( )Y (D i (DX ()] 1€k (1)

Jj=1

(4.23) Z Dyn { w [D X Jl} Exc(t
— 2K ¢y (X (1)) /o (AX(s), AD,p X (8))ds

Note that 7/ H is isomorphic to R under the orthonormal basis. Take the stan-
dard orthonormal basis {h;;i = 1,..., N} of RY, which is a representation of the
orthonormal basis of 7' H. Set h = h; in (4.23) and sum over i, we obtain

(4.24)
E (D'¢(X (1)) D}, X' (t)Ex (1))

N
_E<vahi¢ﬂ( ) Z¢ {[(D,X (1)) ;D" X (8)] 51} Exc (t)

1,7=1

N t
+2KE (Z ba(X (1)) / <AX<s>,ADvhiX<s>>ds>
0

Let us first bound the first term on the r.h.s. of (4.24) as follows: By Bismut
formula (simply write v; = vh;), (3.7) and the identity D, X" (t) = J; My, one has

(4.25)

N
E <Z Dy, dir (X (t)
i=1

N t
) = [E (Z ¢(X(t))[M[1J{1]ij[D’X’(t)]szK(t)/0 <v£7dWs>) |
N
< Cllgllk(1 + Ax]*) Z

,J=1

Expa(t)
e (220100, x o) [t

Amln
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moreover, by Holder’s inequality, Burkholder-Davis-Gundy’s inequality, (4.22), (4.13),

(4.12) and (4.15) in order,

(4.26)

E(“:jf()u "yl D, X! ||/ vf, dW, )

< [E <ﬁ>} [ (15 hi 58k (8)]® [E (ID4, X" (8)x ()] [E( /0 (o)
CeCt

<

<

where p > 6¢ 4+ 1 and C' = C(p). Combining (4.25) and (4.26), we have

(4.27) E (ZDmﬁu ) | < C—||¢||k(1 + [Azf")

where C' = C(p, k) > 0. By a similar method but a little more complicate calcula-
tions (using Lemma 4.7 and the estimates in Lemma 4.2), we have the same bounds
for the other two terms on the r.h.s. of (4.24). Hence,

[E [D' (X (1)) D}, X' (1)€x ()] | < t77Ce|0]li(1 + [Ax]*)

for all t > 0. Since the above argument is in the framework of 7' D(A) with the
orthonormal base {h;;1 <1 < N}, we have

IE [D*6(X () D X' (DEx (D] | < tPCeC |6l (1 + [Azl*)h]  h € xH.

5. PROOF OF THE MAIN THEOREMS

5.1. Gradient estimates of w,,(t). To prove the strong Feller property of the
semigroup P;" (recall P{"¢ = uy,(t)) and the later limiting semigroup P;, a typical
method is to show that P;™ has a gradient estimate similar to (3.1). In [5], one has
the same estimate as (3.1) but with & = 1 +r — 7 therein, thanks to the property
0< % + 17—~ < 1, one can easily show

A7 Dup ()] < C(t72 774 +1)]|]o,

this is exactly the second inequality in Proposition 3.5 of [5].

In our case, by the same method as in [5] (i.e. applying (3.1) to bound the r.h.s.
of (2.15)), we formally have

¢
(5.1) A" Dum ()2 < CL[[0]]o + KC/ (t = 5)~ds][4]]o,

0
however, the integral on the r.h.s. of (5.1) blows up due to & > 1 in (3.1) .

We have two ways to overcome this problem of non integrability in (5.1). One
is by an interpolation argument (see Proposition 5.1), the other is by some more
delicate analysis (see Proposition 5.2). The underlying ideas of the two methods are
the same, i.e. trading off the regularity of the space for the integrability of the time.

1Q[)*h,1|2d5)

1
2
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Proposition 5.1. Given T > 0, for any 0 <t < T, max{%,r — %} <~ <1 with
v#3 and 0< B <1, if ¢ € CL(D(A),R), then S¢ and u}" are both functions in
CQQQ(D(A),R), which is the Holder space defined by (2.6). Moreover,

(5.2) 15" 0l gpre < Ct=P|[¢lz,

(5:3) [[um @)llgpre < CE7 +1)14llo,
where o = p+ & +r — v is defined in (3.1) and C = C(T, e, B,7) > 0.
Proof. By (3.1), one has S{" : Co(D(A),R) = C3_(D(A),R) with
ISP dlles < CE2llg]la
By a simple calculation with the the above estimate and (3.8), we have
158" ll /e < CUSTSNIEL” 1551177 < O[] 2,

for any 0 < B < a. Take any 0 < 8 < 1, applying the above estimate on the
Duhamel formula (2.15) and the clear fact ||um,(¢)||o < ||¢]lo, we immediately have
(5.3). O

Proposition 5.2. Given any T > 0, there exists some C = C(T,a,vy) > 0 such
that

(5.4) [[A7" Dt ()] |2420 < CE*|]lo
where max{r — %, %} <y <1 with~ # %,

Proof. The idea of the proof is to split the integral fot |DpS™  (JAz|?up,(s))|ds into
two pieces, ’foﬁt .-+’ and ’f;t .-+ with some special 8 € (0,1), applying (3.1) to the
first piece and the probability presentation of S{" ; to the other. Roughly speaking,
’foﬁt --+7 takes away the singularity of (t — s)™% at s = ¢, while ’f;t -++7 conquers
the extra polynomial growth of |[Az|? in S/ [|Az|?u(s)]. However, we have to
pay a price of an extra polynomial growth of |Ax|?® for Du™(t).

For the notational simplicity, we shall drop the index m of the quantities if no

confusions arise. Denote
1

= 1 ]
p K2(1+ |Az|?)’
by (3.1) with k = 2, we have

Bt
|A™"Du(t,z)| < Ct*[[$|]2(1 + IA:EI2)+KC/ (t—s)"“ds|[¢llo(1 + [Az|*)
0

t
+K/ |A=YDS,_ (| Az|2u(s))|ds
Bt

< Ct|gllo(1 + |Az|?) + KOt (1 + | Ax*T2)]|¢]o
t
+K [ |[AT'DS,_(|Az[*u(s))]ds,
Bt
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thus
t*| A7 Dyu(t, z)| < Cllollo(1 + [Az|?) + K**T1Ct |90 (1 4 |Az|*T>*)
(5.5) t )
—|—Kto‘/ |[AT"DS;—s(|Az|*u(s))|ds.
Bt
Define

ugr = sup s¥[|A77Du(s)|l2+2a,
0<s<T

let us estimate the integral on the r.h.s. of (5.5) in the following way: it is easy to
see that

/Bt |DySi— (| Az|*u(s)]|ds
= / |E(Dp|AX (t — 5)[Pu(s, X (t — 5))Ex (t — 5)]|ds
(5.6) .
+ /5)5 IE(|AX (t — s)[*u(s, X (t — 8))DpEx (t — 5)]|ds

+ / IE(|AX (t — s)[>Dpu(s, X (t — 5))Ex (t — s)]|ds.
Bt

By the same argument as estimating I3 in the proof of Theorem 3.1 and the easy
fact ||u(t)|lo < |||l for all £ > 0, the first two integrals on the r.h.s. of (5.6) can
both be bounded by

C(1+ [Az|*)]|¢llo| A7R].
The last integral can be estimated as follows: By (3.7), (3.9) and the definition of
ur,4, one has

/m IE(|AX (t — 5)|2Dpu(s, X (t — 5))Ex (t — 5)]|ds

< /5 E[(1+[AX (t = 5)|"*)Ex (t = 5)[[A7 Du(s)l[2420€x (t = 5)| AT DX (t = 5)[)ds

t
t
gC(1+|A:c|4+2“)|A7h|/ A= Du(s)|[2420ds
Bt

t

< C(1+ |Ax]™20)[ A7 (/

s_ads) Ur, ¢
Bt

Ct_a+1 242« ¥
<~z ure(l+ A7) ATA].
Collecting the above three estimates, we have
tfor‘rl

K2

t
C
/ |AT DS, s (|AzPu(s))lds < C(1 + |Az[*)[¢llo + ur, (1 + |Az>H2),
Bt

Plugging this estimate into (5.5) and dividing the both sides of the inequality by
(1 + |Az|**2), one has

cT
ur.g < Cligllo + CE*1Tlgllo + CKT||6lo + —urs.
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As K > 0 is sufficiently large,

C(1 + K20H1T 4+ KT)
1-CT/K

from this inequality, we immediately have (5.4). O

[1¢llo,

ur,g <

5.2. Proof of Theorem 2.4. One can pass to the Galerkin approximation limit
of u,(t) by the same procedures as in [5]. For the completeness, we sketch out the
main steps as following.

The following proposition is nearly the same as Proposition 3.6 in [5], only with
a small modification in which (5.3) plays an essential role.

Proposition 5.3. Let ¢ € CL(D(A),R) and T > 0. For any 0 < B < 1/2,
t1 >ty >0, meN and x € D(A), we have some C(T, ) > 0 such that

(5.7) Jum(ty, @)= um(tz, 2)| < Cll¢llcy, (1+|Az|®)([t2—t2 |7 +[A(e™ 42 —e~ A1 )z]).

Define K = {z € D(A);|Az| < R}, which is compact in D(AY) for any v < 1,
we have the following lemma (which is Lemma 4.1 in [5]) by applying Proposition
5.3.

Lemma 5.4. Assume ¢ € C}(D(A),R), then there exists a subsequence (U, )ken
of (um) and a function u on [0,T] x D(A), such that
(1) uw e Cy((0,T] x D(A)) and for all 5§ > 0 and R >0

Hm wp,, (t,2) = u(t,z) uniformly on [6, T] x Kg.

k—o0

(2) For any x € D(A) u(-, ) is continuous on [0, T]

(3) For any max{3,r — 1} <y <1l withy # 3,6 >0, R > 0 and <
min{1/2,0/2}, there exists some C' = C(v, 5,6, R, T, $) such that for any
x,y € Kp,t>s>9,

Ju(t, @) —u(s,y)| < C(IAY (x — )| + [t = s|”).
(4) For any t € [0,T], u(t, ) € Cp(D(A),R).
(5) u(0) = ¢

Lemma 5.5. For any 6 € (1/2,1+ o], there exists some constant C'(6) > 0 such
that for any x € H, m € N, and t € [0,T], we have

( ) B[ X (t,2)]?] + B [y |[AYV2 X0 (s, 2)2ds < |22 + tr(QQ* ),

\A 2 Xm s;v)| . o - _26+1
]Efo —1+\A2X o ds < C(0), with vs = if 6 <1 and vs = 5575 if

2

25—1
By (1) of Lemma 5.5, we can prove that the laws £(X,, (-, 2)) is tight in L2([0, T], D(A%/?))

for s <1 and in C([0,T], D(A~%)) for a > 0. By Skohorod’s embedding Theorem,

one can construct a probability space (Q, Fz,P;) with a random variable X (-, z)

valued in L2([0,T], D(A*/?)) N C([0,T], D(A~%)) such that for any = € D(A) there

exists some subsequence {X,,, } satisfying

(5.8) X, () = X(,2)  dPy a.s.
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in L2([0,T], D(A*/?)) n C([0,T], D(A~®)). Moreover, by (3) of Lemma 5.5, for
x € D(A) we have (see (7.7) in [1])

(5.9) X, (t,2) = X(t,2) in D(A) dt x dP, a.s. [0,T] X Q.

Note that the subsequence {un,, } in Lemma 5.4 depends on ¢, by the separable
property of C'(D(A),R), we can find a subsequence {my} of {m}, independent of
¢, such that {um, }r converges. That is, we have the following lemma, which is
Lemma 7.5 of [4].

Lemma 5.6. There exists a subsequence {my} of {m} so that for any ¢ € C}(D(A),R),
one has a function u® € Cy([0,T] x D(A)) satisfying

(5.10) klggo uf, (t,x) =u®(t,z) for all (t,z) € (0,T] x D(A)
and
uf?nk (t,z) — u®(t,z) uniformly in [6, T] x Kg for any § > 0,R > 0.
where uf?nk (t,x) = E[¢(Xm, (t,2))].
Take the subsequence {my} in Lemma 5.6 and define
(5.11) Pip(x) = u®(t, x).

for all (¢,z) € [0,T] x D(A), where u? is defined by (5.10). By Riesz Representation
Theorem for functionals ([11], page 223) and the easy fact ;1 = 1, (5.11) deter-
mines a unique probability measure P;*d, supported on D(A). By (5.8), for any
r € D(A), we have some subsequence {m{} of {my} such that X,.:(-,z) = X(-,z)

in L2([0,T), D(A%/?)) n C([0,T], D(A~®)) a.s. dP,, hence

Pig(r) = Eu[p(X (¢, 7))]
for all ¢ € CL(D(A),R) N Cyp(D(A™),R). Since the measure P;d, is supported
on D(A), P,(X(t,z) € D(A)) = 1, which is (1) of Definition 2.3. By a classic
approximation (B,(D(A),R) can be approximated by C(D(A),R)), we have
(5.12) Pp(z) = Ey[p(X (¢, ))] is well defined for all ¢ € By(D(A),R).

With the above observation, we can easily prove Theorem 2.4 as follows:

Proof of Theorem 2.4. Since X, (-, x) = X (-, ) a.s. P, in C([0,T], D(A™%)) and
the map & — P is measurable (P is the law of X,,, (-, z)), the map x — P, is
also measurable. The following lemma is exactly Lemma 4.5 in [5] and expressed
as

Lemma 5.7. Let X (-,x) be the limit process of a subsequence { X, }r. Then, for
any M,N € N, t1,--+ ,t, >0 and (fi)iL, with each fy € C(nyH,R), we have
(5.13)

By [fo(X(0,2)) fr (X (t1,2)) - - far (X (b1t +tar, )] = fo(2) Py [f1 Py (2P f3 - ) (%)

where each fr(z) = fr(rnz) and P; is defined by (5.12).

One can easy extend (5.13) from C°(nyH,R) to By(D(A),R), which easily
implies the Markov property of the family (., 7z, Ps, X (-, 2))zen(4)- O
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5.3. Proof of Theorem 2.5. To prove the ergodicity, we first prove that (2.1) has
at least one invariant measure, and then show the uniqueness by Doob’s Theorem.
With the ergodic measure, we follow the coupling method in [19] to prove the
exponential mixing property (2.7).

Lemma 5.8. Each approzimate stochastic dynamics X, (t) has a unique invariant
MEASUTE Vpy, .

Proof. By Proposition 5.1 or Proposition 5.2, we easily obtain that P/™ is strong
Feller. The existence of the invariant measures for X™(t) is standard (see [3]), and
it is easy to prove that 0 is the support of each invariant measure (see Lemma 3.1,
[7]). Therefore, by Corollary 3.17 of [12], we conclude the proof. O

The following lemma is the same as Lemma 7.6 in [4] (or Lemma 5.1 in [5]).

Lemma 5.9. There exists some constant C > 0 so that
(514) / [|A£L‘|2 + |A1/2$|2/3 + |A1+0/2$|(1+U)/(10+8U)]I/mk(dw) <C
H

where o > 0 is the same as in Assumption 2.1.

With the above lemma, it is easy to see that {v,,} is tight on D(A), and
therefore there exists a limit measure v which satisfies v(D(A)) = 1. Taking any
¢ € CH(D(A),R), we can check via the Galerkin approximation (or see the detail
in pp. 938 of [1]) that

(5.15) / Pgp(z)v(dz) = / o(x)v(dx)
H H
for any ¢t > 0. Hence v is an invariant measure of P;.

Proposition 5.10. The system X (t) is irreducible on D(A). More precisely, for
any z,y € D(A), we have
(5.16) Pt[lgé(y)](:z:) > 0.
for arbitrary 6 > 0, where Bs(y) = {z € D(A);|Az — Ay| < 6}.
Proof. We first prove that the following control problem is solvable: Given any
T>0,z,y € D(A) and € > 0, there exist pg = po(|Ax|,|Ay|,T), v and w such that
e we L*([0,T); H) and u € C([0,T]; D(A)),
e 4(0) =z and |Au(T) — Ay| < e,
® supcjo,r [Au(t)| < po,
and u, w solve the following problem,

(5.17) Ou + Au + B(u,u) = Qu,
where @ is defined in Assumption 2.1.

This control problem is exactly Lemma 5.2 of [23] with o = 1/4 therein, but
we give the sketch of the proof for completeness. First, it is easy to find some
z € D(A5/?) with |Ay — Az| < ¢/2, therefore it suffices to prove there exists some
control w so that

(5.18) |Au(T) — Az| < €/2.
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Second, decompose u = u* +u’ where u* = (I —m,,)u and v’ = m,,u and ng is the
number in Assumption 2.1, then equation (5.17) can be written as

(5.19) o' + Au' + B (u,u) =0,
(5.20) o' + Au' + B (u,u) = Q" w.

We prove (5.18) in the following four steps:

(1) Regularization of the initial data: Let w = 0 on [0,T}], by some classical
arguments about the regularity of Navier-Stokes equation, one has u(77) €
D(A>/2), where Ty > 0 depends on |Az|.

(2) High modes lead to zero: Choose a smooth function 9 on [Ty, T5] such that
0 <o <1, ¢¥(T1) =1 and ¥(Tz) = 0, and set u"(¢t) = Y (t)u*(T1) for
t € [Ty, Ts]. Plugging this «* into (5.20), we obtain

w(t) = ¢ (H)(Q") ™' (T1) + 9 (1)(Q") ™ Au' (T1) + (Q°) ™' B* (u(t), u(t)).

(3) Low modes close to z": Let u’(t) be the linear interpolation between u'(T%)
and z' for t € [Tz, T3]. Write u(t) = > ug(t)er, then (5.19) in Fourier
coordinates is given by

g + |k|Pur + Bi(u,u) =0, k€ Z,(No),

where By (u,u) = B (u",u") + B (u', u") + B (u*,u") + B (u*, u"*). We can
choose a suitable simple u* to By(u’,u") = B(u®,u’) = 0 and make the
above equation explicitly solvable.

(4) High modes close to z*: In the interval [T3,T] we choose u® as the linear
interpolation between u* (T3) and z*. By continuity, as T — T3 is sufficiently
small (thanks to that T3 € (T3, T) can be arbitrary), u'(T) is still close to

2.

From the above four steps, we can see that supy, <,<p |[A%2u(t)| < co. Moreover,
since w = 0 on [0,71] and supy<;<7, [Au(t)]* < oo, by differentiating |Au(t)|* and
applying (6.12), we have the energy inequality

T1 Tl

(5.21) | Au(Ty)[? —|—/ |A3/20(s)2ds < C/ |Au(s)|*ds + |Az|* < 00
0 0

Hence u € L2([0,T], D(A3/2)). With this observation and the controllability, we

can apply Lemma 7.7 in [4] to obtain the conclusion (Note that our control w is

different from the w in [4], this is the key point that we can apply the argument

there with @ not invertible.)

Alternatively, with the solvability of the above control problem, we can apply
the argument in the proof of Proposition 5.1 in [23] to show irreducibility. ([

From Proposition 5.1 or Proposition 5.2, P; is strong Feller. By the irreducibil-
ity, there exists a unique invariant measure v for X (¢) by Doob’s Theorem.

Finally, let us prove the exponential mixing property (2.7). To show this, it
suffices to prove that

(5.22) 1 = vl < e (14 [ ofutan)
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where ¢, C > 0 are independent of m, and v, is the unique measure of the approx-
imate dynamics (see Lemma 5.8). We follow exactly the coupling method in [19]
to prove (5.22), let us sketch out the key point as follows.

_ For two independent cylindrical Wiener processes W and W, denote X,, and
X, the solutions of the equation (2.8) driven by W and W respectively. For any
fixed 0 < T < 1, given any two x1,z2 € D(A), we construct the coupling of the
probabilities (P3*)*0,, and (PJ*)*d,, as follows

(Xm(T, .Io), Xm(T, {Eo)) if Tr1 = T2 = 2o,

Zl(Il, IQ), ZQ({El,.IQ)) if xr1,T2 € BD(A)(O, 5) with xq 7§ X9,

(Vi,V2) = 4 (
(Xm(T,21), X (T, 22)) otherwise,

where (Z1(x1,x2), Za(z1,22)) is the maximal coupling of (PJ*)*é,, and (PJ')*ds,
(see Lemma 1.14 in [19]) and Bp(4)(0,0) = {z € D(A);|Az| < 6}. It is clear that
(V1,V2) is a coupling of (Py*)*§,, and (P/)*,,. We construct (X1, X?) on TN by
induction: set X*(0) = 2% (i = 1,2) and define

Xi((n+1)T) = V(X (nT), X3(nT)) i=1,2.
The key point for using this coupling to show the exponential mixing is the following

lemma, which plays the same role as Lemma 2.1 in [19], but we prove it in a little
simpler way.

Lemma 5.11. There exist some 0 < T, < 1 such that for any m € N, one has a
mazimal coupling (Z1(x1,x2), Z2(x1,x2)) of (P)* 05, and (PJ*)*6,, which satisfies

(523) P(Zl(l'l,xg) = ZQ(,Tl,,TQ)) > 3/4
if |Azq1| V |Aza| < & with § > 0 sufficiently small.

Proof. Since (Z1(x1,2), Z2(z1, x2)) is maximal coupling of (P*)*d,, and (P7)*04,
(see Lemma 1.14 in [19]), one has

[[(P7") "0z, — (P1")* 0zl lvar = P{Z1(x1,72) # Z2(21,22)}.
It is well known that
[(PF") 00y — (P7") 0zsllvar = sup  |E[g(Xon (T, z1))] — E[g(Xon (T, z2)]|

llglleo=1
= sup |Pr'g(x1) — Prg(x2)],
llglleo=1
where ||-]|s is the supremum norm. By Proposition 5.2, (noticing ||g||o = ||g||c=1
with || - ||o defined in section 2), one has

1

|Pr'g(z1) — Prlg(w2)] < / |AT'DP g(Azy + (1 — N)ao)||Azy — Azo|dA
0

< CT (1 4 |Axy| + |Azo ) T2 Az — 20)| < 1/4

if § = T# with 8 > 0 sufficiently large. Hence P(Z; = Z3) = 1 — P(Z; # Z3) >
3
3 O
1

With this lemma, one can prove the exponential mixing (2.7) by exactly the
same procedure as in [19].
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6. APPENDIX

6.1. Some calculus for Bk and Proof of Lemma 4.5.

Some calculus for By,. By B(u,v) = P[(u - V)v], we have
Blaseosj€, arsine) = £ (1-a;)Plarcos(j + 1€ + 3 (1 ajYPlarcos(j ~ 1e],
B(a;sinjé, ajcoslé) = %(l - a;)Placos(j + 1)€] — %(z -a;)Placos(j — 1)),

where P is the projection from L?(T? R3) to H. If j, -1 € Z3 with j +1 € Z3,
Va; € j*,a; € I, we have from the above two expressions

- 1 .

. j—i\azej,aier) = S0 aj)Fj—1a; —(J - ar)Fj—1a,

(6.1) Bj_i( ) 2[(l )P (J - a)Pjial]
- 1 .

(6.2) Bjtilajej, mer) = 5[0 a5)Piviar + (7 - a)Pjviag),
(6.3) Bi(ajej,aie)) =0 if k#j+1,5—1.

where the projection Py, : R®* — k* is defined by (2.2). For the case of j,1 € Z3
with j —1 € Z%, we can calculate B_;_;(aje;,ae;), Bj_i(aje;,ae;) and so on by
the same method. O

Proof of Lemma 4.5. As k € Z;(ng) N Zi, for any j,1 € Z3 such that
(6:4)  j€Zi(no)NZY, L€ Zi(no)NZE, jlI, [il#, j+1=k

taking an orthogonal basis {k, h1, ha} of R® where {h1,ho} is an orthogonal basis
of k't with h, defined by

.
hy=1 if k-1=0, hlzj—]k—l otherwise.

Let p; € j&, o € I+ be represented by p; = ak 4 byhy + bohg and p; = ak + B1hy +
Baho. Clearly, j,lLho, by some basic calculation, we have

k-0 (152112 . . g
) Prps + (L p))Pept = - [ Brip=ghao] i + (abo + Baalha iy = = 1
(- p)Prp; + (L pj)Prpr = [j-k } " P
- |jrac| + (OébQ + /620:)1712 if hy =1

Since bs, B2, a,a € R can be arbitrarily chosen, one clearly has

(6.5) {G-p)Pp; + 1 pj))Pepi: pj €45, melt} = k*.

By (A3) of Assumption 2.1, we have rank(g;), rank(q;) = 2, therefore, by (6.2) and

{Bk (gilej, qlier) = 4 € j*. b € lL} =kt

Hence, span{Y;.} = k*. For k € Z;(ng) N Z2, we have the same conclusion by the
same argument as above. ([
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6.2. Proof of Lemma 4.7. The key points for the proof are Proposition 4.6 and
the following Norris’ Lemma, which is exactly Lemma 4.1 in [18].
Lemma 6.1. (Norris’ Lemma) Let a,y € R. Let B,v: = (74, ...7") and uy =
(u},...,ul™) be adapted processes. Let
t ¢ t t
ar =a+ Bsder/ Ysdwy, Y =y+/ asd8+/ ugdwy,
0 0 0 0

where (w, ..., w") are i.i.d. standard Brownian motions. Suppose that T < tq is
a bounded stopping time such that for some constant C' < co:

1Bels el lael, luel <€ for all t <T.
Then for any r > 8 and v > %

T T
P{/ Y2dt < er,/ (lae|? + |ue|?)dt > €} < Clto, q,v)e™ @ .
0 0

Proof of Lemma 4.7. We shall drop the index m of the quantities if no confusions
arise. The idea of the proof is from Theorem 4.2 of [18], it suffices to show the
inequality in the lemma, which is equivalent to

(6:5) Pt M <) < SO wp>0)

ne tP
where 8" = {n € ' H;|n| = 1}. From (4.10), (6.6) is equivalent to

. C(p)eP
P | inf Z Z/| (qher),m)|?ds <e?| < (tp) ,

€St
N k€Z;(n)\Z;(no) =1

(recall ¢! is the i-th column vector of the matrix g, see Assumption 2.1), which is
implied by

C(p)eP
. 2 < q <
(6.7) Dgsup sup P /O E E (T (gher),n)Pds < e | < m

i meDh; keZ (n\Z, (no) i=1

where {D,}; is a finite f-radius disk cover of &' (due to the compactness of S)
and Dg = #{D;}. Define a stopping time 7 by

(6.8) T =inf{s > 0;|Ex(s)J; " —Idyﬁ(H) > c}.
where ¢ > 0 is a sufficiently small but fixed number. It is easy to see that (6.7)

holds as long as for any n € §', we have some neighborhood A (n) of  and some
ke Z (n)\ Z (no), i € {1,2} so that

tAT
, , C(p)eP
09 s p([ 10 e Pas < <) < SO o)
’ tp
n eN(n) 0
The above argument is according to [18] (see Claim 1 of the proof of Theorem 4.2),

one may see the greater details there.

Let us prove (6.9). According to the restricted Hérmander condition and Defi-
nition 4.3, for any n € 8, there exists a K € K satisfying for all y € m,,, H

(K (y),m|* > 8n|*
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where § > 0 is a constant independent of y. Without loss of generality, assume that
K € Koy, so there exists some q};ek and quel such that

Ko = qiex, Ki:=[Any+ Bl(y,y), ghex], K = Kz := [q]er, K1].
Take

Y(t) = <Jt_1K1 (X(t))7n>7 uz(t) =0, a(t) = <Jt_1K2(X(t))777>7
applying Norris lemma with tyg = 1 therein, we have

P(/ " (X (5)) ) s < 7 / T|<J51K2<X<s>>,n>|2dsze)s0<p,u>eﬁv

On the other hand, by (4.14), (6.8) and Chebyshev’s inequality, it is easy to have

P (/OW|<J§1K2(X(S))m>l2ds Sa)

B tAT 1 » .
N (/0 Er(o Exc(8) T Ka(X (). ) dSSa)

<P ( / e (1 K (X (5)) ) s < ) <p ( At< %) < L0

Hence,
AT p
([ s <o) < S
0

By a similar but simpler arguments, (recalling Ko = ¢iey), we have

(6.10) P ( / " ghen) s < ) < G

P
for all p > 0.

Hence, for any n € S’, we have some ¢ej satisfying (6.10). Take the neigh-
borhood A (n) small enough and ¢ = 72, by the continuity, we have (6.9) immedi-
ately. ([

6.3. Proof of some technical lemmas. In this subsection, we need a key es-
timate as follows (see Lemma D.2 in [10]): For any v > 1/4 with v # 3/4, we
have

(6.11) |AY Y2 B(u,u)| < C(y)|A"u|? for any u € D(A7).

By (6.11) and Young’s inequality, we have

(6.12) (A7, AYB(u,v))| < |ATH 20| AY2B (u, )]

' < [ATFV2u? 4 O ()| ATuf?| A0

Proof of Lemma 3.5. We shall drop the index m of quantities if no confusions arise.
By Ito formula, we have

d [|AY DX (t)|2Ex (1)] + 2| AY2 Dy X (1) 2 (t)
(6.13) +2(A"Dp X (t), ATB (D X (1), X (t)))Ex (t)dt
+ K|ATD, X (1)]?|AX (t) 2Ex (t)dt = 0.
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Recall that B (D, X (t), X (t)) = B(DpX (t), X (t)) + B (X (t), D, X(t)). Thus, one
has by (6.12)

¢
LAY DX (1) 2Ex (8) + / |AH2D, X (5)2E R (5)ds
0
t
(6.14) < |A’Yh|2+/ C|ATDy X (5)[*|AY X (s)[*Ex (s)ds
0
¢
—K/ |AY Dy X (5))?|AX (5)|2Ex (5)ds
0
By Poincare inequality, we have |Az| > |A7z|, and therefore as K > C,
¢
|A" Dy X ()|?Ex (1) +/ |AYF2Dy X (5)?Exc (s)ds < |AVh.
0

As to (3.10) and (3.11), we only prove (3.10), similarly for the other. By an estimate
similar to (6.14), (3.9) and (2.17) (noticing Dy X' (0) = 0), we have

t
LAY Dy X () 2Exc (t) + / LAH2D, X (6)2Ex (s)ds <
0
t
g/ [C|AYD, X ()2 |A"X (s)|> = K|AY Dy X' (s)|*|AX (5)?)Ek (5)ds
(6.15) o,
< c/ [|A7DMX(S)|25%(S)} [|AX(5)|25%(5) ds
0
t 20
g0|mh|2/ AX ()€ 5 (s)ds < 2| AThI2
0 2

As to (3.12), by the classical interpolation inequality
|ATD}LX(S)|2 < |A7DhX(S)|2(1—2(T—’Y)) |A1/2+’7DhX(S)|4(r—y),

and by Hélder’s inequality and (3.9), we have

t t t
/ | A" Dy X (5)*Exc (s)ds < | / | A2 Dy X (5)PEx (5)ds] )] / | AT Dy X (5)2E i (5)ds] ' 2=
0 0 2 0 2

<Ot 47h)2.

(3.13) immediately follows from applying It6 formula to |Ex () fot (v, dW;) |2 O

Proof of Lemma 4.2. By (4.3) and the evolution equation governing Dj, X', using
the same method as proving (3.9), we immediately have (4.11) and (4.12). Recall
that J; and th1 are both the dynamics in «' H, thus the operator J; is bounded
invertible. Let C' be some constant only depends on n (see (3.3)), whose values can
vary from line to line. By the fact |Al;(r gy < C and (4.4), for any h € 7' H, we
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have by differentiating |J; *h|>Ex (t)
(6.16)
t
|J;1h|25K(t)+K/ |7 2| AX (5))?Ex (s)ds
0
t
< |+ 2/ | T || T AR|Ek (s)ds
0
t 1
€ [ VTR A gy AV (1, X ) E(5)ds
0

t t
<R+ C [ B P+ C [ 177 | AX 5) e ()
where the last inequality is by (6.11). Hence,
t t
I RER(O+K |1 | AX (D Ex (s < 14C [ 17 iy (1+AX () e )
as K is sufficiently large, we have |J;1|2L(H)5K(t) <1+ Cfot |J;1|2L(H)5K(s)ds,
which immediately implies (4.13).
To prove (4.14), by (4.4), we have

(6.17)
t t

€ ()T h— ) < / |77 ARJEx (s)ds + / T AT g g | AY2BY (b, X (5)) Exc (5)ds
0 0

t t
<C [ 1 e blex()ds + € [ 1 e WAX () Exc()ds
0 0

thus, by (4.13) and (2.17),

t t
|Ex ()" —Id]aH) < C/O 8K(s)|JS_1|L(H)ds+C/O Ex ()| com)| AX (s)|ds

1 1
2 2

t t
<ot | [l mas| + et | [ el i extlax )P
0 0

S tl/QCeCt

where the last inequality is due to (4.13). As for (4.15), by Parseval’s identity and
(4.13),

(6.18)

e[ [ eoirrirs) = ¥ ZE[/ Ear(9)U; (hen). ) s

k€Z,(n) i=1

2
< Z ZE [/ Earc ()| IS (ghen)| ds] h|> <tCe®! Z Z |giexl*| R[>

kEZ/(n) i=1 k€ Z/ (n)\Z(no) i=1
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By an estimate similar to (6.14), we have

t
|ADUX’(t)|2€K(t)+/ |A3/2D, X" (1) > £ (s)ds
0

IN

1/ 1/
5/0 |ADUX[(S)|25K(S)dS+§/() |AQ V' (5)[*Ek (s)ds

A

1t t
<3 /O |AD, X" ()[2Ex (s)ds + C /O 0 (5)[2Ex (5)ds
which implies (4.16) by Gronwall’s inequality.

As to (4.17), write down the differential equation for D, Dy X’ (t), and apply Ité
formula, we have

D DX (1) Exc (1) + 2 /O t |AY2D, Dy X" (t)[*Exc () ds
</ DD ()] (1B (DuDAX(5), X (3))] B (D1 X (1), DX (5)]) Ex5)ds
-K /Ot |Dy Dy X" (5)|*Ex (s)ds.
By (6.11) and Young’s inequality,
D, DR X" (1)]2Ex () + /Ot |AY2D, Dy X' (t)|?Ex (s)ds
< /Ot DDy X" ()] (|A%X(s)|2 + 1) Exc(s)ds + /Ot |AZD, X' ()2 AZ D X" (s)|Ex (s)ds
K [ DD )P () P o)t

as K is sufficiently large, by Poincare inequality, [A|py) < C, (4.16) and (3.9),
we have

t
|DUDhX’(t)|25K(t)+/ |AY2D, Dy X' (t)|?Ex (s)ds
0
t t
< / Dy Dy X" () [2Ex (5)ds + C / 1Dy X ()21 2(5)| Du X' () Excja(s)ds
0 0

t t
S/ |DUDth(s)|28K(s)ds—I—C|h|2/ et_s|vl(s)|25K/2(s)ds.
0 0

By Gronwall’s inequality, we obtain (4.17) immediately. Similarly, (4.18) can be
obtained by

D7, 0, X (B)Ex (1)

<c / [|AD,, X" (5)2Ex/2(5)] [|AD s X" (5) 2Exco(5))ds

< 10 [ / t |v;<s>|25K/2<s>ds] [ / ' 1ob(5) 2Excja(5)ds]

where the last inequality is due to (4.16). O
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